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1 Introduction

The first run of the LHC, with the discovery of the Higgs boson and the measurement of its
characteristic properties [1, 2], has been extremely successful. There are, however, still no
signs of any new physics that can stabilize the Higgs mass and thus a deeper understand-
ing of the electroweak (EW) symmetry breaking sector of the Standard Model (SM) is still
missing. All natural explanations for the EW symmetry breaking introduce new particles
around the TeV scale which, when integrated out, alter the Higgs properties. Hence, mea-
suring the Higgs sector with great accuracy has the potential of clarifying the origin of
EW symmetry breaking. Assuming a mass gap between the SM scale and the new physics
scale, as the lack of evidence for new physics seems to suggest, the Higgs properties and
its deviations from the SM can be conveniently parametrized and systematically studied
by higher dimensional operators [3],
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where the ¢;’s are dubbed Wilson coefficients.



While these higher dimensional operators are generated at the new physics scale A,

they are measured at the lower scale of the experiments.

Due to renormalization group
(RG) flow, the Wilson coefficients run and mix as we go down from A to the experimen-
tal scale ~ myy. The operator coefficients at the two different scales are related to each
other via the so-called anomalous dimension matrix. These quantum corrections mix the
operators among themselves and therefore open the possibility of linking different kinds of
deformations from the SM which are otherwise unrelated. In this article, we compute the
anomalous dimension matrix of a set of 13 dimension-6 (dim-6) operators composed only
of gauge bosons and Higgs fields and estimate the impact of these RG mixing effects on
experimental measurements. Some elements of the anomalous dimension matrix have been
previously calculated in the literature, see refs. [4-14], with a renewed interest after the
recent Higgs property measurements.

To be completely general about the possible new physics scenarios one would need
to compute the anomalous dimension matrix for all the 59 dim-6 operators [3, 15].2 A
given set of experimental observables, however, receives contributions only from a subset
of these operators. The dim-6 operators we are focussing our attention on, is a particularly
interesting subset as they capture most of the possible deformations of the electroweak
sector studied at LEP (i.e., electroweak precision tests and triple gauge couplings) and of
the Higgs sector being currently studied at the LHC. At the same time, these operators
are among the most important ones generated by universal new physics theories.? See for
instance refs. [16, 17] and refs. [12, 18] for a recent general phenomenological analysis of the
SM operators; the last two stress the presence of blind directions on certain combinations
of the Wilson coefficients [19].

One may naively think that these RG effects do not have a significant impact on
phenomenology since they are loop suppressed. This is, however, not the case because
the different Wilson coefficients have been constrained at different levels of precision. In
particular, the ones contributing to LEP electroweak precision observables have been mea-
sured at the per mille level, whereas those parametrizing triple gauge couplings (TGC)
and Higgs coupling data have been measured at most at the percent level. This hierarchy
in the size of constraints means that, despite the one loop factor, the RG contributions
of a weakly constrained coupling to a strongly constrained one can be of the same order
as, or even larger than, the bound on the strongly constrained coefficient. This means
that the RG-mixing effects of such weakly constrained Wilson coefficients can be mea-
sured /constrained by precision measurements of other couplings to which experiments are
more sensitive. Indeed, we find interesting instances of coefficients which receive stronger
bounds from the RG mixing than from the direct tree-level constraint. For example, we
show that the Wilson coefficients parametrizing deviations in some of the anomalous TGC
observables and the correction to the Higgs kinetic term ¢g receive a stronger bound via
their RG-mixing contribution to the electroweak parameters S , T, W, Y and I'y_,,, than
the direct constraint. In refs. [6, 8], and more recently refs. [20, 21], the RG effects of the
mixing of TGC and the EW parameters are studied.

'We assume that, at the scale A, the baryon and lepton numbers are conserved.

2This is the number of independent operators for one generation of fermions, see next section.

3By universal theories we mean theories in which the BSM sector is flavour universal and in addition
any new vector state couples to fermions via the SM SU(2)xU(1) currents.
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The paper is organized as follows. In section 2 we define the basis of dim-6 operators
we shall use. Then, in section 3 we present our result for the anomalous dimension matrix
of the 10 bosonic* operators related to EW and Higgs observables. In section 4 we shall
use the RG equations (RGE’s) to set bounds on the value of some Wilson coefficients that
are otherwise less constrained by direct measurements; we also comment on the future
prospects. In section 5 we present the anomalous dimension matrix for a set of operators
with gluons and discuss the available bounds on them. We conclude in section 6. In the
appendices, we report several details of our computations and present a comparison with
existing results in literature.

2 The dimension-six operator basis

In this section we define our choice for the dim-6 operator basis [3, 15] and the subset of
the dim-6 operators for which we want to compute the anomalous dimension submatrix.
Our choice of basis is motivated by the observables we are interested in, and the subset we
consider is defined by the operators in this basis which give a tree-level contribution to our
set of observables. In this work, we shall be interested in EW observables, Higgs couplings
to gauge bosons and QCD observables involving gluons only and the relations among each
other as imposed from the running between the scale of new physics to the weak scale.
These include the four electroweak oblique pseudo-observables S , T, W and Y, the three
triple gauge coupling observables glz , K~ and Ay, the Higgs couplings to vector bosons, the
gluon oblique parameter Z [22] and the anomalous triple gluon coupling parameter é3g. We
describe these observables in more detail in section 4.2 and section 5. For ealier systematic
studies of the effects of higher-dimensional operators on these observables, see refs. [23, 24].

We have not included the Higgs decays to fermions in our list of observables. The only
dim-6 operators contributing to these observables are the operators O,,, O,, and O,,, de-
fined in ref. [12].° The RG effects of these operators have been already studied in ref. [12].
These are weakly constrained operators and new RG-induced constraints can be derived
only if they contribute to the running of more strongly constrained operators. In ref. [12]
it has been shown that there is no such contribution and therefore we do not include these
operators in our analysis.

Before defining our choice for the dim-6 operator basis, let us specify the subset of
independent operators on which we concentrate and which are part of the basis. This
subset, which has the property that it can efficiently parametrize dim-6 contributions to
the observables specified above, is given in table 1. The basis therefore contains a total of
14 CP-even bosonic operators, notice however that Og does not contribute to any of the
observables we are interested in, neither at tree-level nor by RG running [12]; it contributes

4By bosonic operators we denote those operators made out of boson fields.

5The flat direction [25] between the operators O,,,Opp and Ogc from the measurements of Higgs
couplings to photons and gluons is lifted by considering the (still loose) upper limit on the cross section
production of a Higgs boson in association with a pair of top-antitop quarks [18]. Stronger bounds on the
Wilson coefficients of Opp and Oga can be obtained by imposing some theoretical priors on the value of
the Wilson coefficient of O,, but we did not consider these stronger bounds here and we can safely ignore
the operator Oy, in our analysis.
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Table 1. The 14 CP-even operators made of SM bosons. The operators have been grouped in two
different categories corresponding to operators of the form (SM current) x (SM current) (left box)
and operators which are not products of SM currents (right box).

instead to the Higgs self-coupling which however is still not directly measured. For this
reason we did not include this observable in our list and did not compute its RG scaling.

The conventions in table 1 and in the rest of the text are as follows. We define
D,WS, = 0,WS, + ge®™*WiWe,, H'D,H = H'D,H — (D,H)'H, with D,H = 0,H —
igT*WiH — ig'YuB,H. We have taken the hypercharge of the Higgs Yy = 1/2 and
7% = 0% /2 are the SU(2), generators in the fundamental representation.

Note that the four precision parameters S , T, W and Y, generated in our basis by four
bosonic dim-6 operators [22, 26], as we show in section 4.2, are sufficient to describe all pos-
sible dim-6 contributions to the e"e™ — f* f~ observables at LEP 1 and 2, only in the limit
of universal new physics. To be completely general about possible new physics scenarios
it would be necessary to include two more operators that contribute to the eTe™ — fTf~
experiment [12, 18],

<~ _ — _
Op = (iH'D,H)(Liy*Lr), Opf = (L'po®y*Ly)(L30"y*L1), (2.1)

where the former affects the SM coupling of the Z boson to the left-handed leptons, and
the latter affects the measurement of G (recall that the super-indices denote the fermion
family). There are enough measurements to simultaneously constrain all six operators at
the per mille level [27]. The RG contributions of {Op, Oiz} to the other operators have
been already computed and can be found in ref. [12]. We have not studied possible RG-
contributions of the operators of table 1 to {Oy, (’)i’z}, such RG-contributions could be used
to impose some bounds on the weakly constrained operators of table 1, since {Oy, (’)i’z ,
are constrained at the permil level [18]. Such an analysis would require computing many
more elements of the full anomalous dimension matrix as well as enlarging the list of ob-
servables under consideration; this analysis would be interesting but beyond the scope of
the present project.



The operators in table 1 have been grouped in two different categories, corresponding
to operators of the form (SM current) x (SM current) (left box) and operators which are
not products of SM currents (right box). There are also 6 CP-odd counterparts of the
operators in the second box which complete the list of bosonic operators of our basis, 20
in total. The current-current operators can be related to each other and to other fermionic
current-current operators, using the SM equations of motion (EoM) or, equivalently, by
performing field redefinitions. As we discuss in the following paragraphs, this means that
we have to be careful in choosing the other operators in our basis to ensure that there are
no redundancies. As we discuss in appendix B, these relationships give us an important
consistency check on the anomalous dimension matrix we obtain.

Although we are interested in the anomalous dimension matrix of the 13 operators in
table 1, we have to define the complete basis of dim-6 operators that we are using. This
is because, as we shall see, under RG scaling many redundant operators not in our basis,
including operators containing fermions, can be generated radiatively. These operators
then need to be redefined away in terms of the ones in our basis. To clearly identify these
redundant operators it is thus necessary to unambiguously define our full basis including
the fermionic ones. We do this in the following way: first we include the operators of
table 2 in ref. [12].° Now the set of operators is an over-complete basis since it contains
20 bosonic operators + 44 operators with fermions = 64 operators in total. As shown in
ref. [15], the dim-6 basis contains a total of 59 operators (for a single family), therefore there
are 5 redundant operators which we can remove. Performing field redefinitions, or equiv-
alently using the EoM’s, we can trade the three four-fermions operators of the first family

(apy" T up)(dpyuTdR) . (Lpo"y*Ly)(Lro*yLp), (epy'eR)(@ryuer), (2:2)
for {Oac, Oaw, O2p} of our basis and the operators of the first family
<> _ <>
GHYo DWH)(Lho® L), (H Dy H) (eh'el) (23

are removed in favour of the bosonic operators in table 1, see appendix A for more details.
This completes the definition of our dim-6 operator basis, for one family. In the present
work, we denote by F' and f the fermion SU(2); doublets and singlets, respectively, the
subscripts R or L denote right or left-handed spinors. We put the index ¢ (indistinguish-
ably as a superscript or subscript) to denote either of the three SM families or, in some
cases, to denote a particular SM fermion. Then, when convenient, we shall replace F' by
L or @ to denote an SU(2)1, lepton or quark doublet, respectively, and replace f by either
{e,u,d} for the right-handed fermions of the first family, and so on for the other families.
To generalize the basis to three families one has to add extra four-fermion operators and
take into account the different flavor indices structures. Nonetheless, these extra operators
do not affect our results.
Let us comment on bases of common use in the literature. The set of operators

{Ow, 0B, Oww,Owr,Opp} (2.4)

SEquivalently, for our discussion of bosonic operators, we could add the operators with fermions of
tables 2 and 3 in ref. [15].




is in one-to-one correspondence with the operators used in ref. [6]

{Ouw,Oup, Oww,Owns,OR}, (2.5)
where Opgw = ig(D”H)Taa(D”H)W;jV, Oup = ig' (D*H)Y(DVH)B,,, and with the ones
used in ref. [2§]

{Ow,0B,0nw,0np, OB} - (2.6)

Our basis has the advantage that the anomalous dimension matrix of the sector {Op, Oy } X
{OBB, Own, Oww} is block diagonal [11]. The anomalous dimension in the other bases is
given in appendix C. As the SILH basis [28], our basis also separates the operators generated
at tree-level from the ones obtained at the radiative level only, when the new physics degrees
of freedom, assumed to be weakly coupled, are integrated out [11]. When the Higgs emerges
as pseudo Nambu-Goldstone boson, the SILH basis further makes the distinction between
a loop involving new-physics interactions and a loop involving SM interactions only.

In this paper, we are limiting ourselves to the set, B1, of 13 operators appearing in
table 1 (omitting Og that does not contribute directly to the 13 physical observables we are
studying). We compute the running of B; into B;. If the remaining set of independent op-
erators, needed to complete the basis specified above, is denoted by Bs, there could also be
i) a running of By into By, 7i) a running of B; into B and of course 4ii) a running of By into
itself. The first effect would reflect itself in new RG contributions to our list of low-energy
observables; under our hypothesis of no-tuning (or no correlations) among the different RG
contributions these effects do not change our RG-induced bounds on the operators in B;.
In principle new RG-induced bounds on some operators in By could be obtained, however
we already commented on the fact that this is not the case for Og and Oy, , .. The second
effect could, in principle, allow us to obtain new RG-induced bound on the operators in
B via the mixing to some tightly constrained operators in Bo, for example via the mixing
to O, and O}%, as we mentioned above. The study of these effects would be an interest-
ing generalization of our ideas but would require the computation of the full anomalous
dimension matrix and a complete phenomenological analysis of all the observables relevant
to the dimension-6 operators, which is beyond the purpose of the present work.

3 One-loop scaling of EW and Higgs operators

In general, quantum effects mix all the operators among themselves when going from the
scale of new physics down to the scale at which the experimental measurements are per-
formed. However, the 3 operators with gluons, Ogg, O2¢ and Oz, constitute a separate
sector that does not mix with the other 11 bosonic operators at one-loop.” So, even if Ogg
affects Higgs physics by controlling the dominant production mode of the Higgs boson at
the LHC, it can be treated separately from the 3 other Higgs observables we are interested
in here. Furthermore since the Higgs self-interactions have not been measured yet, and

"The only exception is a contribution from Qa5 to the RG of Oaq, see table 6. This mixing, however,
is phenomenologically not very relevant since the Wilson coefficient of Ozp is strongly constrained, as we
show in section 4.2. In section 5 we present the anomalous dimension of the three operators with gluons.



since Og does not enter into the anomalous dimensions of any dim-6 operator other than
itself, it can also be omitted from our analysis. For the Higgs- and EW-sector RG study, we
can thus restrict to the following set of 10 dim-6 operators and compute the corresponding
anomalous dimension matrix

{OH, OT7 OBa OW? OQB, O2W, OBB7 OWW’ OWB, O3W} . (31)

We include all the one-loop contributions proportional to ¢; and depending on

{9/7 g, gs, Aa yt} 3 (32)

where ¢/, g and g5 are the respective U(1)y, SU(2), and SU(3). gauge couplings, \ is the
Higgs quartic coupling and y; is the Yukawa coupling of the top quark, i.e. we neglect the
contributions proportional to the Yukawas of the light fermions (y,/y¢ ~ 0.02, yp is the
bottom quark Yukawa). The couplings are normalised such that

Lom = Lxcin +m?H)? = N H[* =y, |QrtrH +hee.| + 0 (y) , (3.3)

where H = iooH *, Qr is the third family quark doublet (¢, bL)T whose weak hypercharge
is Y7, = 1/6, tg is the right-handed top quark of weak hypercharge Yr = 2/3 and y; denotes
the Yukawa couplings of the fermions lighter than the top. The kinetic term Lx;, contains
covariant derivatives, defined in the previous section, that determine the couplings of the
Higgs doublet and fermions to the gauge bosons as well as gauge bosons self-interactions.

We regularized the loop integrals using dimensional regularisation and used MS sub-
traction scheme. We performed the computation in the unbroken phase of the SM and in
the background field gauge, with the gauge fixing term

1
284
where 0A = {6 B, W, G} is the quantum field with respect to which the dim > 4 SM action
is path-integrated and D,SA) is the covariant derivative with respect to the corresponding
background field A = {B, W, G}.

In table 2, we give the one-loop anomalous dimensions of the operators of eq. (3.1), in
the basis defined in section 2.8 We have defined

L0 = ——(DMsA™)?, (3.4)

2 dCZ

dlog

A common effect encountered while computing the RG scaling of the above operators
is the appearance of counter-terms which correspond to dim-6 operators that are not in
our basis (the computation does not know our choice of basis) [12]. These radiatively-
generated redundant operators need to be redefined into operators present in our basis.
Upon redefinition, these redundant operators contribute to the anomalous dimensions of
the operators in our basis at the same order as other direct contributions coming from one-
particle-irreducible graphs. For details on the radiatively generated operators and how we
deal with the redundant ones, see appendix A. Notice that the matrices of table 2 already
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Table 2. Anomalous dimension matrix for the Wilson coefficients of the dim-6 bosonic operators,
in the basis defined in section 2.

contain these indirect effects. This ensures that the result is gauge invariant and indeed
we checked that the result is independent of the gauge fixing parameters {4 of eq. (3.4).
Apart from gauge invariance, there is another non-trivial consistency check that we
have performed. The current-current operators in the left box of table 1 can be related
to each other and to other current-current operators containing fermions by using the SM
EoM, or equivalently by carrying out field redefinitions. In a hypothetical theory without

9

fermions,” some contributions of the operators in the left box of table 1 would vanish upon

the EoM, i.e. they would form an over-complete set of operators. This would also imply

8The self-renormalization of ¢z has been extracted from the computation of refs. [4, 5], where the
authors calculated the one of cs3¢.

9The anomalous dimension matrix of this fermionless theory is related, though not equal, to the anoma-
lous dimension matrix we have computed, that is why considering this hypothetical theory provides a
non-trivial test of our computation.



relationships between independently computed entries in the anomalous dimension matrix
or, in other words, the anomalous dimensions of this over-complete set is invariant under
changes in the field coordinates that respect the SM gauge symmetries. Our matrix passes
this consistency check as we shall discuss in detail in appendix B. We emphasize that the
set of 59 operators introduced in section 2 is a basis, i.e. it does not contain any redundant
operators; it is over-complete only in the hypothetical theory without fermions.

Some parts of the anomalous dimension matrix presented here, have been calculated in
previous literature [4-14]. In some cases these previous computations use methods different
from ours, but we find complete agreement in the final results. We present a detailed com-
parison with previous literature, including a discussion about the difference in our methods
in appendix C.

4 RG-induced contraints on EW and Higgs observables

In this section we discuss the possibility to use the RGE’s to derive constraints on the
Wilson coefficients at the weak scale by requiring that none of the RG contributions to
these weak-scale Wilson coefficients exceeds the direct bounds [6]. Since the RGE’s mix
various operators, it becomes possible to put tight constraints on operators loosely con-
strained by direct measurements via their RG contributions to more severely constrained
operators. Then, in section 4.2, we apply our method and use EW precision data, triple
gauge couplings measurements and Higgs data to derive RG-induced bounds on the set of
10 observables we are interested in.

Renormalizing, order by order, the effective action, the logarithmically divergent terms
computed in the previous section are absorbed in the definition of the renormalized Wilson
coefficient. If one is interested in obtaining bounds on the Wilson coefficients at the low
scale ~ my, the only effect of the 1-loop diagrams are small finite terms, proportional to
~ log my /myz, which we did not compute here. Allowing for arbitrary cancellations in the
definition of the renormalized coefficients renders the 1-loop effects small and the indirect
bounds which can be obtained in this way are quite weak [20] and not competitive with
direct bounds from Higgs physics and anomalous TGC measurements. We follow a differ-
ent approach, already outlined in ref. [6]. We are interested in obtaining indirect bounds
on the UV value of the Wilson coefficients from low-energy experiments, in this case the
1-loop effect is enhanced by ~ log A/mg. Moreover, we assume that no tuned cancellations
(or correlations) are present in the definition of the renormalized coefficients and require
each log-divergent term not to exceed the direct bounds. In this way, our indirect bounds
are much stronger than in ref. [20] and, more importantly, are useful in order to obtain
insight into the UV physics. In fact, if any of our RG-induced bounds would be violated by
a direct measurement this would imply a particular pattern of cancellation (or correlation)
in the UV dynamics.

4.1 How much fine-tuning is needed to accommodate the data?

The electroweak and Higgs observables we are interested in (specified in section 4.2) re-
ceive contributions from a particular linear combination of the dim-6 operator’s Wilson



coefficients, suitably multiplied by the SM couplings:
(ObS)i = Ki T Wwijcj = Ky + ¢ — 5(ObS)Z =, (4.1)

where k; is the SM contribution, the ¢;’s are the Wilson coefficients and w;; is a matrix con-
taining the SM couplings and ratios of scales (w ~ O(m,/A?)). We defined ¢; as the linear
combinations of the Wilson coefficients which contribute directly to each observable (obs);
and we shall refer to them in the following as observable couplings, with a slight abuse of
language. If the new combinations ¢; are independent, this corresponds to a change of basis
such that to each operator corresponds an observable; we shall call this the observable basis.

As an example, consider the process h — ~vZ which receives a contribution from the
SM (in this case at one loop) as well as a direct contribution from a linear combination of
the dim-6 operators. We parametrize this contribution with the observable coupling ¢z,
to be defined in eq. (4.18), which is related to the Wilson coeflicients of our basis as (cg,,
and sg,, are respectively the sinus and cosinus of the weak mixing angle fy)

2
- m 2 2 2 2
Cyz = AI;V (209WCWW — 2sy,,¢BB — (cgw — Saw)CWB) . (4.2)
The above relation defines the coefficients w., 7 ; for this particular observable.
Now, suppose that this set of observables receives lower and upper bounds from ex-
perimental measurements:

(5(ObS)i‘mh = éz(mh) = wij(mh)cj(mh) S [el'ow EUP] . (4.3)

R )

The observable coupling ¢&;(my) (constrained at low energy) is related, through the run-
ning, to the high-scale value of the Wilson coefficients c;(A), which is not directly known
since it is determined by the BSM degrees of freedom that have been integrated out. The
matrix w;;(mp) also runs with the scale (in the example of eq. (4.2) this would be the
running of g, ¢’ and v inside my, and 6y ), however we are not interested in such a running
because w;; is determined by measurements performed at the EW scale and because, for
the purpose of this work, we are not interested in the UV value of the SM couplings. This
is the reason why we have not taken care of the contributions of the dim-6 operators on
the SM couplings, parametrized by x; in eq. (4.1), which would only be necessary if we
wanted to relate w;j(mp) to wi;(A) at the order we are working.
This discussion leads us to define the scale-dependent observable couplings as

&i(n) = wij(mn)c; (1) , (4.4)
obtaining
R R 1 .. A
5(0bs)l]mh = ci(mh) = Cl(A) — 71671'2 'Yijcj(A) IOg <mh> y (45)
where
Fij = wir(mn) v wp;t (m,) (4.6)

and g is the matrix computed in the previous section. Our interest in eq. (4.5) is twofold:
we want to find instances where a less constrained operator can mix with a more constrained

~10 -



one by appearing in its RGE’s and secondly (but closely related), to learn about the new
degrees of freedom at the matching scale. In the following we shall work at leading-log
order, which is fine if the hierarchy between the new physics scale A and the EW scale is
not too big.

The fundamental assumption we make in order to obtain an indirect constrain on the
¢;j(my) through the RG is that we require each term in the sum on the r.h.s. of eq. (4.5),
proportional to some coefficient ¢;, to be contained in the experimental bounds associated
to the observable §(obs);|pm,

(1= 8)es(A) € [, "], (4.7)

)

1 A u
_@%jq(mh) log (Tnh) € [eﬁow, € Pl (4.8)

where we defined &; = 4;;/(16m2) log(A/my,) and in the last line the index 7 is not summed
over.!’ We have also used the fact that substituting ¢;(A) for ¢;(my,) in the 44;¢; term
of eq. (4.5) amounts to corrections O ((4m)~* logQ(A/mh)) that are beyond our precision
(the same is true for the evaluation of 7;;). Notice that this assumption is not only a
requirement of the absence of fine-tuning but also an hypothesis on the UV physics, since
particular relations, due to symmetry or dynamical accidents, between those combinations
could be generically found when considering a BSM theory. From our bottom-up approach
we parametrize also this absence of correlations as an absence of tuning. From eq. (4.7)
we can put bounds on the matching-scale Wilson coeflicients ¢;(A):

(A e D (1—6) " wite™, Y (1 —6) wie?| (4.9)

7

notice that, as expected, they grow quadratically weaker with the increase of the UV scale
A since w™! ~ A2/ m%v Using eq. (4.8), instead, we can put an RG-induced bound on the
observable ¢(obs);|m, using the direct constraints on §(obs);|m, , eq. (4.3):

A 167{.2 & \—1 up low
if 435 > 0: 0(0bs);j|m, € o (A/m7) (B35) " [—& =™,

4.10
A 167T2 ~ =11 low _up ( )
if 45, <0: 6(obs)jlm, € 710g (A Jmn) (335) 67, 67

The indirect bounds in eq. (4.10), grow logarithmically stronger with the increase of the UV
scale A. However, since the expected effects from new physics decrease quadratically with
A, assuming order one coefficients ¢;, even if the RG-induced bounds on the observables
become slightly stronger, their power in investigating the UV degrees of freedom becomes
much weaker for higher values of A, as is clear from eq. (4.9). It might seem that these
bounds are not significant because of the loop factor in the above equation; all the ¢;’s
are, however, not of the same order and if |ei-ow’“p | <« |e§0w’up |, the bound in the above
equation can be stronger than the direct bound on ¢(obs);|m, , in spite of the loop factor.

10Tp the following we shall denote with a hat all repeated indices which are not summed over.
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The RG-induced bounds are, thus, significant only when a weakly constrained coupling
appears in the RGE of a strongly coupled one.

Once new physics effects will be, hopefully, observed and the constraints of eq. (4.3)
will not include the zero value in the allowed interval (0 < €l < |§(0bs)i|m, < €.7),
another interesting information that could be extracted from RG effects is a quantification
of how much tuned, among themselves, are the electroweak and Higgs observables. First
of all, let us define the fine-tuning in an observable as [29]

= np [ GO g (A /) Max g 5(0b5) o,
|6(0bS8)i|m, 1672 |6(0bS)i|m,, ’

0log d(0bs)i|m,

A = Max; dlogé;j(A)

(4.11)
where in the second step we separated the diagonal contribution from the off-diagonal ones
and, for the diagonal term, we neglected the loop contribution since ¢;(A) enters already
at tree level and this would be its leading contribution to the tuning. In particular, the
fine-tuning A; will satisfy,

log (A /mi) Maxz; il [6(0bs);jlm, _ log (A/my) Maxjzi il e

> )
1672 |6(0bS);i|m,, 1672 e;”

2

A > (4.12)
and one might be able to conclude that a certain degree of fine-tuning among the contri-
butions to the RG flow of some operator is necessary.

4.2 EW and Higgs observables

Let us now apply the general formulas of the previous section to the electroweak and Higgs
observables we want to constrain. In section 2 we have considered 10 EW and Higgs
operators

Ou, Or, Ow, Op, Oaw, Oz, Oww, Ows, Opp, Osw, (4.13)

to parametrize BSM corrections to the SM Lagrangian. Let us now describe in detail the
set of pseudo-observables, briefly mentioned in section 2, that constrain all these operators
and form our observable basis. These include the four electroweak oblique parameters S ,
T, Y and W, constrained by LEP 1 and LEP 2, the three anomalous triple gauge coupling
(TGC) and three observables related to Higgs physics: the decays to v, vZ and a universal
rescaling of all the branching ratios [18]. To derive the RG-induced constraints on these
observables we first need to relate them to the operators in eq. (4.13), that is define the
transformation matrix, w;;, from the basis in eq. (4.13) and to the observable basis.

We begin with the electroweak precision observables constrained by measurements at
LEP1, LEP2 and Tevatron. The first step of the analysis is to fix the SM parameters g,
¢ and v by the three most precise measurements: the Fermi constant G in muon decays,
the fine-structure constant ., and the Z-boson mass my. With the input parameters
fixed, the SM gives predictions for observables such as Z-pole measurements at LEP 1,
the Tevatron measurement of the W-mass and LEP 2 measurements of the ete™ — ff~
cross-sections. New physics can affect this analysis by either changing the relationship
between the input parameters g, ¢’ and v to the measurement of G, ae, and my or by
directly contributing to the other measurements. All the deviation in the above observables
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induced by the operators we consider, eq. (4.13), can be parametrized by the S , T, W and
Y parameters [22]

Tmz S gg/'l)2 3 w 3 \2
Aewrr = =5 5 A2 = = W B = 5 (0 W) =

Y2 (0"B,w)*.

(4.14)
The contribution of the Wilson coefficients of the operator set in eq. (4.13) to the above

observables is given by,

R . 2 R . m2

T =ép(mwy) = %CT(W‘Lw) , S =és(mw) = A—I;V [ew (mw)+ep(mw)+4dews(mw)],
) m2, ) m2,

Y = Cy(mw) = FCQB(mW) N W = Cw(mw) = FCQ[/V(mw) . (4.15)

The above parameters have been measured very precisely and are constrained at the per
mille level. We present the 95 % CL bounds on these parameters in table 3.

A second set of independent measurements that constrain the operator set in eq. (4.13)
are the TGC that were measured in the ete™ — WTW ™ process at LEP2. The phenomeno-
logical Lagrangian to describe deviations in the TGC observables, from their SM values, is,

ALsy = iggZey, 2" (W“W;,, - W*”ij) +ig </@Z09W Zm oy msaWAﬂ WiEWw,

5 Az 21+ Ayso AP ) WP W, (4.16)
My

where VW = 0,V, — 0,V,, the photon field A, = cq,, B, + 39WW3 has field-strength
A;w’ while Z,, = CQWW;j’ — 8¢,y B, has field-strength ZAW and we use sq,, = sinfy =
9/ g%+ 9, co,, =cosbw = g/\/9? + ¢’? and e = gsp,, . Note that the above Lagrangian
has only three independent parameters at the dim-6 level taken to be glz , K~ and A, here;
the other two can be expressed as: Az = Ay and kz = glz — tgw k~. These relations are a
consequence of the accidental custodial symmetry that is preserved by the dim-6 operators
entering in the TGC [30]. The SM contribution is given by (¢7)sm = (ky)sm = 1 and
(Az)sm = 0. The corrections induced by the dim-6 operators in our basis are given by:

m 1 2

5912 = Coz(mw) = —T‘;VCTCW(mW), 0Ky = Cuy(mw) = A2 4CWB(mW)
Ow (4.17)
. miy
Az = y(mwy) = —FC?)W(mW)a

where 697 = g7 — (9¥)sm and 6ky = Ky — (ky)sm. The constraints on these TGC ob-
servables are at the percent level (see table 3) and thus at least an order of magnitude
weaker than the constraints on the electroweak parameters in eq. (4.15). Note that, for
this reason, in eq. (4.17) we have ignored contributions to the ete™ — WTIWW ™ process
from the couplings in eq. (4.14).

Higgs physics provides the three remaining observables for our observable basis. We
consider the branching ratios h — v7v/Z~ and the correction to the Higgs kinetic term,

6 h h2 h2
Alriges > 21 >+Cw; W R e G2 9N G (4.18)
2 2 miy MiyCoy, 2
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Coupling | Direct Constraint | RG-induced Constraint
ég(mt) [—1,2] x 1073 [31] -
ér(my) [—1,2] x 1073 [31] -
ey (my) [-3,3] x 1073 [22] -
ew (my) [—2,2] x 1073 [22] -
Cryry (M) [1,2] x 1073 [18§] -
eyz(my) | [-0.6,1] x 1072 [18] [—2,6] x 1072
ey(my) | [-10,7] x 1072 [27] [—5,2] x 1072
eqz(me) [—4,2] x 1072 [27] [-3,1] x 1072
exy(me) [—6,2] x 1072 [27] [—2,8] x 1072
er(my) [—6,5] x 10711 [—2,0.5] x 101

Table 3. In this table we present the 95 % CL, direct constraints on the coefficients in the
observable basis (second column). The constraints on S and T presented here the ones obtained after
marginalizing on the other parameters in the fit of ref. [31]. In the analysis we use the S , T -ellipse
from ref. [31] with U = 0. Simultaneous constraints on all three of the TGC observables do not
exist in the literature, so we have provided the individual constraints on the three couplings without
taking into account correlations between them [27]. In the third column we show the RG-induced
constraint we are able to obtain under the assumption of no fine-tuning in eq. (4.22), for A = 2 TeV.

The above coefficients, in terms of the dim-6 operator’s Wilson coefficients are given by

,02

cp(mp) = ECH(mh),

Cyy(mn) = 5 (epp(mna) + eww (mn) — ewp(ma)) (4.19)
2
Cyz(mn) = A2 ¥ (265, cww (mn) — 285, cpp(mp) — (G, — 5, )ews(mp)) -

We present the constraints on these three observables in table 3. The coupling ¢é,, is
constrained at the per mille level although the constraint on the SM diphoton width has
been measured only with O(1) precision. This is because the SM width is already one-loop
suppressed and thus the current O(1) precision of measurement corresponds to ¢, ~ 1073,
The correction to the Higgs kinetic term ¢y on the other hand is poorly constrained. This
is because ¢y causes a universal shift in all the Higgs couplings and thus drops out from
the branching ratios. Moreover, if only gluon fusion production channels are considered,
the coupling cge mimics the effect of ¢y. Therefore, to disentangle the effect of cqq and
constrain ¢gr, Higgs production cross-sections in different channels have to be compared; in
particular the weakly sensitive vector-boson fusion (VBF) channels have to be considered.

Based on their precision of measurement, the observables can be divided into at least
two groups. In the first group, containing highly constrained operators, we have the four
electroweak parameters and the Higgs diphoton coupling (see table 3),

{637 éTv éWa éY7 é’Y’Y}J (420)

"'We thank F. Riva for providing us with the latest constraint on cz from the fit in ref. [18].
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which have been measured at the per mille level. In the second group we have the hyZ
coupling, the couplings related to the three TGC observables k., g%, Ay and ¢,

{é'yZa é/vya égz’ é/\wCH}v (4'21)

which are much more weakly constrained. One can, in fact, further split the above set into
cy which is constrained only at the O(1) level and the other couplings that are constrained
at the few percent level.

We are interested in finding instances where the couplings from the second group in
eq. (4.21) appear in the RGE’s of the first group of couplings in eq. (4.20). To check this
we rotate the anomalous dimension matrix to the observable basis defined by eq. (4.15),
eq. (4.17), and eq. (4.19). We present the anomalous dimension matrix in the observable
basis in table 4. Using this, and fixing A = 2 TeV, we write numerically eq. (4.5) as

(88, 7 & s Wy Corys &2, Criys gy s Car)T (1M04) (4.22)

0.9 0.003 —0.03 —-0.08 —0.02 —0.02 —-0.04 0.05 —-0.01 0.001 és(A)
0.03 0.8 —0.02 —-0.009 O 0 —0.03 0.01 0 —0.003 ér(A)
0.001 0 0.9 0 0 0 —0.001 0.001 0 0 ¢y (A)
0 0 —0.001 0.8 0 0 0 —-0.003 0 0 éw(A)
| o 0 0 0 09 0  0.006 0 0.2 0 ¢y (A)

]l o0 0 0 0 0 09 0.007 0 003 0 ez (M)
0 0 0 0 —0.02 -0.02 0.9 0 —001 0 Gy (M)
0.0004 —0.0007 —0.0004 0.1 0 0 —0.0004 0.9 0 —0.0007| |éq2(A)
0 0 0 0 0 0 0 0 0.9 0 éxy(A)
—0.02 0.03 0.01 —0.4 0 0 0.02 —0.3 0 0.8 \éH(A

We can now derive the RG-induced constraints by using eq. (4.10) assuming no fine-tuning
among the different terms in the RGE’s.

The strongest RG-induced constraints come from the direct bounds on the S ,T,W
and Y parameters, i.e. the first four lines in eq. (4.22). We require that each observ-
able coupling individually satisfies the four RG-induced constraints from these electroweak
precision parameters simultaneously. It is very important to take into account the experi-
mental correlations between S , T, W and Y while imposing these bounds [32-34]. Note that
the RG-mixing contributions to ¢y and ¢y, from the couplings in the weakly constrained
group in eq. (4.21), is either absent or accidentally much smaller than the ones to ¢g and
¢r (see the RG contributions to ¢y and ¢y in the third and fourth row of eq. (4.22)). We,
therefore, look at the constraints on the S—T plane taking W =Y = 0. We use the
S — T ellipse in ref. [31], which assumes W =Y = U = 0, to derive our constraints. We
present these RG-induced bounds and compare them with the direct bounds in table 3 and
in figure 1. We find that for each of the couplings in the second group we can derive a RG-
induced constraint stronger than, or of the same order of, the direct tree-level constraint.
We also obtain RG-induced bounds from the direct constraint on ¢, using the fifth line
in eq. (4.22) and eq. (4.10),

Cry € [-0.2,0.3],
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103 T

Figure 1. The blue ellipses represent the 68% (solid), 95% (dashed) and 99% (dotted) CL bounds
on S and T as obtained in the fit of ref. [31] with U = 0. The straight lines represent the RG-
induced contribution to the oblique parameters from the weakly constrained observable couplings
of eq. (4.21), divided in Higgs couplings (a) and TGC couplings (b), using the first two lines of
eq. (4.22), for A = 2 TeV. The length of the lines corresponds to their present 95% CL direct
bounds, see table 3; the line is green (red) for positive (negative) values of the parameters.

éxy € [—0.05,0.10] (4.23)

but at present these bounds are weaker than those from the direct bounds on electroweak
parameters.

Let us briefly comment on alternate choices for our observable basis. In general, a
change of observable basis modifies the anomalous dimension matrix of table 4, also for the
observables which were maintained in the basis. Thus, the RG-induced constraints we have
derived, are applicable only to our particular choice of observables, and for an alternate
choice the analysis must be repeated.!? For instance, the Higgs decay observables related
to h — WTW~, ZZ decays could have been alternatively chosen as part of our observable
basis instead of two of the TGC observables (k. and gz) but we have kept the TGC in
our basis as they are measured more precisely than these Higgs decay observables. This
situation is likely to continue in the future. Although, observables like the relative deviation
of h - WTW~, ZZ with respect to the SM would be strongly constrained at the 5 %(3
%) level at the LHC with 300fb~! ( 3000fb~1) data [35], the bounds on TGC are also
expected to become stronger by an order of magnitude at the LHC [35] so that the TGC
would still be more precisely measured than these Higgs observables. At linear colliders the
Higgs h — WTW ™, ZZ is expected to be measured at the level of 0.5 % [35] and the TGC
observables at the 1074 level [36]; again the TGC observables would be more constrained.

12Note that for our choice of observable basis, h — 7 does not receive a contribution from the S
parameter even though there is a dependance on cwp in the anomalous dimension but cwp is actually
reconstructing the dx~ parameter.
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Direct Future || |¢yz] |eay | |¢H|
Measurement | Precision
Eyry 4x107°[35] | 6 x 1073 - 2x1073 | -
vz 3x 1074 [35] | 4 x 1072 - 1x1072 | -
Criry 2 x 1074 [36] - 1x1072 | 1x1072| -
gz 2 x 1074 [36] 0.4 - - 0.25

Table 5. In this table we present the minimum value of the couplings in eq. (4.21) to which direct
measurements of the observables in the first column would be sensitive via the one loop RG-mixing
effects computed in this work. The long term projection for the measurement precision for the
observables in the first column is given in the second column.

Finally, let us discuss the future prospects for these RG-induced effects. In the fu-
ture, as the measurement of the observables we have considered becomes more and more
precise, it may be possible to detect signs of new physics. In this case, since some of the
observables in table 3 will be non-zero one would expect a deviation, via RG-mixing, also
in other observables, unrelated at tree level. Note that according to future projections,
¢y, the TGC observables (¢, ¢g2) and &,z would be measured at the 10~ level [35, 36]
at linear colliders and thus all these observables would be sensitive to RG-induced mixing
effects of the couplings in eq. (4.21), if they are above a minimal value.!> We present
these minimum values in table 5. If, instead, a deviation is detected in some observable
but no such RG-induced deviation in other observables is detected at the level hinted by
our analysis, then this would indicate a tuning (or a correlation) among the various RG
contributions to the direct measurement, see eq. (4.11). Take, for example, the first row
of table 5. Suppose we measure the deviation ¢y, ~ 1 x 1072, a value larger than the
minimum value presented in table 5, while instead h — ~+ would still remain compatible
with zero with the reported sensitivity. From eq. (4.11) we would than conclude that a
fine-tuning of the order A, 2 5 would be necessary to accommodate the data, or that
some particular correlation in the UV physics is needed to induce such cancellation.

13Future prospects for measurements at the Z-pole predict an enhancement of the precision, with respect
to the present one, of about one order of magnitude for ILC [36] and two orders of magnitude for TLEP [37],
depending on the observable. Moreover, from runs at energy /s ~ 2my, the measurement of the W mass
is predicted to became more precise by one (ILC) or two (TLEP) orders of magnitude. This will imply an
enhancement of the precision in the oblique parameters S, 7', W and Y. A more detailed study of these
future prospects is beyond the scope of this paper, since our aim is only to show some examples for future
applications of the general idea of RG-induced bounds.
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5 Scaling of the gluon operators

In this section we shall extend the results of the previous sections and present also the
scaling of the bosonic operators that contain gluons, as defined in table 1:

{02, Oca, Osc} (5.1)

The anomalous dimension matrix is shown in table 6, where the c3g self-renormalization
has been taken from refs. [4, 5]. This matrix already contains the effect of the redundant
operators that are generated radiatively and, upon eliminating them, modify the RG of
the operators in table 1, see appendix A for details.

In the same spirit of section 4, let us now turn to the observables which are sensitive
to these operators and review the present constraints. The Wilson coefficient cog can be
put in one-to-one relation to the parameter Z introduced in ref. [22] (analogous to the W
and Y electroweak parameters):

7 = A—VQchg. (5.2)
A bound on this parameter has been obtained by an analysis of dijets events at LHC [38, 39]:

—9x107*<Z2<3x107h (5.3)

A bound on cgg can be obtained from the analysis of the Higgs production cross section
at LHC. The relevant phenomenological Lagrangian is

A hv 5 4 A
Ly D éga m[g/vgsG/u/ij ) (54)
where we defined
. m%/v

The most recent bound, obtained in ref. [18] after marginalizing over the other deviations
from the SM, reads

éag € [-0.8,0.8] x 1073, (5.6)

The coefficient c3i, analogous to the SU(2); counterpart csy, would contribute to the
anomalous triple gluon couplings. These effects can be measured at LEP, Tevatron and
LHC, for example via top-quark pair production, see for example ref. [40] where it is esti-
mated that LHC should be able to put a bound |é3¢| = |csq| mé, /A% < 0.1.

As can be seen in table 6, no mixing to (or from) these gluon operators is present
among the operators we considered in table 1, the only exception being a contribution
from cop to cog which, however, is not very interesting since cyp is already very well di-
rectly constrained by the oblique Y parameter. For this reason, we are not able to cast
any indirect constraint using these gluon operators.
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(e (&ele 3@ C2B Cow
Yoo | 5095 0 0 g (M(VZ4+YH+12Y,Y,) 0
Yoo | 0 —3¢% =547 +12X+6y7 0 0 0
Vese 0 0 2242 0 0

Table 6. Anomalous dimension matrix for the Wilson coefficients of the dim-6 bosonic operators
with gluons, in the basis defined in section 2. The contributions to and from the other coefficients
of the operators in eq. (3.1), not reported here, are zero.

6 Conclusions

We computed the scaling and mixing of 13 dim-6 deformations of the SM affecting EW pre-
cision observables (4), anomalous EW triple gauge boson couplings (3), QCD observables
(2) and Higgs decays (4). This computation has important phenomenological implications.
Particularly interesting is the RG-mixing induced among 10 of these observables (the 2
two QCD observables and one Higgs observable, namely I'(h — gg), constitute a separate
sector that does not mix in a relevant way with the severely constrained EW observables.).

These 10 different observables are constrained at very different levels of precision. For
example, whereas the electroweak precision observables and the operator coefficient related
to the h — ~v partial width are constrained at the per mille level, the TGC and the 2 other
Higgs observables are constrained at the percent level at most. As we run down from the
new physics scale to the lower scale of experiments, quantum effects mix the observables
and the most severely constrained ones receive a contribution from the ones allowed to
deviate the most from the SM predictions. These RG-contributions could in principle be
of the same size or even larger than the direct experimental bounds, in other words, the
difference in the experimental sensitivities can compensate for the RG-loop factor. Re-
quiring that these RG-contributions do obey individually the direct bounds, i.e. dismissing
any possible tuning/correlation among the various RG-terms, we can derive some indirect
RG-induced bounds on the weakly constrained observables from the direct measurement
of the severely constrained ones. This analysis is particularly relevant for the TGC and
the universal shift of the Higgs couplings, as reported in table 3.

We also looked at the future prospects of these RG-induced effects. If a deviation from
the SM is observed in some of the observables we considered, in the absence of tuning
one would expect a deviation, due to these RG effects, to appear also in other seemingly
unrelated observables. If, instead, these RG-induced deviations are not observed, it would
mean that some tuning is needed, or it would indicate some correlation among the higher
dimensional operators pointing towards a particular structure of the new physics that has
been integrated out. We have presented the projected future experimental sensitivity to
these RG effects in table 5.
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The first run of the LHC ended beautifully with the discovery of the Higgs boson
and initiated an era of measurements in the EWSB sector that remained only indirectly
constrained for several decades. With the next run of the LHC and the high-luminosity
program will start an era of precision that will lead certainly to a better understanding of
the Higgs sector itself and also, hopefully, to the first glimpse of the new physics laying
beyond the Standard Model. We hope that the results we presented in this paper will be
a powerful tool in that quest.

Note added. While this paper was being submitted, the work [41] appeared. It com-
puted the gauge-coupling dependence of the anomalous dimensions among the dim-6 op-
erators.
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A Dealing with redundant operators

In this appendix we explain in detail the anomalous dimension matrix presented in the
main body of the paper, tables 2 and 6. As remarked in section 2, a common effect en-
countered in the computation of the scaling of the dim-6 operators is the appearance of
counter-terms that correspond to operators not included in our basis, i.e. operators that are
redundant for the description of physical processes. In particular, the set of 13 operators
we are interested in,

{Ow,0r,0B,Ow, 025, 02w, Opg, Oww, Ow s, Osw, O2c, Oca, Osa} , (A.1)

not only mix among themselves under the RG flow but also generate redundant operators
that are not included in our basis (defined in section 2). In this appendix we first give a
pedagogic example of radiatively generated redundant operators, section A.1. Then, we
present the set of redundant operators generated by those in eq. (A.1), together with their
anomalous dimensions, section A.2. In section A.3 we explain how the redundant operators
are redefined back into our basis and what is their effect on the anomalous dimensions of
the operator set in eq. (A.1) [12].

A.1 Example of radiatively generated redundant operators

As a first step, let us give a detailed example of the generation of redundant operators by
the ones in eq. (A.1). Consider the renormalization of the vertex eg — er — BY by the
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Figure 2. Feynman diagrams representing the contribution of the dim-6 operator
Osp = —%(8“3,,“)2 to the renormalization of the vertices €g — eg (diagram (a)) and ér — e — BY
(diagram (b)).

operator Osp. There is only one possible diagram, depicted in figure 2(b), which can give
contributions to any of the operators

Ofn = 90" Bu(ery'er), Ofp =g Buifin" D" fi, (A.2)
or to the three-point vertex of the operator

1
Okar = §éR(lpD2 + D*P)eg. (A.3)

It can be easily checked that there is no other operator with the same field content which
is also independent from the ones in eq. (A.2) and eq. (A.3). As for a CP-odd version
of Oy is of not concern to us since it is clear that the diagrams we are considering
cannot violate CP. The crucial point of this discussion is that the above operators are not
contained in our basis, therefore one has to redefine them back to the ones in our basis,
giving a contribution in the anomalous dimensions. These indirect contributions of Oyp
to the anomalous dimensions of the bosonic operators are of the same order as the direct
contributions computed via one-particle-irreducible diagrams, it is therefore necessary to
keep track of all such effects in order to have a consistent calculation.

The computation of diagram (b) in figure 2 gives us, in general, a combination of the
contributions from Oyp to all the operators in eq. (A.2) and eq. (A.3). To disentangle
the different contributions from the divergent part of diagram (b), we look at the differ-
ent momentum structures of the three operators and recognize them inside the result of
diagram (b):

’Y(b)

ck3Rrlc2B

2¢

/YCIBRICQB

2¢

’YCBR|02B

div __
‘A(b) - %

c2B(Ofr) — c2B(OpR) — c28(OBR) (A.4)

using dimensional regularization with D = 4 — 2e. (O;) represents the Feynman rule of the
operator O; with the external states of diagram (b). We obtain

)
1671'2’}/(1)) — _1/82 /2, 167r2,yCBRICQB — _7}/*2 /2’ 1671_2’70’8

ck3Rr|c2B 6 ¢

=-YZg% (A5

R‘CZB
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Diagram (a) in figure 2 gives univocally the contribution of Osp to O%4p, since this is
the only dim-6 operator with only {ér,er} as external legs. Since we are working in the
background field gauge, we expect that all vertices of a gauge invariant operator should
be renormalized in the same way.'* For this reason, and from the previous computation

(a) _
TK3R]2B =

and indeed this is what we find performing the explicit calculation. One can often

in eq. (A.5), we already know what that the result of diagram (a) should be:

(b)
TK3R12B

use similar relations as a check of the computation.

In the following section we shall study how these redundant operators, generated by
the RG flow, can be redefined into the ones of our basis. For instance, we shall see that
the contribution from Osp to O% described above has to be included as a contribution
to the running of Op and Osp, eq. (A.18).

A.2 Anomalous dimension matrix

The relevant redundant operators that are radiatively generated by those in eq. (A.1) are:
= |DH|2|H|2 ) Oky = }DZH{Q

_ _ A _
O(L3L) = (Lpo"y"Lp)(Lro“y*Lyr), O(L3)L1 = Z'(HTUGDMH)LILU“T“[}L,

Ogl)%mdl = (upy" T ug)(dry" T dR), O%r = (Er'er)(€rV"eR)
Ofiy, = 3 FL(PD? + D*D) FL, Ol = Lo (PD* + D°D) fi.
Oy = gD Wi, (Flo"y*F}), Ol = gWe,iF} oy D" F} | (4.6)
O, = ¢ DB, (Fir"F}), 0%} = g BuiFjy"D"F},
OQR = 4' D" By ([ fr) O/fl =¢'B i ey DY [l
0 = g. D" G (QLT49"QL), O = g,Gi(QL T4 DV QY) |
Olip = 9sD" G (TT Y qR) Oy = g5Gini(GTA" DV qly)

By relevant we mean those radiatively generated redundant operators that modify the
Wilson coefficient of the operators in eq. (A.1) when the former operators are redefined
into operators in our basis, defined in section 2.

Below we present in three different tables the anomalous dimension matrix of the
operators in eq. (A.1) as well as the relevant redundant operators generated by them,
eq. (A.6), at the order stated in eq. (3.2). We work with arbitrary £ in the background
field gauge (see eq. (3.4)) and use dimensional regularization. All the contributions given
in tables 7, 8 and 9 below arise from one-particle-irreducible Feynman diagrams, i.e. it is
the one-loop renormalization of the Effective Action.

14This is somewhat trivial for this example since the considered diagrams are clearly independent of the
background field gauge terms, eq. (3.4); but it is relevant in general.
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ca Cr cr
Yeu | 28X\ +12y7 =3 (39° + ¢”) 3 (292 + ¢%) — 4) 8\ — 6g% — 3472
Yer 39" —34" 12X + 12y7 + 54
Yer —% % _%
ew | S s 5|
Ve, 4\ — 3¢7 20\ +12y2 — 3 (g2 + ¢'2)  —4A+ 3¢? — 6g"

Table 7. Anomalous dimension matrix. Further contributions of Oy, O, and Ot to other operators
in eq. (A.1) and eq. (A.6) are either zero or proportional to the Yukawa coupling of any fermion
lighter than the top. The dashed line separates the anomalous dimension of the operators in our
basis from that of the redundant operators.

CBB cww cwB c3w
Yeu 69" 18¢* 69"%g* 0
Yer 0 0 0 0
Ve 0 0 0 0
Yew 0 0 0 242
Ve 0 0 0 0
Yeow 0 0 0 44?
Yens | G — 2% +6y2+12) 0 3¢ 0
Yeww 0 —34% 5 1 62 12\ q? 502
Yerws 29" 292 O ey ran -8
Yeaw 0 0 0 249° — 2w
P R R o T v
gy 0 0 0 g9

Table 8. Anomalous dimension matrix. Further contributions of Oggr, Oww, Owps and Osw to
other operators in eq. (A.1) and eq. (A.6) are either zero or proportional to the Yukawa coupling of
fermions lighter than the top. The dashed line separates the anomalous dimension of the operators
in our basis from that of the redundant operators.
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In table 7 we display the contributions of O, O, and Or to the running of the Wilson
coefficients of the operators in eq. (A.1). We have defined

dc; dg
c =1 2 , = A.
e om dlog & dlog (A7)
and
2 1 2 12
’YHZ—Ncyt+Z<3[3—§W]9 +[3—¢€Blg >7
1 4 1 19 1 41
= ——B,.=11-=Ng | ¢ =——B,=—g* = —By=——g?, (A8
ole gsﬂgs ( 3 G>937 Yw gﬁg G B g,ﬁg 9 , (A.8)

in the background field gauge. Ng = 3 is the number of generations. The contributions
not shown are either zero or proportional to the Yukawa coupling ¥; of any fermion lighter
than the top. Notice that in table 7 we have gone beyond the strictly necessary computa-
tions to obtain the anomalous dimension matrix and also included the contributions of the
operator O,, that is redundant with respect to our basis; their contributions are used for
a crosscheck in appendix B.

In table 8 we show the contributions of Opp, Oww,Owp and O3y to the running
of the operators in eq. (A.1). The csy self-renormalization has been extracted from the
result of ref. [4]. Their contribution to the running of the redundant operators in eq. (A.6)
that we have not written are either zero or proportional to ;.

Lastly, in table 9 we show the contributions of Op, Oy, O2p and Oay to the running
of any of the operators in eq. (A.1) and eq. (A.6). We have indicated by O (y;) those
contributions that at most are expected to be proportional to the Yukawa coupling of a
fermion lighter than the top. As can be noted from table 9, the contribution of Oy to
the running of Oy, O,, Ow, O, O(L?’)E7 O%L and O(L?’L)Fi is &-dependent. This should
not come as a surprise, even if we work in the background field gauge, where the counter-
terms are gauge invariant. The reason is that at this point of the computation we still
have redundant operators generated by the flow. By definition, in an over-complete ba-
sis that contains redundant operators only certain combinations of the Wilson coeflicients
enter in the physical observables. Hence, it is only after these physical combinations of
the Wilson coefficients are taken, that the computation is guaranteed to be and should be
gauge invariant. For instance, in section A.3 we show that upon redefining the redundant
operators in terms of operators in our basis the £ dependence of the anomalous dimension
vanishes. This subtlety is well known and, for instance, it also appears in the context of
Non-Relativistic QCD, where the running of the Wilson coefficients is gauge independent
only when the redundancy of different operators is taken into account [42]. This has also
been recently stressed again in ref. [13].

Table 10 reports the contributions of Oy, Oga, Os3a, Oz and Ogyy to the anomalous
dimension of the (redundant) operators in eq. (A.1) and eq. (A.6), as needed to derive the
anomalous dimension matrix of the dim-6 bosonic operators with gluons of our basis (see
table 6).
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C2G [Zelel Cc3@ C2B Cow
Yero | 392 (59—9%c)—27¢ 0 692 0 0
Yeca 0 —3¢”%—24°+12X+6y7 0 0 0
Yesa 0 0 3692 —2yc 0 0
Veud, —12¢2(¢"*YuYa) 0 0 12(g"?Y,Ya)? 0
Volpyud 595(9%c — 1) 0 0 —12¢2(g"*Y. Yy) 0
Ve, — %gg 0 0 Table 9 Table 9
Verd —395 0 0 Table 9 0
Voud —36a— 7 0 392 —2(9'Yu,a)? 0
7.2, 3 — % 0 3¢2 —5(g'Yo)? —-59°
78, —-39: 0 0 Table 9 Table 9
7eQ, —Y42vo 0 0 Table 9 Table 9
Ve d —2g2Y0.a 0 0 Table 9 0
Vepa —393 0 0 —(g'Yua)? 0
V2, —395 0 0 —(9'Yo)* -39
18, —29: 0 0 Table 9 Table 9
Ve —39:Y0 0 0 Table 9 Table 9
Ve —39:Yua 0 0 Table 9 0

Table 10. Contributions of the operators Osg, Oaa, Oza, O2p and Ospr to the anomalous dimen-
sion of the operators in eq. (A.1) and eq. (A.6). The dashed line separates the anomalous dimension
of the operators in our basis from that of the redundant operators.

A.3 Removal of the radiatively-generated redundant operators

We now turn in to discuss how to deal with each operator in eq. (A.6) and their effect on
the operators of eq. (A.1).

The easiest way to deal with the redundant operator (’)giR =4 Eu,,i feytDY fi [15] is
by means of the identity!®

VYA = g g P = gty T (A.9)

15We use the conventions of Peskin € Schroeder textbook.
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one finds
IR Fo~Mi Y g, £ g = ! Ruv
9B frn"iD" fr = 7 fri (WVVID - Ew%) fry'B
+ig' frpYuw fRDP B . (A.10)
Then, using the fermion’s EoM
g/_ . Py ! UV L, = ! UV
ZfRZ <%ﬂulD + lp%ﬁy) frg B"Y = Zg yriFpou frRHg B" + h.c.

1, = 1
= Zg,yfFLU;u/fRHg/B'uy—l-h.C.EZOJJ;B, (A.11)

which is a dipole operator, where o#” = %[fy”, ~*]; using again eq. (A.9) in the second term
of the right hand side of eq. (A.10)

ig' FrYpu Y fRDP B = 24 frys frD,BP = 2(9,];3- (A.12)

Therefore, eqs. (A.10)—(A.12) and analogous manipulations, are equivalent to the following
shifts (¢; — ¢; + 0¢;) in the following Wilson coefficients:

505& = 20%{@, 5c§L = 2c}5L, (5c£R = QCgR, 5ch = QC/C?L, 5chR = QCgR. (A.13)

The Wilson coefficient of the dipole operators are also shifted, see eq. (A.11), however,
we can not conclude that the dipoles are renormalized by the set of bosonic operators
we considered because we did not compute direct contributions, those coming from one-
particle-irreducible diagrams.

fi
Then, for the operator 0{531%7 consider the field redefinition 6 f; = —055\35 D?f;, that
removes 0{53 p from the Lagrangian while generates the operator
c{éSRyfi n L CQSRyfi n WAV MV
_WDHFiLD (szH) +h.c. = —W DuFiL7 y D (szH)
) (A.14)
— §F1'LX‘LWO‘MVfiRH + h.c.|,

where X, = ¢'Yi, B, + gWi,m" + gsGﬁyT“, being 7¢ and T4 the SU(2);, and SU(3).
generators in the fundamental representation, respectively. Then, by inserting the fermion’s
EoM in the first operator in the right hand side of eq. (A.14) one gets operators of the type

Lyvuk |H|2 and the operator yy, O{% = yfii(HTEHH)f}ﬂ“f}é; we do not care about the latter
(proportional to yy,) since our basis choice of section 2 was to remove the operator (’)ﬁ
corresponding to a light fermion. Performing an analogous analysis for 0?3 1 we reach the
same conclusion: neither of the two operator’s scaling affects the anomalous dimension of
the set of bosonic operators in eq. (A.1). As in the case of (TWL’BL’BR, the same comment
applies here: even-though the Wilson coefficient of the dipoles is shifted by the above
manipulations, we do not conclude that they are renormalized by the bosonic operators.
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Now, the remaining operators (corresponding to the third, forth and fifth line of
eq. (A.6)) are redefined into our basis by performing field redefinitions. Consider the
37 independent field redefinitions

A%5G = asa(DYGi) + 95 Y | algeQ L T4uQ% + 95 Y abadi vT gk,
7 i,q

> . . .
N?SW = igow (H 0" D' H) + cqw (D"W,) + g Y 0o FiLo®y,Fi,

i,F
< . . . . _. .
A%5B,, = ig'ap(H D H)+005(0" Bu)+9' Y Yrakg FinuFi+9' > Yok finufi.
i,F i,f
A2H = oy HIHI? + 0z ((D*H) — ylenL] — yi Q] — ylic*(@hQ])"), (A1)

with F = {L,Q}, f = {e,d,u}, ¢ = {d,u} and i = 1,2,3. These generate the following
shifts for the Wilson coefficients of the dimension 6 operators:

cr — cg + 2(a1 + 2Xaz) — agyg? cr — ¢p + 2(aq + 2)az) + agyg?
cr — cr — apg”? CK4 —> CK4 — 2002
F F; 1 i
cg — cg + asp — 2ap cm}L—>cmjL+§a2W—aFW
cw — cw + aow — 24y cgi — cgiL + Yr(aop — a%B)
Cop — C2p + 22 CgR - CQR + Yy(azp — ai‘B)
3 FZ' 3 Fz’ 3
Cow — Cow + 20 c(Lz — C(Lz + %O‘%W
CoG — C2G t+ 202 CIL:"L — CfiL + (Yrg')alpp
cg — cg — 4o CQR — CQR + (Yfg')Qach
c;f — c;f — a1 + 2hap cngj — c“{] + (YFYfg’Z)(a}B + akp)
- . (3)F; (3)F; 92 i
Chryy ~F Cpyy + 202 c, e+ g(aW + ajpyy)
C%I‘%J — c}‘%fg + g'2Yqu(a;B +alp) cfl — cfl + Yrg™ (aB + 205};3)

, . 1 .
c{{ — cg + Yfg'2 (aB + 20[}3>
chyR — C%L,R + g — aflG for g = Q,u,d

cgj)%uzd] — cgl);ldj + g?(aiG + O‘i'lG)' (A.16)

Notice that using Fierz identities we can always trade the operator (’)?L for (’)(L?’L)Fi: (’)?L =
(3)F

(’)(LSL)Fi. This means that the shift in C?L can be recast as a shift in ¢;;"*, which becomes:

e = o) + Labw + (cfy + (Yig)?alp) - (A17)
We use the freedom given by the field redefinitions to set to zero the following 37 coeflicients:

(3)L1 e (3)L1 e1 F F;o fi Qi wi d; (8)utd! : :
CryCK4,CLL sCRRryCL sCRrsCwry CBLy CBR CCL CORy Conry Crr - Lhis fixes all the shift
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parameters «; and gives shift invariant combinations, under eq. (A.16), of the Wilson
coefficients of the operators in our basis:

cyg = cg —cp + 6(C(L3)L1 — C(L?%Ll) ,

1 1
CT—>CT+Y6<C% A ;}R>

(e =2

)

cw — cw — QCﬁ}L—ZL 1Ly +

1
cg —cp — ZC%R BEAL gl + Yog? (cR — YCRR>
L1 _ 8¢ /L1 8 ~(3)L1

‘L >

(A.18)
Cow — CowW — 40

4 2

eq /61 61
C2B = C2B — y.°BR ™ 7 BR Y2 2 CRR>

8(C(L3)L1 . 0(3)L1) 7

cg — Cg + 2¢, + 4ACKy — 17

1 wldl
Coq — Cag — CGR — 20/d1 —Cip — 26/”1 —QCSQJ)% ,
S

where

. Y) 1
f%Ll = C(Lz + c L+ g%V (c + 2c¢ ’Ll Yi (CBR + 2¢5% + ’QYEC%R)> (A.19)

and eq. (A.13) has already been taken into account. This completes the removal of the
operators in eq. (A.6) in terms of the bosonic operators.

As we have just shown, upon eliminating the redundant operators the Wilson coeffi-
cients of the operators of eq. (A.1) are shifted in such a way that the anomalous dimensions
are redefined as

Yer = Yew — Ver + 6(’70(L3)L1 - ’?C(L?Ll) )

1 1
Yer — Yer + ?@ (’Yc;l - 2}/@’}/0?1%) )

4 -
Yew = Yew ~ 2Ly~ AV + 972(7023)141 - 27.;(5"2“) ;
. 1 2 2 < .1 >

Vep = Ve~ oV T o s (VR T Ve )
Yew = en =y Veite — v ik T g2 \ R T Y, Vi (A.20)
Yeaw = Yeaw — Y1y~ 8YyLy —

2 4 2

Yeap ~ Yeap — EVC(ER - ?efyc’g}% - Y29/2 ’YceRlR )
e

Veg — Veo + 2Ver T 4N Vegy — 8('76(L3)L1 - '?C(L?»]ih) )

1
_> — —_— uq
Yeoq Yea /ychlR IYCGR gg 'ch;%ul dl
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where

Y @ = +7.7 +9%Y) 2y 0y — ok + 2y ey (A.21)
’YC(L3£L1—’YC(L3£L1 7651L g YL 'chélL 'YC;BLL1 Y. Yep Rl ’YCE}% g/QYQFyC(I?R . .

after setting cg’eid = 0, being cg’eid the tree-level Wilson coefficient of any of the operators
in eq. (A.6). The anomalous dimensions of the remaining bosonic operators, that are not
of the form (SM current)x (SM current), are not redefined. In this way we can go back to
our original basis taking into account that some operators are generated radiatively even
if we set their Wilson coefficient to zero at the matching scale. In the main body of the
paper, tables 2 and 6, we gave the physical anomalous dimensions obtained using the right
hand side of eq. (A.20). As announced in section A.2, the £ dependence cancels out in the
physical combinations of 7,,’s, which can be easily checked using eq. (A.20).

B Field reparametrization-invariance crosscheck

There is a useful consistency check that can be done to the results presented in tables 7
and 9. Consider the set of 9 operators

B ={0k4,06,0mu, O, O0r,0p,Ow, 25, Oaw } . (B.1)

By means of field redefinitions, these operators are related among themselves and to other
operators that contain fermions, see eq. (A.15). Therefore, in a hypothetical theory with no
fermions, but otherwise equivalent to the SM, the operator set of eq. (B.1) would be over-
complete, i.e. there would be operators which could be removed using field redefinitions.
Let us take this scenario as a working assumption for the rest of this appendix. More
concretely, consider the subset of field redefinitions of eq. (A.15), parametrized by

{Oél, a2, B, 2B, OW, a2W} (B2)

and the shifts they produce on the operators of eq. (B.1) given in eq. (A.16). Using this
shift freedom we can choose to remove all the operators in B except Og, O and Op.
However, notice that the over-completeness'® of B can be exploited in our advantage;
physical observables are independent of the coordinates choice as long as such a choice is
compatible with the assumed symmetries. Hence, physical observables can not depend on
the arbitrary parameters «; of eq. (B.2) that we used to parametrize the field redefinitions.
The following combinations of Wilson coefficients are invariant under such shifts:

3
Co =cy—cr— EQZ(QCW —caw),

1
Cr =cr— 19’2(203 — B), (B.3)

Ce = cg + 2¢, + g2(20W — cow) + 4Ky .

16 Again, we stress that the set of operators in eq. (B.1) is over-complete only in the absence of the SM
fermions.

~ 31—



Physical observables depend on shift invariant combinations of couplings, which we denote
by a capital C;. Also, a key property is that the anomalous dimension of a shift invariant
combination of couplings is a function of shift invariant combinations of couplings only'”

e = F(Cj)- (B.4)

This is precisely the cross-check that can be done to the results computed in tables 7 and 9.
And indeed it is easy to check that:

1
You = (24\ —4¢% — 3¢"*) Cy + 5 (24X + 94 — 17¢%) O,

) . (B.5)
Yor = 3 (72X + 5g"* + 27¢%) O + gg%H ,

as it should, given the fact that Og does not renormalize O,., Oy, Or. As its clear from the
discussion above, to compute eq. (B.5) one has to insert the Higgs and gauge bosons anoma-
lous dimensions and the gauge beta functions without the contributions of the fermions:
12
nf nf 1 f_432 nf 1nf_ g
Y§ =VHly=0, N = —;B;‘ =59 B = —?@/ =% (B.6)

in the background field gauge and the superscript nf stands for no fermions, to distinguish
them from their SM counterparts.

Notice also that in eq. (B.5) the £ dependence exactly cancels, as it should, rendering
the result independent of the gauge fixing term of eq. (3.4).

C Comparison with previous literature

Let us now put into context the results for the anomalous dimensions presented in this
paper. The first paper in the literature with a similar spirit to ours is ref. [6], followed by
ref. [8] and more recently by refs. [20] and [21], where they present the contributions of the
opelrautorsl8

Osw, Oww, Opp, Ogw =ig(D"H)'e*(D"H)W,,

Oup=ig (D*H)'(D"H)B,, , (C.1)

to the running of the Wilson coefficients of the operators {Qaw, O2p, Owg, Or}.'? The
results in formulas (4.9a) — (4.9d) of ref. [6] recast in terms of our conventions are
shown in table 11; they correspond to the contributions of {cyp, caw, ¢, csw, cww} to
{Veans Yeow s Yew s Yer +» We find complete agreement.

We want to stress here that the approach we followed to compute the running of
the Wilson coefficients is somewhat different than in ref. [6]. We computed the effective

17See ref. [11] for a more detailed discussion.

¥Notice that we have chosen different normalizations for the operators, different conventions for the
covariant derivatives and different names for the operators with respect to ref. [6].

¥1n fact they do not consider Or but Os,1 = (On — Or)/2. However only the projection of Os 1 into
Or enters in the T-parameter.
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action (only one-particle irreducible graphs) in the background field gauge starting from
a basis of operators; then, along the RG flow operators not included in the basis (like
(’)(LS)) are generated. These are redefined into our basis, and they are interpreted as
the vertex (epo®yteLW};) corrections that are computed in refs. [6, 7] to make the
result physical and hence gauge invariant. We believe that the approach we followed to
compute the anomalous dimensions is somewhat more systematic when dealing with the
renormalization of other operators than the oblique ones.

Contributions from Oy to the T and S-parameters are given in ref. [9]. Then, the
separate contributions of {Or,On} to {Op, Ow} are given in ref. [11].

The 3 x 3 matrix of anomalous dimensions for the operators {Opp, Owp, Oww } has
been computed in ref. [10], together with its CP-odd counterparts. Then, in ref. [11] it is
shown that the 3 x 3 anomalous dimensions matrix computed in ref. [10] does not mix with
the 2 x 2 anomalous dimension matrix of the operators {Op, Oy }. This later result, to-
gether with the use of the EOM or field redefinitions implies that none of the (SM current)x
(SM current) dim-6 operators renormalizes the operators {Opp, Owp, Oww }. In ref. [11]
the contribution of dipole operators (like Opp in appendix A.3) to the operators
{OBB, Own, Oww}, and to its CP-odd counterparts, is also computed.

In ref. [12] several anomalous dimensions were computed, some of them overlap with
the work presented here. These are the contributions of {Og,O,} to the anomalous
dimension of any dim-6 operator. The contributions from operators containing fermions
to the anomalous dimensions of any interesting operator for Higgs physics or EW precision
tests are also computed in ref. [12].

The Yukawa dependence of the anomalous dimensions matrix of the dim-6 SM opera-
tors is given in ref. [14]. However, notice the Yukawa dependences needed in the present
paper to derive RG-induced constraints come only from the wave functions of the SM
particle’s field or are proportional to small Yukawas.

Tables 11 and 12 show the results for the anomalous dimensions matrix presented in the
main body of the paper in two of the most used bases in the literature, refs. [6] and [28].
The three bases differ in the choice of 5 bosonic operators among the redundant set of
the 7 operators {Opp, Oww,Owns, Oup, Ouw,Op, Ow }: ref. [6] drops the 2 operators
{Op, Ow} while ref. [28] does not use the 2 operators {Oww, Owp}, and our basis leaves
out the 2 operators {Ogp, Ogw}. The three bases are connected by means of the identities

1
Ow = Opw + 1 (Oww + Own) ,
1
Op = Opp + 1 (Owp + Opg) . (C.2)

A good property of our basis with respect to the ones in the literature is that the one-loop
anomalous dimension matrix is simpler, since its has a block diagonal structure.
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Table 11. Anomalous dimension matrix for the Wilson coefficients of the dim-6 bosonic operators,
in the Hagiwara et al. basis [6].
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Table 12. Anomalous dimension matrix for the Wilson coefficients of the dim-6 bosonic operators,

in the SILH basis [28].
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