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A vortex sheé modé is appliad to study vortex ring formation at the edge of a circular tube for
acceleratig pistan velocities U,~t™. We determire properties of the vortex ring as afunction of
the piston motion and investigaé the extert to which similarity theol for plana vortex sheet
separatia applies For piston strokes up to half the tube diametey we find that the ring diameter,
core size ard circulation are well predictal by the plana similarity theory The axid ring translation
is asuperpositia of an upstrean componehpredictal by the theoy and adownstrean component
which is linea in the piston stroke The front of the fluid volume exiting the tube is also linear in
the piston stroke ard travek with 75% of the piston velocity. The core size decrease and the
distribution of fluid nea the core becomes more asymmetic as the parametem increases © 1996

American Institute of Physics [S1070-663(96)02407-5

I. INTRODUCTION

A typicd experimen of vortex ring formation at a tube
openirg is shown in Fig. 1(a). It consiss of a circular tube
immersel in fluid and a piston inside the tube which moves,
ejectirg fluid from the opening This cause the boundary
layer on the inner tube wall to separat at the edge as an
axisymmetrt shea layer, which then rolls up and forms a
vortex ring. One objective of vortex ring experimend has
been to descrile the ring properties as afunction of the gen-
eratirg conditiors (Sharif and Leonard). For the tube ge-
ometry; the relevan condition is the piston velocity. In this
pape we use anumericé vortex she¢ modé to investigate
the dependene of the ring trajectory circulation size and
shag on acceleratig piston velocities of the form
Up(t)~t™

Theoretich predictiors basel on similarity theoy have
bee obtainal for the plana flow shown in Fig. 1(b). Here,
flow arourd the edge of a semi-infinite flat plate causs the
separatia ard roll-up of a plana shea layer. After an initial
time-interva the viscouws shea layer thicknes is smal rela-
tive to the size of the roll-up ard the separaté layer is well
approximatd by a vortex sheet The vortex sheé¢ represents
the layer by a surfa@ which movesin inviscid flow. Ther is
no lengh scak in the flow which implies tha the vortex
sheé¢ separatia is self-similar The scalirg behavia of the
spird center size and circulation can be determine for start-
ing flows that satisf a powe law in time. Pullin? discusses
the similarity theowy for the plana flow and compute the
self-simila shage of the roll-up using a numerich method.

The similarity scalirg laws depem on the form of the
potentiad flow arourd the plate Nea the edge axisymmetric
potentid flow out of a tube is similar to plana potentiad flow
arourd a plate It is therefoe plausibke to assune tha at
smal times the axisymmetrt separatia in Fig. 1(a) is ap-
proximatel by the plana separatia in Fig. 1(b). The planar
similarity theoly can then be usal to predid the vortex ring

dTelephone (612 624-6066 fax: (612 626-7370 electronc mail:
nitsche@ima.umn.edu

1848 Phys. Fluids 8 (7), July 1996

1070-6631/96/8(7)/1848/8/$10.00

trajectory sham and circulation for the ca of powe law
piston velocity (Saffmari, Pullin®). Didder? performel an
experimemin which the piston velocity was constam after an
initial start-ip period He observe that, while the radid ring
coordinae appeard to agree with plana similarity theory,
the axid coordinaé did not It has been unclea whethe any
scalirg law does descrike the axid ring coordinaté. The dis-
crepany observe by Didden is related to the following dif-
ferene betwee the plana and the axisymmetrt flow. In the
plana case the self-simila spird cent& travek upstream
(with negatie horizonta velocity) along a straigh line [dot-
ted line in Fig. 1(b)] while in the axisymmetre case the
vortex ring travek downstrean (with positive axid velocity)
alorng a curved trajectory [dotted curve in Fig. 1(a)]. The
axisymmetre flow thus does not resemhbd the plana self-
similar flow ard it is not clea a priori to wha extert the
plana similarity theory describs the axisymmetrt flow.

Nitsche and Krasny’ develope an axisymmetrt vortex
she¢ modé for vortex ring formation at the edge of a circu-
lar tube ard simulatel the experimen performel by Didderr.
Compariso with experimenth measuremestshowel that
the modé accuratg} recoves the formation processin this
pape we apply the modd to simulae vortex ring formation
for acceleratig pistan velocities U,~t™, where we consider
m=0,1/2,1,2 The cae m=0 correspondto the ca® studied
by Didden Unlike alaboratoy experimentthe computations
do nat require astart-ip flow and the prescribe piston ve-
locity profile can be satisfial exactly Here we use the com-
putatiors to investigae the flow and determire the extert to
which it is describé by plana similarity theory.

Il. SIMILARITY THEORY

The scalirg laws governirg plana vortex shee separa-
tion at the edee of a flat plate are derived in Pullin®. The
vortex shee is embeddd in an otherwige potentid flow,
which Pullin took to grow in time as t™. To leading order
nea the edge of the platg the attachd flow has velocity
potential

&(r,0)=—iat™r¥2sin(6/2). (1)
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FIG. 1. (a) Axisymmetric vortex ring formation at the edge of a circular
tube (b) Plana vortex she¢ separatia at the edge of a flat plate.
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FIG. 2. Computel solution at the indicated values of t, with §=0.001 and
m=0.
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Here (r,0) are polar coordinates centered at the edge and

a is adimensiona constant From dimension& analyss of
the governirg equatiors it follows that the cente of the sepa-
rated spird vortex sheet z.=x.+iy., and the totd shed
circulation I', satisfy

2/3
_ (23)(m+1)
2)
a4/4 1/3 (
= (413)(1+m)—1
I J(m)[m+1 t .

The numbersw,J are nondimensional and depend on
Unde the scalirg laws (2), the governirg equatiors reduce
to an integro-differentid equatio independenof time. Pul-
lin solved this equation by approximatig the shel vortex
she¢ by a finite numbe of oute turns and representig the
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FIG. 3. Compute solution at t=0.0002 with the indicatel values of &
(m=0).
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remainirg inner spird core as apoint vortex He recorde the
solution for a range of values of m. Krasny solved the time
dependenproblan using a plana vortex she¢ modd and
found goad agreemenwith Pullin’s solution.

Pullin* applied the plana similarity theor to axisym-
metric flow out of a circular tube For pistan velocities

Up(t)=U0tm, (3)

the velocity potentid nea the tube openirg has the same
form as the plana potentid (1). Using the dimensiors of the
constama in (1) and acompute estimae for the magnitude
of the potentia) Pullin found that a=U,(D,/27)Y? where
D, isthe tube diameter It is thus expecté tha the axisym-
metric separatio approximate} satisfies (2) with this value
of a.
Following Pullin we introdue nondimensionia vari-
ables,
t= E I= ! , zc=i.
Do U,D, Do

4
Here U_0 is the averag velocity at time t, U_0
= (1/t)f§,Up(§)d§, andt equas the nondimensionlapiston
stroke at time t. With this chang of variables and the given
value of a, (2) reducs to

2,=C,12°, T=ci!? (5)

where C, =C, +iCy =w(m)(9/327)"® and Cp=J(m)
X (1+m)(3/1672) 3. Throughot the reg of this paper all
variables are nondimensionaliz as in (4).

IIl. NUMERICAL METHOD AND SOLUTION

The axisymmetr¢ vortex she¢ modé ard its numerical
implementatio are discussd in detal in Nitsche and
Krasny ard will only be briefly describel here The tube
wall and badk are modellal by a bourd vortex she¢ whose
strengh is suc that the induced flow is tangen to the wall
ard equas the pistan velocity in the rea of the tube The
separatd shea layer is modelled by afree vortex sheetBoth
the bourd and the free vortex shee are discretizel by circu-
lar vortex filaments Vortex sheddimg is simulatel by releas-
ing afilamert from the edge a ead time-step with velocity
equa to the averag velocity at the edge and circulation
given by Prandtls slip flow modé for separatia at a sharp
edgé. The spird roll-up of the free vortex shee is resolved
using the vortex blob method in which a smoothirg param-

FIG. 4. Sketh showirg definitions x., y.: spird cente coordinatesds:
spird half diameteyL: distane travelled by a particke initially on the axisin
the tube exit plane.

Fig. 3 shows the solution at t=0.00® computel with a de-
creasily sequene of 6. We note thats, which scales as a
length has also been nondimensionalized.

IV. COMPARISON WITH SIMILARITY THEORY

We investigaé the behavio of various quantities as a
function of the nondimensioniapiston stroke t. Figure 4
shows the definition of the vortex cente coordinates
Xc,Yc, the spird haf diamete dg, and the distane L trav-
elled by a particke initially on the axis in the tube exit plane.
The dashé curve denotes the position of a materid curve
initially acros the tube opening Togethe with the free vor-
tex she¢ (solid curve), the dashé curve therefoe bound the
fluid initially inside the tube from the fluid initially outside
thetube I'" isthe totd circulation sheal from the edge at time
t. Figures 5—7 descrile the compute behavio of these
quantities for impulsively startel piston motion, m=0. The
variables y., d;, L and I" are monotonicaly increasig in
time and are treatel first; the axid ring coordinaé x. is
treatal separatelyThe shag of the roll-up as afunction of
m is discussd last.

A. Radial coordinate y., spiral diameter d,
circulatio n I" and distance L

Figure 5 shows log-log plots of the computel quantities

eter § is introduced into the governing equations. The com-y., ds, T and L, vs the piston stroke t. For eah quantity,
putatiors are performel with §>0 and the vortex sheet is variows curves are shown correspondig to values of §

obtainel from the limit 6—0.

Figures 2 ard 3 show the solution computel for impul-
sively startel piston motion m=0. Ead plot shows asec-
tion of the tube and a curve connectirg the shel vortex fila-
ments The coordinaé systen is as indicated in Fig. 1(a).
Figure 2 shows the solution computa with afixed value of
8. The vortex she¢ shel from the edge rolls up into aspiral.
As time increasesthe spird grows and the numbe of spiral
turns increasesTo resohe the roll-up at smal times the
flow is computel with smalle values of 5. As an example,
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e [0.00002,0.2]. For eadt value of §, the curve is not plot-
ted at early times for which no spird turns hawe yet formed.
The curves converge to an envelo which appeas linear for
£<0.5. Thus the quantities obey a powe law at thes times,

= CjtPe. (6)

Ead subpld also shows aline whose slope closely approxi-
mates the one of the envelope In the casa (a,b,9 the slope
of the line is the value predictel by plana similarity theory.
Similarity theoly does nat give apredictian for the quantity
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FIG. 5. Log-log plots, for values of § € [0.00002,0.0pandm=0, vsi. (@ ¥., (b) ds, © T, (d) L

I:(f) shown in (d), but the slope p, = 1 appeas to fit the data
well. The computatios for m=1/2,12 are not shown but the
behavia is qualitatively the sane as the cae m=0 shown
here with the curves differing by a verticd shift. This indi-
cates tha the exponens p, are independenof m but the
constarg C, deper on m.

FIG. 6. Computel vortex ring trajectoy (solid curve and extensia of the
initial upstrean trajectoy (dashe line). The arrows denoe the departure
from the initial trajectory The horizontd line denote the edge of the tube.
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To quantify the powe law behavio observe in Fig. 5,
we find the values p, and C, which bed approximag the
datin aleas squars senseThe leag squars approximation
is performel over the intervd t e [0.000005,3], which is
the same intervd over which the lines in Fig. 5 are drawn.
The resuls for m=0,1/2,12 are shown in Table I. Columns
2-5in Table I recod the powes p,, columrs 6-9 record
the constans C, for the indicated quantities g. The valuesin
parentheseare the values computel by Pullin? for the planar
separatia at the edge of a flat plate They were inferred from
his Figs 8-9 (for d;) amd Figs 11-13 (for J and
w=p,e'Xv). Note tha Table | describs the behaviw of non-
dimensionh variables as a function of the piston stroke .
The behavio of the dimension&variables in time t can be
recoverd from (4) and (5) and the definition of U, .

The computel powels Py, Pd, ard pr in Table | agree
well with the similarity theowl predictiors of 2/3, 2/3 and
1/3, respectively The constans C, agree well with the val-
ues for plana separatia computel by Pullin. The constants
Cy, for smal m ard the constang dg are within 10%, the
constant C are within 2% of Pullin’s compute plana val-
ues As m increasesC, increasingy differs from Pullin’s
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values This is attributed mainly to the fact tha with increas-
ing m the flow becoms harde to compute.

The valuesrecordel in Table | shov tha y., dganrd I" in
the axisymmetrt flow are quantitativey well describé by
the self-simila plana flow. Thisistrue up to times when the
piston stroke is half the tube diameter even though at these
times the ring has travelled downstrean ard the flow does
not resembé the self-similar flow.

The front of the volume of fluid exiting the tube satisfies

L~0.75, )

for all values of m presentedEquivalently it travek with

approximatet 75% of the piston velocity. Since the front is

fairly flat, thisimplies tha approximate} 25% of the column
of fluid leaving the tube openiry is displacel and entrained
by the vortex ring. To my knowledg there are no experi-
menta records of this behavio of L. A theoretich explana-
tion for the behavio remairs to be found.

B. Axial coordinate x,

Figure 6 shows an envelog of the computel vortex ring
trajectory Almost immediatey after leaving the edge of the
tube the ring travek downstrean (with positive axid veloc-
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where CXC is estimate from the smal time behavia in (a).

ity). However the computatios shav tha the ring first trav-
els upstrean (with negative axid velocity) for a shot time.
The axid coordinag X, is therefoe negatiwe at the initial
smal times and positive at later times Figure 7(a) shows a
log-log plot of the absolue value |X.| vst, compute with
m=0 and variows values of § € [0.00002,0.02 The figure
shows clearly tha the ring first travek upstrea within the
time-intervd markal by X.<0. This time-interva is small.
The piston stroke at which the ring crosses the tube exit
plare after its initial upstrean motion indicated by the
dashé verticd line, is t,~0.001.

Figure 7(a) also shows severh lines with indicated
slopes The initial upstrean motion is sea to satisfy
X.~123, as predictel by similarity theory. The large time
downstrean motion appeas to approab linea behavio in
the pistan stroke Note tha in the transition from X.~0 to
the large time linear behavior the ring may appea to satisfy
X~ 1P for variows p, dependig on what time-interva is con-
sidered This may partially explain the differing experimen-
tal resuls observed Didder’ quotes a rough estimae of
p=1.5, Weigard ard Gharit? obsere p~1.1 One also
need to conside tha in these experimend the piston under-

TABLE |. Exponens p, and constarg C, for the indicated variables = qupq. The values compute by Pullin?
for self-simila plana flow arourd aflat plate are given in parentheses.

m Py, Pd Pr PL Cy, Cq, Cr CL
0.673 0.658 0.327 1.003 04990.18 0.1 (0.15 0.70 (0.70 0.756

12 0.679 0.658 0.324 1.001 0370.19 0.121 0.8 (0.93 0.739
0.684 0.661 0.321 1.004 02470.14 0.1316 (0.13 1.16 (1.17 0.732

2 0.686 0.659 0.320 1.007 0360.13 0.111 1.8 (1.67 0.736
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TABLE II. Estimate for the axid coordinae .= — C, t >+ C,t". The
values computel by Pullin for the self-simila plana flow are given in
parentheses.

m Cy, C. P
0 0.0Z (0.04) 0.34 1.07
1/2 0.038 (0.06) 0.25 1.05

0.04 (0.0649 0.22 1.06
2 0.041 (0.070 0.19 1.07

goes an initial start-yp periad ard does nat satisy U,~t™
over the time intervd studied.

The initial upstrean self-simila behavio observe in
Fig. 7(a) isindicatal by the dashd linein Fig. 6. The arrows
in Fig. 6 denot the differene betwea the observe trajec-
tory ard the initial upstrean trajectory This difference
a=%X.—C, t?? is plotted in Fig. 7(b), vs t. The value for
Cxc used heris arough estimaé obtainel from Fig. 7(a) and
is recordel in Table II. The log-log curves in Fig. 7(b) are
almog linear, suggestig that o also satisfies apowe law,
&=Cafpa. A lead squars approximatio of the envelope,
definal as the minimum over all values of &, gives estimates
for C, and p,. The values for p, recorde in Table Il sug-
ges tha the downstrean componentx is linear in the piston
stroke and

This may be understod as follows. Grahan® noted tha near
the edge potentia flow out of an openirg generaly has to
first order, a singula componengiven by (1) and to second
order, aregula componentThe potentid may be written as
#(2)=—c,7"%+c,z, where z=re'’. The first tem in (8) is
inducal by the singula componenof the potential The sec-
ond ter in (8), the downstrean componenta, is induced
both by the regula componenhof the potentid as well as by
the self-inducel vortex ring velocity. Thes two factors are
not presemin self-simila plana vortex shee separationThe
similarity theol therefoe does nat accoun for the behavior
of a. An explanation for the linear behavior observed here,
a~t, remairs to be found.

We remak tha the upstrean ring motion observe in
our computatios occuss at sud smal times tha in atypical
experiment the flow is mog likely dominatel by viscous
effects during thes times It has howeve been observe in
experimend tha the ring does not leawe the exit plare at the
ede of the tube but at a slightly large” diamete?"®.

C. Shape of the roll-up

The values CXC, Cyc' C,, p, recordel in Tables l and Il
imply tha the piston stroke t, at which the ring leaves the
exit plare ard the ring diamete at this time increag with
m. The values alo imply tha the upwad angk at which the
ring leaves the edge decreasgwith increasig m. This can
be observe in Fig. 8a which shows the compute& vortex

S e 23 2
X~ = Cx L Cot. ®) shed for m=0,1/2,12 at a smal time during which the ring
— m=0
0.5010 |- m=05
m=1
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| @ @
0.5000
| ] 1 ! )1 I L
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FIG. 8. (a) Computel solution at t=0.0002 with §=0.00004 and the indicated valuesmf (b) Pullin’s solution for the self-similar planar roll-up at the edge

of a plate (reproducd from Pullin?).
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FIG. 9. Computel solution at t=0.5, with =0.01 and the indicated values wof.

is still travelling upstreamFor comparisonFig. 8(b) shows
Pullin’s? solution for the self-simila plana roll-up at the
edee of a flat plate with m=0,1,0. The oute spird turnsin

Figs 8(a) and 8(b) are in goad agreementln both case the
ellipticity of the roll-up increass with m, the size of the
roll-up decreasesard the angk at which the vortex leaves
the edge decreasesThis angk is large in Fig. 8(a) than in

Fig. 8(b). This is related to the differences in C, between
the preseh computatios and Pullin’s values recordel in

Tablke Il. Thes difference are attributed mainly to the fact
that at the initial times considerd in Fig. 7, even though they
are small the axisymmetrg ring has alread departé from

self-simila flow.

Sone of the features observe in Fig. 8(a) are also ob-
servel at large times when the ring has travelled down-
stream. Figure 9 shows the solution for
stroke t=0.5, nea the erd of the time-interva describel by
the scalirg behavia observe in Figs 5 ard 7. The material
curve which initially lies acros the openirg is also shown.
Both the ellipticity of the roll-up and its tilt with respet to
the horizontd increag with m. The front of the fluid volume
exiting the tube changs littl e with m, althoudh one already
observe asmal departue from (7). The size of the roll-up
decreasewith increasiig m. At the sane time, the distribu-
tion of oute and inner fluid entrainel in the roll-up becomes
more asymmetric For large m, more of the entrainel fluid
consiss of fluid originally inside the tube ard less of fluid
originally outsice the tube.

V. SUMMARY

A vortex she¢ modd was applied to simulate axisym-
metric vortex ring formation at the edge of a circular tube.
We investigate the dependeneof the ring trajectory circu-
lation, size and shaye on the piston velocity, for accelerating
velocities U,~t™ and m=0,1/2,1,2 The resuls are com-
paread with theoretica predictiors for self-similar plana vor-
tex sheé separatia at the edge of a flat plate The computed
behavia is recordel as afunction of the piston stroke t. We

1854 Phys. Fluids, Vol. 8, No. 7, July 1996

find tha for pistoan strokes up to half the tube diamete and
for all values of m consideregdthe axisymmetre flow is char-
acterizel as follows.

(1) The radid ring coordinat y., the core size dg and
the circulation I are well describé by the self-simila planar
flow arourd aflat plate Appropriatey nondimensionalized,
they- obey- the~ predicteen scaling: behavior Ve,
ds~1 %3 T~ Y3, Furthermorethey agree quantitativey with
the plana values computel by Pullin. The agreemenholds
even after the ring has travelled downstrean and the axisym-
metric flow no longe resembls the plana self-simila flow.

(2) The front of the fluid exiting the tube travek with
approximatef 75% of the piston velocity, L=0.7%. This
behavio has nat been previousy reported.

(3) The axid coordinag x; is asuperpositia of an up-

pistonstrean componen predictel by similarity theoy ard a

downstrean componehwhich is linear in the pistan stroke,

Xe=—Cy t??+C,t. As mentionel in the Introduction,
Didder’ observe adiscrepang betwea experimentamea-
suremerd and similarity theowy predictiors for the axid vor-
tex ring coordinate The presen resuls shov tha the axial
coordinae does satisfy the similarity predictiors at very
smal times but is som dominatel by a downstrean compo-
nert not presemin the theory. The downstrean componenis
induced by the ring’s self-induce velocity and the regular
componenhof the starting potentia flow.

(4) The shage of the rolled-up vortex she¢ changs with
m. As m increass it becomes more elliptical and decreases
in size The distribution of fluid entraing by the ring be-
comes more asymmetric For large values of m, a larger
portion of the entraine fluid consiss of fluid initially inside
the tube.
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