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❛r❡ ❦♥♦✇♥ t♦ s✉st❛✐♥ ❋❛♥♦ r❡s♦♥❛♥❝❡s✳✶✾✱✷✶ ■♥ ❣❡♥❡r❛❧✱ ❋❛♥♦ r❡s♦♥❛♥❝❡s ❛r❡ ❝♦♥s✐❞❡r❡❞ t♦

♦r✐❣✐♥❛t❡ ❢r♦♠ t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ ❛ ❜r✐❣❤t ❛♥❞ ❛ ❞❛r❦ ♠♦❞❡✳ ■♥ ♠♦st ❝❛s❡s t❤❡ ❜r✐❣❤t ✭❝♦♥t✐♥✉✉♠✮

♠♦❞❡ ✐s ❛♥ ❡❧❡❝tr✐❝ ❞✐♣♦❧❡ ♠♦❞❡✳ ❚❤❡ ❞❛r❦ ✭❞✐s❝r❡t❡✮ ♠♦❞❡ ✐s t②♣✐❝❛❧❧② ❛♥ ❡❧❡❝tr✐❝ q✉❛❞r✉♣♦❧❡

♦r ❛ ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡ ♠♦❞❡ ✭♦r ❛♥♦t❤❡r ❤✐❣❤❡r ♦r❞❡r ♠✉❧t✐♣♦❧❡ ♠♦❞❡✮✳✷✻✕✸✹ ❚❤❡s❡ ❤✐❣❤❡r ♦r❞❡r

♠✉❧t✐♣♦❧❛r ♠♦❞❡s ❝♦✉♣❧❡ ♦♥❧② ✇❡❛❦❧② t♦ ❢r❡❡ s♣❛❝❡ r❛❞✐❛t✐♦♥✳ ❚❤✐s ❝❛✉s❡s ❛ ♥❛rr♦✇❡r ❧✐♥❡

✇✐❞t❤ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ❛♥❞ ❧♦ss❡s ❛r❡ ✉❧t✐♠❛t❡❧② ❞♦♠✐♥❛t❡❞ ❜② ❛❜s♦r♣t✐♦♥ r❛t❤❡r t❤❛♥ ❜②

r❛❞✐❛t✐♦♥✳ ❚❤❡ s♣❡❝tr❛❧ ✐♥t❡r❢❡r❡♥❝❡ ♦❢ ❜r✐❣❤t ❛♥❞ ❞❛r❦ ♠♦❞❡s ❝❛✉s❡s ❛♥ ❛s②♠♠❡tr✐❝ ❧✐♥❡✲

s❤❛♣❡ ✐♥ t❤❡ s❝❛tt❡r✐♥❣ s✐❣♥❛❧ ♦r ✐♥ t❤❡ r❡✢❡❝t❛♥❝❡ ❛♥❞ tr❛♥s♠✐tt❛♥❝❡ s♣❡❝tr❛ ♦❢ ❛ ♣❡r✐♦❞✐❝

❛rr❛♥❣❡♠❡♥t ♦❢ t❤❡ ♥❛♥♦❛♥t❡♥♥❛s✳
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❋✐❣✉r❡ ✶✿ ❙❝❤❡♠❛t✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ ♥❛♥♦❛♥t❡♥♥❛ ✐♥ ❛✐r ♠❛❞❡ ♦❢ ♠✉❧t✐♣❧❡ ❝♦♥❝❡♥tr✐❝
♣❧❛s♠♦♥✐❝ ♥❛♥♦r✐♥❣s✿ ✭❛✮ t✇♦ ❣♦❧❞ ♥❛♥♦r✐♥❣s✱ ✭❜✮ t❤r❡❡ ❣♦❧❞ ♥❛♥♦r✐♥❣s✳ ❚❤❡ ❞✐❡❧❡❝tr✐❝ s♣❛❝❡r
❤❛s ❛ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ♦❢ n = 1.46✳

◆❡✈❡rt❤❡❧❡ss✱ ❞✐✛❡r❡♥t ♠✉❧t✐♣♦❧❛r r❡s♦♥❛♥❝❡s ❛r❡ ♥♦t r❡q✉✐r❡❞ t♦ ♦❜s❡r✈❡ ❋❛♥♦ ❢❡❛t✉r❡s✳✷✻✱✷✼✱✸✺✕✸✼

❲❤❛t ✐s ✉s✉❛❧❧② ❝♦♥s✐❞❡r❡❞ ❛s r❡q✉✐r❡❞ ✐s ❛ ❧❛r❣❡❧② ❞✐s♣❛r❛t❡ ❧✐♥❡ ✇✐❞t❤✳✸✺ ❚❤✐s ❧✐♥❡ ✇✐❞t❤

❝❛♥ ❜❡ t❛✐❧♦r❡❞ ❛t t❤❡ s✐♥❣❧❡ ♥❛♥♦❛♥t❡♥♥❛ ❧❡✈❡❧✳ ■♥❞❡❡❞✱ ✐t ❤❛s ❜❡❡♥ ♣r❡✈✐♦✉s❧② s✉❣❣❡st❡❞

t❤❛t ♣❧❛s♠♦♥✐❝ r✐♥❣ str✉❝t✉r❡s ❡①♣❡r✐❡♥❝❡ ❧♦✇❡r ❛❜s♦r♣t✐♦♥ ❧♦ss❡s ❢♦r t❤✐♥♥❡r ♠❡t❛❧❧✐❝ r✐♥❣s

♦r ❧❛r❣❡r r❛❞✐✐✳✶✼✕✷✵ ❚❤✐s r❡♥❞❡rs t❤❡✐r ❧✐♥❡ ✇✐❞t❤ t♦ ❜❡ s✉✣❝✐❡♥t❧② ♥❛rr♦✇✳

❚❤❡ ❧♦✇❡st ♦r❞❡r r❡s♦♥❛♥❝❡ ♦❢ ❛ ♣❧❛s♠♦♥✐❝ r✐♥❣ ✐s ❡❧❡❝tr✐❝ ❞✐♣♦❧❛r✳✶✹✱✶✻✱✷✵✱✷✷ ■t ✐s ❛ ❜♦♥❞✐♥❣

st❛t❡ ♦❢ t❤❡ ❤②❜r✐❞✐③❡❞ s✉r❢❛❝❡ ♣❧❛s♠♦♥s ❛t t❤❡ ✐♥♥❡r ❛♥❞ ♦✉t❡r ❝✐r❝✉♠❢❡r❡♥❝❡✳✶✹✱✶✻✱✷✵✱✷✷ ■♥

t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇✐❧❧ ❡①♣♦s❡ t❤❛t ❤✐❣❤❡r ♦r❞❡r ♠♦❞❡s ✐♥ ♠✉❧t✐✲r✐♥❣s ❛r❡ ❛❧s♦ s♦❧❡❧② ❞✐♣♦❧❛r✳

✸
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❚❤✐s ♦✛❡rs t❤❡ ♦♣♣♦rt✉♥✐t② t♦ ❤❛✈❡ ♠✉❧t✐♣❧❡ ♥❛rr♦✇ ❡❧❡❝tr✐❝ ❞✐♣♦❧❛r r❡s♦♥❛♥❝❡s ❛❝r♦ss ❛ ✇✐❞❡

❢r❡q✉❡♥❝② r❛♥❣❡ ✇❤✐❝❤ s♣❡❝tr❛❧❧② ✐♥t❡r❢❡r❡ ❛♥❞ ❝❛✉s❡ ❛ ❋❛♥♦ ❧✐♥❡✲s❤❛♣❡✳

❚❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ s♣❡❝tr❛❧❧② ♦✈❡r❧❛♣♣✐♥❣ r❡s♦♥❛♥❝❡s ✐♥ t❤❡ s❛♠❡ s❝❛tt❡r✐♥❣ ❝❤❛♥♥❡❧ ✇✐t❤

❡q✉❛❧ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ❛♥❞ ♣♦❧❛r✐③❛t✐♦♥ ❤❛s ♦♥❧② r❡❝❡♥t❧② ❜❡❡♥ s✉❣❣❡st❡❞ t♦ ❧❡❛❞ t♦ ❛

s❝❛tt❡r✐♥❣ ❞❛r❦ st❛t❡✳✸✽ ❋♦r s✉❝❤ ❛ st❛t❡✱ t❤❡ s❝❛tt❡r✐♥❣ ♦❢ ❛ s✐♥❣❧❡ ♥❛♥♦❛♥t❡♥♥❛ ✐s str♦♥❣❧②

s✉♣♣r❡ss❡❞✳ ❚❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐s r♦❜✉st ❛❣❛✐♥st ❛❜s♦r♣t✐♦♥✱ ✇❤✐❝❤ ♠❛❦❡s t❤❡ ♦❜s❡r✈❛t✐♦♥ ♦❢

s❝❛tt❡r✐♥❣ ❞❛r❦ st❛t❡s ✇✐t❤ ♣❧❛s♠♦♥✐❝ str✉❝t✉r❡s ❢❡❛s✐❜❧❡✳ ❲❡ ❡①♣❡❝t ♠✉❧t✐✲r✐♥❣s t♦ ❡①❤✐❜✐t

s✉❝❤ st❛t❡s ❜❡❝❛✉s❡ ♦❢ t❤❡ ❢❛❝t t❤❛t t❤❡② ❢❡❛t✉r❡ s♣❡❝tr❛❧❧② ♦✈❡r❧❛♣♣✐♥❣ r❡s♦♥❛♥❝❡s✳ ❚❤❡

❛♣♣❡❛r❛♥❝❡ ♦❢ s❝❛tt❡r✐♥❣ ❞❛r❦ st❛t❡s ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❜♦t❤ ✐♥ t❡r♠s ♦❢ ❛ ♠✉t✉❛❧ ❝♦✉♣❧✐♥❣

♦❢ t❤❡ ♠♦❞❡s ✐♥ t❤❡ ♥❡❛r✲✜❡❧❞ ❜✉t ❛❧s♦ ❛s ❛ ❝♦❤❡r❡♥t ✐♥t❡r❢❡r❡♥❝❡ ✐♥ t❤❡ ❢❛r✲✜❡❧❞✳✸✽ ❋♦r ❛

♣❡r✐♦❞✐❝ ❛rr❛♥❣❡♠❡♥t ♦❢ s✉❝❤ ♥❛♥♦❛♥t❡♥♥❛s✱ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ s❝❛tt❡r✐♥❣ ❞❛r❦ st❛t❡s s❤❛❧❧

tr❛♥s❧❛t❡ ✐♥t♦ ❛♥ ❛s②♠♠❡tr✐❝ ❧✐♥❡✲s❤❛♣❡ ❛♥❞ ❛ s✉♣♣r❡ss❡❞ r❡✢❡❝t✐♦♥ ❛t t❤❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡

s❝❛tt❡r✐♥❣ ❞❛r❦ st❛t❡✳

■♥ t❤✐s ❝♦♥tr✐❜✉t✐♦♥✱ ✇❡ t❤❡♦r❡t✐❝❛❧❧② ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧❧② ❡①♣❧♦r❡ s✉❝❤ ♣❤❡♥♦♠❡♥❛ ✇✐t❤

t❤❡ ❡①❛♠♣❧❡ ♦❢ ❛ ♠✉❧t✐✲r✐♥❣ ♥❛♥♦❛♥t❡♥♥❛✳ ❈♦♥tr❛r② t♦ t❤❡ ✉s✉❛❧ ❋❛♥♦ s❝❤❡♠❡s ❢r❡q✉❡♥t❧②

❞✐s❝✉ss❡❞✱ t❤❡ r❡s♦♥❛♥❝❡s ♦❢ t❤❡ ♠✉❧t✐✲r✐♥❣ ♥❛♥♦❛♥t❡♥♥❛ ❛r❡ ❡♥t✐r❡❧② ❡❧❡❝tr✐❝ ❞✐♣♦❧❛r ✐♥ ♥❛t✉r❡✳

❚❤✐s ❛❧❧♦✇s t♦ ✉s❡ ❛ s✐♠♣❧❡ ❞❡♥s❡✲❛rr❛② t❤❡♦r② t♦ ♣r❡❞✐❝t t❤❡ r❡s♣♦♥s❡ ♦❢ ❛rr❛②s ♦❢ s✉❝❤

♥❛♥♦❛♥t❡♥♥❛s ❢r♦♠ t❤❡ s❝❛tt❡r✐♥❣ r❡s♣♦♥s❡ ♦❢ ✐ts ✐♥❞✐✈✐❞✉❛❧ ❝♦♥st✐t✉❡♥ts✳ ❲✐t❤ t❤❛t✱ ❛ ✈❡r②

❤❛♥❞② ❛♥❞ ✈❡rs❛t✐❧❡ q✉❛s✐✲❛♥❛❧②t✐❝❛❧ t❤❡♦r② ✐s ❛✈❛✐❧❛❜❧❡ t❤❛t ❝❛♥ ♣r❡❞✐❝t t❤❡ ♦♣t✐❝❛❧ r❡s♣♦♥s❡

♦❢ ♠❛❝r♦s❝♦♣✐❝ s❛♠♣❧❡s✳ ❚❤✐s ✐s s✐♠✐❧❛r t♦ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❋❛♥♦ ❢❡❛t✉r❡s ✐♥ ♥❛♥♦❤♦❧❡

❛rr❛②s✳✸✻✱✸✼✱✸✾ ❖✉r t❤❡♦r② ♣r♦✈✐❞❡s ✉♥✐q✉❡ ✐♥s✐❣❤ts ✐♥t♦ t❤❡ ❞❡s✐❣♥ ♦❢ ♠❡t❛✲s✉r❢❛❝❡s ✇❤♦s❡

♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ♥♦t ❥✉st ❜② ❢✉❧❧✲✇❛✈❡ s✐♠✉❧❛t✐♦♥s ❜✉t ❛❧s♦ ❜② ♠♦r❡

❛♥❛❧②t✐❝❛❧❧② ♦r✐❡♥t❡❞ t❤❡♦r✐❡s✳
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◆✉♠❡r✐❝❛❧ ❛♥❞ ❚❤❡♦r❡t✐❝❛❧ ❘❡s✉❧ts

❋✐❣✉r❡ ✶ s❤♦✇s ❛ s❝❤❡♠❛t✐❝ ♦❢ t❤❡ st✉❞✐❡❞ ♠✉❧t✐✲r✐♥❣ ❛♥t❡♥♥❛✳ ❋♦r ❛❧❧ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✱

t❤❡ ❤❡✐❣❤t ♦❢ ♥❛♥♦r✐♥❣s ✐s h = 75 ♥♠ ❛♥❞ t❤❡ ❞✐❛♠❡t❡r ♦❢ t❤❡ ✐♥♥❡r ♥❛♥♦r✐♥❣ ✭D1✮ ✐s 100 ♥♠✳

❋♦r ♥♦✇✱ t❤❡ ♥❛♥♦❛♥t❡♥♥❛s ❛r❡ ❡♠❜❡❞❞❡❞ ✐♥ ✈❛❝✉✉♠ ❛♥❞ ❛r❡ ✐❧❧✉♠✐♥❛t❡❞ ❜② ❛♥ x✲♣♦❧❛r✐③❡❞

♣❧❛♥❡ ✇❛✈❡ ♣r♦♣❛❣❛t✐♥❣ ✐♥ t❤❡ z✲❞✐r❡❝t✐♦♥ ❬❋✐❣✳ ✶❪✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s ✇❡r❡ ♣❡r❢♦r♠❡❞

✇✐t❤ ❈❖▼❙❖▲✳✹✵ ❚❤❡ ♠❡t❤♦❞ s♦❧✈❡s ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s ✐♥ ❢r❡q✉❡♥❝② s♣❛❝❡ ✉s✐♥❣ ❛ ✜♥✐t❡✲

❡❧❡♠❡♥t ♠❡t❤♦❞✳ ❚❤❡ ❞✐s♣❡rs✐✈❡ ♣❡r♠✐tt✐✈✐t② ♦❢ t❤❡ ❣♦❧❞ ❤❛s ❜❡❡♥ t❛❦❡♥ ❢r♦♠ ❘❡❢✳✹✶ ▼♦r❡

❞❡t❛✐❧s ♦♥ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ t♦t❛❧ s❝❛tt❡r✐♥❣ ❝r♦ss✲s❡❝t✐♦♥ Csca ❛♥❞ px ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥

t❤❡ ❧✐t❡r❛t✉r❡✳✹✷ ■♥ ❣❡♥❡r❛❧✱ t❤❡ ♥✉♠❡r✐❝❛❧❧② ❝❛❧❝✉❧❛t❡❞ s❝❛tt❡r❡❞ ✜❡❧❞ ✐s ♣r♦❥❡❝t❡❞ ♦♥t♦ t❤❡

❛♥❛❧②t✐❝❛❧❧② ❦♥♦✇♥ ✜❡❧❞s ♦❢ ❡❧❡♠❡♥t❛r② ♠✉❧t✐♣♦❧❛r s♦✉r❝❡s✳ ❚❤❡ ♠✉❧t✐♣♦❧❡ ♠♦♠❡♥ts ♦❢ t❤❡

s♦✉r❝❡ ❛r❡ ✉♥❛♠❜✐❣✉♦✉s❧② r❡tr✐❡✈❡❞ ❜② ✉s✐♥❣ ❛ s✉✐t❛❜❧❡ ♥♦r♠❛❧✐③❛t✐♦♥✳ ❋✐♥❛❧❧②✱ t❤❡ r❡tr✐❡✈❡❞

♠✉❧t✐♣♦❧❡ ♠♦♠❡♥ts ❛r❡ ✉s❡❞ t♦ ❝❛❧❝✉❧❛t❡ t❤❡✐r ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ t♦t❛❧ s❝❛tt❡r✐♥❣ ❝r♦ss

s❡❝t✐♦♥✳✹✷✱✹✸

❇❡❢♦r❡ ❝♦♥s✐❞❡r✐♥❣ ❛ ♣❡r✐♦❞✐❝ ❛rr❛② ♦❢ ♠✉❧t✐✲r✐♥❣s✱ ✇❡ ♥✉♠❡r✐❝❛❧❧② ✐♥✈❡st✐❣❛t❡ t❤❡ s❝❛tt❡r✲

✐♥❣ r❡s♣♦♥s❡ ♦❢ ✐♥❞✐✈✐❞✉❛❧ ♠✉❧t✐✲r✐♥❣s✳ ❚❤❡ t♦t❛❧ s❝❛tt❡r✐♥❣ ❝r♦ss s❡❝t✐♦♥ ✈❡rs✉s ❢r❡q✉❡♥❝② ν

❢♦r ♠✉❧t✐✲r✐♥❣s ✇✐t❤ t✇♦ ❛♥❞ t❤r❡❡ ❣♦❧❞ r✐♥❣s ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷ ✭❛✮ ❛♥❞ ✭❜✮✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡

s❝❛tt❡r✐♥❣ r❡s♣♦♥s❡ ♦❢ t❤❡ ♥❛♥♦❛♥t❡♥♥❛s ✐s r❡❛❞✐❧② ❡①♣❧❛✐♥❡❞ ❜② ✐ts ❡❧❡❝tr✐❝ ❞✐♣♦❧❡ ♠♦♠❡♥t

❬r❡❞ ❞❛s❤❡❞ ❧✐♥❡s ✐♥ ❋✐❣✳ ✷ ✭❛✮ ❛♥❞ ✭❜✮❪❀ ❛❧❧ ❤✐❣❤❡r✲♦r❞❡r ♠✉❧t✐♣♦❧❡s ❛r❡ ♥❡❣❧✐❣✐❜❧❡✳

❋♦r ❛♥ x✲♣♦❧❛r✐③❡❞ ♣❧❛♥❡ ✇❛✈❡ ✐❧❧✉♠✐♥❛t✐♦♥✱ t❤❡ ✐♥❞✉❝❡❞ ❡❧❡❝tr✐❝ ❞✐♣♦❧❡ ♠♦♠❡♥t ♦❢ t❤❡

✐♥✈❡st✐❣❛t❡❞ ♥❛♥♦❛♥t❡♥♥❛s ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛s p① = ε0α❡❡E①✱ s✐♥❝❡ ♥♦ ❝r♦ss✲♣♦❧❛r✐③❡❞ ❡❧❡❝tr✐❝

❞✐♣♦❧❡ ♠♦♠❡♥ts ❛r❡ ✐♥❞✉❝❡❞✳ ❚❤❡ r❡❛❧ ❛♥❞ ✐♠❛❣✐♥❛r② ♣❛rts ♦❢ t❤❡ ❡❧❡❝tr✐❝ ♣♦❧❛r✐③❛❜✐❧✐t② α❡❡

❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✷ ✭❝✮ ❛♥❞ ✭❞✮✳ ❚❤❡ ❡❧❡❝tr✐❝ ♣♦❧❛r✐③❛t✐♦♥ ✐♥❞✐❝❛t❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ t✇♦✴t❤r❡❡

♠♦❞❡s ❢♦r t✇♦✴t❤r❡❡ ❣♦❧❞ r✐♥❣s✳ ❚❤❡ ❧✐♥❡ ✇✐❞t❤ ♦❢ t❤❡ ✶st ♠♦❞❡ ✐s ✈❡r② ❜r♦❛❞ ❝♦♠♣❛r❡❞ t♦ t❤❡

❤✐❣❤❡r ♠♦❞❡s✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ✶st ♠♦❞❡ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❝♦♥t✐♥✉✉♠ ♠♦❞❡ ✇❤❡r❡❛s

t❤❡ ❤✐❣❤❡r ♠♦❞❡s ✇❤✐❝❤ ❡①❤✐❜✐t ❛ ❧❛r❣❡r q✉❛❧✐t② ❢❛❝t♦r ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❞✐s❝r❡t❡✳ ❚❤❡s❡

❤✐❣❤❡r ♦r❞❡r ♠♦❞❡s ❛r❡ t❤❡ ❞✐♣♦❧❛r r❡s♦♥❛♥❝❡s ♦❢ r✐♥❣s ✇✐t❤ ✐♥❝r❡❛s✐♥❣ r❛❞✐✉s✳ ❚❤❡ r❡s♦♥❛♥❝❡

♣♦s✐t✐♦♥s ❛r❡ ❝❧❡❛r❧② ❡♥❝♦✉♥t❡r❡❞ ❛s ❛ r❡s♦♥❛♥t ♠♦❞✉❧❛t✐♦♥ ✐♥ t❤❡ t♦t❛❧ s❝❛tt❡r✐♥❣ ❝r♦ss s❡❝t✐♦♥

✺
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❋✐❣✉r❡ ✷✿ ✭❛✮ ❛♥❞ ✭❜✮ ❙❝❛tt❡r✐♥❣ ❝r♦ss s❡❝t✐♦♥ ✭❜❧❛❝❦ ❧✐♥❡✮ ❛♥❞ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ s❝❛t✲
t❡r✐♥❣ ❝r♦ss s❡❝t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ❞✐♣♦❧❡ ♠♦♠❡♥t ✭r❡❞ ❞❛s❤❡❞ ❧✐♥❡✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❢r❡q✉❡♥❝②
❢♦r t✇♦ ❛♥❞ t❤r❡❡ ❝♦♥❝❡♥tr✐❝ ♥❛♥♦r✐♥❣s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❜❧❛❝❦ ❞❛s❤❡❞ ❧✐♥❡s s❤♦✇ t❤❡ ❋❛♥♦
✜t ♦❢ t❤❡ s♣❡❝tr❛✳ ✭❝✮ ❛♥❞ ✭❞✮ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥❞✐✈✐❞✉❛❧ ❡❧❡❝tr✐❝ ♣♦❧❛r✐③❛❜✐❧✐t✐❡s ❝❛❧❝✉❧❛t❡❞
❜② ♠✉❧t✐♣♦❧❡ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ s❝❛tt❡r❡❞ ✜❡❧❞✳ ✭❡✮ ❛♥❞ ✭❢✮ ❋✐❡❧❞ ❞✐str✐❜✉t✐♦♥s ✭E①✮ ❢♦r t❤❡
s❝❛tt❡r✐♥❣ ❞❛r❦ st❛t❡ ✭220❚❍③✮ ❛♥❞ t❤❡ ✶st ♠♦❞❡ ✭358❚❍③✮ ♦❢ t❤❡ t❤r❡❡ r✐♥❣ ❝♦♥✜❣✉r❛t✐♦♥✳
❚❤❡ t❤✐❝❦♥❡ss ♦❢ ❡❛❝❤ ❧❛②❡r ✭❣♦❧❞✴❞✐❡❧❡❝tr✐❝✮ ✐s t1 = t2 = t3 = ❣❛♣ = 20 ♥♠✳

✻
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s♣❡❝tr✉♠ ♦♥ t♦♣ ♦❢ t❤❡ ❜r♦❛❞ ❜❛❝❦❣r♦✉♥❞ ❝❛✉s❡❞ ❜② t❤❡ ✶st ♠♦❞❡✳ ❇❡t✇❡❡♥ t❤❡ ♣❡❛❦s✱ ✐♥ t❤❡

t♦t❛❧ s❝❛tt❡r✐♥❣ ❝r♦ss s❡❝t✐♦♥ s♣❡❝tr✉♠✱ t❤❡ s❝❛tt❡r✐♥❣ r❡s♣♦♥s❡ ✐s s✉♣♣r❡ss❡❞ ❜② ❛ ❝♦❤❡r❡♥t

✐♥t❡r❢❡r❡♥❝❡ ♦❢ t❤❡ ❝♦♥t✐♥✉✉♠ ❛♥❞ ❛ ❞✐s❝r❡t❡ ♠♦❞❡ ❬❋✐❣✳ ✷ ✭❛✮ ❛♥❞ ✭❜✮❪✳ ❚❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐s

❦♥♦✇♥ ❛s ❛ s❝❛tt❡r✐♥❣ ❞❛r❦ st❛t❡✱ ✇❤✐❝❤ ❛❧✇❛②s ❛♣♣❡❛rs ❜❡t✇❡❡♥ t✇♦ s❝❛tt❡r✐♥❣ ♣❡❛❦s✸✽ ❛♥❞

❝❛♥ ❜❡ ❞✉❡ t♦ ❛ ❋❛♥♦ r❡s♦♥❛♥❝❡✳✷✻ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ ❛❣❛✐♥ t❤❛t t❤❡ ❋❛♥♦ r❡s♦♥❛♥❝❡

✐♥ t❤❡ ✐♥✈❡st✐❣❛t❡❞ ♠✉❧t✐✲r✐♥❣s ✐s ♦♥❧② ❞✉❡ t♦ ❡❧❡❝tr✐❝ ❞✐♣♦❧❡ ♠♦❞❡s✱ ✇❤✐❝❤ ✐s ❞✐✛❡r❡♥t ❢r♦♠

✉s✉❛❧❧② ❞✐s❝✉ss❡❞ ♣❧❛s♠♦♥✐❝ ❋❛♥♦ r❡s♦♥❛♥❝❡s✳✷✻ ❙❝❛tt❡r✐♥❣ ❞❛r❦ st❛t❡s ❡①❤✐❜✐t ❛ str♦♥❣❧②

s✉♣♣r❡ss❡❞ s❝❛tt❡r✐♥❣ r❡s♣♦♥s❡ ✐♥ t❤❡ ❢❛r ✜❡❧❞ ❬❋✐❣✳ ✷ ✭❛✮ ❛♥❞ ✭❜✮❪✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ t❤r❡❡✲r✐♥❣

♥❛♥♦❛♥t❡♥♥❛ ✐s ❤❛r❞❧② ✈✐s✐❜❧❡ ❛t ν = 220❚❍③ ❬❋✐❣✳ ✷ ✭❡✮❪✳ ❆t t❤✐s ❢r❡q✉❡♥❝②✱ t❤❡ ✐❧❧✉♠✐♥❛t✐♦♥

❝❛✉s❡s ❛ ✜❡❧❞ ❡♥❤❛♥❝❡♠❡♥t ✐♥ t❤❡ ♥❡❛r✲✜❡❧❞✱ ❜✉t t❤❡ ❢❛r✲✜❡❧❞ r❡♠❛✐♥s ✉♥♣❡rt✉r❜❡❞✳ ■♥

❝♦♥tr❛st✱ t❤❡ ✐❧❧✉♠✐♥❛t✐♦♥ ✐s ❝♦♥s✐❞❡r❛❜❧② s❝❛tt❡r❡❞ ❛t t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ✭358❚❍③✮ ♦❢

t❤❡ ✶st ♠♦❞❡ ❬❋✐❣✳ ✷ ✭❢✮❪✳

❚❛❜❧❡ ✶✿ ❋✐tt✐♥❣ ♣❛r❛♠❡t❡rs ❢♦r t❤❡ s♣❡❝tr❛ ❞✐s❝✉ss❡❞ ✐♥ ❋✐❣✳ ✷ ✭❛✮✲✭❜✮ ❬s❡❡ ❜❛❝❦ ❞❛s❤❡❞ ❧✐♥❡s❪
❜② ✉s✐♥❣ ❊q✳ ✭✶✮ ❛♥❞ ❊q✳ ✭✷✮✳ ◆♦t❡ t❤❛t ❋✐❣✳ ✷ ✭❜✮ ❤❛s t✇♦ ❋❛♥♦ r❡s♦♥❛♥❝❡s ✭✐✳❡✳ t❤❡ ✷♥❞ ❛♥❞
✸r❞ ♠♦❞❡s✮✳ ν1a ❛♥❞ ν2a ❛r❡ t❤❡ ❝❡♥tr❛❧ ❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡ ✷♥❞ ❛♥❞ ✸r❞ ♠♦❞❡s ♦❢ t❤❡ ❝❛❧❝✉❧❛t❡❞
s♣❡❝tr❛✱ r❡s♣❡❝t✐✈❡❧②✳ q1✱ q2 ❛r❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛s②♠♠❡tr✐❝ ♣❛r❛♠❡t❡rs✳

a2 (m2) νs (❚❍③) Ws (❚❍③) ν1a (❚❍③) ν2a (❚❍③) W1a (❚❍③) W2a (❚❍③) q1 q2 b1 b2

❋✐❣✳ ✷ ✭❛✮ 2.7× 10−13 365 60 185 ✲ 8 ✲ −1.9 − 1 ✲

❋✐❣✳ ✷ ✭❜✮ 2.95× 10−13 325 70 195 123 8 8 −3 −0.75 1 1.5

■♥ ♦r❞❡r t♦ q✉❛♥t✐t❛t✐✈❡❧② ❞✐s❝✉ss t❤❡ ❋❛♥♦ ❢❡❛t✉r❡s ♦❢ t❤❡ ❝❛❧❝✉❧❛t❡❞ s♣❡❝tr❛ Cs❝❛ (ν) ❬s❡❡

❋✐❣✳ ✷ ✭❛✮ ❛♥❞ ✭❜✮❪✱ ✇❡ ✉s❡❞ ❛ ✇❡❧❧✲❦♥♦✇♥ ✜tt✐♥❣ ❢✉♥❝t✐♦♥✳ ❚❤❡ ✜tt✐♥❣ ❢✉♥❝t✐♦♥ ✐s ❛ ♣r♦❞✉❝t

♦❢ t❤❡ ❋❛♥♦ ❧✐♥❡✲s❤❛♣❡ s♣❡❝tr❛ C❋❛♥♦ (ν) ❛♥❞ t❤❡ ▲♦r❡♥t③✐❛♥ ❧✐♥❡✲s❤❛♣❡ s♣❡❝tr❛ C▲♦r❡♥t③ (ν)✱

✐✳❡✳ Cs❝❛ (ν) = C❋❛♥♦ (ν)C▲♦r❡♥t③ (ν)✳✸✸✱✹✹ ❚❤❡ ❋❛♥♦ ❧✐♥❡✲s❤❛♣❡ s♣❡❝tr❛ C❋❛♥♦ (ν) ✐s ❣✐✈❡♥ ❜②

C❋❛♥♦ (ν) =

(

ν2−ν2
a

2Waνa
+ q

)2

+ b
(

ν2−ν2
a

2Waνa

)2

+ 1
, ✭✶✮
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✇❤❡r❡ q ✐s t❤❡ ❋❛♥♦ ✭❛s②♠♠❡tr✐❝✮ ♣❛r❛♠❡t❡r✱ νa ✐s t❤❡ ❝❡♥tr❛❧ ❢r❡q✉❡♥❝② ✇✐t❤ s♣❡❝tr❛❧ ✇✐❞t❤

Wa✱ ❛♥❞ b ✐s t❤❡ ♠♦❞✉❧❛t✐♦♥ ❞❛♠♣✐♥❣✳ ▼♦r❡♦✈❡r✱ t❤❡ ▲♦r❡♥t③✐❛♥ ❧✐♥❡✲s❤❛♣❡ r❡❛❞s ❛s

C▲♦r❡♥t③ (ν) =

(

ν

νs

)4
a2

(

ν2−ν2
s

2Wsνs

)2

+ 1
, ✭✷✮

✇❤❡r❡ νs ✐s t❤❡ ❝❡♥tr❛❧ ❢r❡q✉❡♥❝② ✇✐t❤ s♣❡❝tr❛❧ ✇✐❞t❤ Ws ❛♥❞ a ✐s t❤❡ ♠❛①✐♠✉♠ ❛♠♣❧✐t✉❞❡

♦❢ t❤❡ r❡s♦♥❛♥❝❡✳✹✹ ❆❧❧ t❤❡ ✜tt✐♥❣ ♣❛r❛♠❡t❡rs ❢♦r ❋✐❣✳ ✷ ✭❛✮ ❛♥❞ ✭❜✮ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❚❛❜❧❡✳ ✶✳

■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ ✜tt❡❞ s♣❡❝tr❛ ❬s❡❡ ❜❧❛❝❦ ❞❛s❤❡❞ ❧✐♥❡s ✐♥ ❋✐❣✳ ✷ ✭❛✮ ❛♥❞ ✭❜✮❪ ❛r❡ ✐♥ ❣♦♦❞

❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts✳ ❚❤❡ ✜tt✐♥❣ ♣❛r❛♠❡t❡rs ❝♦♥✜r♠ ❛ ❧❛r❣❡ ❛s②♠♠❡tr②

❛♥❞ t❤✉s ❋❛♥♦ ❢❡❛t✉r❡s ✐♥ t❤❡ s✐♠✉❧❛t❡❞ s♣❡❝tr❛✳
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❋✐❣✉r❡ ✸✿ ✭❛✮ ❙❝❛tt❡r✐♥❣ ❝r♦ss s❡❝t✐♦♥s ♦❢ t✇♦ ❝♦♥❝❡♥tr✐❝ ♥❛♥♦r✐♥❣s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❢r❡q✉❡♥❝②
❢♦r ❞✐✛❡r❡♥t ❞✐❡❧❡❝tr✐❝ s♣❛❝❡rs ✭❣❛♣✮✳ ✭❜✮ ❚❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ✶st ♠♦❞❡ ❛♥❞ ✷♥❞

♠♦❞❡s ❛s ✇❡❧❧ ❛s s❝❛tt❡r✐♥❣ ❞❛r❦ st❛t❡ ✭❙❉❙✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ s♣❛❝❡r ✭❣❛♣✮✳
❚❤❡ t❤✐❝❦♥❡ss ♦❢ ❡❛❝❤ ❣♦❧❞ ❧❛②❡r ✐s t1 = t2 = 20 ♥♠✳

■♥ ♦r❞❡r t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ r♦❜✉st♥❡ss ♦❢ t❤❡ ♦❜s❡r✈❡❞ ♦♣t✐❝❛❧ ❢❡❛t✉r❡s✱ ✐✳❡✳ t❤❡ s❝❛tt❡r✐♥❣

❞❛r❦ st❛t❡ ❛♥❞ t❤❡ ❛s②♠♠❡tr✐❝ ❋❛♥♦ ❧✐♥❡✲s❤❛♣❡✱ ✇❡ ❝❛❧❝✉❧❛t❡❞ t❤❡ s❝❛tt❡r✐♥❣ ❝r♦ss s❡❝t✐♦♥s

♦❢ t❤❡ t✇♦ ❝♦♥❝❡♥tr✐❝ ♥❛♥♦r✐♥❣s ❢♦r ❞✐✛❡r❡♥t ❞✐❡❧❡❝tr✐❝ s♣❛❝❡rs✱ ✐✳❡✳ ❣❛♣s ❜❡t✇❡❡♥ t❤❡ ♠❡t❛❧❧✐❝

r✐♥❣s✳ ❋✐❣✉r❡ ✸ ✭❛✮ ❞❡♣✐❝ts t❤❡ s❝❛tt❡r✐♥❣ ❝r♦ss s❡❝t✐♦♥s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❢r❡q✉❡♥❝② ❢♦r ❞✐✛❡r❡♥t

❞✐❡❧❡❝tr✐❝ s♣❛❝❡rs✱ ✐✳❡✳ ❣❛♣ = 20, 50, 100 ♥♠✳ ■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ ❛♠♣❧✐t✉❞❡ ❛♥❞ ❜❛♥❞✇✐❞t❤

♦❢ t❤❡ ✷♥❞ ♠♦❞❡ ❝❛♥ ❜❡ ✇✐❞❡❧② t✉♥❡❞ ❛♥❞ ❡♥❤❛♥❝❡❞ ❜② ✐♥❝r❡❛s✐♥❣ t❤❡ ❣❛♣✳ ❍♦✇❡✈❡r✱ t❤❡

❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ✶st ♠♦❞❡ ✐s ❛❧♠♦st ✜①❡❞✳ ❚❤✐s ❛❧❧♦✇s t♦ t✉♥❡ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ s❝❛tt❡r✐♥❣

❞❛r❦ st❛t❡ ♦✈❡r ❛ ❜r♦❛❞ r❛♥❣❡ ♦❢ ❢r❡q✉❡♥❝② ❬❋✐❣✳ ✸ ✭❜✮❪✳ ▼♦r❡♦✈❡r✱ ✇❡ ❛❧s♦ ❝❛❧❝✉❧❛t❡❞ t❤❡

s❝❛tt❡r✐♥❣ ❝r♦ss s❡❝t✐♦♥ ❢♦r ✈❛r✐♦✉s ❣♦❧❞ t❤✐❝❦♥❡ss❡s✳❊①❡♠♣❧❡ ❛r❡ s❤♦✇♥ ❢♦r t2 = 20, 40, 60 ♥♠

✐♥ ❋✐❣✳ ✹ ✭❛✮✳ ■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ ❛♠♣❧✐t✉❞❡ ❛♥❞ r❡s♦♥❛♥❝❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ s❝❛tt❡r✐♥❣ ❞❛r❦
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st❛t❡ ❝❛♥ ❜❡ ❡❛s✐❧② t✉♥❡❞ ❜② ❛❞♦♣t✐♥❣ t❤✐s ♣❛r❛♠❡t❡r ❛s ✇❡❧❧ ❬s❡❡ ❋✐❣✳ ✹ ✭❜✮❪✳ ❚❤❡r❡❢♦r❡✱ ✇❡

❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡s❡ ❢❡❛t✉r❡s ❛r❡ q✉✐t❡ r♦❜✉st ❛❣❛✐♥st ❝❤❛♥❣❡s ✐♥ t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡

✐♥✈❡st✐❣❛t❡❞ ♥❛♥♦❛♥t❡♥♥❛✳
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❋✐❣✉r❡ ✹✿ ✭❛✮ ❙❝❛tt❡r✐♥❣ ❝r♦ss s❡❝t✐♦♥s ♦❢ t✇♦ ❝♦♥❝❡♥tr✐❝ ♥❛♥♦r✐♥❣s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❢r❡q✉❡♥❝②
❢♦r ❞✐✛❡r❡♥t ❣♦❧❞ t❤✐❝❦♥❡ss❡s✱ ✐✳❡✳ t2 = 20, 40, 60 ♥♠✳ ✭❜✮ ❚❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ✶st

♠♦❞❡ ❛♥❞ ✷✷♥❞ ♠♦❞❡s ❛s ✇❡❧❧ ❛s s❝❛tt❡r✐♥❣ ❞❛r❦ st❛t❡ ✭❙❉❙✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❣♦❧❞ t❤✐❝❦♥❡ss✳
❚❤❡ t❤✐❝❦♥❡ss ♦❢ ✜rst r✐♥❣ ❣♦❧❞ ❧❛②❡r ✐s t1 = 20 ♥♠✱ ❛♥❞ t❤❡ ❞✐❡❧❡❝tr✐❝ s♣❛❝❡r ✐s ❣❛♣ = 50 ♥♠✱✳

❚❤❡ s❝❛tt❡r✐♥❣ r❡s♣♦♥s❡ ♦❢ ❛♥ ✐s♦❧❛t❡❞ ♠✉❧t✐✲r✐♥❣ ❛t ♥♦r♠❛❧ ✐♥❝✐❞❡♥❝❡ ❝❛♥ ❜❡ s♦❧❡❧② ❡①✲

♣❧❛✐♥❡❞ ❜② ✐ts ❡❧❡❝tr✐❝ ♣♦❧❛r✐③❛❜✐❧✐t② αee✳ ■♥ ❛ ❞✐♣♦❧❡ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❛ s✐♠♣❧✐✜❡❞ ❞❡♥s❡✲❛rr❛②

t❤❡♦r② ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ r❡✢❡❝t✐♦♥ r ❛♥❞ tr❛♥s♠✐ss✐♦♥ t ❝♦❡✣❝✐❡♥ts ♦❢ ❛ ♣❡r✐♦❞✐❝

❛rr❛② ♦❢ t❤❡s❡ ♠✉❧t✐✲r✐♥❣s✿✹✷✱✹✺✱✹✻

r =
iω

2Λ2c0

α❡❡

1− ε0α❡❡β❡❡

✭✸✮

t = 1 +
iω

2Λ2c0

α❡❡

1− ε0α❡❡β❡❡

. ✭✹✮

❍❡r❡✱ Λ ✐s t❤❡ ♣❡r✐♦❞ ♦❢ t❤❡ ❛rr❛②✱ c0 ✐s t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t✱ ε0 ✐s t❤❡ ✈❛❝✉✉♠ ♣❡r♠✐tt✐✈✐t②✱ ❛♥❞

ω = 2πν ✐s t❤❡ ❛♥❣✉❧❛r ❢r❡q✉❡♥❝②✳ ❚❤❡ ✐♥t❡r❛❝t✐♦♥ ❝♦♥st❛♥t β❡❡ ✐s ❣✐✈❡♥ ❜②✹✺

βee = i
Z0ω

4Λ2

(

1 +
1

ikR0

)

eikR0 , ✭✺✮

✇❤❡r❡ R0 = Λ/1.438 ✐s t❤❡ ❡✛❡❝t✐✈❡ ✐♥t❡r✲♣❛rt✐❝❧❡ ❞✐st❛♥❝❡✱✹✼ Z0 = 1/ε0c0 ✐s t❤❡ ❢r❡❡ s♣❛❝❡

✐♠♣❡❞❛♥❝❡ ❛♥❞ k = ω/c0 ✐s t❤❡ ✈❛❝✉✉♠ ✇❛✈❡♥✉♠❜❡r✳ ❆ ♠♦♥♦❝❤r♦♠❛t✐❝ ✜❡❧❞ ✭∝ e−iωt✮

❤❛s ❜❡❡♥ ❛ss✉♠❡❞✳ ❘❡✢❡❝t✐♦♥ ❛♥❞ tr❛♥s♠✐ss✐♦♥ s♣❡❝tr❛ ❛r❡ s❦❡t❝❤❡❞ ✐♥ ❋✐❣✳ ✺ ✭❝✮ ❛♥❞ ✭❞✮

❜❛s❡❞ ♦♥ ❊q✳ ✭✸✮ ❛♥❞ ❊q✳ ✭✹✮ ❛♥❞ ❝♦♠♣❛r❡❞ ✇✐t❤ r✐❣♦r♦✉s ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✳ ❆t ❧♦✇❡r
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❢r❡q✉❡♥❝✐❡s✱ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❛r❡ ✐♥ ❡①❝❡❧❧❡♥t ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡♦r②✳ ❆ r❡❞s❤✐❢t ♦❢ t❤❡

♥✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❝❝✉rs ❛t ❤✐❣❤❡r ❢r❡q✉❡♥❝✐❡s✱ ❜❡❝❛✉s❡ t❤❡ ✇❛✈❡❧❡♥❣t❤ ❣❡ts ❝♦♠♣❛r❛❜❧❡ t♦ t❤❡

❛❝t✉❛❧ s✐③❡ ♦❢ t❤❡ ♠✉❧t✐✲r✐♥❣s ❛♥❞ r❡t❛r❞❛t✐♦♥ ❡✛❡❝ts ❝♦♠❡ ✐♥t♦ ♣❧❛②✳ ❆s ❤✐❣❤❧✐❣❤t❡❞ ❛❧r❡❛❞②✱

t❤❡ str♦♥❣❧② ❛s②♠♠❡tr✐❝ ❧✐♥❡✲s❤❛♣❡s ♦❢ t❤❡ r❡✢❡❝t✐♦♥ ❛♥❞ tr❛♥s♠✐ss✐♦♥ s♣❡❝tr❛ ❛r❡ ❞✉❡ t♦

✐♥t❡r❢❡r❡♥❝❡ ♦❢ ❞✐✛❡r❡♥t ❞✐♣♦❧❡ ♠♦❞❡s✳ ■t ✐s r❡♠❛r❦❛❜❧❡ t❤❛t ✐♥ ❛ s♠❛❧❧ ❢r❡q✉❡♥❝② r❛♥❣❡✱ ❡✳❣✳

❢♦r t❤❡ t❤r❡❡ ❣♦❧❞ r✐♥❣ str✉❝t✉r❡ ❜❡t✇❡❡♥ ✷✵✵✲✷✷✵ ❚❍③✱ t❤❡ tr❛♥s♠✐ss✐♦♥ ❛♥❞ r❡✢❡❝t✐♦♥ ♦❢ t❤❡

❛rr❛② ❝❤❛♥❣❡s ❞r❛st✐❝❛❧❧②✳ ❇❡s✐❞❡s t❤❡ ❋❛♥♦ r❡s♦♥❛♥❝❡s✱ t❤✐s ✐s ❛ ❞✐r❡❝t ❡✈✐❞❡♥❝❡ ♦❢ ❡♥❤❛♥❝❡❞

tr❛♥s♠✐ss✐♦♥ ♦❢ t❤❡ s❝❛tt❡r✐♥❣ ❞❛r❦ st❛t❡s ❛s ✇❡❧❧✳ ❲❤❡r❡❛s t❤❡ s❝❛tt❡r✐♥❣ ❞❛r❦ st❛t❡ ✐s ❝❧❡❛r❧②

✈✐s✐❜❧❡ ✐♥ r❡✢❡❝t✐♦♥✱ t❤❡ tr❛♥s♠✐ss✐♦♥ ❞♦❡s ♥♦t r❡❛❝❤ ✉♥✐t② ❜❡❝❛✉s❡ ♦❢ ❛ r❡♠❛✐♥✐♥❣ ❛❜s♦r♣t✐♦♥✱

✐✳❡✳ ❡①t✐♥❝t✐♦♥ r❡♠❛✐♥s ✜♥✐t❡✳
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❋✐❣✉r❡ ✺✿ ✭❛✮ ❛♥❞ ✭❜✮ ❚❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❞✐str✐❜✉t✐♦♥s ✭|E|/|E✐♥❝|✮ ❢♦r ❛❧❧ ♠♦❞❡s ♦❢ t❤❡ t✇♦ ❛♥❞
t❤r❡❡ ❝♦♥❝❡♥tr✐❝ ♥❛♥♦r✐♥❣s✱ r❡s♣❡❝t✐✈❡❧②✳ ✭❝✮ ❛♥❞ ✭❞✮ ❙✐♠✉❧❛t✐♦♥ ✭s♦❧✐❞ ❧✐♥❡s✮ ❛♥❞ t❤❡♦r❡t✐❝❛❧
❬❞❛s❤❡❞ ❧✐♥❡s✱ ❜❛s❡❞ ♦♥ ❊q✳ ✭✸✮ ❛♥❞ ❊q✳ ✭✹✮❪ tr❛♥s♠✐ss✐♦♥ ✭❚✮ ❛♥❞ r❡✢❡❝t✐♦♥ ✭❘✮ s♣❡❝tr❛
❢♦r t❤❡ ❛rr❛② ♦❢ s✉❝❤ ♠✉❧t✐✲r✐♥❣s ✇✐t❤ ♣❡r✐♦❞ Λ = 500 ♥♠✳ ❚❤❡ t❤✐❝❦♥❡ss ♦❢ ❡❛❝❤ ❧❛②❡r
✭❣♦❧❞✴❞✐❡❧❡❝tr✐❝✮ ✐s t1 = t2 = t3 = ❣❛♣ = 20 ♥♠✳

❚❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❞✐str✐❜✉t✐♦♥s ❢♦r ❛❧❧ ♠♦❞❡s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✺ ✭❛✮ ❛♥❞ ✭❜✮✳ ❚❤❡ ❝♦♥t✐♥✲

✉✉♠ ✭✶st✮ ♠♦❞❡ ✐s ❞♦♠✐♥❛t❡❞ ❜② t❤❡ ❡❧❡❝tr✐❝ ❞✐♣♦❧❛r r❡s♣♦♥s❡ ♦❢ t❤❡ ❡♥t✐r❡ ♥❛♥♦❛♥t❡♥♥❛✳ ❚❤✐s

♠♦❞❡ ✐s s✉♣❡r✲r❛❞✐❛♥t ❛♥❞ ❧❡❛❞s t♦ t❤❡ ❧❛r❣❡ r❛❞✐❛t✐♦♥ ❞♦♠✐♥❛t❡❞ ❧✐♥❡ ✇✐❞t❤✳ ■t ♣r♦✈✐❞❡s ❛

✉♥✐❢♦r♠ ✜❡❧❞ ❡♥❤❛♥❝❡♠❡♥t ✐♥s✐❞❡ t❤❡ ✐♥♥❡r♠♦st ♥❛♥♦r✐♥❣ ❬❋✐❣✳ ✺ ✭❛✮❪✳ ❙✐♠✐❧❛r ♠♦❞❡s ❝❛♥ ❛❧s♦

❜❡ ❢♦✉♥❞ ✐♥ ❛ s✐♥❣❧❡ r✐♥❣ ♥❛♥♦❛♥t❡♥♥❛s✳✶✹✕✶✻✱✶✽✱✷✵ ❚❤❡ ❤✐❣❤❡r ♦r❞❡r ♠♦❞❡s ❛r❡ ❝❛✉s❡❞ ❜② ❛♥

❛♥t✐✲s②♠♠❡tr✐❝ ❝♦✉♣❧✐♥❣ ♦❢ ❞✐♣♦❧❛r ♠♦❞❡s ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ r✐♥❣s✱ ✇❤✐❝❤ ❡✛❡❝t✐✈❡❧② r❡❞✉❝❡s

t❤❡✐r r❛❞✐❛t✐✈❡ ②✐❡❧❞✳ ❍♦✇❡✈❡r✱ t❤❡② ❞♦ ❡①❤✐❜✐t ❛ ♥❡t✲❞✐♣♦❧❡ ♠♦♠❡♥t ✐♥ t❤❡ ❢❛r✲✜❡❧❞✳ ❚❤❡

❤✐❣❤❡r ♦r❞❡r ♠♦❞❡s ❛r❡ ❧♦❝❛❧✐③❡❞ ✐♥s✐❞❡ t❤❡ ❞✐❡❧❡❝tr✐❝ s♣❛❝❡r ❜❡t✇❡❡♥ t✇♦ ❣♦❧❞ ♥❛♥♦r✐♥❣s✳
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❙✉❝❤ ❤✐❣❤❧② ❝♦♥❝❡♥tr❛t❡❞ ❣❛♣ ♠♦❞❡s ♠✐❣❤t ❜❡ ✉s❡❞ ❢♦r ❝♦❤❡r❡♥t ❝♦♥tr♦❧✱✽ t♦ ❜♦♦st ♥♦♥❧✐♥❡❛r

❡✛❡❝ts✾✱✶✵ ♦r t♦ ❛❝❝❡ss ❞✐♣♦❧❡✲❢♦r❜✐❞❞❡♥ tr❛♥s✐t✐♦♥s ♦❢ q✉❛♥t✉♠ s②st❡♠s✳✹✽

❊①♣❡r✐♠❡♥t❛❧ ❘❡❛❧✐③❛t✐♦♥ ❛♥❞ ❉✐s❝✉ss✐♦♥

❚♦ ✉♥❞❡r❧✐♥❡ t❤❡ r❡❧❡✈❛♥❝❡ ❛♥❞ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ t❤❡ ✐♥✈❡st✐❣❛t❡❞ ♠✉❧t✐✲r✐♥❣s✱ ✇❡ ❡①t❡♥❞❡❞

♦✉r ❡①✐st✐♥❣ ❡✣❝✐❡♥t ❛♥❞ ❧❛r❣❡✲s❝❛❧❡ s✐♥❣❧❡✲r✐♥❣ ❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss t♦ ♠✉❧t✐✲r✐♥❣s✳ ❚❤❡ ❜❛s✐❝

♣r♦❝❡ss ❤❛s ❜❡❡♥ ❡①♣❧❛✐♥❡❞ ✐♥ ❞❡t❛✐❧s ✐♥ ❘❡❢✳✶✺ ❍❡♥❝❡✱ ✇❡ ❧✐♠✐t t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡s❝r✐♣t✐♦♥ t♦ t❤❡

❜❛s✐❝ ❢❛❜r✐❝❛t✐♦♥ s❝❤❡♠❡ ❬❋✐❣✳ ✻ ✭❛✮❪✳ ❚♦ ❢❛❜r✐❝❛t❡ t❤❡ ✐♥♥❡r r✐♥❣s✱ r❡s✐st ♣✐❧❧❛rs ❛r❡ ❣❡♥❡r❛t❡❞

♦♥ ❛ ❢✉s❡❞ s✐❧✐❝❛ s✉❜str❛t❡ ❜② ♠❡❛♥s ♦❢ ❝❤❛r❛❝t❡r ♣r♦❥❡❝t✐♦♥ ❡❧❡❝tr♦♥ ❜❡❛♠ ❧✐t❤♦❣r❛♣❤②✳ ■♥

t❤❡ ♥❡①t st❡♣✱ t❤❡ r❡s✐st ♣✐❧❧❛rs ❛r❡ ❤♦♠♦❣❡♥❡♦✉s❧② ❝♦❛t❡❞ ✇✐t❤ ❣♦❧❞ ❜② ♣❤②s✐❝❛❧ ✈❛♣♦✉r

❞❡♣♦s✐t✐♦♥✳ ❚♦ ♦❜t❛✐♥ ❛ r✐♥❣✱ t❤❡ ❝♦❛t✐♥❣ ♠❛t❡r✐❛❧ ✐s r❡♠♦✈❡❞ ❢r♦♠ ❤♦r✐③♦♥t❛❧ s✉r❢❛❝❡s ❜②

✐♦♥ ❜❡❛♠ ❡t❝❤✐♥❣✳ ❚❤❡ ❡①t❡♥s✐♦♥ ❢r♦♠ s✐♥❣❧❡ t♦ ♠✉❧t✐✲r✐♥❣s ✇❛s r❡❛❧✐③❡❞ ❜② r❡♣❡❛t✐♥❣ t❤❡

❝♦❛t✐♥❣ ❛♥❞ ✐♦♥ ❜❡❛♠ ❡t❝❤✐♥❣ st❡♣ ❛♥❞ ❛❧t❡r♥❛t✐♥❣ t❤❡ ❝♦❛t✐♥❣ ♠❛t❡r✐❛❧ ❜❡t✇❡❡♥ ❣♦❧❞ ❛♥❞

s✐❧✐❝♦♥ ❞✐♦①✐❞❡✳ ❆❢t❡r ❛ss❡♠❜❧② ♦❢ t❤❡ ❧❛st ❝♦♥❝❡♥tr✐❝ r✐♥❣✱ t❤❡ r❡s✐st ♣✐❧❧❛r ✐♥ t❤❡ ❝♦r❡ ✐s

r❡♠♦✈❡❞ ❜② ❛♥ ♦①②❣❡♥ ♣❧❛s♠❛✳ ❖✉r ❛♣♣r♦❛❝❤ ❛❧❧♦✇s t❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢ ♠✉❧t✐✲r✐♥❣ ❛rr❛②s

✇✐t❤ ❣❡♦♠❡tr✐❝❛❧ ❢❡❛t✉r❡s ❛♥❞ ❣❛♣s ❜❡❧♦✇ 20 ♥♠ ❛♥❞ ❞❡❧✐✈❡rs ❛ ♣❛tt❡r♥ ❡✣❝✐❡♥❝② ♦❢ sq✉❛r❡

❞❡❝✐♠❡t❡rs ✐♥ ❛ r❡❛s♦♥❛❜❧❡ t✐♠❡✲s♣❛♥ ♦❢ ❤♦✉rs✳✶✺✱✹✾ ❚❤❡ ♠❡❛s✉r❡♠❡♥ts ✐s ♣❡r❢♦r♠❡❞ ❜② ❛

P❡r❦✐♥❊❧♠❡r ▲❛♠❜❞❛ ✾✺✵ s♣❡❝tr♦♣❤♦t♦♠❡t❡r ✇✐t❤ ✉♥♣♦❧❛r✐③❡❞ ❧✐❣❤t✳

❲❡ ♣❡r❢♦r♠❡❞ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ❛♥❞ ❝♦♠♣❛r❡❞ t❤❡♠ t♦ t❤❡ ♠❡❛s✉r❡❞ r❡✢❡❝t✐♦♥ ❛♥❞

tr❛♥s♠✐ss✐♦♥ ♦❢ t❤❡ ❢❛❜r✐❝❛t❡❞ s❛♠♣❧❡s✳ ❚❤✐s ♣r♦✈✐❞❡s ❡✈✐❞❡♥❝❡ ❢♦r t❤❡ ❛♥t✐❝✐♣❛t❡❞ s♣❡❝tr❛❧

❢❡❛t✉r❡s ❛♥❞ ❛❧❧♦✇s ❛ss❡ss✐♥❣ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ s❛♠♣❧❡s ❬❋✐❣✳ ✻ ✭❞✮ ❛♥❞ ✭❡✮❪✳ ❊①❝❡❧❧❡♥t

❛❣r❡❡♠❡♥t ✐s ♦❜s❡r✈❡❞ ✉♣♦♥ ❝♦♥s✐❞❡r✐♥❣ ✜♥❡ ❞❡t❛✐❧s ♦❢ t❤❡ s❛♠♣❧❡s✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✐t ✇❛s ❢♦✉♥❞

t❤❛t t❤❡ ✐♥✈♦❧✈❡❞ ❡t❝❤✐♥❣ ♣r♦❝❡ss❡s ❝❛✉s❡s r❡❞❡♣♦s✐t✐♦♥ ♦❢ ❡t❝❤❡❞ ♠❛t❡r✐❛❧ ❛t t❤❡ ♠❡t❛❧✲

✐♥t❡r❢❛❝❡ ♦❢ t❤❡ ♥❛♥♦r✐♥❣s✳ ❚❤❡ r❡❞❡♣♦s✐t❡❞ ♠❛t❡r✐❛❧ ♦r✐❣✐♥❛t❡s ❢r♦♠ t❤❡ ✈✐❝✐♥✐t② ♦❢ t❤❡

♥❛♥♦r✐♥❣s ❛♥❞ ✐s ❧✐❦❡❧② ❛ ♠✐①t✉r❡ ♦❢ s✐❧✐❝♦♥ ❞✐♦①✐❞❡ ❛♥❞ ❝❤r♦♠✐✉♠✱ ✇❤✐❝❤ ✇❛s ✉s❡❞ ❛s ♠❛s❦✐♥❣

♠❛t❡r✐❛❧ ❢♦r ❡t❝❤✐♥❣ t❤❡ r❡s✐st ♣✐❧❧❛rs✳

✶✶
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❋✐❣✉r❡ ✻✿ ✭❛✮ ❙❦❡t❝❤❡s ♦❢ ✈❛r✐♦✉s st❡♣s t♦ ❢❛❜r✐❝❛t❡ ✐♥✈❡st✐❣❛t❡❞ ♥❛♥♦r✐♥❣s✳ ✭❜✮ ❙❦❡t❝❤ ♦❢ t❤❡
s✐♠✉❧❛t❡❞ str✉❝t✉r❡✳ ✭❝✮ ❙❊▼ ✐♠❛❣❡ ♦❢ t❤❡ ❢❛❜r✐❝❛t❡❞ s❛♠♣❧❡✳ ✭❞✮ ❙✐♠✉❧❛t❡❞✱ ♠❡❛s✉r❡❞✱ ❛♥❞
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❋❛♥♦ ✜t ♦❢ t❤❡ tr❛♥s♠✐ss✐♦♥ s♣❡❝tr❛ ❢♦r t✇♦ ❝♦♥❝❡♥tr✐❝ ❣♦❧❞ ♥❛♥♦r✐♥❣s✳
✭❡✮ ❚❤❡ s❛♠❡ ❢♦r t❤❡ r❡✢❡❝t✐♦♥ s♣❡❝tr❛✳ ❚❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ t✇♦ ❝♦♥❝❡♥tr✐❝ ♥❛♥♦r✐♥❣s ❛r❡
D1 = 100 ♥♠✱ t1 = 23 ♥♠✱ ❣❛♣ = 36 ♥♠✱ t2 = 66 ♥♠✳ ❚❤❡ ❛rr❛② ✐s ♣❧❛❝❡❞ ♦♥ ❛ ❞✐❡❧❡❝tr✐❝
s✉❜str❛t❡ ✭❢✉s❡❞ s✐❧✐❝❛✮ ✇✐t❤ ❛ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ♦❢ n = 1.46✳

✶✷

http://robertfilter.net


❚♦ ♣r❡❝✐s❡❧② ♠♦❞❡❧ t❤❡ ❢❛❜r✐❝❛t❡❞ s❛♠♣❧❡✱ t❤♦s❡ r❡❞❡♣♦s✐t✐♦♥s ❤❛✈❡ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡

s✐♠✉❧❛t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✉s❡❞ ❛ ✈❡r② s✐♠♣❧✐✜❡❞ ♠♦❞❡❧ ✐♥ ❝♦♠♣❧❡t❡ ❛♥❛❧♦❣② t♦ ❘❡❢❡r❡♥❝❡✳✶✹

❲❡ ✐♥tr♦❞✉❝❡❞ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❤♦♠♦❣❡♥♦✉s ❧❛②❡r ❛t t❤❡ ♠❡t❛❧ ✐♥t❡r❢❛❝❡s✱ ✇❤✐❝❤ ✇❡r❡ ❡①♣♦s❡❞

t♦ t❤❡ ✐♦♥ ❜❡❛♠ ❞✉r✐♥❣ t❤❡ ❡t❝❤✐♥❣ ♣r♦❝❡ss ❬❋✐❣✳ ✻ ✭❝✮❪✳ ❚❤❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤✐s ❧❛②❡r

❛r❡ ❞❡s❝r✐❜❡❞ ❜② ❛♥ ❡✛❡❝t✐✈❡ ✐♥❞❡① ❞❡r✐✈❡❞ ❢r♦♠ ❛♥ ❡✛❡❝t✐✈❡ ♠❡❞✐✉♠ t❤❡♦r② ❝♦♥s✐❞❡r✐♥❣ ❛

♠❛t❡r✐❛❧ ❝♦♥s✐st✐♥❣ ♦❢ ✺✵ ♣❡r❝❡♥t ❝❤r♦♠✐✉♠ ❛♥❞ ✺✵ ♣❡r❝❡♥t s✐❧✐❝♦♥ ❞✐♦①✐❞❡✳✶✹ ❚❤❡ ❣❡♦♠❡tr✐❝❛❧

♣❛r❛♠❡t❡rs ✉s❡❞ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥ ♠♦❞❡❧ ✇❡r❡ t❛❦❡♥ ❢r♦♠ s❝❛♥♥✐♥❣ ❡❧❡❝tr♦♥ ♠✐❝r♦❣r❛♣❤s✱ ✐✳❡✳

D1 = 100 ♥♠✱ t1 = 23 ♥♠✱ ❣❛♣ = 36 ♥♠✱ t2 = 66 ♥♠✳ ❇② ✜tt✐♥❣ t❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts t♦ t❤❡

♠❡❛s✉r❡❞ s♣❡❝tr❛✱ ✇❡ ❞❡t❡r♠✐♥❡❞ ❛ t❤✐❝❦♥❡ss 3 ♥♠ ❢♦r t❤❡ ❧❛②❡r ❞❡s❝r✐❜✐♥❣ t❤❡ r❡❞❡♣♦s✐t❡❞

♠❛t❡r✐❛❧✳ ❉❡s♣✐t❡ t❤❡ s✐♠♣❧✐✜❝❛t✐♦♥ ❛ss✉♠❡❞ ✐♥ t❤❡ ♠♦❞❡❧✱ ✐t s❡❡♠s ❛❞❡q✉❛t❡ t♦ ❞❡s❝r✐❜❡ t❤❡

❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts✳

❚❛❜❧❡ ✷✿ ❋✐tt✐♥❣ ♣❛r❛♠❡t❡rs ❢♦r ❋✐❣✳ ✻ ✭❞✮ ❛♥❞ ✭❡✮ ❬s❡❡ ❜❧❛❝❦ ❞❛s❤❡❞ ❧✐♥❡s❪ ❜② ✉s✐♥❣ ❊q✳ ✻✳

a2 νs (❚❍③) Ws (❚❍③) νa (❚❍③) Wa (❚❍③) q b

❋✐❣✳ ✻ ✭❞✮ ✶✳✵✺ 210 136 196 ✸✽ −0.47 0.62

❋✐❣✳ ✻ ✭❡✮ 0.98 216 110 194 38 −0.55 0.23

■♥ ♦r❞❡r t♦ ✜t t❤❡ ♠❡❛s✉r❡❞ r❡✢❡❝t✐♦♥ s♣❡❝tr❛ t♦ ❛♥ ❛♥❛❧②t✐❝❛❧ ♠♦❞❡❧ ❛♥❞ t♦ ❡①tr❛❝t t❤❡

♣❛r❛♠❡t❡rs t❤❛t q✉❛♥t✐❢② t❤❡ ❋❛♥♦ ❢❡❛t✉r❡s✱ ✇❡ ✉s❡❞ ❛ s✐♠✐❧❛r ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❛ss✉♠❡❞

s❝❛tt❡r✐♥❣ ❝r♦ss s❡❝t✐♦♥ ❬❊q✳ ✭✶✮ ❛♥❞ ❊q✳ ✭✷✮❪✿

R❋✐t =







(

ν2−ν2
a
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(
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+ 1
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)2
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(
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. ✭✻✮

◆♦t❡ t❤❛t t❤❡ ♠❡❛s✉r❡❞ tr❛♥s♠✐ss✐♦♥ s♣❡❝tr❛ ✐s ✜tt❡❞ ❜② 1−R❋✐t✳ ❆❧❧ t❤❡ ✜tt✐♥❣ ♣❛r❛♠❡t❡rs

❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❚❛❜❧❡✳ ✷✳ ❚❤❡s❡ ❋❛♥♦ ♣❛r❛♠❡t❡rs✱ ✐✳❡✳ q ❛♥❞ b ❝♦♥✜r♠ t❤❛t t❤❡ s♣❡❝tr❛ ♣♦s✲

✶✸



s❡ss ♥♦t❛❜❧❡ ❛s②♠♠❡tr✐❝ ❧✐♥❡✲s❤❛♣❡s✳ ❍♦✇❡✈❡r✱ ❡♥❤❛♥❝❡❞ tr❛♥s♠✐ss✐♦♥ ❛♥❞ s❝❛tt❡r✐♥❣ ❞❛r❦

st❛t❡s ❛r❡ ❧❡ss ♣r♦♥♦✉♥❝❡❞✳ ❚❤✐s ✐s ✐♥ ❢❛❝t r❡❧❛t❡❞ t♦ t❤❡ ✐♥❝r❡❛s❡❞ ❛❜s♦r♣t✐♦♥ ♦❢ ❛ 3 ♥♠

❈r✲❙✐❖2 r❡❞❡♣♦s✐t❡❞ ❧❛②❡r ❬s❡❡ ❋✐❣✳ ✻ ✭❜✮❪ ✇❤✐❝❤ ❝❛♥ ❜❡ ❛✈♦✐❞❡❞✱ ✐♥ ❣❡♥❡r❛❧✱ ❜② ✉s✐♥❣ ❛♥♦t❤❡r

❢❛❜r✐❝❛t✐♦♥ t❡❝❤♥✐q✉❡✳✶✵ ▼♦r❡♦✈❡r✱ t❤❡ s✉❜str❛t❡ ❛❧s♦ ♣❛rt✐❛❧❧② ❞❡str♦②s t❤❡s❡ ❢❡❛t✉r❡s✳ ◆❡✈✲

❡rt❤❡❧❡ss✱ t❤❡② ❝❛♥ ❜❡ ❢✉❧❧② ❧✐❢t❡❞ ❜② ❡♠❜❡❞❞✐♥❣ t❤❡ ❡♥t✐r❡ str✉❝t✉r❡ ✐♥ ❛ ✉♥✐❢♦r♠ ♠❡❞✐✉♠

✇✐t❤ ❛ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❛t ♦❢ t❤❡ s✉❜str❛t❡ ✭❙✐❖2✮✳ ❋✉rt❤❡r s✐♠✉❧❛t✐♦♥s

✭♥♦t s❤♦✇♥ ❤❡r❡✮ ❝♦♥✜r♠ t❤❛t t❤❡s❡ t✇♦ ❢❡❛t✉r❡s ✭s❝❛tt❡r✐♥❣ ❞❛r❦ st❛t❡ ❛♥❞ ❡♥❤❛♥❝❡❞ tr❛♥s✲

♠✐ss✐♦♥✮ ❛r❡ ♣r♦♥♦✉♥❝❡❞ ❢♦r ❛♥ ✐❞❡❛❧ str✉❝t✉r❡ ✭✐✳❡✳ ✇✐t❤♦✉t ❈r✲❙✐❖2 r❡❞❡♣♦s✐t❡❞ ❧❛②❡r✮ ✇❤✐❝❤

✐s ❡♠❜❡❞❞❡❞ ✐♥ ❤♦♠♦❣❡♥♦✉s ♠❡❞✐❛✳

❈♦♥❝❧✉s✐♦♥

■♥ ❝♦♥❝❧✉s✐♦♥✱ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ ❛ ♥❡✇ t②♣❡ ♦❢ ♠✉❧t✐✲r❡s♦♥❛♥t ♣❧❛s♠♦♥✐❝ ♥❛♥♦❛♥t❡♥♥❛ ❜❛s❡❞

♦♥ ❝♦♥❝❡♥tr✐❝ ♥❛♥♦r✐♥❣s t❤❛t s❤♦✇s s♦♠❡ r❡♠❛r❦❛❜❧❡ ♦♣t✐❝❛❧ ❢❡❛t✉r❡s✱ ✐✳❡✳ ❋❛♥♦ r❡s♦♥❛♥❝❡s

t❤❛t ❝❛✉s❡ ❡♥❤❛♥❝❡❞ ❛♥❞ ❢✉❧❧② s✉♣♣r❡ss❡❞ s❝❛tt❡r✐♥❣✳ ❉❡♥s❡✲❛rr❛② t❤❡♦r② ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦

t❤❡ ✐♥✈❡st✐❣❛t❡❞ ❝♦♥❝❡♥tr✐❝ ♥❛♥♦r✐♥❣s t♦ ♣r❡❞✐❝t t❤❡ ♦♣t✐❝❛❧ r❡s♣♦♥s❡ ♦❢ ❛♥ ❛ss♦❝✐❛t❡❞ ❛rr❛②

❜❛s❡❞ ♦♥ t❤❡ ♣♦❧❛r✐③❛❜✐❧✐t② ♦❢ t❤❡ ✐s♦❧❛t❡❞ ♥❛♥♦❛♥t❡♥♥❛✳ ❚❤❡ ♥✉♠❡r✐❝❛❧❧② ❝❛❧❝✉❧❛t❡❞ r❡s♣♦♥s❡

♦❢ s✉❝❤ ❛rr❛②s ❛❣r❡❡s ✇❡❧❧ ✇✐t❤ t❤❡ ❞❡♥s❡✲❛rr❛② ♣r❡❞✐❝t✐♦♥s ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛✳ ❚❤❡ ❞✐s✲

t✐♥❣✉✐s❤❡❞ ✜❡❧❞ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡s ✐♥s✐❞❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ s♣❛❝❡r ♠❛❦❡s ❝♦♥❝❡♥tr✐❝

♥❛♥♦r✐♥❣s ❛♥ ✐♥t❡r❡st✐♥❣ ♣❧❛t❢♦r♠ ❢♦r ❡♥❤❛♥❝❡❞ ❧✐❣❤t✲♠❛tt❡r✲✐♥t❡r❛❝t✐♦♥s✱ ❡s♣❡❝✐❛❧❧② ❢♦r ♠✉❧✲

t✐r❡s♦♥❛♥t s②st❡♠s✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♠❡t❤♦❞ ❡♥❛❜❧❡s ❛ ❧❛r❣❡✲s❝❛❧❡✱ ❞❡t❡r♠✐♥✐st✐❝

❛♥❞ r❡♣r♦❞✉❝✐❜❧❡ r❡❛❧✐③❛t✐♦♥ ♦❢ ♠✉❧t✐r❡s♦♥❛♥t ♥❛♥♦str✉❝t✉r❡s ✇✐t❤ ♥❛♥♦♠❡tr✐❝ ❣❛♣s✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥t

❲❡ t❤❛♥❦ t❤❡ ●❡r♠❛♥ ❋❡❞❡r❛❧ ▼✐♥✐str② ♦❢ ❊❞✉❝❛t✐♦♥ ❛♥❞ ❘❡s❡❛r❝❤✭P❤♦◆❛✱ ✵✸■❋✷✶✵✶❆✮✱

t❤❡ ❚❤✉r✐♥❣✐❛♥ ❙t❛t❡ ●♦✈❡r♥♠❡♥t✭▼❡▼❛✱ P❊✶✶✻✲✶✮ ❛♥❞ t❤❡ ❉❋● ♣r♦❥❡❝t ▼❡t❛▲✐q✉✐❞ ✭❑▲

✶✶✾✾✴✻✲✶✱ ❘❖ ✸✻✹✵✴✸✲✶✮✳ ❚❤❡ ❛✉t❤♦rs t❤❛♥❦ ❉r✳ ■✈❛♥ ❋❡r♥❛♥❞❡③✲❈♦r❜❛t♦♥ ❢♦r ❤✐s ❝♦♥str✉❝✲

✶✹



t✐✈❡ ❝♦♠♠❡♥ts ❛♥❞ s✉❣❣❡st✐♦♥s✳

❘❡❢❡r❡♥❝❡s

✭✶✮ ❆②❞✐♥✱ ❑✳❀ ❋❡rr②✱ ❱✳ ❊✳❀ ❇r✐❣❣s✱ ❘✳ ▼✳❀ ❆t✇❛t❡r✱ ❍✳ ❆✳ ❇r♦❛❞❜❛♥❞ ♣♦❧❛r✐③❛t✐♦♥✲

✐♥❞❡♣❡♥❞❡♥t r❡s♦♥❛♥t ❧✐❣❤t ❛❜s♦r♣t✐♦♥ ✉s✐♥❣ ✉❧tr❛t❤✐♥ ♣❧❛s♠♦♥✐❝ s✉♣❡r ❛❜s♦r❜❡rs✳ ◆❛t

❈♦♠♠✉♥ ✷✵✶✶✱ ✷✱ ✺✶✼✳

✭✷✮ ❆❧❛❡❡✱ ❘✳❀ ▼❡♥③❡❧✱ ❈✳❀ ❍✉❡❜♥❡r✱ ❯✳❀ Ps❤❡♥❛②✲❙❡✈❡r✐♥✱ ❊✳❀ ❇✐♥ ❍❛s❛♥✱ ❙✳❀ P❡rts❝❤✱ ❚✳❀

❘♦❝❦st✉❤❧✱ ❈✳❀ ▲❡❞❡r❡r✱ ❋✳ ❉❡❡♣✲❙✉❜✇❛✈❡❧❡♥❣t❤ P❧❛s♠♦♥✐❝ ◆❛♥♦r❡s♦♥❛t♦rs ❊①♣❧♦✐t✐♥❣

❊①tr❡♠❡ ❈♦✉♣❧✐♥❣✳ ◆❛♥♦ ▲❡tt❡rs ✷✵✶✸✱ ✶✸✱ ✸✹✽✷✕✸✹✽✻✱ P▼■❉✿ ✷✸✽✵✺✽✼✾✳

✭✸✮ ❍✉❡❜♥❡r✱ ❯✳❀ Ps❤❡♥❛②✲❙❡✈❡r✐♥✱ ❊✳❀ ❆❧❛❡❡✱ ❘✳❀ ▼❡♥③❡❧✱ ❈✳❀ ❩✐❡❣❧❡r✱ ▼✳❀ ❘♦❝❦st✉❤❧✱ ❈✳❀

▲❡❞❡r❡r✱ ❋✳❀ P❡rts❝❤✱ ❚✳❀ ▼❡②❡r✱ ❍✳✲●✳❀ P♦♣♣✱ ❏✳ ❊①♣❧♦✐t✐♥❣ ❡①tr❡♠❡ ❝♦✉♣❧✐♥❣ t♦ r❡❛❧✐③❡

❛ ♠❡t❛♠❛t❡r✐❛❧ ♣❡r❢❡❝t ❛❜s♦r❜❡r✳ ▼✐❝r♦❡❧❡❝tr♦♥✐❝ ❊♥❣✐♥❡❡r✐♥❣ ✷✵✶✸✱ ✶✶✶✱ ✶✶✵ ✕ ✶✶✸✳

✭✹✮ ▲✐✉✱ ◆✳❀ ▼❡s❝❤✱ ▼✳❀ ❲❡✐ss✱ ❚✳❀ ❍❡♥ts❝❤❡❧✱ ▼✳❀ ●✐❡ss❡♥✱ ❍✳ ■♥❢r❛r❡❞ P❡r❢❡❝t ❆❜s♦r❜❡r

❛♥❞ ■ts ❆♣♣❧✐❝❛t✐♦♥ ❆s P❧❛s♠♦♥✐❝ ❙❡♥s♦r✳ ◆❛♥♦ ▲❡tt✳ ✷✵✶✵✱ ✶✵✱ ✷✸✹✷✕✷✸✹✽✳

✭✺✮ ▼♦♥t✐❝♦♥❡✱ ❋✳❀ ❆r❣②r♦♣♦✉❧♦s✱ ❈✳❀ ❆❧ù✱ ❆✳ ▼✉❧t✐❧❛②❡r❡❞ P❧❛s♠♦♥✐❝ ❈♦✈❡rs ❢♦r ❈♦♠❜❧✐❦❡

❙❝❛tt❡r✐♥❣ ❘❡s♣♦♥s❡ ❛♥❞ ❖♣t✐❝❛❧ ❚❛❣❣✐♥❣✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳ ✷✵✶✸✱ ✶✶✵✱ ✶✶✸✾✵✶✳

✭✻✮ ▼♦♥t✐❝♦♥❡✱ ❋✳❀ ❆r❣②r♦♣♦✉❧♦s✱ ❈✳❀ ❆❧✉✱ ❆✳ ▲❛②❡r❡❞ ♣❧❛s♠♦♥✐❝ ❝❧♦❛❦s t♦ t❛✐❧♦r t❤❡ ♦♣t✐❝❛❧

s❝❛tt❡r✐♥❣ ❛t t❤❡ ♥❛♥♦s❝❛❧❡✳ ❙❝✐✳ ❘❡♣✳ ✷✵✶✷✱ ✷✱ ✕✳

✭✼✮ ❆t✇❛t❡r✱ ❍✳ ❆✳❀ P♦❧♠❛♥✱ ❆✳ P❧❛s♠♦♥✐❝s ❢♦r ✐♠♣r♦✈❡❞ ♣❤♦t♦✈♦❧t❛✐❝ ❞❡✈✐❝❡s✳ ◆❛t ▼❛t❡r

✷✵✶✵✱ ✾✱ ✷✵✺✕✷✶✸✳

✭✽✮ ❧❡✈❡q✉❡✱ ●✳❀ ▼❛rt✐♥✱ ❖✳ ◆❛rr♦✇✲❜❛♥❞ ♠✉❧t✐r❡s♦♥❛♥t ♣❧❛s♠♦♥ ♥❛♥♦str✉❝t✉r❡ ❢♦r t❤❡

❝♦❤❡r❡♥t ❝♦♥tr♦❧ ♦❢ ❧✐❣❤t✿ ❛♥ ♦♣t✐❝❛❧ ❛♥❛❧♦❣ ♦❢ t❤❡ ①②❧♦♣❤♦♥❡✳ P❤②s✐❝❛❧ r❡✈✐❡✇ ❧❡tt❡rs

✷✵✵✽✱ ✶✵✵✱ ✶✶✼✹✵✷✳

✶✺



✭✾✮ ▼❡t③❣❡r✱ ❇✳❀ ❙❝❤✉♠❛❝❤❡r✱ ❚✳❀ ❍❡♥ts❝❤❡❧✱ ▼✳❀ ▲✐♣♣✐t③✱ ▼✳❀ ●✐❡ss❡♥✱ ❍✳ ❚❤✐r❞ ❍❛r♠♦♥✐❝

▼❡❝❤❛♥✐s♠ ✐♥ ❈♦♠♣❧❡① P❧❛s♠♦♥✐❝ ❋❛♥♦ ❙tr✉❝t✉r❡s✳ ❆❈❙ P❤♦t♦♥✐❝s ✷✵✶✹✱ ✶✱ ✹✼✶✕✹✼✻✳

✭✶✵✮ ▲❡❤r✱ ❉✳❀ ❘❡✐♥❤♦❧❞✱ ❏✳❀ ❚❤✐❡❧❡✱ ■✳❀ ❍❛rt✉♥❣✱ ❍✳❀ ❉✐❡tr✐❝❤✱ ❑✳❀ ▼❡♥③❡❧✱ ❈✳❀ P❡rts❝❤✱ ❚✳❀

❑❧❡②✱ ❊✳✲❇✳❀ ❚➹➻♥♥❡r♠❛♥♥✱ ❆✳ ❊♥❤❛♥❝✐♥❣ ❙❡❝♦♥❞ ❍❛r♠♦♥✐❝ ●❡♥❡r❛t✐♦♥ ✐♥ ●♦❧❞ ◆❛♥♦r✲

✐♥❣ ❘❡s♦♥❛t♦rs ❋✐❧❧❡❞ ✇✐t❤ ▲✐t❤✐✉♠ ◆✐♦❜❛t❡✳ ◆❛♥♦ ▲❡tt❡rs ✷✵✶✺✱ ✶✺✱ ✶✵✷✺✕✶✵✸✵✱ P▼■❉✿

✷✺✺✽✹✻✸✻✳

✭✶✶✮ ▲✐♥❞❡♥✱ ❙✳❀ ◆✐❡s❧❡r✱ ❋✳ ❇✳ P✳❀ ❋örst♥❡r✱ ❏✳❀ ●r②♥❦♦✱ ❨✳❀ ▼❡✐❡r✱ ❚✳❀ ❲❡❣❡♥❡r✱ ▼✳ ❈♦❧❧❡❝t✐✈❡

❊✛❡❝ts ✐♥ ❙❡❝♦♥❞✲❍❛r♠♦♥✐❝ ●❡♥❡r❛t✐♦♥ ❢r♦♠ ❙♣❧✐t✲❘✐♥❣✲❘❡s♦♥❛t♦r ❆rr❛②s✳ P❤②s✳ ❘❡✈✳

▲❡tt✳ ✷✵✶✷✱ ✶✵✾✱ ✵✶✺✺✵✷✳

✭✶✷✮ ❈❛✐✱ ❲✳❀ ❱❛s✉❞❡✈✱ ❆✳ P✳❀ ❇r♦♥❣❡rs♠❛✱ ▼✳ ▲✳ ❊❧❡❝tr✐❝❛❧❧② ❈♦♥tr♦❧❧❡❞ ◆♦♥❧✐♥❡❛r ●❡♥❡r✲

❛t✐♦♥ ♦❢ ▲✐❣❤t ✇✐t❤ P❧❛s♠♦♥✐❝s✳ ❙❝✐❡♥❝❡ ✷✵✶✶✱ ✸✸✸✱ ✶✼✷✵✕✶✼✷✸✳

✭✶✸✮ ❋✐❧t❡r✱ ❘✳❀ ❙➟♦✇✐❦✱ ❑✳❀ ❙tr❛✉❜❡❧✱ ❏✳❀ ▲❡❞❡r❡r✱ ❋✳❀ ❘♦❝❦st✉❤❧✱ ❈✳ ◆❛♥♦❛♥t❡♥♥❛s ❢♦r ✉❧tr❛✲

❜r✐❣❤t s✐♥❣❧❡ ♣❤♦t♦♥ s♦✉r❝❡s✳ ❖♣t✳ ▲❡tt✳ ✷✵✶✹✱ ✸✾✱ ✶✷✹✻✕✶✷✹✾✳

✭✶✹✮ ▲❡❤r✱ ❉✳❀ ❉✐❡tr✐❝❤✱ ❑✳❀ ❍❡❧❣❡rt✱ ❈✳❀ ❑äs❡❜✐❡r✱ ❚✳❀ ❋✉❝❤s✱ ❍✳✲❏✳❀ ❚ü♥♥❡r♠❛♥♥✱ ❆✳❀

❑❧❡②✱ ❊✳✲❇✳ P❧❛s♠♦♥✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❛❧✉♠✐♥✉♠ ♥❛♥♦r✐♥❣s ❣❡♥❡r❛t❡❞ ❜② ❞♦✉❜❧❡ ♣❛tt❡r♥✲

✐♥❣✳ ❖♣t✳ ▲❡tt✳ ✷✵✶✷✱ ✸✼✱ ✶✺✼✕✶✺✾✳

✭✶✺✮ ▲❡❤r✱ ❉✳❀ ❆❧❛❡❡✱ ❘✳❀ ❋✐❧t❡r✱ ❘✳❀ ❉✐❡tr✐❝❤✱ ❑✳❀ ❙✐❡❢❦❡✱ ❚✳❀ ❘♦❝❦st✉❤❧✱ ❈✳❀ ▲❡❞❡r❡r✱ ❋✳❀

❑❧❡②✱ ❊✳✲❇✳❀ ❚➹➻♥♥❡r♠❛♥♥✱ ❆✳ P❧❛s♠♦♥✐❝ ♥❛♥♦r✐♥❣ ❢❛❜r✐❝❛t✐♦♥ t✉♥❡❞ t♦ ♣✐t❝❤✿ ❊✣✲
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