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Scaling Exponents and Probability Distributions of DNA End-to-End Distance
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The scaling of the average gyration radius of polymers as a function of their length can be experimen-
tally determined from ensemble measurements, such as light scattering, and agrees with analytical esti-
mates. Ensemble techniques, yet, do not give access to the full probability distributions. Single molecule
techniques, instead, can deliver information on both average quantities and distribution functions. Here we
exploit the high resolution of atomic force microscopy over long DNA molecules adsorbed on a surface to
measure the average end-to-end distance as a function of the DNA length, and its full distribution
function. We find that all the scaling exponents are close to the predicted 3D values (� � 0:589� 0:006
and � � 2:58� 0:77). These results suggest that the adsorption process is akin to a geometric projection
from 3D to 2D, known to preserve the scaling properties of fractal objects of dimension df < 2.
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The statistical properties of polymers are the focus of a
strong research effort. In the limit of very long and per-
fectly flexible linear polymers, the situation is rather clear
and the principles were laid down some time ago [1]. Self-
avoiding walk (SAW) statistics describe the properties of
very long polymers in two and three dimensions, and the
main results can be summarized in the scaling properties of
polymers, which were theoretically as well as experimen-
tally confirmed [1]. Concerning DNA, the situation is more
complex due to the elastic properties of the double helix, its
polyelectrolytic properties, and its persistence length ‘p
(see [2,3]). Experimentally, the dynamics and statics of a
purely two-dimensional linear DNA chain was investigated
by Maier et al. [4] finding results in agreement with the
theoretical predictions. Moreover, Rivetti et al. [5] used
atomic force microscopy (AFM) to investigate statistical
properties of DNA yielding information about the persis-
tence length, the kinetics, and the mode of adsorption on a
substrate. Local changes in rigidity, curvature, and/or to-
pology of a DNA molecule induced by chemical com-
pounds or by DNA binding proteins [6–11] have also
been studied.

Here we show that AFM imaging also permits us to
extract information about the three-dimensional conforma-
tion of a flexible biopolymer. We have studied long DNA
molecules adsorbed on a flat surface and have determined
how its end-to-end distance and the associated probability
distribution scale with the contour length s over 4 orders of
magnitude, from s � 1 nm to s � 10 000 nm, a range that
spans values both smaller and much larger than the persis-
tence length lp. This is possible only with the atomic force
microscope [12], which combines a very high spatial reso-
lution with the ability to image biomolecules on large
scales. Images of long DNA molecules adsorbed onto a
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surface thus provide information at the single molecule
level.

Polymer theory [1] suggests that the average end-to-end
distance hR�s�i of a polymer of contour length s should
scale as hR�s�i � s�. The exponent � depends on the di-
mension of the system, taking values � � 1, 0.75, 0.588,
and 1=2 for d � 1; 2; 3, and d � 4, respectively. Our ex-
perimental results show that there are two scaling regimes.
At short length scales (i.e., smaller than the persistence
length ‘p), the DNA behaves like a rigid rod. On length
scales bigger than ‘p, a behavior is observed with exponent
� � 0:589� 0:006, in agreement with the numerical esti-
mates [13–15]. Furthermore, working with images of
single DNA molecules allowed us to determine the distri-
bution of the end-to-end distances for a given contour
length; this information is usually not accessible. The
form of the distribution depends on the flexibility of the
polymer and on the contour length considered. Although
several theoretical estimates of the distributions exist [16–
18], we are not aware of any direct experimental measure-
ments of these parameters for DNA.

Linear DNA was prepared from a solution of �-phage
DNA, 48 502 base pairs (bp) long, cleaved by restriction
enzymes to give a mixture of lengths from 1503 bp up to
the maximum 48 502 bp. DNA molecules were prepared in
a buffer solution of 10 mM Tris-HCl, pH 7.6, 1 mM EDTA
with DNA concentrations ranging from 0:5 to 2 �g=ml.
The Debye screening length 1=k is 2 nm [19]. The sub-
strates (freshly cleaved mica) were positively charged by
exposing them to 3-aminopropyltriethoxy silane vapors for
two hours at room temperature in a dry atmosphere [20]. A
10 �l drop of a DNA solution was deposited onto the
substrate surface for ten minutes and then rinsed with
ultrapure water. The sample was finally blown dry with
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clean nitrogen. The DNA images were recorded by means
of an AFM operated in intermittent-contact mode, in order
to reduce the effect of lateral forces during scanning of the
surface [21]. We checked that the sample remains stable
for weeks if kept in dry atmosphere. In Fig. 1 four DNA
images are depicted. From similar pictures, the contour of
about 60 DNA molecules was digitized using a specially
designed software [22] to track the molecule backbone and
to extract the coordinates of the polymer contour. The first
digitization, which may lead to noisy and nonequidistant
coordinates, was subsequently smoothed using the Snake
algorithm [23]. Several tests were performed with mole-
cules of known length (DNA plasmids) to check the pro-
cedure [22].

The analysis of the end-to-end distance R�s� for the
DNA molecules as a function of the contour length s was
done by moving a window of length s along the contour of
the DNA molecule for values of s going from the minimal
segment value smin � 2 nm to the total DNA length. In this
respect, what we refer to as end-to-end distance is actually
an internal end-to-end distance. The small values of s have
a better statistical error, since they occur more often than
the maximum value. The R�s� values were then averaged
over all the molecules to yield the mean end-to-end hR�s�i,
which is plotted in Fig. 2. Since DNA is a semiflexible
polymer with a persistence length ‘p, one expects that R�s�
should scale linearly for s� ‘p as well as according to
self-avoiding walk theory for s� ‘p, rather than with a
single power law. A two-power law function has thus to be
used in order to fit the data,
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FIG. 1. (a) Intermittent-contact mode images of linear DNA
molecule from an enzymatic digested lambda DNA. The original
DNA has 48 502 base pairs; here we show some shorter frag-
ments. The scale bar represents 100 nm.
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where ‘ is a crossover length between the two power laws
(that is likely to correspond to the persistence length ‘p),
and �0 and �1 the scaling exponents. The fit to the data
gives the following results:

�0 � 1:030� 0:017; �1 � 0:589� 0:006;

‘ � �44� 3� nm:

These results can be interpreted as follows. The value of
‘ is in good agreement with previously reported measure-
ments of the persistence length of DNA performed by
microscopy techniques [24,25]. We can therefore identify
‘ with ‘p, which in turn leads to a simple and intuitive
interpretation of the two scaling regimes. For s < ‘p DNA
behaves as a rigid rod, and the end-to-end distance scales
linearly with the contour length of the polymer (�0 �
1:030). For s > ‘p the scaling exponent (�1 � 0:589)
agrees with the numerical estimates of the exponents [13]
and with experimental values for synthetic polymers by
scattering methods [26,27]. Thus, the adsorbed DNA be-
haves as a three-dimensional polymer, which does not
undergo any two-dimensional equilibration upon adsorp-
tion. This is also evident from the images of Fig. 1, where
the DNA molecules show a large number of crossings. The
Euclidean dimension of the surface (d � 2) onto which the
molecule is projected is larger than the fractal dimension
FIG. 2. Representation in double logarithmic scale of the end-
to-end distance versus the contour length. Two distinct power
laws are evident; the data have been fitted using Eq. (1).
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�df � 1=�1 � 1:7� of the DNA, explaining the conserva-
tion of the 3D exponent upon adsorption on a surface [28].
We conclude that the �-DNA images represent some form
of a two-dimensional projection of their three-dimensional
bulk conformation.

Furthermore, we can measure the probability distribu-
tion of the end-to-end distance for a determined contour
length s, as it can be extracted from the microscopic
conformation of each molecule. Two regimes are possible
in respect to the persistence length: s & ‘p, and s > ‘p.
For s & ‘p, one expects an almost delta-function distribu-
tion, since the polymer chains do not bend over these
length scales. For s � ‘p, the distribution is still narrow
but not as peaked as for the previous case, since the
molecules starts to enter the semiflexible regime; an ex-
ample is given in Fig. 3 for a contour length of s0 � 75 nm
(�2‘p). This distribution was fitted with Winkler’s equa-
tion [18],

f�s� � a
se
s0=8‘p�1
�s=s0�

2

�1
 �s=s0�
2�2
 �s=s0�

22
: (2)

The fits shown in Fig. 3 give ‘p � 46:6 nm and s0 �

71:4 nm, in good agreement with the literature value for
the persistence length and with the nominal total length of
75 nm. For contour lengths s0 � ‘p, the distribution
changes dramatically and was determined for 34 different
contour lengths, ranging from 200 to 4600 nm. For longer
contour lengths, the distributions are difficult to determine
because of the reduced number of samples available, and
only the average end-to-end distance can be given as in
Fig. 1. In Fig. 4 we show the distributions for s0 � 548 nm
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FIG. 3. Histogram representing the distribution of the end-to-
end distance for a contour length s0 � 75 nm. The continuous
line is a fit to Eq. (2).
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(�12‘p) and s0 � 748 nm (�17‘p). The histograms of
Fig. 4 have been rescaled with s�1

0 , and the way they
collapse onto each other is a good a posteriori confirmation
of the power law previously determined (Fig. 2). Starting
from a SAW model [1,29], the distribution probability of
the end-to-end distance as a function of the contour length
s becomes

f�s� � asd
1	�e
bs
�
: (3)

The two exponents characterizing the distributions were
determined from fits of the histograms for the 34 different
contour lengths between 200 and 4600 nm; their averages
are

d
 1	 � � 1:33� 0:22; � � 2:58� 0:76:

These values have to be compared to those characteriz-
ing the corresponding two- or three-dimensional distribu-
tions of the end-to-end distances for a SAW (for d � 2,
� � 0:44, � � 4, and for d � 3, � � 0:33, � � 2:43).
The agreement between � and � is important because of
the scaling relation � � 1
 1=� [30], which is verified
within the error bar. Moreover, both � and � agree with
their three-dimensional values. We speculate therefore that
the adsorption process preserves the three-dimensional
exponents. Since a SAW in 3D is a fractal object with
fractal dimension df � 1=� < 2, its mathematical projec-
tion would preserve df and hence �. We can thus, as a first
approximation, think of the adsorption process as a pro-
jection from 3D to 2D. Yet, after a projection the small s
behavior of f�s� should be linear, which is not the case (see
Fig. 3).
FIG. 4. Histogram representing the distribution of the end-to-
end distance for two different contour length (548 nm circles,
748 nm triangles) and how they collapse onto each other once
they have been rescaled using the scaling exponent �1 � 0:589
measured in the present experiments. The solid line represents
the fit of the 548 nm distribution using Eq. (3).
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Our results are a confirmation that for long DNA mole-
cules (s0 � 5–100 persistence lengths) the end-to-end dis-
tribution matches a pure SAW distribution for large end-to-
end distances. Under the conditions used in our prepara-
tion, the DNA adsorption is strong and DNA is quenched
on the surface. No equilibration is taking place in two
dimensions. The irreversibility of the adsorption was veri-
fied by imaging under liquid linear DNA molecules during
30 min; no changes of the conformation on short or large
length scales of the molecules could be detected [31]. The
problem of ‘‘trapping’’ or ‘‘equilibration’’ of DNA onto
different surfaces has already been studied by Rivetti et al.
[5], using short DNA fragments that were then analyzed
with the wormlike chain (WLC) model. In their work they
saw a large deviation from the expected three-dimensional
WLC even for fragments of 6 kbp. In our work the 3D
power law fits the experimental data up to �30 kbp or
230‘p, with no a priori assumption about the dimension-
ality of the final conformation. Compared to the optical
images of fluorescently marked polymers [4,32], the high
resolution of AFM allows one to perform the analysis on
segments as short as a few nanometers up to 10 000 nm
over four decades of lengths permitting the observation of
the transition from stiff to SAW polymer behavior. Short
DNA molecules (s0 < 5 persistence lengths) behave in-
stead as semiflexible polymers.

Further experiments should be performed by varying the
salt concentration in order to determine the contribution of
the electrostatic persistence length to the total persistence
length (see [3]). However, the use of high salt concentra-
tions will also change the deposition process [5] and the
adsorption might not be irreversible. A certain degree of
two-dimensional equilibration might take place, influenc-
ing the persistence length [5,33]. Moreover, the theory of
polyelectrolytes with stiffness should be used if salt and
other parameters could be varied [2,3]. In these theories a
more complex behavior is predicted: a crossover from stiff
rod behavior to SAW through a region of Gaussian behav-
ior is expected. At present our data do not allow us to make
such a detailed test.
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