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Abstract—In this paper, we consider the problem of allocating a large number of independent, equal-sized tasks to a heterogeneous
computing platform. We use a nonoriented graph to model the platform, where resources can have different speeds of computation
and communication. Because the number of tasks is large, we focus on the question of determining the optimal steady state
scheduling strategy for each processor (the fraction of time spent computing and the fraction of time spent communicating with each
neighbor). In contrast to minimizing the total execution time, which is NP-hard in most formulations, we show that finding the optimal
steady state can be solved using a linear programming approach and, thus, in polynomial time. Our result holds for a quite general
framework, allowing for cycles and multiple paths in the interconnection graph, and allowing for several masters. We also consider the
simpler case where the platform is a tree. While this case can also be solved via linear programming, we show how to derive a closed-
form formula to compute the optimal steady state, which gives rise to a bandwidth-centric scheduling strategy. The advantage of this
approach is that it can directly support autonomous task scheduling based only on information local to each node; no global information
is needed. Finally, we provide a theoretical comparison of the computing power of tree-based versus arbitrary platforms.

Index Terms—Scheduling, heterogeneous, divisible load, steady-state, bandwidth-centric.

1 INTRODUCTION

N this paper, we deal with the master-slave paradigm on a

heterogeneous platform, where resources have different
speeds of computation and communication. More precisely,
we tackle the problem of allocating a large number of
independent, equal-sized tasks to a heterogeneous comput-
ing platform. We model a collection of heterogeneous
resources and the communication links between them as the
nodes and edges of an undirected platform graph. Each node
is a computing resource (a processor, or a cluster, or
whatever) capable of computing and/or communicating
with its neighbors at (possibly) different rates.

We assume that one specific node, referred to as the
master, initially holds (or generates the data for) a large
collection of independent, identical tasks to be allocated on
the grid. Think of a task as being associated with a file that
contains all the data required for the execution of the task.
The question for the master is to decide which tasks to
execute itself, and how many tasks (i.e., task files) to
forward to each of its neighbors. Due to heterogeneity, the
neighbors may receive different amounts of work (maybe
none for some of them). Each neighbor faces in turn the
same dilemma: determine how many tasks to execute and
how many to delegate to other processors.
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The master-slave scheduling problem is motivated by
problems that are addressed by collaborative computing
efforts such as SETI@home [16] and those distributed
computing projects organized by companies such as
Entropia [8]. Several papers have recently revisited the
master-slave paradigm for processor clusters or grids, and
we refer to Section 6 for comparison and discussion.

Because the number of tasks to be executed on the
computing platform is expected to be very large (otherwise,
why deploy the corresponding application on computa-
tional grids?), we target steady state optimization problems
rather than standard makespan minimization problems.
While minimizing the makespan, i.e., the total execution
time, is a NP-hard problem in most practical situations [9],
[18], [7], it turns out that the optimal steady state can be
characterized very efficiently, with low-degree polynomial
complexity. The optimal steady state is defined as follows
(see Section 2.2): For each processor, determine the fraction
of time spent computing and the fraction of time spent
sending or receiving tasks along each communication link,
so that the (averaged) overall number of tasks processed at
each time-step is maximum.

The main contribution of this paper is the determination
of the optimal steady state in a wide general framework. We
derive three main results that we summarize below:

e The first result holds for arbitrary platform graphs
whose underlying interconnection network may be
very complex and, in particular, may include multi-
ple paths and cycles (just as the Internet does). The
master may well need to send tasks along multiple
paths to properly feed a very fast but remote
computing resource. In this context, we compute
the optimal steady state using a linear programming
formulation, which nicely encompasses the situation
where there are several masters instead of a single
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one. We also show (see Section 5.1) that steady state
scheduling is asymptotically optimal, among all
possible schedules (not only periodic ones).

e The second result holds for a tree-shaped platform
graph, i.e., when the underlying interconnection
network is an oriented tree rooted at the master. For
such platforms, we derive a closed-form formula
that characterizes the optimal steady state, which
can then be computed via a simple bottom-up
traversal of the tree. Interestingly, the optimal steady
state is achieved through a bandwidth-centric sche-
duling strategy: If enough bandwidth is available to
the node, then all children are kept busy; if
bandwidth is limited, then tasks should be allocated
only to children which have sufficiently fast com-
munication times, in order of fastest communication
time. The advantage of the bandwidth-centric
approach is that it can directly support autonomous
task scheduling based only on information local to
each node; no global information is needed.

e The third result provides a comparison of the
computing power of tree-shaped platforms versus
arbitrary platform graphs. Given a network topology
that may well include cycles and multiple paths,
how does one extract the “best” spanning tree, i.e.,
the spanning tree rooted at the master which allows
for the maximum number of tasks to be processed by
all the computing resources? We show that the
problem of extracting the optimal spanning tree is
NP-complete. Even worse, we show that there exist
heterogeneous networks for which the optimal
spanning tree has a throughput which is arbitrarily
bad compared with the throughput that can be
achieved by the optimal (multiple-path) solution.

The rest of the paper is organized as follows: Section 2 is

devoted to arbitrary platform graphs. We introduce the base
model of communication and computation in Section 2.1. We
formally state the equations governing the steady state in
Section 2.2. In Section 2.3, we show how to determine the
optimal steady state for an arbitrary platform graph, using a
linear programming approach. Next, in Section 3, we deal
with tree-shaped platform graphs: We provide a closed-form
formula and a constructive method to compute the optimal
steady state for such a platform. In Section 4, we discuss
different hypotheses on the processing and communication
capabilities of the computing resources: We show how to
handle the case of processors operating with different
characteristics and, in particular, different capabilities of
overlapping communications with (independent) commu-
nications. In Section 5.1, we prove that steady state schedul-
ingis always asymptotically optimal. Section 5.2 provides the
negative complexity results stated above for the problem of
extracting the optimal spanning tree (that of maximum
steady state throughput) out of a given general platform. We
briefly survey related work in Section 6. Finally, we give some
remarks and conclusions in Section 7.

2 OPTIMAL STEADY STATE FOR GENERAL
PLATFORM GRAPHS
In this section, we formally state the optimization problem

to be solved. We start with the architectural model in
Section 2.1. Next, we explain all the equations governing the
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Fig. 1. A graph labeled with node (computation) and edge (communica-
tion) weights.

steady state operation on an arbitrary platform graph
(Section 2.2). Then, in Section 2.3, we show how to cast
the problem of determining the optimal steady state in
terms of a linear programming problem to be solved in
rational numbers (hence, of polynomial complexity). We
deal with the extension to several masters in Section 2.3.3.
We conclude this section by working out a little example in
Section 2.4.

2.1 Architectural Model

The target architectural/application framework is repre-
sented by a node-weighted edge-weighted graph
G = (V,E,w,c), as illustrated in Fig. 1. Let p = |V| be the
number of nodes. Each node P, € V represents a computing
resource of weight w;, meaning that node P, requires w;
units of time to process one task (so the smaller w;, the faster
the processor node P;). There is a master processor, i.e., a
node P,, which plays a particular role. P,, initially holds the
data for a large (say unlimited) collection of independent
tasks to be executed. Think of each task as being associated
with a file that contains all the data required for the
execution of the task. Tasks are atomic; their computation or
communication cannot be preempted.

Each edge e;; : P, — P; is labeled by a value c¢;; which
represents the time needed to communicate one (data file
associated with a) task between P, and Pj, in either
direction: We assume that the link between P, and P; is
bidirectional and symmetric, ie., that it takes the same
amount of time to send (the data for) one task from P; to P;
as in the reverse direction, from P; to P;. A variant would be
to assume two unidirectional links, one in each direction,
with possibly different label values, and we explain below
how to modify the formulas to handle this variant. If there
is no communication link between P; and P;, we let ¢;; =
+00 so that ¢;; < 400 means that P, and P; are neighbors in
the communication graph.

Note that we can include in ¢;; the time needed for the
receiving processor to return the result to the sending
processor when it is finished. For the purpose of computing
steady state behavior, it does not matter what fraction of the
communication time is spent sending a problem and what
fraction is spent receiving the results. To simplify the
exposition, we will henceforth assume that all the time is
spent sending the task data and no time is needed to
communicate the results back. We assume that all w; are
positive rational numbers. We disallow w; =0 since it
would permit node P; to perform an infinite number of
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tasks, but we allow w; = 4o00; then, P, has no computing
power, but can still forward tasks to other processors.
Similarly, we assume that all ¢;; are positive rational
numbers (or equal to +oco if there is no link between P,
and P)).

There are several scenarios for the operation of the
processors, which are surveyed in Section 4. In this section,
we concentrate on the full overlap, single-port model, which
we also call the base model. In this model, a processor node
can simultaneously receive data from one of its neighbors,
perform some (independent) computation, and send data to
one of its neighbors. At any given time-step, there are at
most two communications involving a given processor, one
sent and the other received.

We state the communication model more precisely: If P;
sends (the data file associated with) a task to P; at time-step
t, then: 1) P; cannot start executing or sending this task
before time-step t + ¢;;; 2) P; cannot initiate another receive
operation before time-step ¢ + ¢;; (but, it can perform a send
operation and independent computation); and 3) P; cannot
initiate another send operation before time-step ¢ + ¢;; (but,
it can perform a receive operation and independent
computation).

2.2 Steady State Operation
Given the resources of a weighted graph G operating under
the base model, we aim at determining the best steady state
scheduling policy. After a start-up phase, we want the
resources to operate in a periodic mode.

To formally define the steady state, we need some
notation. Let n(i) denote the index set of the neighbors of
processor P;. During one time unit:

® (; is the fraction of time spent by P; computing.
e  s;;is the fraction of time spent by P; sending tasks to
each neighbor processor P, for j € n(i), i.e., for each
€ij € E.
e 1;; is the fraction of time spent by P, receiving tasks
from each neighbor processor P, for j € n(i), i.e., for
each ¢;; € E.
We search for rational values for all these variables. The
first set of constraints is that they all must belong to the
interval [0, 1], as they correspond to the fraction of activity
during one time unit:

VZV]G’I’L()O<8L]<1 (2)
Vi, Vjen(i),0 <ry; <1 (3)

The second set of constraints is that the number s;;/c;; of
tasks sent by P, to P; is equal to the number of tasks r;;/c;;
received by P; from P;:

Veij ek, Sij = Tji. (4)

Remember that the communication graph is assumed to be
symmetric: e;; € £ = ¢;; € £/ and, therefore, we also have
sj; = rij. It may well be the case that each link will only be
used in one direction in the final solution, i.e., that either r;;
or s;; will be zero, but we cannot guarantee this a priori.

There are specific constraints for the base model:

One-port model for outgoing communications. Because
send operations to the neighbors of P; are assumed to be
sequential, we have the equation

Vi, ZS,J<1 (5)

jen(i)

One-port model for incoming communications. Because
receive operations from the neighbors of P; are assumed
to be sequential, we have the equation

i, Z ri; < 1. (6)

jen(i)

Full overlap. Because of the full overlap hypothesis, there is
no further constraint on ¢;: 0 < a;; <1 and «; = 1 would
mean that P; is kept busy processing tasks all the time.

Limited bandwidth. This constraint is due to our hypoth-
esis that the same link e;; may be used in both directions
simultaneously. We have to guarantee that the link
bandwidth is not exceeded. The constraint translates
into:

Veij ek, Sijt 1y < 1. (7)

We can slightly reformulate (7) by introducing b;;, the
link bandwidth, expressed in tasks per second (i.e.,
bij = 1/¢;;). In each time unit, there are > tasks sent by P;
to P;, and 2 tasks received by P, to P}, s0 constraint (7) can
be written

Sii Tii
Ve;; € E,l—i-ﬂ < b“
ij  Cij

Conservation laws. The last constraints deal with conserva-
tion laws: For every processor P; which is not the master,
the number of tasks received by P, i.e., > ., o, should
be equal to the number of tasks that P; consumes itself,
ie, &, plus the number of tasks forwarded to its

ne1ghbors ie, Z]En(z ) oo+ We derive the equation:

ro S
Vigm, Y L="tq N0 (8)

. ' Cij w; _ ’, Cij
jen(i) Y o jen(i) W

It is important to understand that (8) really applies to the
steady state operation. We can assume an initialization phase,
during which tasks are forwarded to processors and no
computation is performed. Then, during each time-period in
steady state, each processor can simultaneously perform
some computations, and send /receive some other tasks. This
is why (8) is sufficient; we do not have to detail which
operation is performed at which time-step because the tasks
all commute, they are mutually independent.

Equation (8) does not hold for the master processor P,
because it holds an infinite number of tasks. Without loss of
generality, we can enforce that r,,,; = 0 for all j € n(m): The
master does not need to receive any tasks from its neighbors.
Note that it would be easy to handle unidirectional links: If
e;j : P, — Pjisunidirectional (thatis, if for some reason P; can
send tasks to P;,butnotviceversa), weletr;; = s;; = 0and we
suppress (7), which is automatically fulfilled. Similarly, it is
straightforward to replace each bidirectional link e;; by two
oriented arcs a;; (from P, to P;) and aj (from P; to P),
respectively, weighted with c;; and c;;.
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2.3 Solution

2.3.1 Optimal Throughput

The equations above constitute a linear programming
problem, whose objective function is the number of tasks
consumed within one unit of time, ie., the throughput
Ntask(G) = Y, . Here is a summary:

MASTER SLAVE SCHEDULING PROBLEM MSSG(G)

Maximize ngw(G) = &

=1 wi’
subject to
Vi, ceniny Si <1
Vi, 0 S o S 1 y §]En(z) @
i, o <1
Vi,Vj€n(i), 0<sy<1 gen(h) "
Vey; € B, s+r; <1
Vi,Vj € n(z), 0< Tij <1 X . N s
Vi #m, Djent) o = o Djenti) o

Veij €k, Sij = Tji

Vjen(m), Tmj=0

Note that we can enforce «,,, = 1 because the master will
keep on processing tasks all the time, but we do not have to
because this condition will automatically be fulfilled by the
solution. We can state the first main result of this paper.

Theorem 1. The solution to the previous linear programming
problem provides the optimal solution to MSSG(G).

Because we have a linear programming problem in
rational numbers, we obtain rational values for all variables
in polynomial time (polynomial in |V| + |E|, the size of the
heterogeneous platform). When we have the optimal
solution, we take the least common multiple of the
denominators and, thus, we derive an integer period T for
the steady state operation.

Finally, we point out that we can restrict to solutions
where each link is used only in one direction. Although
there may exist optimal solutions of MSSG(G) for which it is
not the case, we can always transform such solutions into
solutions where each link is used only in one direction
(without changing the throughput): if both r;; and s;; are
nonzero, with, say, r;; > s;;, use r,’ij =7, — s; and s,’[-j =0to
derive an equivalent solution.

2.3.2 Reconstructing the Schedule

There are several subtle points when reconstructing the
actual periodic schedule. Once the linear programming
problem is solved, we get the period 7' of the schedule, and
the integer number of messages going through each link.
First, because it arises from the linear program, log7 is
indeed a number polynomial in the problem size, but T'
itself is not. Hence, describing what happens at every time-
step during the period would be exponential in the problem
size, and we need a more “compact” description of the
schedule. Second, we need to exhibit an orchestration of the
message transfers where only independent communica-
tions, i.e., involving disjoint pairs of senders and receivers,
can take place simultaneously.

Both problems are solved as follows: From our platform
graph G, and using the result of the linear program, we
build a bipartite graph: For each node P, in G, we create two
nodes Pf“’”’ and P/“. For each communication from P; to
P;, we insert an edge between P/"¢ and P, which is
weighted by the length of the communication. We are
looking for a decomposition of this bipartite graph into a set

P, (master)

P

Fig. 2. An example with four processors.

of subgraphs where a node (sender or receiver) is occupied
by at most one communication task. This means that at
most one edge reaches each node in the subgraph. In other
words, only communications corresponding to a matching
in the bipartite graph can be performed simultaneously,
and the desired decomposition of the graph is in fact an
edge coloring. The weighted edge coloring algorithm of [15,
vol. A, chapter 20] provides in time O(|E|*) a polynomial
number of matchings, which are used to perform the
different communications, and which provides the desired
polynomial-size description of the schedule. See [5] for
further details. We point out that reconstructing the final
schedule is much easier for tree-shaped platforms, as
shown in Section 3.

Notice that it is necessary for each node to be able to hold
in a buffer some number of tasks that it has received, but
not yet computed or sent. Also, depending on the schedule,
it may be necessary to preload some number of tasks into
the node during the initialization period. The maximum
number of such buffered tasks is at most 7" per node. The
issue of limiting the number of buffered tasks to a more
practical number is explored in [13].

2.3.3 With Several Masters

The extension for several masters is straightforward.
Assume that there are k masters P,,, Pn,, ..., Py, each
holding (the initial data for) a large collection of tasks. For
each index m,, 1 < ¢ < k:

1. Suppress (8) for i = m, (the conservation law does
not apply to a master).

2. Add the constraints r,, ;=0 for all j€m(q) (a
master does not need to receive any task).

We then solve the new MSSG(G) problem.

2.4 Example

Consider the toy example of Fig. 2, with p = 4 processors
(P is the unique master). If we feed the values w; and ¢; into
the linear program, and compute the solution using a tool
such as the Maple simplex package, we obtain the optimal
throughput 7,4 (G) =%. This means that the whole plat-
form is equivalent to a single processor with processing
capability w =7 =7, ie., capable of processing seven
tasks every four seconds.

With the values of «;, s;j, and r;; returned in the solution
of the linear program, we retrieve the periodic steady state
behavior. Every 12 time-units:
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Fig. 3. Steady state for the example with four processors.

o The master processor P, computes 12 tasks (a; = 1),
sends two tasks to P, (in six time-steps, s12 = 1/3),
and sends seven tasks to P (in seven time-steps,

e Processor P; receives seven tasks from the master P;
(in seven times-steps, rs; = 7/12), computes three
tasks (a3 = 1), and sends four tasks to Py (in 12 time-
steps, s34 = 1).

e Processor Pj receives four tasks from P (in 12 time-
steps, 143 = 1), computes two tasks (as =1), and
sends two tasks to P, (in six time-steps, ss = 1/2).

e Processor P, receives four tasks, two from the master
P, (in 4 time-steps, ry; = 1/3), and two from P, (in
six time-steps, ro4 = 1/2), and it computes four tasks
(0[2 = 1)

This makes a total of 12 + 3 + 2 + 4 = 21 tasks every 12 time-
steps, and we do retrieve the value nuu(G) =32 =1. This
steady state is illustrated in Fig. 3. Note that all processors
are executing tasks all the time, so the solution achieves a
full utilization of the computing resources. It is interesting
to point out that P, receives its tasks along two paths, the
first half directly from the master, and the second half being
forwarded through P; and Pj.

In the introduction, we briefly mentioned the difficulty
of extracting a spanning tree of high throughput from a
given interconnection graph, and we come back to this
point in Section 5. We can perform an exhaustive search for
our little example because there are only four possible trees
rooted in P;. To compute the throughput of a given tree, we
can either use the linear programming approach, or traverse
the tree using the bandwidth-centric algorithm of Section 3
(with a cost linear in the processor number). In the example,
we obtain the following results:

1. If we suppress the edge between P;
throughput of the corresponding
Ntask (Tl) = %

2. If we suppress the edge between P
throughput of the corresponding
ntdbk(T2) ;2

3. If we suppress the edge between P,
throughput of the corresponding
ntask(TS) 24

4. If we suppress the edge between P;
throughput of the corresponding

Ntask (T4) 22

and P, the
tree 1) is

and Pj, the
tree Ty is

and Py, the
tree T3 is

and Py, the
tree T, is

We see that the third tree T3 is the best one, with a
throughput n,s (73) = % very close to the optimal solution
Ntask(G) = 33 for the whole graph.

3 BANDWIDTH-CENTRIC STRATEGY FOR
TREE SHAPED PLATFORMS

In this section, we deal with tree-shaped platforms. The root
of the tree is always the master. For such platforms, we
derive a closed-form expression of the solution of the linear
program MSSG(G). We also show that a simple traversal of
the tree enables to compute the solution of MSSG(G) in
linear time (linear in the size of the platform).

3.1 Star Graph

We start with simple star graphs before dealing with
arbitrary tree graphs. A star graph F, as shown in Fig. 4,
consists of a node Fy and its k children Py,. .., P;. In the full
overlap, single-port model, P can communicate with a single
child at a time: It needs ¢; units of time to communicate a
task to child P,. Concurrently, P, can receive data from its
own parent, say P_;, requiring c, time per task. We give
three examples in Figs. 5, 6, and 7: In the first, all children
operate at full rate, and in the latter two, the communication
bandwidth is the limiting factor.

Proposition 1. With the above notations, the minimal value of
Niask (F') for the star graph F is obtained as follows:

1. Sort the children by increasing communication times.
Renumber them so that ¢; < cy... < cp.

2. Let p be the largest index so that Y7, & < 1. If p <k,
let e =1—7377 o otherwise, let e = “0.

3. Then, nis(F) = min (c—, w T >r 1w7 o )

Intuitively, the processors cannot consume more tasks
than sent by P_;, hence, the first term of the minimum. For

Fig. 4. Star graph.
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Fig. 5. First example without saturation of the communication bandwidth: All children can be kept fully active.

the second term, when p =k, the result is expected: It
basically says that children can be fed with tasks fast
enough so that they are all kept computing steadily.
However, if p < k, the result is surprising: In the situation
when the communication bandwidth is limited, some
children will partially starve: In the optimal solution, these
are those with slow communication rates, whatever their
processing speeds. In other words, a slow processor with a
fast communication link is to be preferred to a fast
processor with a slow communication link.

Proof. We use the same notation as in Section 2.3. For
0<i<k o« is the fraction of time spent by P
computing. For 0 <¢ <k, we let s; (instead of sy;) be
the fraction of time spent by P sending tasks to child F;.
Note that we know that tasks flow from B, to its
children, hence, ry; = 0 (where r; is the fraction of time
spent by Fy receiving tasks from F;). Finally, let r_; be
the fraction of time spent by F) receiving tasks from its
own parent. We have the following linear program:

Max1m1ze =0y Z

The last equation stands for the conservation equation
for each child P;: Because no task is forwarded, each
received task is consumed in place. We normalize these
equations by introducing the rates R;: R_; == is the

e
rate of tasks per second received from the parent P_;,

Ry = ”—2 is the rate they are executed in the parent node

w

Py,and R; =% == for 1 <i < k, is the rate they are sent

to and executed on the ith child. We obtain the following
formulation:

k
Base Problem : Maximize Z R;, subject to
=0
(BO) R <+ -for0<i<k (B 2) Ri<tfor0<i<k

(B )R—l—Z,URS (B )E{:lRicigl

Let R be the solution of the Base Problem. We claim
that R = mm(— —+S) (unless ¢y =0, in that case

¢ wy

R=-=1+5), where S is the solution to the following

wo

S|=

problem:

k
Wo 1 W;
= Auxiliary problem : Maximize R;, subject to
0<o<lfor0<i<k ro1_ o kﬁ yp ; K J
subject to { 0<r_; <1 f W TG k
S s<1 ?:%forOSigk (1) Rw; <1for1<i<k, (2) ) Ri<1.
=17 = i i i=1
Py | |
1 1
P, IRNERNNRARENRIN AINRNRRARENRNNR 2
P, EEENEEEEENNEEENNNENENNNNNNNEEN “
5
1 I
50} i i
1 I

1/ 1 2
Py Send (T (I
I I

R - P@ "

60

Fig. 6. Second example with saturation of the communication bandwidth: Some children are partially idle due to the low bandwidth between P, and

its parent.
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Because the auxiliary problem is less constrained than
the original one, we immediately have that I%O + S > R. We
0) and (B1), hence,
min (— =48 ) > R.Toshow thereverse inequality, there

co T wy

also have %> R because of (B

are two cases, according to the value of min ((0 v T S)

Assume first that min (C— ot S) L. Let (Ry,...,Ry) be

the optimal solution of the aux1liary problem: S=Y"F R

andi+S> .Leta=1%5< (1, ,aR, ...,
T @’ we’

aRk> is a solution to the base problem whose objective

function is equal to - Therefore L <R

Assume now that min (C—,LL—U—Q—S) = i—l—S. Let
(Ri,...,Ry)) be the optlmal solution of the auxiliary

problern S=3% Riand L -+ 8 <. Let Ry = - and
R, = Zz‘:o R;. Then, (R_q, RO, Ry,...,

the base problem (note that (B1) is satisfied because of the
hypothesis). Hence, —— + S < R. This concludes the reduc-

’11

Rk) is a solution to

tion to the auxiliary problem.

We can now come to the solution of the auxiliary
problem. As in the statement of the theorem, let p be the

largestindex so that 37 | & < 1.Let Rf = ;- for1 <i <p.
pr<k,letRp+1—— wherea_l b 1o Up+ 1<k,

let Rf =0 for p+2 <i <k We claim that (R}) is the
optimal solution of the optimization problem:

° First it is indeed a solution. We have R*

when p < k. This comes directly from the

Wp+1

definition of p: Since ¥4 >1, we have

=1 w;
— _ P ¢ Cp+1 £
e=1 it < hence, - = < “)p+l As for

(@), Y Rici=>1,4<1 for all j<p, by
definition of p. And. if p <k, ZPH Rici =1, by
definition of R,;.

e Second, it is the solution that maximizes the
objective function. To see this, consider all the
optimal solutions, i.e., all the solutions that achieve
the optimal value of the objective function. Among
these optimal solutions, consider one solution (R;)
such that R, is maximal. Assume by contradiction
that R < R} = ﬁ Then, there exists at least one

Fig. 7. Third example with saturation of the communication bandwidth: child P; is partially idle due to its high computation speed.

index j > 2 such that R; > R}; otherwise, the
solution would not be optimal. Now, since the ¢;
are sorted, we have ¢; < ¢;. We do not change the
value of the objective functionif welet Ry = R, + 7
and R; = R; — 7, where 7 is an arbitrary small
nonnegative rational number. However, we do
have a new solution to the optimization problem,
because (R1 + T)Cl + (R] — T)Cj < R101 + RjCj.
Hence, we have an optimal solution with a larger
R, than the original one, a contradiction. Hence, we
have shown that there exist optimal solutions such
that Ry = R}. We restrict to such solutions without
loss of generality and we iterate the process: We
finally derive that (R}) is an optimal solution.

The optimal solution of the auxiliary problem is S =

Zz 1R Zzlw (Pl.

The optimal solution of the base problem is
R = min (f L S), which establishes our claim.

A less formal (but much shorter) proof of Proposition 1
is the following: Sorting the ¢; and feeding as many tasks
as possible to the children taken in that order maximizes
the number of tasks that are communicated to the
children; hence, the number of tasks that are processed
by the children. Add those processed by the parent, and
take the minimum with the input rate to derive the
optimal value. Note that the proof in Proposition 1 is
fully constructive: The number of tasks to be computed
by the parent and to be sent to each child is directly
computed from the optimal solution (R;). 0

3.2 Arbitrary Tree Graphs
The best allocation of tasks to processor nodes is deter-

mined using a bottom-up traversal of the tree:

Proposition 2. Let T' be an arbitrary tree graph. The maximal

value of ni.s (F) for the whole tree T is obtained as follows:

1. Consider any subtree F consisting of several leaves
and their parent. Replace this tree with a single node
whose weight is w = m, where nys (F) is given
by Proposition 1.

2. Iterate the process until there remains a single node.
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Fig. 8. Computing the best allocation for a tree graph.

Then, the minimal value is equal to the weight of the single
node.

Proof. The proof is immediate: In steady state, a star graph
F consisting of a parent and several leaves behaves
exactly as a single node of weight w :m, where
Niask(F) is determined by Proposition 1. For the root
node, we can assume a link from a virtual parent with
infinite capacity, i.e., ¢g = 0.

Again, the proof is fully constructive and the optimal
task allocation is computed using the bottom-up
approach. Fig. 8 is a small example.

4 OTHER OPERATING MODELS

In this section, we discuss models of operation other than
the full-overlap, single-port model, or base model. For each
new model, we show which equations to modify in the
linear program MSSG(G). In other words, we perform a
series of model reductions to convert each instance of a
processor operating a given model into an instance with the
base model.

We list different models, starting from the most powerful
machines down to purely sequential processors.

M(r*||s*||w): Full overlap, multiple-port. In this first
model, a processor node can simultaneously receive
data from all its neighbors, perform some (independent)
computation, and send data to all of its neighbors. This
model is not realistic if the number of neighbors is large.

M(r||s|]|w]|): Full overlap, single-port. In this second

model, a processor node can simultaneously receive
data from one neighbor, perform some (independent)
computation, and send data to one neighbor. At any
given time-step, there are at most two communications
taking place, one incoming and one outgoing. This
model is representative of a large class of modern
machines and is the base model which we have already
dealt with.

M(r||s,w): Receive-in-Parallel, single-port. In this third

model, as in the next two, a processor node has one
single level of parallelism: It can perform two actions
simultaneously. In the M(r||s,w) model, a processor can
simultaneously receive data from one neighbor, and
either perform some (independent) computation, or send
data to one neighbor.

M(s||r,w): Send-in-Parallel, single-port. In this fourth

model, a processor node can simultaneously send data
to one neighbor and either perform some (independent)
computation, or receive data from one neighbor.

M(w||r,s): Work-in-Parallel, single-port. In this fifth

model, a processor node can simultaneously compute
and execute a single communication, either sending to or
receiving from one neighbor.

M(r,s,w): No internal parallelism. In this sixth and last

model, a processor node can only do one thing at a time:
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either receiving from one neighbor, or computing, or
sending data to one neighbor.

Reduction for M(r*||s*||w), the Full overlap, multiple-port
model. In this model, we allow for an unlimited number of
simultaneous communications, either incoming or out-
going. It is quite easy to take this new constraint into
account: Simply suppress (5) and (6) in the linear program!
Indeed, under the new model, (2) and (3) are sufficient to
characterize the activity of each processor.

Instead of allowing an unlimited number of simulta-
neous communications, we could be more restrictive and
restrict each processor to k; incoming and k; outgoing
communications. In other words, there are k; receiving
ports and k; sending ports. Let rfj be the time spent by
processor P; to receive tasks from processor P; on receiving
port k for 1 < k < k. Similarly, let s; be the time spent by P,
to send tasks to P; on sending port k, for 1 < k < ky. The
new constraints simply are

Vi, VE1<k<k,0< > rh<1, (9)
jen(i)
Vi, Vh1<k<ky,0< > s <1

Jen(i)

(10)

Reduction for M(r||s,w), the Receive-in-Parallel, single
port model. This model is less powerful than the base
model: the processor can simultaneously receive a task from
one of its neighbors, and either perform some computation,
or send a task to one of its neighbors. To take this new
constraint into account, simply replace (5) and (1) by

Vi, a; + Z si; <1

jen(i)

(11)

Reduction for M(s||r,w), the Send-in-Parallel, single port
model. In this model, a processor can simultaneously send a
task to one of its neighbors, and either perform some
computation, or receive a task from one of its neighbors. To
take this new constraint into account, simply replace (6) by

Vi, a; + Z Tij <1.

(12)

Reduction for M(wl|r, s), the Work-in-Parallel, single port
model. In this model, a processor can simultaneously
perform some computation, and either receive from, or
send a task to, one of its neighbors, To take this new
constraint into account, simply replace (5) and (6) by

Vi, Z S,jj+ Z Tij S 1.
)

jen(i) i

(13)
jen(i
Reduction for M(r,s,w), the No internal parallelism
model. In this model, a processor can only do one thing
at a time: receive, send, or compute tasks. This time, we
have to replace (1), (5), and (6) by

V’Z:, Z SLJ-FCML-’- Z Tij S 1.

jen(i) Jjen(i)

(14)

Strongly heterogeneous platforms. Finally, it is important
to point out that the processor nodes may operate under
different models. Instead of writing the same equations for

each node, we pick up different equations for each node,
those corresponding to the desired operation models.

5 ComPLEXITY RESULTS

5.1 Asymptotic Optimality

In this section, we prove that steady state scheduling is
asymptotically optimal. Given a platform graph G =
(V,E,w,c) and a time bound K, define opt(G, K) as the
optimal number of tasks that can be computed using the
whole platform, within K time-units. We have the follow-
ing result.

Lemma 1. opt(G, K) < ngags(G) X K.

Proof. Consider an optimal scheduling. For each processor
P, let t;(K) be the total number of tasks that have been
executed by P, within the K time-units. Similarly, for
each edge ¢;; in the graph, let ¢; j(K) be the total number
of tasks that have been forwarded by P, to P; within the
K time-units. The following equations hold true.

o t;(K) w; <K (time for P, to process its tasks).

® D icnitij(K) cij <K (time for P to forward
outgoing tasks in the one-port model).

° Ejen(i) t;i(K). ¢j < K (time for P, to receive
incoming tasks in the one-port model).

b Zjen(i) t]l(K) = ti(K) + Z,jen(f) tlJ(K) (COIISEI‘V&-
tion equation).

it (K iti i (K it (K
Letaj:“ (>/ Sij:L};((> citji(K) _

K ’ and TU =—Fr = 5]7 All
the equations of the linear program MSSG(G) hold,
hence, >, % < nasks(G), the optimal value. Going back to

the original variables, we derive:

opt(G, K) =Y " t:(K) < niaas(G) x K.
O

Basically, Lemma 1 says that no scheduling can execute
more tasks than the steady state. There remains to bound
the initialization and the clean-up phase to come up with a
well-defined scheduling algorithm based upon steady state
operation. Consider the following algorithm (assume K is
large enough):

e Solve the linear program MSSG(G): Compute the
maximal throughput nuws(G), compute all the
values «;, 75, and r;;, and determine the time-period
T. For each processor P;, determine per;, the total
number of tasks that it receives per period. Note that
all these quantities are independent of K: They
depend only upon the characteristics w; and ¢;; of
the platform graph.

e Initialization: The master sends per; tasks to each
processor P;. This requires I units of time, where I is
a constant independent of K.

e Let J be the maximum time for each processor to
consume per; tasks (J = max;{per;.w;}). Again, Jis a
constant independent of K.

o Letr=|&1)

e Steady state scheduling: During r periods of time T,
operate the platform in steady state, according to the
solution of MSSG(G).
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Fig. 9. Graph G used for the proof of the inapproximability.

e Clean-up: Do not forward any task, but consume in
place all remaining tasks. This requires at most .J
time-units. Do nothing during the very last units
(K — I — J may not be evenly divisible by T).

e The number of tasks processed by this algorithm
within K time-units is equal to steady(G,K) =
(r+1) x T X ngasks(G).

Proposition 3. The previous scheduling algorithm based upon
steady state operation is asymptotically optimal:

steady(G, K)

2,
Koo opt(G, K)

Proof. Using Lemma 1, opt(G, K) < nsks(G).K. From the
description of the algorithm, we have steady(G,K) =
((r+ 1D)7T)ngasks(G) = (K — I — J).ntasks(G), whence the
result because I, J, T, and mnggs(G) are constants
independent of K. ]

5.2 Spanning Trees

For a general interconnection graph, the solution of the
linear programming problem may lead to the use of
multiple paths (this is the case for the toy example of
Section 2.4). As already mentioned, it may be of interest to
extract the best spanning tree (the one with maximum
throughput) out of the graph. Using a tree greatly simplifies
the implementation (because of the unique route from the
master to any processor). Also, the bandwidth-centric
algorithm presented in [4] is local and demand-driven,
therefore, is very robust to small variations in resources
capabilities.

This section provides “negative” results: First, extracting
the best tree is NP-hard. But, even if we are ready to pay a
high (probably exponential) cost to determine the best tree,
there exist graphs for which the throughput of the best tree
is arbitrarily bad compared to the throughput that can be
achieved while the whole graph.

VOL. 15, NO. 4, APRIL 2004
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Fig. 10. Description of a tree T extracted from G.

5.2.1 Finding the Best Spanning Tree

Our aim is to find the spanning tree that maximizes the
throughput, i.e., the number of tasks that can be processed
within one unit of time at steady state. Formally, we can
state the problem as follows:

Defintion 1 (BEST-TREE(Q)). Let G = (V,E,w,c) be the
node-weighted edge-weighted graph representing the architec-
tural framework. Find the tree T = (V,E',w,c) that is a
subgraph of G rooted at the master, such that the number of
tasks nasc(T') that can be processed in steady state within one
time-unit, using only those edges of the tree, is maximized.

The associated decision problem is the following:

Definition 2 (BEST-TREE-DEC(G, o). Let G = (V, E,w,c)
be the node-weighted edge-weighted graph representing the
architectural framework. Is there a tree T = (V, E',w, c) that
is a subgraph of G rooted at the master, such that
nmsk(T) > a?

Theorem 2. BEST-TREE-DEC(G, ) is NP-Complete.

Proof. The problem BEST-TREE-DEC(G, «) is proven to be
NP-complete in [3] by reduction from 2-PARTITION,
which is known to be NP-Complete [9]. O

5.2.2 Inapproximability of a Graph by a Tree

One natural and interesting question is the following: How
bad may the approximation of a graph by a tree be? The
following theorem states the inapproximability of a general
graph by a tree with respect to throughput.

Theorem 3. Given any positive integer K, there exists a graph G
such that, for any tree T' that is a subgraph of G and rooted at
the master, we have

Ntask (G)

> K.
Ntask (T) B

Proof. Consider the graph depicted in Fig. 9.

One can easily check that, using all the communication
resources, it is possible to process one task within each
time unit, i.e., n4,5:(G) = 1. However, any tree T extracted
from G is equivalent to the chain depicted in Fig. 10 since
P} is the only computing resource. Moreover, because of
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the slow link between P, and P/, the number of tasks that
can be processed within one unit of time is bounded by
and, thus,

ntask(G) S K

VT,
Ntask (T)

6 RELATED PROBLEMS
We classify several related papers along the following lines:

Scheduling task graphs on heterogeneous platforms.
Several heuristics have been introduced to schedule
(acyclic) task graphs on different-speed processors, see
[21], among others. Unfortunately, all these heuristics
assume no restriction on the communication resources,
which renders them somewhat unrealistic to model real-
life applications. Recent papers [12], [19] suggest taking
communication contention into account.

Scheduling divisible load. Instead of scheduling several
communications, one for each task, the divisible load
approach consists in scheduling a single communication
at the beginning of the operation. The cost of this
communication is proportional to the amount of compu-
tation performed. A star graph is targeted in [20], with
homogeneous links and different-speed processors. The
extension to heterogeneous links is dealt with in [6]. See
also [14], [1] for more results on sharing bag of tasks in
heterogeneous clusters.

Master-slave on the computational grid. Master-slave
scheduling on the grid can be based on a network-flow
approach [17] or on an adaptive strategy [11]. Note that the
network-flow approach of [17] is possible only when using
a full multiple-port model, where the number of simulta-
neous communications for a given node is not bounded.
Enabling frameworks to facilitate the implementation of
master-slave tasking are described in [10], [22].

7 CONCLUSION

In this paper, we have dealt with master-slave tasking on a
heterogeneous platform. We have shown how to determine
the best steady state scheduling strategy for a general
interconnection graph, using a linear programming ap-
proach. We derive from this steady-state strategy a
asymptotically optimal schedule. We have also given a
closed-form expression and a more efficient algorithm
(linear in the processor number) for tree-shaped platform
graphs using a bandwidth-centric approach. Some simulation
results on demand-driven heuristics based on the band-
width-centric approach are given in [4] and [13].

We have also derived negative theoretical results, namely,
that general interconnection graphs may be arbitrarily more
powerful than spanning trees, and that determining the best
spanning tree is NP-hard. Nevertheless, several low-cost
heuristics that achieve very good performances on a wide
range of simulations are proposed in [2]. These positive
experiments show that, in practice, it is safe to rely on
spanning trees to implement master-slave tasking.

This work can be extended in the following two
directions:

e On the theoretical side, we could try to solve the
problem of maximizing the number of tasks that can
be executed within 71" time-steps, where 7' is a given
time-bound. This scheduling problem is more
complicated than the search for the best steady state.
Taking the initialization phase into account renders
the problem quite challenging.

e On the practical side, we need to run actual
experiments rather than simulations. Indeed, it
would be interesting to capture actual architecture
and application parameters, and to compare heur-
istics on real-life problems.
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