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The Hamiltonian of the form 4 =9(y+ A%, is discussed, where A is a parameter to change
symmetry, dimensionality, or potential range. Scaling with the parameter 4 is studied for
thermodynamic quantities such as the free energy. By assuming the scaled form F(g, 2)
=g2-aF(A/&¢) for the singular part of the free energy near the critical point T',(e= (T'—T,)/
T,), the expression (or explicit value) of the critical exponent ¢ is obtained in each case of
change of symmetry, dimensionality and potential range. In particular, the universal relation
¢=r7 is found for change of dimensionality, where y is the critical exponent of the suscepti-
bility in the unperturbed Hamiltonian 4(;,. An extension to dynamical critical phenomena is
also discussed briefly, particularly in connection with the critical slowing down. A possibility
is suggested to derive this generalized scaling with the parameter 2 by applying the usual
scaling law to each term of the perturbational expansion with respect to the parameter 2.

§ 1. Introduction

At present the scaling law" seems to be useful in discussing critical phe-
nomena. In the usual static scaling law, the free energy F of a system is scaled
with respect to an external force, from which we can derive scaling relations®
among critical exponents.®

Quite recently, Riedel and Wegner,” and other several authors®® have dis-
cussed the generalized scaling law with respect to parameters concerning sym-
metry, dimensionality and potential range, which are all assumed to be parameters
linear in the Hamiltonian of a system. In connection with this, the Fisher-Griffiths
proposition®®” may be of use, which roughly states that the critical exponents
as functions of these parameters remain constant except possibly at points where
symmetry, dimensionality and potential range change abruptly. Thus, critical

” in a generalized sense is most fascinating,

behavior near these “symmetry points
because we can expect anomalies of thermodynamic quantities with respect to
these parameters near symmetry points.

The purposes of this series of notes are (1) to derive the generalized scaling

with parameters, by assuming the usual scaling law, and (2) to find expressions

*) This was mainly performed on leave at Institute for Theoretical Physics, University of
Utrecht, Utrecht, the Netherlands. The results of this paper have been briefly announced in Phys.
Letters 35A (1971), 23.
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(or values) of critical exponents appearing in such generalized scaling. In this
first note, a formal perturbation theory is discussed in connection with this gener-
alized scaling, and expressions of critical exponents for such scaling are given
explicitly, by assuming the generalized scaling, rather than by der1v1ng it, which
will be discussed in a separate paper.

Now, we consider the Hamiltonian of the form

=+ 290, : (1-1
where 1 is a parameter such as '

(a) to change symmetry,
(b) to change dimensionality,
(¢) to change potential range.

Although in the case (c) we can discuss a parameter nonlinear in the Hamiltonian,

it seems difficult to treat this nonlinear parameter in a systematic way as in a-

- linear parameter.
The partition function of a system described by the Hamiltonian (1-1) is
written as

Z=Tr[e#@],  B=1/kT, | 1-2)
which may be expanded with respect to the parameter 1: _
In Z=1n Zy— 20050+ (R26/2 DCOIEy e+ - (1-3)
where <OY(\">. is a generalized cumulant® defined by

(OIS, ='—317 [Man [ ancosy s>,

_ n,z Oﬁ dt, J:ldtz- .. J:n-ldtn<«ﬂ[1 ,(tl) i (t3) - K1 (80) Ve s (1 4)

with
1 (2) =e" o g(1e~t", (1-5)
and
{OQ>=Tr Qe 8% /TreF%, (1-6)
The above expansion will be used in the following sections.
§ 2. Critical exponent of generalized scaling and the singularities
of the first few terms in the perturbation expansion

In most cases, we may be able to derive the asymptotic behavior of the
form

OIperve ™™ gu=gu+ (=D, @-1)
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1056 M. Suzuki

near the critical point with ¢= (T-7T,)/T,, by using the usual scaling law, fol-
lowing Kawasaki.” (Detailed discussions will be given in a separate paper.)
Thus, one obtains the generalized scaling with a parameter:

F(e, ) =& *F(1/e?), (2-2)
or in more general in the presence of a reduced external field 5,
F(e, b, ) =e**F(h/e"", 1 /e, (2-3)
with the relation
p=2—a+¢. (2-4)

This relation (2-4) has been pointed out by Jasnow and Fisher.® Here, note
that the generalized cumulant of the first order can be always reduced to the
average itself:

COY:pe =<9l . (2-5)

When {4,>=0 by symmetry, as occurs in many cases, we have to discuss the
term of the second order in Eq. (1-3), and we obtain the relation

¢=32—a+d), (2-6)
where the critical exponents « and ¢, are defined by
In Zy=In Tr e~ #%o~ g2, 2-7
and :
OISy e e, (2-8)

Here, the symbol A~B indicates that the most singular parts of A and B agree
with each other, apart from their prefactors and non-singular parts (such as con-
stants). The term of the second order {(OM4(,*>, is, in general, reduced to the
following canonical correlation:

<Oﬂ12>c = (6;4[1, 54[1), (29)
where 0.9(,=9(,—<9(;> and the canonical correlation (B, A) is defined by

(B, A) =1L Jﬂ<ew"Be"W°A>d/1 (2-10)
b B 0 .

The quantity (2-9) is the static response function (or a generalized susceptibility)
with respect to the parameter 1. Here, it is useful to remember the following
inequalities’”'® concerning the canonical and direct correlations:

1 - (04,04) )
po @A)

for an hermitian quantity A, where ® is the first moment defined by

o =1[0A, [Ilo, 0A]]>/C@@AY> . (2-12)

(2-11)
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Scaling with a Parameter in Spin Systems near the Critical Point. I 1057

As @ is finite in usual situations, one may expect that the canonical and direct

correlations (i.e., the susceptibility and the fluctuation) should diverge in the same

manner :*?

<Ou4[12>c = (65{15 6'-5[[1) ’V< (6ﬂ1)2> (2 . 13)

except possibly at T'=0. Thus, we may study the singularity of the fluctuation
{(0I()*> instead of the susceptibility {OJ(*)., in order to discuss the critical
exponents ¢; and ¢.

In a similar way, one may have the scaled susceptibility

%0~e7"G (2e™?). (2-14)

As discussed already by several authors,”~® the critical temperature 7,(1) of the
system described by the total Hamiltonian 4 is given by

T.(D) =T:(A+al"?) (2-15)
for the small 1. If we use the notation '
E={T-T.D}/T., (2-16)

following Jasnow and Fisher,” then one has®™ the response functions y, and
C, scaled in the reduced temperature & as follows:

XONA(T—T)/‘#&'—T (2.17>
and
Comdemarlt5t, (2-18)

where & and  indicate the critical exponents of the total Hamiltonian ¥, which
correspond to « and 7 of the unperturbed Hamiltonian 9{,, respectively. The

crossover temperature ¢* is given by®®
X~ Y, (2-19)
The critical behavior with the critical exponents ¢, ,63, 7, --- is observed only in
y

the temperature range é<(e* and the critical property with the critical exponents
a, B, 7, -+ 1s observed for the temperature range é>¢*. Thus, the critical exponent
¢ is a fundamental index in generalized scaling with a parameter. '

The main purpose of this note is to give an explicit expression (or value)
of the critical exponent ¢ according to the classification of the parameter 1 as
discussed in §1.

§ 3. Change of symmetry

1. The Heisenberg-Ising model

The most interesting case may be the Heisenberg-Ising model near the sym-
metry point. The Hamiltonian of this system is given by
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1058 ' M. Suzuki

ﬂ5ﬂ0+lﬂ1
= Zj] Jijsi 'Sj —4 Z JifSizSJ'z- (3 * 1)
[3 ij

From the symmetry property of the Heisenberg model 4, we have
OIipe=LIp = — 2] Ju X85S/
v
=~} TS0 8 = Iyt (3-2)

Thus, fortunately we can obtain the rigorous value of the critical exponent ¢:
p=2—a+¢d=1, (3-3)
where we have used the result
| h=a—1, (3-4)

which is derived from Eq. (3-2). This disproves a relation ¢ =7 conjectured by
Riedel and Wegner® for the anisotropic Heisenberg model. In general, we may
have

O™ e~ QI ) e, (3-5)

with 09, = 9y—<I9,». Consequently, the scaled form of the free energy (2-2)
is obtained together with ¢=1.

2. The anisotropic XY-model
The Hamiltonian to consider here is given by

H=9o+290,=27 Ji; (S"S;™+ 8¥S7) + 4 20 Jiy(S°S;” — S#S”).  (3-6)

From the symmetry of the Hamiltonian 4(, in the x-y plane, the first term of
the expansion (1-3) is always vanishing:

(OSye=C > =5 Jiy (S5 — (S8 ) =0. 37

Thus, we have to study the singularity of the next term {O%:*>., which is ex-
pected to diverge in the same manner as the correlation {%,*> does, due to the
discussion given in § 2. Then, one may have

O~ (O A~ (0Ho)™ , (3-8)
~Cyrg™ g,
where the second relation of Eq. (3:8) is only plausible. That is,
h=a . (3-9)
Consequently, we have

p=3C—a+¢)=1. (3-10)
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3. The Ising model with XY-interaction

Here, we consider the following Hamiltonian:

ﬂzﬂo +lﬂ1: ”—; JijS,;szz—‘]. g Jij(Siijx'—S,;ijy>. (3' 11)
<lj 1>7

The symmetry of the Hamiltonian Y, yields the vanishing of the first term
<Oj[1>c:

<Oﬂ1>c == — ; Jij (<S1:wij> —<Sz‘ijy>> =0. (3-12)

i>j
Then, we have to analyze the next term {O%;*>., which may be approximated
by the fluctuation {4;*> as discussed in §2:
<Oﬂ12>c’v<ﬂ12> . (3 13)

From the symmetry of 4, one easily obtains

(I =1 JuAC WSV (S50 + <SS

—<{87SESSS Y — (SESESHSY, (3:-14)
where the following symmetry properties have been used:
<S,;xS]$Skalz>:O , etc., for Z#j, k and l. (3' 15)

For brevity, we consider the case of spin S=%. Then, we have a simple
expression for the fluctuation {4*> in the form

D=4 ;;_JJ‘}<SKSJ-’>+% ILLE (3-16)

In particular, for the nearest neighbor interaction, this is reduced to the energy
of the system ,:

{H P = —3JJH,) + constant
gl % g, (3:17)
Therefore, the critical exponent ¢ takes the value
p=3C2—a+¢)=%. (3-18)

Here, by accepting the belief' that the critical behavior does not depend
upon the range of interaction while it is of short range, the above result (3-18)
can be extended to the more general interaction J;; of short range. Furthermore,
the above value of ¢ should be valid for general spin S, from generalized Grif-
fiths’ argument®'® that the ferromagnets with spin S>%; ie., S=1, 3, 2, etc,
but with S<(co should have the same critical exponents as S=% on the same
lattice.™

The result ¢=1% for general interaction J;; of short range and for higher
spin S may be again argued directly from the expression (3-14), in which the
right-hand side of Eq. (3-14) is essentially a short range correlation, and con-
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1060 : M. Suzuki

sequently it is expected to have the same singularity of the energy.

4. The Ising model with a transverse field

The Hamiltonian to discuss here is given by

H=9+ 29,= -i§>]j JiiSESF — A ; S;”. (3-19)
Note that
(H>=0 (3-20)
and |
KOS Do =1y, = (M", M*) (3-21)

with M*=31S,;". By extending Fisher’s arguments’ on the perpendicular sus-
ceptibility %, in the two-dimensional Ising model with nearest neighbor interaction,
this perpendicular susceptibility can be expressed,”'® in general, by short range
correlations for systems with short range interaction. These short range cor-
relations should have the same critical exponent as the energy of the system (.
Thus, we have again

OIPDe=y, ~et~%~e?, (3-22)
and consequently
¢=% (3-23)

5. The XYZ-model

Here, we summarize and generalize the previous discussions on particular
cases of the Hamiltonian. The most general anisotropic Heisenberg model is
called the XYZ-model," the Hamiltonian of which is expressed by

ﬂzﬂo+lj{1, (3‘24)
where ,
o= — g Jig{(S"Si"+ S&SF) + 4.5 S/},
>J
and
= — S Tu(SES7 =SSP, (3-25)
Now, we have always
<Oﬂl>c=0 . (3-26)

According to the value of the anisotropy parameter 4,, we classify the problem
into the following three cases:

5-a) For 0<<4,<1, one should have the same critical exponent as that of the
example 2 (the anisotropic XY-model): i.e.,

Zz0z 1snbny oz uo 1senb Aq 2GGS681L/7S0L/P/9t/e1one/did/woo dno-olwepese//:sdyy wouy papeojumoq



Scaling with a Parameter in Spin Systems near the Critical Point. I 1061

$p=1 (3-27)

from the Fisher-Griffiths postulation discussed in § 1, which implies in this case
that the critical behavior of the system should change only at the “symmetry
points” 4,=0 and 4,=1 (where the symmetry of the Hamiltonian changes
abruptly). ‘

5-b) For 4,=1, see the example 1: ie., ¢=1.

5-¢) For 4,>1, the critical exponent ¢ should take the same value as that of
the example 3: i.e.,

¢=1% (3-28)
with the similar reasoning as in 5-a).
6. The Heisenberg model with an anisotropy term
Here, we consider a different type of anisotropy of the form
ﬂsﬂo‘}‘}.ﬂl:“‘;SI‘SJ;“‘AZ(S]z,z,“i“Sfy—{—sz). (3'29)
i 7
It seems difficult to evaluate the first term of the form
(Ity=—3 TI<SL . (3-30)
J
However, for the next term, we may expect that
<Oﬂ12>c~<(5ﬂ02>“’§ <(0S7) (0Sk) >
J
Aoy g, (3-31)
Thus, we may have
p=3C—a+¢)=32—a+7). (3-32)

(The usage of the same notation both for the critical exponent 3 of the spontaneous
magnetization and for 8=1/kz7T will not be confusing to the reader.)

7. The Schr()'dinger-Heisenberg model
The Hamiltonian to study here is
H =9+ 219, (3-33)
where 9{, is the Hamiltonian for the Schrédinger exchange-interaction model of
ferromagnetism®~* defined by

28
ﬂ(,g: —Z JijPij; Pij-:—ZzoAn(S,;‘Sj)n. (3'34)

Here, the coefficients A, are determined so that the exchange operator P;; may
satisfy the relation
Piglmpilm>;=|m"pi|mp; (3-35)

for any state |m);; S|my;=m|m);. The degeneracy of the ferromagnetic ground
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1062 M. Suzuki

state of this exchange model is 2S+1, though that of the Heisenberg model is
double. As discussed in a previous paper,” there are many order parameters
which commute with the Hamiltonian of this exchange model, besides the total
magnetization M=3,S7. (For example, F=);(S;—<{S2>) is one of order pa-
rameters.) Therefore, the symmetry of this model is higher than that of the
Heisenberg model. If we add the perturbational Hamiltonian 4{; of the Heisenberg
interaction, or in more general, of the form

‘5[[1= "“Zj] Jijﬂij s (336)

Yl;; being a linear combination of (S;-S;), (S;:-S,)% -+, and (S;-S;)*, then the
symmetry of the total Hamiltonian H becomes lower and it will be the same as
the symmetry of the Heisenberg model. Thus, we may call the Hamiltonian
(3-33) with Egs. (3-34) and (3:36) the Schrédinger-Heisenberg model as for
the Heisenberg-Ising model.

Now, the first term of the expansion with respect to the parameter 1 may
be written

<Oﬂl>c’“<ﬂl> = ; J,;j<ﬂ(ij>

1-a g, (3-37)

~¢E

Consequently, one may expect that
p=2—a+¢=1. (3-38)

8. Broken symmetry by a magnetic field

The last case is concerning the usual scaling with a magneite field 1=H.
The Hamiltonian is expressed by

SH= ot 133 Sf. (3-39)

Usually we have

{I>=2245>=0, (3-40)

from the symmetry of H, The next term is just the usual susceptibility:

O =po~e T (3-41)
That is,

¢=—;—<2-cx+r)= . (3-42)

o

This is the well-known result in the usual scaling law.”® All the previous
arguments from 1 to 7 are nothing but an extension of this discussion on the
usual scaling law.
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§4. Change of dimensionality

The most interesting change of dimensionality may be the transition from
two dimensions to three dimensions, because one-dimensional systems with short-
range interaction show, in general, no phase transition.® This change of dimen-

sionality is expressed by the following Hamiltonian®*

H = «4[0'*' lj{l = Z<§>(Sn,j > Sn,k) -2 ZJ (Sn,j; Sn+1,j) s (4 ‘ 1)
7 <Js 7,
where
(Sps S) = TuS,7 S + JySytSy + JuS S, )

{j, k> indicates the sum over the nearest neighbors, and without loss of generality,
we can assume that '

PANSPASPAR (4-3)

Here, {S.;} indicate spin operators at the j-th lattice point of the #n-th layer.
First, note that

OH:pe=<IH1»=0. 4-4)

Then, as discussed in §2, we may i‘eplace the generalized cumulant (or the
generalized susceptibility) by the correlation

COIPH ~ I (4-5)

This correlation {.4*> may be approximated again by the main contribution of
the z-z correlations as

CHIH~NI 2SS, (4-6)

under relation (4:3) where N is the number of layers. Relations (4-5) and
(4-6) are exact in the Ising model (J,=J,=0). Here, we assume the asymptotic
behavior of the form

xR

(SFESH Y ~—2

Rd—-2+ﬂ 2

k~e 4-7)

for the spin correlation, where g is the inverse correlation length and d is the
dimensionality of the system. Then we have

. ; ) e——ﬂmR =
1;2]- <Si Sj >2N j‘a’ W‘Rd dR

d—2(2—7)

~K Nadu—2v(2——1]), (4.8)

where a is the lattice spacing. By using the scaling relations
r=2—-7py and 2—a=dy, 4-9)

we arrive at
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1064 M., Suzuki

LOY(Pe~very Gr=27—dy, (4-10)
and consequently we obtain
=5@r+2—a—dv)=r. (4-11)
This relation has been obtained first by Abe® in the three-dimensional anisotropic
Ising model.
This argument can be easily extended to the more general short-range in-
teraction of the form
(Sp3 S9) =j;qu$qu+ngSpyqu+J;’ So’S"- (4-12)

Under the condition |J},|=|JY=1Js 4|, the term of the second order may be
written as '

<Oﬂ[12>c ~ <ﬂ12> ~ Z inj, mlaJ:’j’, m’ls’<S7ijS'rleaS£’j’Svi’k'>

=3 GR — RN {SESHENSESED (4-13)
where
a(r) =21J(n,j)J(n,j+7r) =of short-range (4-14)
and
J(n—m,j—k) =5 m - (4-15)

In a similar way as before, we obtain the critical exponent relation
p=7. (4-16)

The expression (4:13) for {O4,*». is exact in the case of the Ising model
(J*=JY=0). Consequently, the result (4:16) is rigorous for the Ising model
with general short-range interaction. This is just the generalization of Abe’s
argument®? on the Ising model with nearest neighbor interaction.

A similar argument will be given in §6 on dynamical aspects of scaling
with a parameter.

§5. Change of potential range

The simplest example of long-range interaction may be expressed by the

following Hamiltonian,?"**

ﬂ(Zﬂo-]-/Ul[l:~§.(J/rfj+l/ri‘§)Sijz (5‘1)
1>
for d+1>s>0>d, and J>0. Now, we have

<Oﬂ1>c=<ﬂ1>= '—gjf'i}:o—<Sijz> . (5'2)

By using the asymptotic form of the correlation function (4-7), one obtains the
singularity
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<ﬂ1>: _ @ e_MR_Rd—_ldRNK;"""”_?NS”(““"”“Z). (5 . 3)

Ro+d+n-2

Therefore, the following critical exponents result:
hr=v(2—0—1n)
and

p=2—a+p=v(s—0)+1. (5-4)

Thus, the critical exponent ¢ of scaling with the parameter 1 depends continuously
upon the powers of potential range, s and ¢. This is easily expected from the
beginning, because the critical behavior of the Hamiltonian 4, itself depends upon

the value of the power s of the potential range.”"*®

§ 6. Dynamical aspects of scaling with a parameter

Quite recently Riedel and Wegner™ have applied the generalized scaling
with a parameter to discussing dynamical critical phenomena in the anisotropic
Heisenberg model near the symmetry point. Qur method shown in the previous
sections can be extended to these dynamical problems. Detailed arguments will
be given for general aspects in a separate paper. In this section, we report only
preliminary results, particularly focusing our attension on the critical slowing
down.?*

As discussed in"a previous paper,” the relaxation time of any quantity A
may be defined, in general, by

t4=KALTAY (A, (6:1)
where _[ is the Liouville operator defined by
LA=[4H, Al; =1, (6-2)

and {--->4 indicates the canonical ensemble average over the total Hamiltonian.
Here, we have assumed {A>;=0 for simplicity. The total Hamiltonian is sepa-
rated into two parts:

ﬂzﬂ[o‘l‘)\ﬂl (6’3)

According to this separation, the Liouville operator is also expressed by the fol-
lowing two terms:

L=Ly+2.Ly, (6-4)
where

LA=[Hy Al and  LA=[J90, Al (6-5)

In this dynamical problem, the perturbational expansion of the relaxation time
(6-1) is rather complicated, and the first few terms of it are given by
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1066 M. Suzuki

Ta (]L) =Ty4 (O) -+ Al (A2)—1 [<A£0-1£1£0*1A>
_ j P A AL AT (5) S+ CAL T ASCADS AL (5)D
—{ALTAN I DY+ (6-6)

where <---> indicates the canonical average over the unperturbed Hamiltonian (.
By inspecting systematically the singularity of each term in the above perturba-
tional expansion (6-6), one may argue the following scaled form of the relaxation
time

Ta(2) ~e M 4f (A/e%) 6-7)

near the critical point, where 4, is the critical exponent of slowing down for
the physical quantity A in the system described by the unperturbed Hamiltonian
H,. In the same way as for the static case ,»~® the A-dependence of the relaxa-
tion time is shown to be

T4 (A) ~AGa 4l (6-8)

where 4, indicates the exponent of critical slowing down in the total system .4(.
The crossover temperature is given by

e~V (6-9)

The definition (6-1) of the relaxation time is particularly useful in discussing
the critical slowing down of the stochastic Ising model,*®~* where a temporal
development operator L plays a role of the Liouville operator in usual mechanical
systems. Replacing .L by —iL in Eq. (6-1), one obtains® an expression for
the relaxation time in the form

14=<A%A>/<A2>. (6-16)

There are two situations to classify in this stochastic Ising model.

1. Change of symmetry only through the temporal development operator L,
while the basic Ising Hamiltonian remains fixzed at .

2. Change cof the basic Ising Hamiltonian and accordingly of the temporal
development operator, such as change of dimensionality and of potential
range.

In both situations, the inverse temporal development operator L' can be expanded
as

1 1 ! _,1p 1 el 11, (6-11)

f h L(] + }.Ll B Lo B Lo LQ Lo Lo Lo

In the first situation, the following operator L may be of interest:
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L=L,+1L,, (6-12)

where L, satisfies some conservation laws™* such as spin and energy conserva-
tions, and L; has lower symmetry than L, has (i.e., L, lacks some of the con-
servation laws which L, satisfies). An operator with the lowest symmetry is the
Glauber operator*®™®® which has no conservation law (i.e., it is a single spin
operator). It is usually expected even in the stochastic Ising model that the
dynamical critical exponents depend upon the symmetry of the temporal develop-
ment operator. In particular, the relaxation time 74 is expanded simply as

ma 2 e

- <£2> (<A Ii, A>_’1<A 20 La Ii A>+“'>- (6-13)

31)

The dynamical susceptibility y(w, e, 1) is expressed by

. Lo + }.LI .
1,5 0 =p(M AT M) (6-14)

with the resultant magnetization M=Y;S,°. This can be expanded as
1

—_ R - Ii " o | F
70, 8 1) =F —iof §o<z’w+L0L1> io+ Ly (6-15)
or
1 (0, ¢, 1) =B i (—io)a, (s, 1), (6-16)
where
VS VIR T .
n (e, ) —<M(Lo+lLl)nM>, (6-17)

which may be expanded again with respect to the parameter 1. By investigating
the singularity of each term of the above perturbational series, one may be able
to confirm the scaled form

1 (w, & ) ~e7 g (lw/e*™, 1 /e%). (6-18)

In the second situation, we have to consider the perturbational expansions
both in the Hamiltonian 4 and in the temporal development operator L:

j[:j[o‘l—xj[l and L':Lo‘{‘lLl. (6’19)

The simblest example of this second situation is change of dimensionality. In this
case, J9(; expresses interaction among layers, while 4{, is the simple sum of indepen-
dent Ising Hamiltonians corresponding to each layer. At least for nearest neighbor
interaction, in the same way as for the static case we can show that the term
of the first order, 6:(e), in the expansion of the relaxation time defined by (6-10)
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(e, ) = <M_117M> =3 1%, (0 (6-20)
has the singularity of the form
b1 (&) ~obo () ~&77hy (e). _ ' (6-21)
This implies that
b=7, (6-22)

for the scaling of the relaxation time 7, with the parameter A. This seems to
be a wuniversal relation in change of dimensionality both for the static and dy-
namical problems. Incidentally, in the two-dimensional stochastic Ising model,
the exponent of critical slowing down, 4y, for the magnetization has been estimated
numerically as®

4,7=2.0040.05 . (6-23)

The critical exponent of the susceptibility, 7, is given by y="T7/4. Thus, the -
dependence of the relaxation time is given by

T (2) AWM En=De-du, (6-24)

in the three-dimensional stochastic Ising model, where 4, is the exponent of critical
slowing down in three dimensions, and its value seems to be very close® (or
equal®) to 7+ 7.

§7. Summai:y and discussion

We have obtained expressions for critical exponents of scaling with a pa-
rameter in spin systems. In the case of change of dimensionality, the critical
exponent ¢ was shown to be, in general, equal to 7. In other cases, the relation
between ¢ and static critical exponents depends upon the structure (or symmetry)
of the Hamiltonian to consider. Several typical examples have been investigated.
In the case of change of symmetry for the XYZ-model, we have obtained ¢=1
for 0<4,<<1 and ¢=1% for 1<<d,. The value ¢=1% has also been obtained for
the Ising model with a transverse field. The relation ¢=%1(2—a+7) was derived
plausibly for the Heisenberg model of spin higher than one half with an anisotropy
term. Dynamical aspects of scaling with a parameter were discussed in connec-
tion with the critical slowing down in the stochastic Ising model. The A-depend-
ence of the relaxation time t(1) is given by

T(R) ~ 2 DA, (7-1)
For change of dimensionality, the relation
b=r (7-2)

was obtained again in this stochastic Ising model. The relation (7:-2) seems to
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be universal for change of dimensionality.

It is expected that the critical exponent ¢ for the susceptibility should take
the same value as for the free energy. This will be discussed in a separate
paper.

There is a possibility to detect experimentally the effect of change of “sym-
metry”” near the crossover temperature in real materials®® such as MnF,. It will
be of great interest to find and study several materials with similar structure and
different values of the parameter 1 to change symmetry, in order to confirm the
generalized scaling with respect to the parameter.
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Note added in proof:

By applying the above results (4:16) and (5-4) to a gemeral proposition on critical exponents
(M. Suzuki, to be submitted to Prog. Theor. Phys.), we can derive the following inequalities on
critical exponents, with use of Griffiths-Kelly-Sherman inequalities. (i) For the ferromagnetic Ising
Model with general spin, we have v(d)=>7(d+1), B(d)<B(d+1), 6(d)=8(d+1), and v (d)=>v(d+1),
where 7(d) etc. denote critical exponents in d dimensions. (ii) For the ferromagnetic Ising model
with long-range interaction described by the Hamiltonian = —J 31 [i—j|735;zS; with d+1>5>d,
result the inequalities 7(s)=7(c), B(s)<B(¢), d(s)==0(c) and v(s)=v(c) for s>¢>d.

Reference 5) will appear in “Phase Transitions and Critical Points” edited by C. Domb and M.
S. Green; Academic Press (London).
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