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The Hamiltonian of the form .!]{ = .!]{ 0 + )...!]{ 1 is discussed, where ).. is a parameter to change 
symmetry, dimensionality, or potential range. Scaling with the parameter ).. is studied for 
thermodynamic quantities such as the free energy. By assuming the scaled form F(s, )..) 
=S2-aF()..js<P) for the singular part of the free energy near the critical point Tc (S= (T- Tc) I 
Tc), the expression (or explicit value) of the critical exponent ¢ is obtained in each case of 
change of symmetry, dimensionality and potential range. In particular, the universal relation 
¢=r is found for change of dimensionality, where r is the critical exponent of the suscepti­
bility in the unperturbed Hamiltonian .!]{0• An extension to dynamical critical phenomena is 
also discussed briefly, particularly in connection with the critical slowing down. A possibility 
is suggested to derive this generalized scaling with the parameter ).. by applying the usual 
scaling law to each term of the perturbational expansion with respect to the parameter )... 

§ 1. Introduction 

At present the scaling law1
) seems to be useful in discussing critical phe­

nomena. In the usual static scaling law, the free energy F of a system is scaled 

with respect to an external force, from which we can derive scaling relations1
) 

among critical exponents. 2
) 

Quite recently, Riedel and W egner,2
) and other several authors4

)'
5
> have dis­

cussed the generalized scaling law with respect to parameters concerning sym­
metry, dimensionality and potential range, which are all assumed to be parameters 

linear in the Hamiltonian of a system. In connection with this, the Fisher-Griffiths 

proposition2
),

6
)'

7
) may be of use, which roughly states that the critical exponents 

as functions of these parameters remain constant except possibly at points where 

symmetry, dimensionality and potential range change abruptly. Thus, critical 

behavior near these "symmetry points" in a generalized sense is most fascinating, 

because we can expect anomalies of thermodynamic quantities with respect to 

these parameters near symmetry points. 
The purposes of this series of notes are (1) to derive the generalized scaling 

with parameters, by assuming the usual scaling law, and (2) to find expressions 

*> This was mainly performed on leave at Institute for Theoretical Physics, University of 
Utrecht, Utrecht, the Netherlands. The results of this paper have been briefly announced in Phys. 
Letters 35A (1971) , 23. 
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Scaling with a Parameter in Spin Systems near the Critical Point. I 1055 

(or values) of critical exponents appearing in such generalized scaling. In this 
first note, a formal perturbation theory is discussed in connection with this gener­
alized scaling, and expressions of critical exponents for such scaling are given 
explicitly, by assuming the generalized scaling, rather than by deriving it, which 
will be discussed in a separate paper. 

Now, we consider the Hamiltonian of the form 

(1·1) 

where A 1s a parameter such as 

(a) to change symmetry, 
(b) to change dimensionality, 
(c) to change potential range. 

Although in the case (c) we can discuss a parameter nonlinear in the Hamiltonian, 
it seems difficult to treat this nonlinear parameter in a systematic way as in a · 

· linear parameter. 
The partition furiction of a system described by the Hamiltonian (1·1) is 

written as 

which may be expanded with respect to the parameter A: 

ln Z=ln Zo-AS<03Cl)c+ ().2!12/2 !)<03C12)c+ ···, 

where <03C1n)c is a generalized cumulant8
) defined by 

with 

and 

<Q) = Tr Qe-!3.9CojTr e-!3.9Co. 

The above expansiOn will be used in the following sections. 

(1·2) 

(1· 3) 

(1·4) 

(1·5) 

(1·6) 

§ 2. Critical exponent of generalized· scaling and the singularities 
of the first few terms in the perturbation expansion 

In most cases, we may be able to derive the asymptotic behavior of the 
form 

(2·1) 
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1056 M. Suzuki 

near the critical point with s = (T- Tc) fTc, by using the usual scaling law, fol­
lowing Kawasaki. 9

) (Detailed discussions will be given in a separate paper.) 
Thus, one obtains the generalized scaling with a parameter: 

or In more general m the presence of a reduced external field h, 

F(s, h, J.) ::=:s2-a F(hjs 1112
, J.fs"'), 

with the relation 

(2·2) 

(2· 3) 

(2·4) 

This relation (2 · 4) has been pointed out by Jasnow and Fisher.5
) Here, note 

that the generalized cumulant of the first order can be always reduced to the 
average itself: 

When <3C1)=0 by symmetry, as occurs in many cases, we have to discuss the 
term of the second order in Eq. (1· 3), and we obtain the relation 

¢ = t (2 -a+ ¢2), (2 · 6) 

where the critical exponents a and ¢2 are defined by 

(2· 7) 

and 

(2 ·8) 

Here, the symbol Ar-JB indicates that the most singular parts of A and B agree 
with each other, apart from their prefactors and non-singular parts (such as con­
stants). The term of the second order <03C12)c is, m general, reduced to the 
following canonical correlation: 

(2·9) 

where o3Cl = 3(1- (!J-Cl) and the canonical correlation (B, A) IS defined by10) 

(2 ·10) 

The quantity (2 · 9) is the static response function (or a generalized susceptibility) 
with respect to the parameter J.. Here, it is useful to remember the following 
inequalities11l• 12l concerning the canonical and direct correlations: 

(2 ·11) 

for an hermitian quantity A, where li5 is the first moment defined by 

(2·12) 
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Scaling with a Parameter in Spin Systems near the Critical Point. I 1057 

As (ij is finite in usual situations, one may expect that the canonical and direct 
correlations (i.e., the susceptibility and the fluctuation) should diverge in the same 
manner:12

) 

(2·13) 

except possibly at T= 0. Thus, we may study the singularity of the fluctuation 
( (o!JC1)

2
) instead of the susceptibility (O!JC12)c, in order to discuss the critical 

exponents cjJ 2 and ¢. 
In a similar way, one may have the scaled susceptibility 

(2 ·14) 

As discussed already by several authors,3
)-

5
) the critical temperature Tc (A) of the 

system described by the total Hamiltonian !JC is given by 

(2 ·15) 

for the small A. If we use the notation 

(2·16) 

following Jasnow and Fisher,5
) then one has3

)-
5
) the response functions Xo and 

C 0 scaled in the reduced temperature 8 as follows: 

(2·17) 

and 

(2·18) 

where a and t indicate the critical exponents of the total Hamiltonian !JC, which 
correspond to a and r of the unperturbed Hamiltonian !JC0, respectively. The 
crossover temperature ex is given by3

)•
5

) 

(2·19) 

The critical behavior with the critical exponents a, ~' t, · · · is observed only in 
the temperature range e<sx and the critical property with the critical exponents 
a, (3, r, . · · is observed for the temperature range e>sx. Thus, the critical exponent 
¢ is a fundamental index in generalized scaling with a parameter. 

The main purpose of this note is to give an explicit expression (or value) 
of the critical exponent ¢ according to the classification of the parameter A as 
discussed in § 1. 

§ 3. Change of symmetry 

1. The Heisenberg-Ising model 

The most interesting case may be the Heisenberg-Ising model near the sym­
metry point. The Hamiltonian of this system is given by 
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1058 M. Suzuki 

(3·1) 

From the symmetry property of the Heisenberg model !JC0, we have 

<O!JCl)c=<!JCl)=-~ Jij<S/S/) 
ij 

(3·2) 

Thus, fortunately we can obtain the rigorous value of the critical exponent ¢: 

(3·3) 

where we have used the result 

(3·4) 

which is derived from Eq. (3 · 2). This disproves a relation ¢ = r conjectured by 
Riedel and W egner3l for the anisotropic Heisenberg model. In general, we may 
have 

(3·5) 

with o!JCo = !JC0 - <!JC0). Consequently, the scaled form of the free energy (2 · 2) 
IS obtained together with ¢ = 1. 

2. The anisotropic XY-model 

The Hamiltonian to consider here is given by 

From the symmetry of the Hamiltonian !JC0 in the x-y plane, the first term of 
the expansion (1· 3) is always vanishing: 

< O!JC1)c = <!JCl) = ~ Jij ( <S/ S/)- <Sl S/)) = 0 . (3·7) 
ij 

Thus, we have to study the singularity of the next term <O!JC12)c, which is ex­
pected to diverge in the same manner as the correlation <!JC12

) does, due to the 
discussion given in § 2. Then, one may have 

(3·8) 

where the second relation of Eq. (3 · 8) is only plausible. That Is, 

Consequently, we have 

(3 ~ 10) 
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Scaling with a Parameter in Spin Systems near the Critical Point. I 1059 

3. The Ising model with XY-interaction 

Here, we consider the following Hamiltonian: 

!f-C =!f-Co +J..!f-C1 = - :E Ji1S/ S/- J.. :E JiJ (S/ S/-S/ S/). (3 ·11) 
i<J i>J 

The symmetry of the Hamiltonian !f-Co yields the vanishing of the first term 

<O!J-Cl)c: 

(3·12) 

Then, we have to analyze the next term <O!f-C12)c, which may be approximated 

by the fluctuation <!f-C1
2
) as discussed in § 2: 

(3 ·13) 

From the symmetry of !f-C0, one easily obtains 

- <S/SlS/Sl)- <SlS/S/S/)}, (3 ·14) 

where the following symmetry properties have been used: 

for i~j, k and l. (3 ·15) 

For brevity, we consider the case of spin S = t· Then, we have a simple 

expression for the fluctuation <!f-C12
) in the form 

<!f-C1 2)=t :E Ji~<S/S/)+t :E Ji~. (3·16) 
i>J i>J 

In particular, for the nearest neighbor interaction, this Is reduced to the energy 

of the system !f-Co: 

(3·17) 

Therefore, the critical exponent ¢ takes the value 

(3·18) 

Here, by accepting the belief13
) that the critical behavior does. not depend 

upon the range of interaction while it is of short range, the above result (3 ·18) 

can be extended to the more general interaction JiJ of short range. Furthermore, 

the a hove value of ¢ should be valid for general spin S, from generalized Grif­

fiths' argument6
)'

14
) that the ferromagnets with spin S>t; i.e., S = 1, !, 2, etc., 

but with S< oo should have the same critical exponents as S= i on the same 
lattice.15

) 

The result ¢ = i for general interaction JiJ of short range and for higher 
spin S may be again argued directly from the expression (3 ·14), in which the 

right-hand side of Eq. (3 ·14) is essentially a short range correlation, and con-
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1060 M. Suzuki 

sequently it is expected to have the same singularity of the energy. 

4. The Ising model with a transverse field 

The Hamiltonian to discuss here is given by 

(3·19) 

Note that 

(3·20) 

and 

(3·21) 

with Mx = ~S/. By extending Fisher's arguments16
) on the perpendicular sus­

ceptibility X.1. in the two-dimensional Ising model with nearest neighbor interaction, 
this perpendicular susceptibility can be expressed/7

)'
18

) in general, by short range 
correlations for systems with short range interaction. These short range cor­
relations should have the same critical exponent as the energy of the system !JC0• 

Thus, we have again 

(3. 22) 

and consequently 

(3 ·23) 

5. The XYZ-model 

Here, we summarize and generalize the previous discussions on particular 
cases of the Hamiltonian. The most general anisotropic Heisenberg model is 
called the XYZ-model/9

) the Hamiltonian of which is expressed by 

(3. 24) 

where 

and 

(3· 25) 

Now, we have always 

(3. 26) 

According to the value of the anisotropy parameter L1z, we classify the problem 
into the following three cases: 
5-a) For O<L1z<1, one should have the same critical exponent as that of the 
example 2 (the anisotropic XY-model): I.e., 
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Scaling with a Parameter in Spin Systems near the Critical Point. I 1061 

¢=1 (3·27) 

from the Fisher-Griffiths postulation discussed In § 1, which implies in this case 
that the critical behavior of the system should change only at the "symmetry 
points" Az = 0 and Az = 1 (where the symmetry of the Hamiltonian changes 
abruptly). 
5-b) For Az = 1, see the example 1: i.e., ¢ = 1. 
5-c) For Az>1, the critical exponent ¢ should take the same value as that of 
the example 3: I.e., 

with the similar reasomng as m 5-a). 

A--.1 
'f'-2 

6. The Heisenberg model with an anisotropy term 

Here, we consider a different type of anisotropy of the form 

It seems difficult to evaluate the first term of the form 

However, for the next term, we may expect that 

Thus, we may have 

(3. 28) 

(3·29) 

(3. 30) 

(3·31) 

(3. 32) 

(The usage of the same notation both for the critical exponent {3 of the spontaneous 
magnetization and for {3 = 1/kBT will not be confusing to the reader.) 

7. The Schrodinger-Heisenberg model 

The Hamiltonian to study here is 

(3. 33) 

where !/{o is the Hamiltonian for the Schrodinger exchange-interaction model of 
ferromagnetism20

)-
22

) defined by 

28 

PiJ = _E An (Si · SJ)n. (3·34) 
n=O 

Here, the coefficients An are determined so that the exchange operator Pif may 
satisfy the relation 

(3. 35) 

for any state lm)i; S/lm)i=mlm>i· The degeneracy of the ferromagnetic ground 
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1062 M. Suzuki 

state of this exchange model is 2S + 1, though that of the Heisenberg model is 
double. As discussed in a previous paper,21

) there are many order parameters 
which commute with the Hamiltonian of this exchange model, besides the total 
magnetization M= ~1S/. (For example, 'fJ"==2.:.1 (Si;-(si;)) is one of order pa­
rameters.) Therefore, the symmetry of this model is higher than that of the 
Heisenberg model. If we add the perturbational Hamiltonian ${1 of the Heisenberg 
interaction, or in more general, of the form 

(3· 36) 

$-{ii being a linear combination of (Si·S1), (Si·S1)
2
, ···, and (Si·S1)

28
, then the 

symmetry of the total Hamiltonian .!/{ becomes lower and it will be the same as 
the symmetry of the Heisenberg model. Thus, we may call the Hamiltonian 
(3 · 33) with Eqs. (3 · 34) and (3 · 36) the Schrodinger-Heisenberg model as for 
the Heisenberg-Ising model. 

Now, the first term of the expansion with respect to the parameter }. may 
be written 

(3· 37) 

Consequently, one may expect that 

¢ = 2- a+ ¢1 = 1 . (3. 38) 

8. Broken symmetry by a magnetic field 

The last case is concerning the usual scaling with a magneitc field A.= H. 
The Hamiltonian is expressed by 

!J(=.JCo+J. ~ S/. (3·39) 
j 

Usually we have 

(3 ·40) 

from the symmetry of ${0• The next term is just the usual susceptibility: 

(3·41) 

That 1s, 

1 j 
¢=-(2-a+r) =-. 

2 2 
(3·42) 

This is the well-known result in the usual scaling law.1
)'

5
) All the previous 

arguments from 1 to 7 are nothing but an extension of this discussion on the 

usual scaling law. 
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Scaling with a Parameter in Spin Systems near the Critical Point. I 1063 

§ 4. Change of dimensionality 

The most interesting change of dimensionality may be the transition from 
two dimensions to three dimensions, because one-dimensional systems with short­
range interaction show, in general, no phase transition.23

) This change of dimen­
sionality is expressed by the following Hamiltonian4

)'
24

) 

(4·1) 

where 

(4·2) 

(j, k) indicates the sum over the nearest neighbors, and without loss of generality, 
we can assume that 

(4·3) 

Here, {Sn~1} indicate spm operators at the j-th lattice point of the n-th layer. 
First, note that 

(4·4) 

Then, as discussed in § 2, we may replace the generalized cumulant (or the 
generalized susceptibility) by the correlation 

(4·5) 

This correlation (!JC1
2

) may be approximated again by the mam contribution of 
the z-z correlations as 

(3C12)r-vNJz2 ~ (S/S/)2
, (4·6) 

ij 

under relation ( 4 · 3) where N is the number of layers. Relations ( 4 · 5) and 
( 4 · 6) are exact in the Ising model (Jc = Jy = 0). Here, we assume the asymptotic 
behavior of the form 

(4·7) 

for the spin correlation, where " is the inverse correlation length and d is the 
dimensionality of the system. Then we have 

(4·8) 

where a 1s the lattice spacmg. By using the scaling relations 

r= (2-r;)v and 2-a=dv' (4·9) 

we arnve at 

D
ow

nloaded from
 https://academ

ic.oup.com
/ptp/article/46/4/1054/1895552 by guest on 20 August 2022



1064 M. Suzuki 

<O!f{12)crvc-<P2 ; 

and consequently we obtain 

¢=t(2r+2-a-dv) =r. 

(4·10) 

( 4 ·11) 

This relation has been obtained first by Abe4
> in the three-dimensional anisotropic 

Ising model. 
This argument can be easily extended to the more general short-range in­

teraction of the form 

(4 ·12) 

Under the condition IJ,~qj>jJ,~ql>IJ,~ql, the term of the second order may be 
written as 

where 

and 

< 0!/{1
2)crv<!/{12)rv ~ J!J, mkJ!,r,m'k'<S!JS:n_TcS!,rS:n_,k') 

= ~ G(R-R')<SozsRz)<Sozs;,,), 
R,R' 

G(r) = ~ J(n,j)J(n,j+ r) =of short-range 
nj 

J(n-m,j-k) =J!J,mk. 

In a similar way as before, we obtain the critical exponent relation 

¢=r. 

(4 ·13) 

(4 ·14) 

(4 ·15) 

(4 ·16) 

The expression ( 4 ·13) for < 03-C1
2)c is exact m the case of the Ising model 

(Jx = JY = 0). Consequently, the result ( 4 ·16) is rigorous for the Ising model 
with general short-range interaction. This is just the generalization of Abe's 
argument4

> on the Ising model with nearest neighbor interaction. 
A similar argument will be given in § 6 on dynamical aspects of scaling 

with a parameter. 

§ 5. Change of potential range 

The simplest example of long-range interaction may be expressed by the 
following Hamiltonian,6>• 25>• 26

) 

(5·1) 

for d+ 1>s><1>d, and J>O. Now, we have 

<O!f{l)c = <!f{l) =-~ rij 6 <S/S/). (5·2) 
i>J 

By usmg the asymptotic form of the correlation function ( 4 · 7), one obtains the 
singularity 
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(5·3) 

Therefore, the following critical exponents result: 

and 

(5·4) 

Thus, the critical exponent ¢ of scaling with the parameter A depends continuously 
upon the powers of potential range, s and (J. This is easily expected from the 
beginning, because the critical behavior of the Hamiltonian 3-Co itself depends upon 
the value of the power s of the potential range.5

)'
26) 

§ 6. Dynamical aspects of scaling with a parameter 

Quite recently Riedel and W egner27
) have applied the generalized scaling 

with a parameter to discussing dynamical critical phenomena in the anisotropic 
Heisenberg model near the symmetry point. Our method shown in the previous 
sections can be extended to these dynamical problems. Detailed arguments will 
be given for general aspects in a separate paper. In this section, we report only 
preliminary results, particularly focusing our attension on the critical slowing 
down.2B),29) 

As discussed in a previous paper,29) the relaxation time of any quantity A 
may be defined, in general, by 

rA = i<A.L-1A).1C<A2)$/, 

where .L is the Liouville operator defined by 

.LA=[&,A]; h=1, 

(6·1) 

(6·2) 

and < .. ·)$( indicates the canonical ensemble average over the total Hamiltonian. 
Here, we have assumed <A)$(=0 for simplicity. The total Hamiltonian is sepa­
rated into two parts: 

(6· 3) 

According to this separation, the Liouville operator IS also expressed by the fol­
lowing two terms : 

(6·4) 

where 

and (6·5) 

In this dynamical problem, the perturbational expansion of the relaxation time 
(6 ·1) is rather complicated, and the first few terms of it are given by 
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1066 M. Suzuki 

rA(A) =rA(O) +li(A2
)-

1 [(A.£0-
1...fi...fo-1A) 

-111 
ds{(A.Lo- 1A3Cl (s)) + (A.L0-

1A)(A2
)-

1(A23C1 (s)) 

-(Afo-1A)(3CI)}] + ···, (6·6) 

where (- · ·) indicates the canonical average over the unperturbed Hamiltonian !JC0• 

By inspecting systematically the singularity of each term in the above perturba­
tional expansiOn (6 · 6), one may argue the following scaled form of the relaxation 
time 

(6·7) 

near the critical point, where .JA is the critical exponent of slowing down for 
the physical quantity A in the system described by the unperturbed Hamiltonian 
!JC0• In the same way as for the static case ,3>-o> the A-dependence of the relaxa­
tion time is shown to be 

(6·8) 

where .JA indicates the exponent of critical slowing down in the total system !JC. 
The crossover temperature is given by 

(6·9) 

The definition (6 ·1) of the relaxation time is particularly useful in discussing 
the critical slowing down of the stochastic Ising model,30>-34> where a temporal 
development operator L plays a role of the Liouville operator in usual mechanical 
systems. Replacing ...[ by - iL in Eq. (6 ·1), one obtains31

> an expression for 
the relaxation time in the .form 

(6·10) 

There are two situations to classify in this stochastic Ising model. 

1. Change of symmetry only through the temporal development operator L, 
while the basic Ising Hamiltonian remains fixed at 3Co. 

2. Change ,c_of the basic Ising Hamiltonian and accordingly of the temporal 
development operator, such as change of dimensionality and of potential 
range. 

In both situations, the inverse temporal development operator L -l can be expanded 

as 

1 
L 

In the first situation, the following operator L may be of interest: 

(6 ·11) 
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L=Lo+'AL!, (6·12) 

where L 0 satisfies some conservation lawi2>' 33> such as spin and energy conserva­
tions, and L1 has lower symmetry than L0 has (i.e., L 1 lacks some of the con­
servation laws which L 0 satisfies). An operator with the lowest symmetry is the 
Glauber operator30

)-BS) which has no conservation law (i.e., it is a single spin 
operator). It is usually expected even in the stochastic Ising model that the 
dynamical critical exponents depend upon the symmetry of the temporal develop­
ment operator. In particular, the relaxation time rA is expanded simply as 

rA =(A~ A)j<A2
) 

=-1-2 (I A-1 A)-;/ A-1 Ll-1 A)+···). 
(A ) \ Lo \ Lo Lo 

(6 ·13) 

The dynamical susceptibility x (w, e, ).) is expressed_ by31
> 

X (w, e, 'A) = {3/ M . Lo + 'AL1 M) 
\ ( t(}) + L0) + A.L1 

(6·14) 

with the resultant magnetization M = ~1S/. This can be expanded as 

x(w,s,A.)={3-iw{3~(. 'A L1)n. 1 
n=O t{J) + L 0 Z{J) + L 0 

(6 ·15) 

or 

co 

X (w, e, 'A) = {3 ~ (- iwtan (s, ).) , (6·16) 
n=O 

where 

(6·17) 

which may be expanded again with respect to the parameter A.. By investigating 
the singularity of each term of the above perturbational senes, one may be able 
to confirm the scaled form 

(6·18) 

In the second situation, we have to consider the perturbational expansiOns 
both in the Hamiltonian 3C and in the temporal development operator L: 

and L=Lo+ A.L1. (6·19) 

The simplest example of this second situation is change of dimensionality. In this 
case, ${1 expresses interaction among layers, while ${0 is the simple sum of indepen­
dent Ising Hamiltonians corresponding to each layer. At least for nearest neighbor 
interaction, in the same way as for the static case we can show that the term 
of the first order, b1 (e), in the expansion of the relaxation time defined by (6 ·10) 
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1068 M. Suzuki 

a1(s, A)= M-M = :E A bn(c) 
\ 

1 ) 
00 

n 

L n=O 
(6 ·20) 

has the singularity of the form 

b1 (c) "-'"/.obo (c) "-'c-7b0 (c). (6·21) 

This implies that 

(6. 22) 

for the scaling of the relaxation time rM with the parameter A. This seems to 
be a universal relation in change of dimensionality both for the static and dy­
namical problems. Incidentally, in the two-dimensional stochastic Ising model, 
the exponent of critical slowing down, JM, for the magnetization has been estimated 
numerically as81

) 

JM:::::::2.00±0.05. (6·23) 

The critical exponent of the susceptibility, r, is given by r = 7/4. Thus, the A­
dependence of the relaxation time is given by 

in the three-dimensional stochastic Ising model, where .JA is the exponent of critical 
slowing down in three dimensions, and its value seems to be very close81

) (or 
equaP9

)) to t + i;v. 

§ 7. Summary and discussion 

We have obtained expressions for critical exponents of scaling with a pa­
rameter in spin· systems. In the case of change of dimensionality, the critical 
exponent ¢ was shown to be, in general, equal to r. In other cases, the relation 
between ¢ and static critical exponents depends upon the structure (or symmetry) 
of the Hamiltonian to consider. Several typical examples have been investigated. 
In the case of change of symmetry for the XYZ-model, we have obtained ¢ = 1 
for O<Jz <1 and ¢ = t for 1<Jz. The value ¢ = t has also been obtained for 
the Ising model with a transverse field. The relation ¢ = t (2- a+ r) was derived 
plausibly for the Heisenberg model of spin higher than one half with an anisotropy 
term. Dynamical aspects of scaling with a parameter were discussed in connec­
tion with the critical slowing down in the stochastic Ising model. The A-depend­
ence of the relaxation time r (A) is given by 

r (A) /'""-/A (d-4)/rJ>e-d. (7 ·1) 

For change of dimensionality, the relation 

¢ =r (7 ·2) 

was obtained agam m this stochastic Ising model. The relation (7 · 2) seems to 
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be universal for change of dimensionality. 
It is expected that the critical exponent ¢ for the susceptibility should take 

the same value as for the free energy. This will be discussed in a separate 
paper. 

There is a possibility to detect experimentally the effect of change of "sym­
metry" near the crossover temperature in real materials36

) such as MnF 2• It will 
be of great interest to find and study several materials with similar structure and 
different values of the parameter A. to change symmetry, in order to confirm the 
generalized scaling with respect to the parameter. 
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Note added in proof: 
By applying the above results (4·16) and (5·4) to a general proposition on critical exponents 

(M. Suzuki, to be submitted to Prog. Theor. Phys.), we can derive the following inequalities on 
critical exponents, with use of Griffiths-Kelly-Sherman inequalities. (i) For the ferromagnetic Ising 
Model with general spin, we have r(d)>r(d+1), [j(d)<[j(d+1), o(d)>o(d+1), and v(d)>v(d+l), 
where r(d) etc. denote critical exponents in d dimensions. (ii) For the ferromagnetic Ising model 
with long-range interaction described by the Hamiltonian .!J{=-JLJ ii-ji- 8Sizsjz with d+1>s>d, 
result the inequalities r(s)>r(cr), (j(s)<(j(cr), o(s)>o(cr) and v(s)>v(cr) for s>cr>d. 

Reference 5) will appear in ''Phase Transitions and Critical Points" edited by C. Domb and M. 
S. Green; Academic Press (London). 
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