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Abstract 23 

The stress-dependent curve of shear modulus degradation with increasing shear strain amplitude 24 

is a fundamental mechanical property of soils. Although it is well known that the degree of 25 

saturation has an important impact on the small strain shear modulus of unsaturated soils, its role 26 

on the shear modulus evolution with strain has not been thoroughly investigated. A testing 27 

program has revealed strong correlations between two key parameters of the shear modulus 28 

degradation curve, the reference strain and the coefficient of curvature, and parameters of the soil 29 

water retention curve (SWRC). An SWRC model capable of distinguishing between soil water in 30 

the capillary and adsorption regimes was employed to correlate the reference strain to the 31 

maximum adsorption water content and pore size distribution of a soil, and to correlate the 32 

curvature coefficient to the maximum adsorption water content. A hyperbolic equation for the 33 

shear modulus reduction curve employing these correlations shows good performance in 34 

predicting the shear modulus under unsaturated small or finite strain conditions. The new model 35 

was validated using the shear modulus reduction curve of independent data sets measured at 36 

different shear strains. 37 

 38 

 39 

 40 

 41 

 42 

 43 

Keywords: Small strain shear modulus, shear modulus reduction, bender elements, soil-water 44 

retention, suction stress, unsaturated soils. 45 
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Introduction 46 

The degradation in shear modulus of soils with increasing shear strain amplitude has a 47 

significant impact on the design and analysis of a wide range of geotechnical engineering 48 

applications, such as deep excavations, soil-structure interaction, and the dynamic response of 49 

soils under seismic loading (Viggiani and Atkinson 1995; Kramer 1996; Rampello et al. 1997; 50 

Clayton 2011; Likitlersuang et al. 2013; Yang and Gu 2013). Experimental studies on the 51 

relationship between shear modulus reduction and shear strain have found that the strain-related 52 

shear modulus varies greatly depending on soil type, plasticity index, initial density or void ratio, 53 

stress history or over-consolidation ratio (OCR), loading cycles and frequencies, and soil degree 54 

of saturation (Hardin and Drnevich 1972a; Hardin and Drnevich 1972b; Iwasaki et al. 1978; 55 

Kokusho 1980; Yokota et al. 1981; Seed et al. 1986; Idriss 1990; Vucetic and Dobry 1991; 56 

Ishibashi and Zhang 1993; Borden et al. 1996; Darandeli 2001; Alramahi et al. 2008; Khosravi 57 

and McCartney 2012). In particular, the evolution of shear modulus with increasing shear strain 58 

amplitude for unsaturated soils is affected by both environmental loading (e.g., changes in 59 

relative humidity or matric suction) and stress state (e.g., effective stress and suction stress) 60 

(Dong et al. 2016; Dong and Lu 2016). However, the coupling between the strain-dependency of 61 

the shear modulus reduction and the hydraulic properties of unsaturated soils has not been 62 

thoroughly studied. This is partially due to the fact that several different soils that have different 63 

shear modulus reduction curves and hydraulic properties should be investigated in order to 64 

delineate correlations.      65 

A typical strain-hardening shear stress-strain relationship of a soil is shown in Figure 1, 66 

which reflects a nonlinear increase in shear stress as the shear strains develop in the soil, with a 67 

gradual descending rate of increase until the soil reaches its peak shear strength (e.g., Viggiani 68 



 4

and Atkinson 1995; Atkinson 2000). In other words, the ratio of shear modulus at any shear 69 

strain to the maximum shear modulus decreases with increasing shear strain. The relationship 70 

between normalized shear modulus G/Gmax and shear strain γ is often referred to as shear 71 

modulus degradation curve or shear modulus reduction curve. When the shear strain amplitude is 72 

very small (usually less than 0.001%), the stress-strain relationship can be considered as linear 73 

elastic. In the small strain range, the shear strains in the soil primarily occur due to particle 74 

oscillation under the propagation of elastic stress waves, and do not lead to changes in the soil 75 

structure or fabric (Santamarina et al. 2001). Hence, the slope at this strain range for a given 76 

stress state can be defined as the maximum, initial, or small strain shear modulus, defined with 77 

the symbols Gmax or G0. On the contrary, as the shear strain increases beyond the soil-specific 78 

cyclic threshold shear strain, the soil will incur permanent deformations under static or cyclic 79 

loading. In this case, soil particles may rearrange their positions and change the numbers of 80 

contacts to adjust to the stress redistribution. Most soils will be at a strain level greater than the 81 

cyclic threshold shear strain by a shear strain of 1%, so this strain level is referred to in this study 82 

as being representative of finite strains (i.e., larger than small strains but still small with respect 83 

to strain required to reach failure in the backbone shear stress-strain curve). Accordingly, the 84 

shear modulus at this larger shear strain of 1% is referred to as the finite strain shear modulus G1 85 

(e.g., Lu and Kaya 2014). 86 

Although the degradation behavior of shear modulus with increasing shear strain is well 87 

recognized, the complexities of this shear modulus degradation dependence on compaction 88 

conditions and stress states still can not be fully captured by existing models. For unsaturated 89 

soils, the mechanical properties are significantly affected by the relationships governing soil 90 

water retention and inter-particle stresses, which are coined the soil water retention curve 91 
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(SWRC) and suction stress characteristic curve (SSCC), respectively. In this study, the shear 92 

moduli at small strain levels Gmax and finite strain levels G1 for a wide range of soils having 93 

different volumetric water contents are compared and investigated. A conceptual model 94 

previously developed by the authors is then extended to form a generalized empirical model 95 

capable of describing the strain dependency of shear modulus of unsaturated soils. The 96 

correlation between the proposed shear modulus reduction behavior and SWRC of soils reveals 97 

the effects of different regimes of soil water on patterns of shear modulus degradation for 98 

different types of soil at various degrees of saturation.  99 

Mechanisms of Shear Modulus Strain-Dependency  100 

Existing Shear Modulus Reduction Models 101 

In order to describe the nonlinear shear stress-strain relationship of soils, a number of 102 

mathematical models have been proposed by different researchers to capture the features of shear 103 

modulus reduction curve. Table 1 lists four typical equations using a hyperbola to represent the 104 

shape of the curve, each containing 1 to 3 parameters. Hardin and Drnevich (1972a) introduced a 105 

reference strain γref to normalize the already-dimensionless strain quantity for better investigation 106 

of the stress-strain behavior. The reference strain is defined as the ratio between maximum shear 107 

stress and the maximum shear modulus: γref = τmax/Gmax, and the shear stress-strain relationship 108 

was formulated as follows: 109 

max
ref

max max

1
G

γ γτ τγ γ γ
τ

= =
++

                                                  (1) 110 

where τ and γ are the shear stress and shear strain, respectively. Substituting the definition of the 111 

shear modulus (G = τ /γ ), a hyperbolic equation can be further derived from Eq. 1 to represent the 112 

ratio G/Gmax as a function of shear strain, as follows: 113 
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max

ref

1

1

G
G γ

γ

=
 

+  
 

                                                           (2) 114 

In this representation, the shear modulus decreases to half of its maximum value as the shear 115 

strain increases from zero to the reference strain γref as shown in Figure 1. However, this single-116 

parameter model fails to fully capture the variation of the shape of the reduction curve caused by 117 

different factors such as the OCR or mean effective stress. This suggests that the reference strain 118 

varies depending on the stress state and type of soil. 119 

To address this issue, Yokota et al. (1981) formulated an alternative expression for the 120 

modulus reduction curve that does not employ a reference strain by includes a power law 121 

function of the shear strain γ with α and β being empirical parameters, given as follows: 122 

max

1
1

G
G βαγ

=
+

                                                             (3) 123 

Borden et al. (1996) then modified this model by adding a third parameter to investigate the 124 

effect of cyclic loading on normalized shear modulus and damping ratio of different types of 125 

soils under various confining stresses. In the models of Yokota et al. (1981) and Borden et al. 126 

(1996), the empirically-fitted parameters lack solid physical meaning, and are difficult to 127 

determine through experimental testing programs. 128 

Darendeli (1997, 2001) proposed a modified hyperbolic equation based on the model of 129 

Hardin and Drnevich (1972a) to quantify the shear modulus reduction curve, using the reference 130 

strain γref and a curvature coefficient m to better represent the nonlinearity in the relationship for 131 

soils under various stress states. The model is given as follows: 132 

max

ref

1

1
m

G
G γ

γ

=
 

+  
 

                                                           (4) 133 
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In this equation, the reference strain controls the location where G decreases to half of its 134 

maximum value as the shear strain increases, and m is a constant that represents the curvature of 135 

the modulus reduction curve. In other words, m reflects the rate of decrease in G with shear 136 

strain. This two parameter-type hyperbolic model still has a simple form with sufficient accuracy 137 

to capture the shape of the modulus reduction curve and evolution with different variables over a 138 

wide range of strain magnitudes. In the new model development, we propose a two-parameter 139 

equation building on the form of the equation of Darandeli (1997, 2001) in which the physical 140 

meaning of the parameters is investigated to consider the effect of varying initial volumetric 141 

water content of unsaturated soils. 142 

Scaling from Small strain to Finite strain 143 

Although the effects of mean effective stresses and OCR on the shear modulus reduction 144 

curves of saturated or dry soils have been widely explored using torsional shear or simple shear 145 

tests (e.g., Yokota et al. 1981; Ishibashi and Zhang 1993; Borden et al. 1996), fewer studies have 146 

been performed for unsaturated soils (e.g., Kim et al. 2003; Hoyos et al. 2015; Suprunenko and 147 

Ghayoomi 2015). The shear modulus degradation behavior for unsaturated soils and its 148 

dependency on soil type needs further investigation. Lu and Kaya (2014) used the drying cake 149 

method to measure the Young’s modulus of soil under partially saturated conditions obtained 150 

using static loading to a shear strain of approximately 1%, and found that it is related to the 151 

volumetric water content of the soil through a power law relationship. They found that at this 152 

finite strain level, the stiffness of the material is gained from the combined stiffness of the 153 

particle and liquid components. Further, as the volumetric water content of soil decreases, the 154 

lubricating effect of water on the soil particle interaction diminishes. Dong et al. (2016) applied 155 

the relationship defined for the finite strain modulus by Kaya and Lu (2014) to the small strain 156 
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shear modulus of soils to consider the impacts of the degree of saturation and the particle contact 157 

forces defined via the suction stress-based effective stress. At small strains, the stiffness of the 158 

soil skeleton arises from the stiffness of the soil skeleton due to particle hydration, and the 159 

stiffness enhanced by contact forces throughout the particle networks due to the capillarity and 160 

adsorption water, which can be characterized by the suction stress.  161 

A schematic illustration of the mechanisms influencing the small strain and finite strain 162 

shear moduli values is shown in Figure 2. Recent advances in soil science allow a clear 163 

separation of the soil water interaction into regimes of capillary water and adsorptive water (e.g., 164 

Or and Tuller 1999; Frydman and Baker 2009; Revil and Lu 2013). Accordingly, two 165 

mechanisms attributed to the scaling effect of shear modulus variations with shear strain were 166 

proposed to represent the effect of material stiffness in soil matrix or particle clusters and the 167 

effect of contact forces. In the capillary water regime shown in Figure 2(a), the contact force is 168 

developed by the surface tension due to the presence of the air-liquid interfaces. As the water 169 

content decreases, the contact force or suction stress increases with higher curvature of the 170 

interfaces. In adsorption water regime shown in Figure 2(b), the magnitude of particle attraction 171 

due to van der Waals attraction or Coulomb forces is much higher than that due to capillary 172 

attraction (Lu and Khorshidi 2015). This indicates that the small strain shear modulus increases 173 

by a larger amount and at a greater rate than the finite strain shear modulus as the soil dries. 174 

Following on the conceptual model in Figure 2, a modified effective stress term α×σ’ is 175 

introduced to remove the effect of stress state on the reference strain, so that the value of the 176 

reference strain in the shear modulus reduction curve can be considered as a material property 177 

that only depends on soil type and degree of saturation. This new term was incorporated into the 178 
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shear modulus reduction curve of Darandeli (2001) to define a new shear modulus reduction 179 

curve as follows: 180 

G
Gmax

= 1

1+ γ
α ′σ( )γ ref













m                                                      (5) 181 

where α [1/kPa] is the inverse of the air-entry suction, and σ’ is the mean effective stress defined 182 

using the suction stress principle, as follows: 183 

σ' = σ – σ s                                                                 (6) 184 

where σ and σ s are the mean total stress and suction stress, respectively. The values of α and σ' 185 

are related to the shape of the SWRC, which will be discussed later. It should be clarified that the 186 

parameters γref and m in Eq. 5 are different than those in the model of Darandeli (2001) because 187 

the stress-state effects have been isolated.  188 

Measured Soil Water Retention and Shear Modulus of Different Soils 189 

SWRC of the Soils Tested 190 

This study involved an investigation of several remolded soils, which were pulverized 191 

after oven dried before specimen preparation. The soil types considered range from sand, silt, to 192 

expansive clay and non-expansive clay, as listed in Table 2. Soil specimens were compacted 193 

statically using a loading frame into circular, thin cakes having a diameter of 76.2 mm and a 194 

thickness of approximately 20 mm. The matric suctions in the specimens were inferred using the 195 

transient water release and imbibition method (Wayllace and Lu 2012) for the high water content 196 

range (above ~40% degree of saturation), and the vapor adsorption isotherm technique (Likos et 197 

al. 2011) for the medium to high suction range (above ~1000 kPa). During the drying process, 198 

the evaporation rate was limited to ensure uniform water distribution within the soil cakes. The 199 
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variations of sample volume were monitored by digital image analysis. Experimental details 200 

were elaborated in Lu and Kaya (2014) and Dong and Lu (2016a). Then the results of previous 201 

experimental measurements of matric suction were fitted using the new SWRC defined by Lu 202 

(2016). The SWRC of Lu (2016) can be expressed by the amount of different types of soil water 203 

in equilibrium with the soil suction or potential energy of soil water, evaluated using the 204 

following expressions: 205 

θ(ψ) = θa(ψ) + θc(ψ)                                                         (7) 206 

( ) max max
a a 1 exp 1

M
ψθ ψ θ

ψ

    = − −   
    

                                          (8) 207 

( ) ( )( ) [ ]{ }1/ 1
cav

c s a
cav

1 1 1
2 2

NNerf ψ ψθ ψ θ θ ψ αψ
δ

−  −= − − +      
                           (9) 208 

where ψ [kPa] is the matric suction, N is a pore size distribution parameter in the van Genuchten 209 

(VG) SWRC model (van Genuchten 1980), θa and θc are the volumetric water content values 210 

corresponding to the limits of the adsorptive and capillary water ranges in Figure 2, respectively. 211 

The SWRC model of Lu (2016) consists of a modified Freundlich-type model for adsorption 212 

(Eq. 8) and a VG-type model for capillarity (Eq. 9). Equations 7-9 provide a quantitative 213 

assessment of the adsorptive water by a maximum adsorption water content θamax, and an 214 

adsorption strength parameter M. The SWRC model of Lu (2016) also introduced maximum 215 

matric suction ψmax, and cavitation suction ψcav as two important controlling points to describe 216 

the soil water characteristic curves. In Eq. 9, a cumulative probability function 1/2{1 –217 

 erf [(ψ − ψcav)/(√2δcav)]} with the standard normal distribution of the cavitation pressure N(ψcav, 218 

δcav) was used to quantify the statistic uncertainty of the onset of capillary cavitation. According 219 

to Lu and Likos (2006), the suction stress can be conceptually defined as: 220 
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( ) ( ) ( )s s s
pc cσ θ σ θ σ θ= +                                                     (10) 221 

where σspc is the component induced by physicochemical interaction of adsorption water 222 

(otherwise known as σsa), and σsc is the component induced by capillary water. Recognizing the 223 

facts that most experimental data used in this study is for matric suction within the capillary 224 

regime as the adsorptive suction stress component is not well established yet, the current study 225 

focuses on scaling of shear strain modulus within the capillary regime. Thus, the suction stress 226 

induced by matric suction in the capillary regime can be approximated by employing an effective 227 

degree of saturation concept (Lu and Likos 2006, Lu et al. 2010), and is formulated as follows: 228 

s s c a
c e

s a s a

S θ θ θσ σ ψ ψ ψ
θ θ θ θ

−≅ = − = − = −
− −

                                     (11) 229 

A typical SWRC quantification of the Lu (2016) model with the separation of capillary 230 

water and adsorptive water of Hopi silt is presented in Figure 3. It is shown that the SWRC 231 

model of Lu (2016) provides an excellent fit to the sigmoidal-shape development of capillary 232 

water at medium and low suction range and the wavy behavior of adsorptive water at high 233 

suction range. The fitted results show that Hopi soil reaches a maximum matric suction of 234 

1200 MPa with a cavitation suction of 25 MPa at the point where capillary attraction diminishes, 235 

and that Hopi silt possesses a maximum adsorption water content of 0.08. The calculated suction 236 

stress using Eq. 11 shows that Hopi silt develops suction stresses having magnitudes ranging 237 

from a few kPa at saturated conditions to approximately 100 kPa at dry conditions. The fitting 238 

parameters for all soils tested are listed in Table 2.  239 

Comparison of Gmax and G of the Soils Test 240 

The finite strain shear moduli G1 of eight tested soils were converted from their Young’s 241 

moduli assuming a Poisson’s ratio of 0.25 obtained from static loading tests that did not cause 242 
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irreversible plastic deformation (Lu and Kaya 2014). The small strain shear moduli Gmax of these 243 

soils were calculated from shear wave velocities measured using the bender element technique 244 

(Dong and Lu 2016a; Dong and Lu 2016b). Comparisons of the small strain and finite strain 245 

shear modulus for the 8 soils are shown in Figure 4. The general trend shows that both finite 246 

strain and small strain shear moduli increase as the water content decreases, but following 247 

different patterns. The magnitude of finite strain modulus is always lower than the small strain 248 

modulus. The overall finite strain shear modulus increases slightly from sandy soil to silty and 249 

clayey soil but generally remains less than 2 MPa. While the small strain shear modulus shows 250 

significant difference from sandy soil to silty or clayey soil. The variation of Gmax from saturated 251 

condition to dry condition can be in the same order of magnitude with the finite strain modulus 252 

for sandy soil (e.g., 4 to 7 MPa for Esperance sand) and with little increment as soil dries. 253 

However, Gmax for silty and clayey soil can increase in magnitude up to tens or hundreds of MPa 254 

as the soil dries (e.g., 2 to 65 MPa for Hopi silt, 18 to 257 MPa for Iowa silt, 23 to 328 MPa for 255 

Bonny silt, and 5 to 460 MPa for BALT silt). When the soil contains a higher clay content, which 256 

is reflected by the value of the maximum adsorption water content parameter, Gmax can increase 257 

significantly from wet to dry conditions. For instance, Gmax for Denver claystone increases up to 258 

660 MPa as the volumetric water content decreases to 0.08. Georgia kaolinite shows an 259 

exceptional pattern from other expansive clays but resembles a similar shape of sandy soil like 260 

Esperance sand. Although Gmax increases greatly as the Georgia kaolinite dries to a medium 261 

degree of saturation and it has significantly larger value of the modulus comparing to finite strain 262 

shear modulus, both Esperance sand and Georgia kaolinite show a plateau for degrees of 263 

saturation in the range of 0.2 to 0.8. 264 
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The above observation can be further explained by the proposed conceptual model. The 265 

stiffness of the soil matrix or particle clusters mainly contributes to the shear modulus at finite 266 

strain; while the contact force mechanism contributes to the shear modulus at small strains as the 267 

the soil dries. Capillary and adsorption water interactions play different roles in the contact force 268 

enhancement. The comparison of finite strain and small strain shear moduli of these 8 soils can 269 

be grouped into 3 categories: sandy soils with little adsorption water and relatively large pore 270 

size thus weak capillarity (e.g., Esperance sand); silty soils and expansive clayey soils with 271 

considerable amount of adsorption water and relatively small pore size hence strong capillarity 272 

(e.g., Bonny silt, Hopi silt, BALT silt, claystone); non-expansive clays which possess little 273 

adsorption water but small particle size therefore strong capillary effect (e.g., Georgia kaolinite). 274 

The contact force enhancement due to capillary results the small strain shear modulus orders of 275 

magnitude higher than finite strain shear modulus, but with fairly similar pattern. The stronger of 276 

the capillary, the more prominent of the enhancement (e.g., comparison between Esperance sand 277 

and Georgia kaolinite). The adsorption water does not contribute too much to the contact force or 278 

suction stress (Lu et al. 2010), but the crystalized water molecule structure formed by adsorptive 279 

interaction provides additional stiffness other than contact force enhancement and makes the soil 280 

matrix or material hardened. Thus, when soils dry into the adsorption water regime, the small 281 

strain shear modulus increases differently than capillary water regime, and shows more 282 

significant scaling effect comparing to the development of finite strain shear modulus in the 283 

same regime. In summary, soils containing more clay or greater fines content present stronger 284 

effects of capillarity and hydration/adsorption, therefore develop higher suction stress and show 285 

a higher small strain shear modulus.  286 

Modulus Reduction by Strain Scaling 287 
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Once we have the finite strain and small strain shear moduli for 8 soils at various water 288 

content and the information of SWRC and SSCC for each soil, the ratio G/Gmax can be fitted by 289 

Eq. 5. The fitting results for the three typical soil types (i.e., sandy, silty, and clayey soil) are 290 

presented in Figure 5. The left column (a-d) of the figure shows the absolute values of the shear 291 

modulus at a small shear strain of 0.0001% and at a finite strain of 1%, while the right column 292 

(e-h) of the figure shows the normalized shear modulus reduction G/Gmax curves. Four groups of 293 

small strain and finite strain shear moduli at four different water contents for each soil were 294 

selected to demonstrate the change of the patterns and shapes of the reduction curves. The shear 295 

modulus remains more or less constant when the shear strain is less than 0.005%. Although there 296 

are only two points in this fitting process, the shape of the shear modulus reduction curve has 297 

been shown to be valid in a range of studies. Then shear moduli start to decrease around a shear 298 

strain of 0.01%, with the most significant decrease is observed between shear strains of 0.01 and 299 

0.3%. As the shear strain increases up to approximately 1%, the shear moduli almost reach their 300 

minimum values. Throughout the comparison of three soil types, sandy soil shows relatively 301 

small magnitude of variation for shear modulus as the shear strain increases from 0.0001% to 1%. 302 

As the volumetric water content decreases from 0.26 to 0.07, the shear moduli at small strain and 303 

finite strain slightly decrease. For silty and clayey soils, the shear modulus at a shear strain of 304 

0.0001% can increase by several orders of magnitude during drying.  305 

The dashed line at G/Gmax = 0.5 in Figure 5(e-h) reflects the positions of the reference 306 

shear strain for each shear modulus reduction curve. Comparing with the counterpart in the left 307 

column of Figure 5, the reduction curves at different water contents almost collapse into one 308 

curve, but with slightly different reference strain numbers. As the soil type changes from sandy 309 

soil to silty or clayey soil, the reference strain decreases. Specifically, for Esperance sand the 310 
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reference strains are around 0.2% at saturation and slightly increases as soil dries; for Hopi silt 311 

the reference shear strains are around 0.1% at saturation and the values oscillate back and forth 312 

as the soil dries; for Iowa silt or Denver claystone the reference strains are decreasing as the soils 313 

dry, and apparently their reference strains vary in a wider range comparing to those of Hopi silt 314 

and Esperance sand. This observation suggests that the reference strain of a certain soil is not 315 

always a constant number under unsaturated conditions, and its value varies from soil to soil and 316 

changes depends on the volumetric water content and porosity. The collapse of the different 317 

reduction curves into one normalized reduction curve from the left to right columns indicates that 318 

the coefficient of curvature m might be constant for each soil at various volumetric water 319 

contents but may alter depending on the soil type. 320 

Correlation Between G/Gmax and SWRC Parameters 321 

The analysis in the previous section leads to an examination of the dependencies of the 322 

reference strain γref and coefficient of curvature m, on volumetric water content for each soil type. 323 

The relationships between reference strain and volumetric water content are shown in Figure 6(a), 324 

while the relationships between coefficient of curvature and volumetric water content are shown 325 

in Figure 6(b) for sandy, silty, and clayey soils. The results in Figure 6 further confirm the 326 

intuitive assessment on the characteristics of reference strain and coefficient of curvature and 327 

quantifies the dependencies of these two parameters on water content for each soil.  328 

In the case of sandy soils (e.g., Esperance sand), the reference strain is almost one order 329 

of magnitude higher than that of the silty and clayey soils. Additionally, Esperance sand exhibits 330 

an opposite pattern of evolution with water content comparing to other silty soils and clayey soils. 331 

This is possibly related to the suction stress evolution at varying volumetric water content for 332 

sandy soil, where suction stress first increases then decreases as the sample dries from saturation. 333 
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Esperance sand has the largest reference strain at dry condition than at wet condition; while Hopi 334 

silt and BALT silt show monotonically increases in reference strain with increasing volumetric 335 

water content; and claystone presents a larger increment as the volumetric water content 336 

increases comparing to the other soils. Generally, the reference strain and the volumetric water 337 

content are found to be related by a power law relationship, as follows:  338 

γref = η×(θ ξ )                                                             (12) 339 

where η is a multiplier parameter and ξ is the power of water content. These two parameters 340 

indicate the range or extent of reference strain variation with water content. The trend lines in 341 

Figure 6a show a good fit for each soil with a correlation coefficient R2 higher than 0.96.  342 

The relationships between the curvature coefficient m and volumetric water content for 343 

each selected soil are presented in Figure 6(d-f). It is shown that the values of m are mainly 344 

unchanged, indicating that there is no dependency on the volumetric water content for this 345 

parameter. The overall number of m ranges from 1.0 to 2.0 for different soils. In light of this 346 

feature of m evolution with θ, it is considered that for a certain type of soil the curvature 347 

coefficient is a constant, but it varies depending on soil type. Accordingly, a mean value was 348 

taken for each soil averaging over the different volumetric water contents.  349 

After the determination of the dependency of reference strain on volumetric water content, 350 

and the averaged curvature coefficient over various volumetric water contents for each soil, the 351 

correlations between parameters ξ, η, and averaged m and the known parameters of the SWRC 352 

for each soil are summarized in Figure 7. The parameters of the SWRC model of Lu (2016) were 353 

obtained by fitting the measured matric suctions as shown in Figure 3. The numbers of all fitted 354 

parameters are listed in Table 2. The correlations between water content-dependent parameters of 355 

reference strain (ξ and η) were investigated over all SWRC parameters (i.e., α, N, θamax, M). 356 
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Figure 7(a-b) show selected correlation between ξ and N, and correlation between ξ and α. It can 357 

be considered that parameter ξ has a strong linear relationship with the pore size distribution 358 

parameter N, while no obvious trend can be found between ξ and other SWRC parameters. 359 

Hence, an empirical equation can be used to connect the parameter ξ with the SWRC parameter 360 

N, as follows: 361 

ξ = −3.0×N + 6.9                                                            (13) 362 

This equation suggests that a higher N value corresponds to lower ξ value, implying that a more 363 

prominent variation of reference strain with volumetric water content occurs in clayey or silty 364 

soil with lower N value, while less change in reference strain with volumetric water content 365 

occurs in sandy soil with a higher N value. This is consistent with the results shown in 366 

Figure 6(a-d) and Figure 7(a-c). 367 

Similarly, parameter η was investigated by trials of correlating η to all SWRC parameters, 368 

and a linear relationship between η and maximum adsorption water θamax was observed as shown 369 

in Figure 7c. An empirical fitting equation is formulated as follows: 370 

η = 0.10×θamax                                                             (14) 371 

As an indicator of the reference strain variation, Eq. 14 indicates that parameter η increases 372 

linearly with θamax, implying that soils with higher θamax tend to have a larger variation in the 373 

reference strain. Together with the relationship for the parameter ξ, the correlation between η and 374 

θamax leads to the conclusion that silty or clayey soils with higher fines contents will show greater 375 

variations in the reference strain as the volumetric water content changes. This also confirms the 376 

observations from Figure 6(a-d) and Figure 7(a-c). 377 

The curvature coefficient m can be assumed as a soil-type dependent parameter 378 

insensitive to changes in volumetric water content. The correlation between m and the SWRC 379 
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parameters shows a connection between the extent of shear modulus degradation and the 380 

maximum adsorption water content in soil. The correlation observed in Figure 7e can be captured 381 

by the following expression: 382 

m = 0.25×ln(θamax) + 2.34                                                   (15) 383 

The curvature coefficient shows a logarithmic relationship with increasing maximum adsorption 384 

water content. This correlation reveals that the amount of adsorption water in the fines content of 385 

a givne soil directly influences the degradation rate of shear modulus from small strain to finite 386 

strain levels. It also reflects that the higher adsorption water content results in larger difference in 387 

orders of magnitude between small strain shear modulus and finite strain shear modulus. This 388 

trend, again, proves the contact-force mechanism of the conceptual model that when soil 389 

contains more clay content, more significant enhancement of shear modulus prevails at small 390 

strain. In the case of zero mean total stress, this enhancement also can be characterized by the 391 

evolution in suction stress during drying of a soil (Dong and Lu 2016a). 392 

Prediction and Validation of Shear Modulus 393 

The correlations among the shear modulus reduction parameters (i.e., ξ, η and m) and the 394 

Lu (2016) SWRC model parameters (i.e., N and θamax), provide a convenient approach to 395 

estimate either the small strain or finite strain moduli of a soil in the case that one or the other is 396 

given and the SWRC of the soil is known. By substituting Eqs. 13 and 14 into Eq. 12, then 397 

substituting Eqs. 12 and 15 into Eq. 5, the following predictive equation for the normalized shear 398 

modulus reduction curve can be defined: 399 

( )
( )max

a0.25ln 2.34
max

max 3.0 6.9
a

1

1
0.10 n

G
G θ

γ
ασ θ θ

+

− +

=
 

+  
′  

                                 (16) 400 
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This equation establishes an approach of determining the normalized shear modulus reduction 401 

curve for soils under unsaturated conditions by using empirical correlations based on the SWRC 402 

and volumetric water content. Knowing the SWRC information for a certain soil, the small strain 403 

shear modulus can be predicted from the finite strain shear modulus, or the other way around. 404 

The performance of Eq. 16 is presented in Figure 8. For both predicting small strain or finite 405 

strain moduli values, the predicted data points are mainly distributed along the 1:1 diagonal line 406 

with small scattering with respect to the measured ones. The R2 values show a good estimation 407 

using the proposed model.  408 

Another validation of the prediction was performed using shear modulus reduction data 409 

for 3 other unsaturated soils available in the literature. The SWRC parameters was obtained by 410 

fitting the experimental SWRC measurements of a silty sand from Hoyos et al. (2015), a 411 

subgrade soil from Kim et al. (2003), and Ottawa F75 sand from Suprunenko and Ghayoomi 412 

(2015), with the SWRC model of Lu (2016), as shown in Figures 9(a, c, and e), respectively. The 413 

predictions of shear modulus at different strain levels were then compared with experimental 414 

data obtained from different cyclic loading tests and resonant column tests, as shown in Figures 415 

9(b, d, and e). The silty sand sample were tested under a net confining pressure of 25 kPa and 416 

two different suction values (a suction of 25 kPa corresponding to a volumetric water content of 417 

θ = 0.29, and a suction of 200 kPa corresponding to a volumetric water content of θ = 0.17). The 418 

subgrade soil was tested under an effective confining pressure of 41 kPa and various suctions 419 

(i.e., 5, 20, 50, 100, and 200 kPa). The Ottawa sand was tested under an effective confining 420 

stress of 50 kPa and a suction of 3 kPa. The soils have adsorptive water contents ranging from 421 

0.009 to 0.075, and pore size spectrum parameter N values ranging from 1.436 to 2.525. It is 422 

shown that the predicted curves generally compare well with the measured data points. The 423 
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different predictions of the shear modulus reduction curves show a good match with the positions 424 

of the reference strain, the overall curvature of the degradation curve, and the variation of 425 

reduction curve under different suction values. The predicted curves were found to slightly 426 

overestimate or underestimate the shear modulus at small and finite strain values, the deviation 427 

can be considered acceptable indicating a reliable prediction. Uncertainties may arise from the 428 

experimental measurements of resonant column test or torsional shear test. Some extra work 429 

measuring a complete SWRC especially in the high suction range is necessary to obtain good 430 

predictions of the shear modulus reduction. 431 

Summary and Conclusions 432 

In this paper, the small strain shear moduli and finite strain shear moduli were compared 433 

to evaluate the different mechanisms governing the shear modulus reduction with increasing 434 

shear strain amplitude. It was found that the shear modulus at finite strains is controlled by the 435 

soil structure, while the shear modulus at small strains is controlled by inter-particle contact 436 

forces associated with the pore water in the capillarity or adsorption regimes. The SWRC model 437 

of Lu (2016) clearly distinguishes between the capillary and adsorption soil water regimes, 438 

which helped to better interpret the impacts of soil type and volumetric water content on the 439 

shear modulus reduction curve.   440 

Using the results from tests on 8 different soil types (ranging from sandy, silty, to clayey 441 

soils), a new shear modulus reduction curve was established to take into consideration of the 442 

dependency of water content and the effect of soil water adsorption. Relationships between key 443 

parameters of this model, the reference strain and curvature coefficient, were defined based on 444 

the results from the experimental testing program. The reference strain was found to be in a 445 

power law relationship with water content for a certain soil, with a magnitude varying from soil 446 
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to soil. The curvature coefficient is soil-type dependent and was not as sensitive to the 447 

volumetric water content. Using the SWRC model of Lu (2016), the reference strain was 448 

correlated with the maximum adsorption water content and the pore spectrum indicator of the 449 

SWRC. The curvature coefficient reflected the effect of soil water hydration, and is found to be 450 

correlated with soil water adsorption. The proposed prediction approach provides a simple and 451 

convenient equation to estimate either small strain or finite strain shear modulus by knowing one 452 

of the other and the information of soil water retention. It also can be used to calculate the shear 453 

modulus of a soil at any given strain level by knowing the SWRC and the maximum shear 454 

modulus. 455 
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Table 2  

 

No. Soil    USCS Porosity
  

        Correlation           z    
  

Lu SWRC model parameters z

        ϕ m ξ η α N θa
max M 

1* Esperance sand SP 0.39 1.141 -0.342 0.0026 0.220 2.520 0.010 0.009

2* Bonny silt ML 0.47 1.423 1.857 0.0027 0.091 1.531 0.024 0.058

3* Hopi silt   SC 0.48 1.513 1.416 0.0059 0.046 1.742 0.063 0.122

4* BALT silt   ML 0.47 1.580 2.086 0.0028 0.059 1.726 0.024 0.127

5* Iowa silt   ML 0.45 1.609 1.195 0.0067 0.083 1.654 0.046 0.101

6* Denver claystone CL 0.55 1.656 2.974 0.0113 0.010 1.560 0.111 0.076

7* Denver bentonite CH 0.53 1.997 3.063 0.0159 0.014 1.410 0.156 0.196

8* Georgia kaolinite CL 0.58 1.762 -0.301 0.0082 0.011 2.350 0.070 0.010

9# Silty sand SM 0.42 1.705 2.612 0.0081 0.058 1.436 0.075 0.033

10† Subgrade soil SP 0.40 1.183 0.766 0.0019 0.015 2.056 0.009 0.007

11‡ Ottawa F75 SW 0.30 1.339 -0.630 0.0027 0.214 2.525 0.017 0.003
* data from Dong and Lu (2016a), test conducted by using drying and wetting cake technique; 
# data from Hoyos et al. (2015), test conducted by suction-controlled resonant column technique; 
† data from Kim et al. (2003), test conducted in a torsional resonant column system; 
‡ Data from Suprunenko and Ghayoomi (2015), measured in a strain-controlled cyclic triaxial testing device. 
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