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❆❜str❛❝t✳ ❲❡ s❤♦✇ t❤❛t ❛ s♠♦♦t❤ ♣r♦❥❡❝t✐✈❡ ❝✉r✈❡ ♦❢ ❣❡♥✉s g ❝❛♥ ❜❡ r❡❝♦♥str✉❝t❡❞ ❢r♦♠ ✐ts

♣♦❧❛r✐③❡❞ ❏❛❝♦❜✐❛♥ (X,Θ) ❛s ❛ ❝❡rt❛✐♥ ❧♦❝✉s ✐♥ t❤❡ ❍✐❧❜❡rt s❝❤❡♠❡ Hilbd(X)✱ ❢♦r d = 3 ❛♥❞ ❢♦r

d = g + 2✱ ❞❡✜♥❡❞ ❜② ❣❡♦♠❡tr✐❝ ❝♦♥❞✐t✐♦♥s ✐♥ t❡r♠s ♦❢ t❤❡ ♣♦❧❛r✐③❛t✐♦♥ Θ✳ ❚❤❡ r❡s✉❧t ✐s ❛♥

❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ●✉♥♥✐♥❣✕❲❡❧t❡rs tr✐s❡❝❛♥t ❝r✐t❡r✐♦♥ ❛♥❞ t❤❡ ❈❛st❡❧♥✉♦✈♦✕❙❝❤♦tt❦② t❤❡♦r❡♠

❜② P❛r❡s❝❤✐✕P♦♣❛ ❛♥❞ ●r✉s❤❡✈s❦②✱ ❛♥❞ ✐ts s❝❤❡♠❡ t❤❡♦r❡t✐❝ ❡①t❡♥s✐♦♥ ❜② t❤❡ ❛✉t❤♦rs✳

✶✳ ■♥tr♦❞✉❝t✐♦♥

▲❡t (X,Θ) ❜❡ ❛♥ ✐♥❞❡❝♦♠♣♦s❛❜❧❡ ♣r✐♥❝✐♣❛❧❧② ♣♦❧❛r✐③❡❞ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ✭♣♣❛✈✮ ♦❢ ❞✐♠❡♥s✐♦♥

g ♦✈❡r ❛♥ ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞ ✜❡❧❞ k ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ❞✐✛❡r❡♥t ❢r♦♠ 2✳ ❚❤❡ ♣♦❧❛r✐③❛t✐♦♥ Θ ✐s

❝♦♥s✐❞❡r❡❞ ❛s ❛ ❞✐✈✐s♦r ❝❧❛ss ✉♥❞❡r ❛❧❣❡❜r❛✐❝ ❡q✉✐✈❛❧❡♥❝❡✱ ❜✉t ❢♦r ♥♦t❛t✐♦♥❛❧ ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ s❤❛❧❧

✜① ❛ r❡♣r❡s❡♥t❛t✐✈❡ Θ ⊂ X✳ (X,Θ) ❜❡✐♥❣ ✐♥❞❡❝♦♠♣♦s❛❜❧❡ ♠❡❛♥s t❤❛t Θ ✐s ✐rr❡❞✉❝✐❜❧❡✳

❚❤❡ ❣❡♦♠❡tr✐❝ ❙❝❤♦tt❦② ♣r♦❜❧❡♠ ❛s❦s ❢♦r ❣❡♦♠❡tr✐❝ ❝♦♥❞✐t✐♦♥s ♦♥ (X,Θ) ✇❤✐❝❤ ❞❡t❡r♠✐♥❡

✇❤❡t❤❡r ✐t ✐s ✐s♦♠♦r♣❤✐❝✱ ❛s ❛ ♣♣❛✈✱ t♦ t❤❡ ❏❛❝♦❜✐❛♥ ♦❢ ❛ ♥♦♥s✐♥❣✉❧❛r ❣❡♥✉s g ❝✉r✈❡ C✳ ❚❤❡

❚♦r❡❧❧✐ t❤❡♦r❡♠ t❤❡♥ ❣✉❛r❛♥t❡❡s t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ❝✉r✈❡ C ✉♣ t♦ ✐s♦♠♦r♣❤✐s♠✳ ❖♥❡ ♠❛②

❛s❦ ❢♦r ❛ ❝♦♥str✉❝t✐✈❡ ✈❡rs✐♦♥✿ ❝❛♥ ②♦✉ ✏✇r✐t❡ ❞♦✇♥✑ t❤❡ ❝✉r✈❡ C✱ st❛rt✐♥❣ ❢r♦♠ (X,Θ)❄ ❊✈❡♥

t❤♦✉❣❤ ♦♥❡ ♠❛② ❡♠❜❡❞ C ✐♥ ✐ts ❏❛❝♦❜✐❛♥ X✱ t❤❡r❡ ✐s ♥♦ ❝❛♥♦♥✐❝❛❧ ❝❤♦✐❝❡ ♦❢ s✉❝❤ ❛♥ ❡♠❜❡❞❞✐♥❣✱

s♦ ♦♥❡ ❝❛♥♥♦t r❡❝♦♥str✉❝t C ❛s ❛ ❝✉r✈❡ ✐♥ X ✇✐t❤♦✉t ♠❛❦✐♥❣ s♦♠❡ ❝❤♦✐❝❡s ❛❧♦♥❣ t❤❡ ✇❛②✳ ❲❡

r❡❢❡r t♦ ▼✉♠❢♦r❞✬s ❝❧❛ss✐❝ ❬✶✶❪ ❢♦r ✈❛r✐♦✉s ❛♣♣r♦❛❝❤❡s ❛♥❞ ❛♥s✇❡rs t♦ t❤❡ ❙❝❤♦tt❦② ❛♥❞ ❚♦r❡❧❧✐

♣r♦❜❧❡♠s✱ ❛♥❞ ❛❧s♦ t♦ ❆r❜❛r❡❧❧♦ ❬✶❪✱ ❇❡❛✉✈✐❧❧❡ ❬✷❪ ❛♥❞ ❉❡❜❛rr❡ ❬✸❪ ❢♦r ♠♦r❡ r❡❝❡♥t r❡s✉❧ts✳

■♥ t❤✐s ♥♦t❡✱ ✇❡ s❤♦✇ t❤❛t ❛♥② ❝✉r✈❡ C s✐ts ♥❛t✉r❛❧❧② ✐♥s✐❞❡ t❤❡ ♣✉♥❝t✉❛❧ ❍✐❧❜❡rt s❝❤❡♠❡

♦❢ ✐ts ❏❛❝♦❜✐❛♥ X✳ ❲❡ ❣✐✈❡ t✇♦ ✈❡rs✐♦♥s✿ ✜rst❧②✱ ✉s✐♥❣ t❤❡ ●✉♥♥✐♥❣✕❲❡❧t❡rs ❝r✐t❡r✐♦♥ ❬✼✱ ✶✹❪✱

❝❤❛r❛❝t❡r✐③✐♥❣ ❏❛❝♦❜✐❛♥s ❜② ❤❛✈✐♥❣ ♠❛♥② tr✐s❡❝❛♥ts✱ ✇❡ r❡❝♦♥str✉❝t C ❛s ❛ ❧♦❝✉s ✐♥ Hilb3(X)✳

❙❡❝♦♥❞❧②✱ ✉s✐♥❣ t❤❡ ❈❛st❡❧♥✉♦✈♦✕❙❝❤♦tt❦② t❤❡♦r❡♠✱ q✉♦t❡❞ ❜❡❧♦✇✱ ✇❡ r❡❝♦♥str✉❝t C ❛s ❛ ❧♦❝✉s

✐♥ Hilbg+2(X)✳ ■♥ ❢❛❝t✱ ❢♦r ❛♥② ✐♥❞❡❝♦♠♣♦s❛❜❧❡ ♣♣❛✈ (X,Θ)✱ ✇❡ ❞❡✜♥❡ ❛ ❝❡rt❛✐♥ ❧♦❝✉s ✐♥ t❤❡

❍✐❧❜❡rt s❝❤❡♠❡ Hilbd(X) ❢♦r d ≥ 3✱ ❛♥❞ s❤♦✇ t❤❛t t❤✐s ❧♦❝✉s ✐s ❡✐t❤❡r ❡♠♣t②✱ ♦r ♦♥❡ ♦r t✇♦ ❝♦♣✐❡s

♦❢ ❛ ❝✉r✈❡ C✱ ❛❝❝♦r❞✐♥❣ t♦ ✇❤❡t❤❡r (X,Θ) ✐s ♥♦t ❛ ❏❛❝♦❜✐❛♥✱ ♦r t❤❡ ❏❛❝♦❜✐❛♥ ♦❢ t❤❡ ❤②♣❡r❡❧❧✐♣t✐❝

♦r ♥♦♥❤②♣❡r❡❧❧✐♣t✐❝ ❝✉r✈❡ C✳ ❚❤❡♥ ✇❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❧♦❝✉s ✐♥ q✉❡st✐♦♥ ❢♦r d = 3 ✐♥ t❡r♠s ♦❢

tr✐s❡❝❛♥ts✱ ❛♥❞ ❢♦r d = g + 2 ✐♥ t❡r♠s ♦❢ ❜❡✐♥❣ ✐♥ s♣❡❝✐❛❧ ♣♦s✐t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ 2Θ✲tr❛♥s❧❛t❡s✳

✷✵✶✵ ▼❛t❤❡♠❛t✐❝s ❙✉❜❥❡❝t ❈❧❛ss✐✜❝❛t✐♦♥✳ Pr✐♠❛r② ✶✹❍✹✷❀ ❙❡❝♦♥❞❛r② ✶✹❈✵✺✳
❇♦t❤ ❛✉t❤♦rs ❛r❡ ♣❛rt✐❛❧❧② s✉♣♣♦rt❡❞ t❤r♦✉❣❤ t❤❡ ❘❡s❡❛r❝❤ ❈♦✉♥❝✐❧ ♦❢ ◆♦r✇❛② ❣r❛♥t ❙❤❡❛✈❡s ♦♥ ❛❜❡❧✐❛♥

✈❛r✐❡t✐❡s✱ ❣r❛♥t ♥✉♠❜❡r ✷✸✵✾✽✻✳ ▼✳▲✳ ✐s ♣❛rt✐❛❧❧② s✉♣♣♦rt❡❞ ❜② ▼❚▼✷✵✶✷✲✸✽✶✷✷✲❈✵✸✲✵✷✳
✶
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❚♦ st❛t❡ t❤❡ r❡s✉❧ts ♣r❡❝✐s❡❧②✱ ✇❡ ✐♥tr♦❞✉❝❡ s♦♠❡ ♥♦t❛t✐♦♥✳ ❋♦r ❛♥② s✉❜s❝❤❡♠❡ V ⊂ X✱ ✇❡

s❤❛❧❧ ✇r✐t❡ Vx ⊂ X ❢♦r t❤❡ tr❛♥s❧❛t❡ V −x ❜② x ∈ X✳ ▲❡t ψ : X → P2g−1 ❜❡ t❤❡ ✭❑✉♠♠❡r✮ ♠❛♣

❣✐✈❡♥ ❜② t❤❡ ❧✐♥❡❛r s②st❡♠ |2Θ|✳

❚❤❡♦r❡♠ ❆✳ ▲❡t Y ⊂ Hilb3(X) ❜❡ t❤❡ s✉❜s❡t ❝♦♥s✐st✐♥❣ ♦❢ ❛❧❧ s✉❜s❝❤❡♠❡s Γ ⊂ X ✇✐t❤ s✉♣♣♦rt

{0}✱ ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t

{x ∈ X Γx ⊂ ψ−1(ℓ) ❢♦r s♦♠❡ ❧✐♥❡ ℓ ⊂ P
2g−1}

❤❛s ♣♦s✐t✐✈❡ ❞✐♠❡♥s✐♦♥✳ ❚❤❡♥ Y ✐s ❝❧♦s❡❞ ❛♥❞

✭✶✮ ✐❢ X ✐s ♥♦t ❛ ❏❛❝♦❜✐❛♥✱ t❤❡♥ Y = ∅❀

✭✷✮ ✐❢ X ∼= Jac(C) ❢♦r ❛ ❤②♣❡r❡❧❧✐♣t✐❝ ❝✉r✈❡ C✱ t❤❡♥ Y ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ❝✉r✈❡ C❀

✭✸✮ ✐❢ X ∼= Jac(C) ❢♦r ❛ ♥♦♥✲❤②♣❡r❡❧❧✐♣t✐❝ ❝✉r✈❡ C✱ t❤❡♥ Y ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛ ❞✐s❥♦✐♥t ✉♥✐♦♥

♦❢ t✇♦ ❝♦♣✐❡s ♦❢ C✳

❚❤❡ ♣r♦♦❢ ✐s ❜② r❡❞✉❝t✐♦♥ t♦ t❤❡ ●✉♥♥✐♥❣✕❲❡❧t❡rs ❝r✐t❡r✐♦♥❀ ♠♦r❡ ♣r❡❝✐s❡❧② t♦ t❤❡ ❝❤❛r❛❝t❡r✲

✐③❛t✐♦♥ ♦❢ ❏❛❝♦❜✐❛♥s ❜② ✐♥✢❡❝t✐♦♥❛❧ tr✐s❡❝❛♥ts✳ ◆♦t❡ t❤❛t t❤❡ ❝r✐t❡r✐♦♥ ❞❡✜♥✐♥❣ Y ♦♥❧② ❞❡♣❡♥❞s

♦♥ t❤❡ ❛❧❣❡❜r❛✐❝ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ♦❢ Θ✱ ❛♥❞ ♥♦t t❤❡ ❝❤♦s❡♥ ❞✐✈✐s♦r✳

❋♦r t❤❡ s❡❝♦♥❞ ✈❡rs✐♦♥✱ ✇❡ ♥❡❡❞ s♦♠❡ ❢✉rt❤❡r t❡r♠✐♥♦❧♦❣② ❢r♦♠ ❬✶✷❪ ❛♥❞ ❬✻❪✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳ ❆ ✜♥✐t❡ s✉❜s❝❤❡♠❡ Γ ⊂ X ♦❢ ❞❡❣r❡❡ ❛t ❧❡❛st g + 1 ✐s t❤❡t❛✲❣❡♥❡r❛❧ ✐❢✱ ❢♦r ❛❧❧

s✉❜s❝❤❡♠❡s Γd ⊂ Γd+1 ✐♥ Γ ♦❢ ❞❡❣r❡❡ d ❛♥❞ d + 1 r❡s♣❡❝t✐✈❡❧②✱ ✇✐t❤ d ≤ g✱ t❤❡r❡ ❡①✐sts x ∈ X

s✉❝❤ t❤❛t t❤❡ tr❛♥s❧❛t❡ Θx ❝♦♥t❛✐♥s Γd✱ ❜✉t ♥♦t Γd+1✳

❉❡✜♥✐t✐♦♥ ✶✳✷✳ ❆ ✜♥✐t❡ s✉❜s❝❤❡♠❡ Γ ⊂ X ✐s ✐♥ s♣❡❝✐❛❧ ♣♦s✐t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ 2Θ✲tr❛♥s❧❛t❡s

✐❢ t❤❡ ❝♦❞✐♠❡♥s✐♦♥ ♦❢ H0(X,IΓ(2Θx)) ✐♥ H
0(OX(2Θx)) ✐s s♠❛❧❧❡r t❤❛♥ deg Γ ❢♦r ❛❧❧ x ∈ X✳

❆❣❛✐♥ ♥♦t❡ t❤❛t t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❞❡♣❡♥❞ ♦♥❧② ♦♥ t❤❡ ❛❧❣❡❜r❛✐❝ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ♦❢Θ✳ ❚❤❡ t❡r♠

✏s♣❡❝✐❛❧ ♣♦s✐t✐♦♥✑ ♠❛❦❡s ♠♦st s❡♥s❡ ❢♦r Γ ♦❢ s♠❛❧❧ ❞❡❣r❡❡✱ ❛t ❧❡❛st ♥♦t ❡①❝❡❡❞✐♥❣ dimH0(OX(2Θx)) =

2g✳

❖✉r s❡❝♦♥❞ ✈❡rs✐♦♥ r❡❛❞s✿

❚❤❡♦r❡♠ ❇✳ ▲❡t Y ⊂ Hilbg+2(X) ❜❡ t❤❡ s✉❜s❡t ❝♦♥s✐st✐♥❣ ♦❢ ❛❧❧ s✉❜s❝❤❡♠❡s Γ ⊂ X ✇✐t❤

s✉♣♣♦rt {0}✱ ✇❤✐❝❤ ❛r❡ t❤❡t❛✲❣❡♥❡r❛❧ ❛♥❞ ✐♥ s♣❡❝✐❛❧ ♣♦s✐t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ 2Θ✲tr❛♥s❧❛t❡s✳ ❚❤❡♥

Y ✐s ❧♦❝❛❧❧② ❝❧♦s❡❞✱ ❛♥❞

✭✶✮ ✐❢ X ✐s ♥♦t ❛ ❏❛❝♦❜✐❛♥✱ t❤❡♥ Y = ∅❀

✭✷✮ ✐❢ X ∼= Jac(C) ❢♦r ❛ ❤②♣❡r❡❧❧✐♣t✐❝ ❝✉r✈❡ C✱ t❤❡♥ Y ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ❝✉r✈❡ C ♠✐♥✉s

✐ts ❲❡✐❡rstr❛ÿ ♣♦✐♥ts❀

✭✸✮ ✐❢ X ∼= Jac(C) ❢♦r ❛ ♥♦♥✲❤②♣❡r❡❧❧✐♣t✐❝ ❝✉r✈❡ C✱ t❤❡♥ Y ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛ ❞✐s❥♦✐♥t ✉♥✐♦♥

♦❢ t✇♦ ❝♦♣✐❡s ♦❢ C ♠✐♥✉s ✐ts ❲❡✐❡rstr❛ÿ ♣♦✐♥ts✳

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ❇ ✐s ❜② r❡❞✉❝t✐♦♥ t♦ t❤❡ ❈❛st❡❧♥✉♦✈♦✕❙❝❤♦tt❦② t❤❡♦r❡♠✱ ✇❤✐❝❤ ✐s t❤❡

❢♦❧❧♦✇✐♥❣✿
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❚❤❡♦r❡♠ ✶✳✸✳ ▲❡t Γ ⊂ X ❜❡ ❛ ✜♥✐t❡ s✉❜s❝❤❡♠❡ ♦❢ ❞❡❣r❡❡ g+ 2✱ ✐♥ s♣❡❝✐❛❧ ♣♦s✐t✐♦♥ ✇✐t❤ r❡s♣❡❝t

t♦ 2Θ✲tr❛♥s❧❛t❡s✱ ❜✉t t❤❡t❛✲❣❡♥❡r❛❧✳ ❚❤❡♥ t❤❡r❡ ❡①✐st ❛ ♥♦♥s✐♥❣✉❧❛r ❝✉r✈❡ C ❛♥❞ ❛♥ ✐s♦♠♦r✲

♣❤✐s♠ Jac(C) ∼= X ♦❢ ♣♣❛✈s✱ s✉❝❤ t❤❛t Γ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ✐♠❛❣❡ ♦❢ C ✉♥❞❡r ❛♥ ❆❜❡❧✕❏❛❝♦❜✐

❡♠❜❡❞❞✐♥❣✳

❍❡r❡✱ ❛♥ ❆❜❡❧✕❏❛❝♦❜✐ ❡♠❜❡❞❞✐♥❣ ♠❡❛♥s ❛ ♠❛♣ C → Jac(C) ♦❢ t❤❡ ❢♦r♠ p 7→ p− p0 ❢♦r s♦♠❡

❝❤♦s❡♥ ❜❛s❡ ♣♦✐♥t p0 ∈ C✳ ❚❤✐s t❤❡♦r❡♠✱ ❢♦r r❡❞✉❝❡❞ Γ✱ ✐s ❞✉❡ t♦ P❛r❡s❝❤✐✕P♦♣❛ ❬✶✷❪ ❛♥❞✱ ✉♥❞❡r

❛ ❞✐✛❡r❡♥t ❣❡♥❡r✐❝✐t② ❤②♣♦t❤❡s✐s✱ ●r✉s❤❡✈s❦② ❬✹✱ ✺❪✳ ❚❤❡ s❝❤❡♠❡ t❤❡♦r❡t✐❝ ❡①t❡♥s✐♦♥ st❛t❡❞ ❛❜♦✈❡

✐s ❜② t❤❡ ❛✉t❤♦rs ❬✻❪✳ ❚❤❡ s❝❤❡♠❡ t❤❡♦r❡t✐❝ ❣❡♥❡r❛❧✐t② ✐s ❝❧❡❛r❧② ❡ss❡♥t✐❛❧ ❢♦r t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✐♥

❚❤❡♦r❡♠ ❇✳

❲❡ ♣♦✐♥t ♦✉t t❤❛t t❤❡ ●✉♥♥✐♥❣✕❲❡❧t❡rs ❝r✐t❡r✐♦♥ ✐s ❛❣❛✐♥ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ r❡s✉❧t t❤❛t ✉♥❞❡r✲

♣✐♥s ❚❤❡♦r❡♠ ✶✳✸✱ ❛♥❞ t❤✉s ❚❤❡♦r❡♠ ❇✳ ▼♦r❡ r❡❝❡♥t❧②✱ ❑r✐❝❤❡✈❡r ❬✾❪ s❤♦✇❡❞ t❤❛t ❏❛❝♦❜✐❛♥s ❛r❡

✐♥ ❢❛❝t ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ s✐♥❣❧❡ tr✐s❡❝❛♥t ✭❛s ♦♣♣♦s❡❞ t♦ ❛ ♣♦s✐t✐✈❡ ❞✐♠❡♥s✐♦♥❛❧

❢❛♠✐❧② ♦❢ tr❛♥s❧❛t✐♦♥s✮✱ ❜✉t ✇❡ ❛r❡ ♥♦t ♠❛❦✐♥❣ ✉s❡ ♦❢ t❤✐s r❡s✉❧t✳

✷✳ ❙✉❜s❝❤❡♠❡s ♦❢ ❆❜❡❧✕❏❛❝♦❜✐ ❝✉r✈❡s

❋♦r ❡❛❝❤ ✐♥t❡❣❡r d ≥ 1✱ ❧❡t

Yd ⊂ Hilbd(X)

❜❡ t❤❡ ❝❧♦s❡❞ s✉❜s❡t ❝♦♥s✐st✐♥❣ ♦❢ ❛❧❧ ❞❡❣r❡❡ d s✉❜s❝❤❡♠❡s Γ ⊂ X s✉❝❤ t❤❛t

✭✐✮ t❤❡ s✉♣♣♦rt ♦❢ Γ ✐s t❤❡ ♦r✐❣✐♥ 0 ∈ X✱

✭✐✐✮ t❤❡r❡ ❡①✐sts ❛ s♠♦♦t❤ ❝✉r✈❡ C ⊂ X ❝♦♥t❛✐♥✐♥❣ Γ✱ s✉❝❤ t❤❛t t❤❡ ✐♥❞✉❝❡❞ ♠❛♣ Jac(C) → X

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ♣♣❛✈✬s✳

❲❡ ❣✐✈❡ Yd t❤❡ ✐♥❞✉❝❡❞ r❡❞✉❝❡❞ s❝❤❡♠❡ str✉❝t✉r❡✳

❲❡ s❤❛❧❧ ♥♦✇ ♣r♦✈❡ ❛♥❛❧♦❣✉❡s ♦❢ ✭✶✮✱ ✭✷✮ ❛♥❞ ✭✸✮ ✐♥ ❚❤❡♦r❡♠s ❆ ❛♥❞ ❇ ❢♦r Yd ✇✐t❤ d ≥ 3✿

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳ ❲✐t❤ Yd ⊂ Hilbd(X) ❛s ❞❡✜♥❡❞ ❛❜♦✈❡✱ ✇❡ ❤❛✈❡✿

✭✶✮ ■❢ X ✐s ♥♦t ❛ ❏❛❝♦❜✐❛♥✱ t❤❡♥ Yd = ∅✳

✭✷✮ ■❢ X ∼= Jac(C) ❢♦r ❛ ❤②♣❡r❡❧❧✐♣t✐❝ ❝✉r✈❡ C✱ t❤❡♥ Yd ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ❝✉r✈❡ C✳

✭✸✮ ■❢ X ∼= Jac(C) ❢♦r ❛ ♥♦♥✲❤②♣❡r❡❧❧✐♣t✐❝ ❝✉r✈❡ C✱ t❤❡♥ Yd ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛ ❞✐s❥♦✐♥t ✉♥✐♦♥

♦❢ t✇♦ ❝♦♣✐❡s ♦❢ C✳

❆s ♣r❡♣❛r❛t✐♦♥ ❢♦r t❤❡ ♣r♦♦❢✱ ❝♦♥s✐❞❡r ❛ ❏❛❝♦❜✐❛♥ X = Jac(C) ❢♦r s♦♠❡ s♠♦♦t❤ ❝✉r✈❡ C ♦❢

❣❡♥✉s g✳ ■t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ✜① ❛♥ ❆❜❡❧✕❏❛❝♦❜✐ ❡♠❜❡❞❞✐♥❣ C →֒ X❀ ❛♥② ♦t❤❡r ❝✉r✈❡ C ′ ⊂ X ❢♦r

✇❤✐❝❤ Jac(C ′) → X ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐s ♦❢ t❤❡ ❢♦r♠ ±Cx ❢♦r s♦♠❡ x ∈ X✳ ❙✉❝❤ ❛ ❝✉r✈❡ ±Cx

❝♦♥t❛✐♥s t❤❡ ♦r✐❣✐♥ 0 ∈ X ✐❢ ❛♥❞ ♦♥❧② ✐❢ x ∈ C✳ ❍❡♥❝❡ Yd ✐s t❤❡ ✐♠❛❣❡ ♦❢ t❤❡ ♠❛♣

φ = φ+
∐
φ− : C

∐
C → Hilbd(X)

t❤❛t s❡♥❞s x ∈ C t♦ t❤❡ ✉♥✐q✉❡ ❞❡❣r❡❡ d s✉❜s❝❤❡♠❡ Γ ⊂ ±Cx s✉♣♣♦rt❡❞ ❛t 0✱ ✇✐t❤ t❤❡ ♣♦s✐t✐✈❡

s✐❣♥ ♦♥ t❤❡ ✜rst ❝♦♣② ♦❢ C ❛♥❞ t❤❡ ♥❡❣❛t✐✈❡ s✐❣♥ ♦♥ t❤❡ s❡❝♦♥❞ ❝♦♣②✳



✹ ▼✳ ●✳ ●❯▲❇❘❆◆❉❙❊◆ ❆◆❉ ▼✳ ▲❆❍❖❩

▼♦r❡ ♣r❡❝✐s❡❧②✱ φ ✐s ❞❡✜♥❡❞ ❛s ❛ ♠♦r♣❤✐s♠ ♦❢ s❝❤❡♠❡s ❛s ❢♦❧❧♦✇s✳ ▲❡t m : X ×X → X ❞❡♥♦t❡

t❤❡ ❣r♦✉♣ ❧❛✇✱ ❛♥❞ ❝♦♥s✐❞❡r

m−1(C) ∩ (C ×X)

❛s ❛ ❢❛♠✐❧② ♦✈❡r C ✈✐❛ ✜rst ♣r♦❥❡❝t✐♦♥✳ ❚❤❡ ✜❜r❡ ♦✈❡r p ∈ C ✐s Cp✳ ▲❡t Nd = V (md
0) ❜❡ t❤❡

d− 1✬st ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ t❤❡ ♦r✐❣✐♥ ✐♥ X✳ ❚❤❡♥

Z = m−1(C) ∩ (C ×Nd) ⊂ C ×X

✐s ❛ C✲✢❛t ❢❛♠✐❧② ♦❢ ❞❡❣r❡❡ d s✉❜s❝❤❡♠❡s ✐♥ X❀ ✐ts ✜❜r❡ ♦✈❡r p ∈ C ✐s Cp∩Nd✳ ❚❤✐s ❢❛♠✐❧② ❞❡✜♥❡s

φ+ : C → Hilbd(X)✱ ❛♥❞ ✇❡ ❧❡t φ− = −φ+ ✭✇❤❡r❡ t❤❡ ♠✐♥✉s s✐❣♥ ❞❡♥♦t❡s t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ♦❢

Hilbd(X) ✐♥❞✉❝❡❞ ❜② t❤❡ ❣r♦✉♣ ✐♥✈❡rs❡ ✐♥ X✮✳

▲❡♠♠❛ ✷✳✷✳ ❚❤❡ ♠❛♣ φ+ : C → Hilbd(X) ✐s ❛ ❝❧♦s❡❞ ❡♠❜❡❞❞✐♥❣ ❢♦r d > 2✳

■♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ▲❡♠♠❛✱ ✇❡ s❤❛❧❧ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ ♠❛♣ δ : C × C → X✱ s❡♥❞✐♥❣

❛ ♣❛✐r (p, q) t♦ t❤❡ ❞❡❣r❡❡ ③❡r♦ ❞✐✈✐s♦r p − q✳ ❲❡ ❧❡t C − C ⊂ X ❞❡♥♦t❡ ✐ts ✐♠❛❣❡✳ ■❢ C ✐s

❤②♣❡r❡❧❧✐♣t✐❝✱ ✇❡ ♠❛② ❛♥❞ ✇✐❧❧ ❝❤♦♦s❡ t❤❡ ❆❜❡❧✕❏❛❝♦❜✐ ❡♠❜❡❞❞✐♥❣ C ⊂ X s✉❝❤ t❤❛t t❤❡ ✐♥✈♦❧✉t✐♦♥

−1 ♦♥ X r❡str✐❝ts t♦ t❤❡ ❤②♣❡r❡❧❧✐♣t✐❝ ✐♥✈♦❧✉t✐♦♥ ι ♦♥ C✳ ❚❤✉s✱ ✇❤❡♥ C ✐s ❤②♣❡r❡❧❧✐♣t✐❝✱ C − C

❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❞✐st✐♥❣✉✐s❤❡❞ s✉r❢❛❝❡ W2✱ ❛♥❞ t❤❡ ❞✐✛❡r❡♥❝❡ ♠❛♣ δ ❝❛♥ ❜❡ ❢❛❝t♦r❡❞ ✈✐❛ t❤❡

s②♠♠❡tr✐❝ ♣r♦❞✉❝t C(2)✿

C × C
1×ι

∼=
✲ C × C

C(2)
❄

✲ X

δ

❄

❲❡ ♥♦t❡ t❤❛t t❤❡ ❞♦✉❜❧❡ ❝♦✈❡r C × C → C(2)✱ t❤❛t s❡♥❞s ❛♥ ♦r❞❡r❡❞ ♣❛✐r t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

✉♥♦r❞❡r❡❞ ♣❛✐r✱ ✐s ❜r❛♥❝❤❡❞ ❛❧♦♥❣ t❤❡ ❞✐❛❣♦♥❛❧✱ s♦ t❤❛t ✈✐❛ 1× ι✱ t❤❡ ❜r❛♥❝❤✐♥❣ ❞✐✈✐s♦r ❜❡❝♦♠❡s

t❤❡ ✏❛♥t✐❞✐❛❣♦♥❛❧✑ (1, ι) : C →֒ C × C✳

❆s ✐s ✇❡❧❧ ❦♥♦✇♥✱ t❤❡ s✉r❢❛❝❡ C − C ✐s s✐♥❣✉❧❛r ❛t 0✱ ❛♥❞ ♥♦♥s✐♥❣✉❧❛r ❡✈❡r②✇❤❡r❡ ❡❧s❡✳ ❚❤❡

❜❧♦✇✉♣ ♦❢ C − C ❛t 0 ❝♦✐♥❝✐❞❡s ✇✐t❤ δ : C × C → C − C ✇❤❡♥ C ✐s ♥♦♥❤②♣❡r❡❧❧✐♣t✐❝✱ ❛♥❞ ✇✐t❤

t❤❡ ❛❞❞✐t✐♦♥ ♠❛♣ C(2) →W2 ✇❤❡♥ C ✐s ❤②♣❡r❡❧❧✐♣t✐❝✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✷✳ ❚♦ ♣r♦✈❡ t❤❛t φ+ ✐s ❛ ❝❧♦s❡❞ ❡♠❜❡❞❞✐♥❣✱ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t ✐ts r❡str✐❝t✐♦♥

t♦ ❛♥② ✜♥✐t❡ s✉❜s❝❤❡♠❡ T ⊂ C ♦❢ ❞❡❣r❡❡ 2 ✐s ♥♦♥❝♦♥st❛♥t✱ ✐✳❡✳ t❤❛t t❤❡ ❢❛♠✐❧② Z|T ✐s ♥♦t ❛ ♣r♦❞✉❝t

T × Γ✳ ❋♦r t❤✐s ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t ✐❢ Γ ✐s ❛ ✜♥✐t❡ s❝❤❡♠❡ s✉❝❤ t❤❛t

✭✶✮ m−1(C) ⊃ T × Γ,

t❤❡♥ t❤❡ ❞❡❣r❡❡ ♦❢ Γ ✐s ❛t ♠♦st 2✳



❙❈❍❖❚❚❑❨ ❱■❆ ❚❍❊ P❯◆❈❚❯❆▲ ❍■▲❇❊❘❚ ❙❈❍❊▼❊ ✺

❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠✿

✭✷✮

X ×X
(m,pr2)

∼=
✲ X ×X

m−1(C) ∩ (X × C)
∪

✻

∼=
✲ C × C

∪

✻

X

δ

❄pr1 ✲

❋✐rst s✉♣♣♦s❡ T = {p, q} ✇✐t❤ p 6= q✳ ❚❤❡ ❝❧❛✐♠ ✐s t❤❡♥ s✐♠♣❧② t❤❛t Cp ∩ Cq✱ ♦r ❡q✉✐✈❛❧❡♥t❧②

✐ts tr❛♥s❧❛t❡ C ∩ Cq−p✱ ✐s ❛t ♠♦st ❛ ✜♥✐t❡ s❝❤❡♠❡ ♦❢ ❞❡❣r❡❡ 2✳ ❉✐❛❣r❛♠ ✭✷✮ ✐❞❡♥t✐✜❡s t❤❡ ✜❜r❡

δ−1(q− p) ♦♥ t❤❡ r✐❣❤t ✇✐t❤ ♣r❡❝✐s❡❧② C ∩Cq−p ♦♥ t❤❡ ❧❡❢t✳ ❇✉t δ−1(q− p) ✐s ❛ ♣♦✐♥t ✇❤❡♥ C ✐s

♥♦♥❤②♣❡r❡❧❧✐♣t✐❝✱ ❛♥❞ t✇♦ ♣♦✐♥ts ✐❢ C ✐s ❤②♣❡r❡❧❧✐♣t✐❝✳

◆❡①t s✉♣♣♦s❡ T ⊂ C ✐s ❛ ♥♦♥r❡❞✉❝❡❞ ❞❡❣r❡❡ 2 s✉❜s❝❤❡♠❡ s✉♣♣♦rt❡❞ ✐♥ p✳ ❆ss✉♠✐♥❣ Γ s❛t✐s✜❡s

✭✶✮✱ ✇❡ ❤❛✈❡ Γ ⊂ Cp✱ s♦

m−1(C) ∩ (X × Cp) ⊃ T × Γ

♦r ❡q✉✐✈❛❧❡♥t❧②

m−1(C) ∩ (X × C) ⊃ Tp × Γ−p.

❲❡ ❤❛✈❡ Tp ⊂ C − C✱ ❛♥❞ ❉✐❛❣r❛♠ ✭✷✮ ✐❞❡♥t✐✜❡s δ−1(Tp) ♦♥ t❤❡ r✐❣❤t ✇✐t❤ m−1(C) ∩ (Tp × C)

♦♥ t❤❡ ❧❡❢t✳

❙✉♣♣♦s❡ C ✐s ♥♦♥❤②♣❡r❡❧❧✐♣t✐❝✳ ❚❤❡♥ δ ✐s t❤❡ ❜❧♦✇✉♣ ♦❢ 0 ∈ C−C✱ ❛♥❞ δ−1(Tp) ✐s t❤❡ ❞✐❛❣♦♥❛❧

∆C ⊂ C × C t♦❣❡t❤❡r ✇✐t❤ ❛♥ ❡♠❜❡❞❞❡❞ ♣♦✐♥t ♦❢ ♠✉❧t✐♣❧✐❝✐t② 1 ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t❛♥❣❡♥t

❞✐r❡❝t✐♦♥ ♦❢ Tp ⊂ C−C✮✳ ❉✐❛❣r❛♠ ✭✷✮ ✐❞❡♥t✐✜❡s t❤❡ ❞✐❛❣♦♥❛❧ ✐♥ C×C ♦♥ t❤❡ r✐❣❤t ✇✐t❤ {0}×C

♦♥ t❤❡ ❧❡❢t✳ ❚❤✉s m−1(C)∩ (Tp×C) ✐s {0}×C ⊂ X×C ✇✐t❤ ❛♥ ❡♠❜❡❞❞❡❞ ♣♦✐♥t✳ ❊q✉✐✈❛❧❡♥t❧②✱

m−1(C)∩ (T ×Cp) ✐s {p}×Cp ✇✐t❤ ❛♥ ❡♠❜❡❞❞❡❞ ♣♦✐♥t✱ s❛② ❛t (p, q)✳ ❚❤✐s ❝♦♥t❛✐♥s ♥♦ ❝♦♥st❛♥t

❢❛♠✐❧② T × Γ ❡①❝❡♣t ❢♦r Γ = {q}✱ s♦ Γ ❤❛s ❛t ♠♦st ❞❡❣r❡❡ 1✳

◆❡①t s✉♣♣♦s❡ C ✐s ❤②♣❡r❡❧❧✐♣t✐❝✳ ❲❡ ❝❧❛✐♠ t❤❛t δ−1(Tp) ✐s t❤❡ ❞✐❛❣♦♥❛❧ ∆C ⊂ C × C ✇✐t❤

❡✐t❤❡r t✇♦ ❡♠❜❡❞❞❡❞ ♣♦✐♥ts ♦❢ ♠✉❧t✐♣❧✐❝✐t② 1✱ ♦r ♦♥❡ ❡♠❜❡❞❞❡❞ ♣♦✐♥t ♦❢ ♠✉❧t✐♣❧✐❝✐t② 2✳ ❆s ✐♥

t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ t❤✐s ✐♠♣❧✐❡s t❤❛t m−1(C)∩ (T ×Cp) ✐s {p}×Cp ✇✐t❤ t✇♦ ❡♠❜❡❞❞❡❞ ♣♦✐♥ts ♦❢

♠✉❧t✐♣❧✐❝✐t② 1 ♦r ♦♥❡ ❡♠❜❡❞❞❡❞ ♣♦✐♥t ♦❢ ♠✉❧t✐♣❧✐❝✐t② 2✱ ❛♥❞ t❤❡ ♠❛①✐♠❛❧ ❝♦♥st❛♥t ❢❛♠✐❧② T × Γ

✐t ❝♦♥t❛✐♥s ❤❛s Γ ♦❢ ❞❡❣r❡❡ 2✳ ■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t δ−1(Tp) ✐s ❛s ❝❧❛✐♠❡❞✳

❲❡ ❤❛✈❡ W2 = C − C✱ ❛♥❞ t❤❡ ❜❧♦✇✉♣ ❛t 0 ✐s C(2) → W2 = C − C✳ ❚❤❡ ♣r❡✐♠❛❣❡ ♦❢ Tp ✐s

t❤❡ ❝✉r✈❡ (1 + ι) : C → C(2)✱ t♦❣❡t❤❡r ✇✐t❤ ❛♥ ❡♠❜❡❞❞❡❞ ♣♦✐♥t ♦❢ ♠✉❧t✐♣❧✐❝✐t② 1✱ s❛② s✉♣♣♦rt❡❞

❛t q + ι(q)✳ ◆♦✇ t❤❡ t✇♦ t♦ ♦♥❡ ❝♦✈❡r C ×C → C(2) ✐s ❜r❛♥❝❤❡❞ ❛❧♦♥❣ t❤❡ ❞✐❛❣♦♥❛❧ 2C ⊂ C(2)✱

■❢ q 6= ι(q)✱ t❤❡♥ t❤❡ ♣r❡✐♠❛❣❡ ✐♥ C ×C ✐s ❥✉st (1, ι) : C → C ×C✱ t♦❣❡t❤❡r ✇✐t❤ t✇♦ ❡♠❜❡❞❞❡❞

♣♦✐♥ts ♦❢ ♠✉❧t✐♣❧✐❝✐t② 1✱ s✉♣♣♦rt❡❞ ❛t (q, ι(q)) ❛♥❞ (ι(q), q)✳ ■❢ q = ι(q)✱ ✐✳❡✳ q ✐s ❲❡✐❡rstr❛ÿ✱

t❤❡♥ ✇❡ ❝❧❛✐♠ t❤❡ ♣r❡✐♠❛❣❡ ✐♥ C ×C ✐s (1, ι) : C → C ×C t♦❣❡t❤❡r ✇✐t❤ ❛♥ ❡♠❜❡❞❞❡❞ ♣♦✐♥t ♦❢

♠✉❧t✐♣❧✐❝✐t② 2✳ ❚❤✐s ❢♦❧❧♦✇s ♦♥❝❡ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ❝✉r✈❡s 2C ❛♥❞ (1 + ι)(C) ✐♥ C(2) ✐♥t❡rs❡❝t



✻ ▼✳ ●✳ ●❯▲❇❘❆◆❉❙❊◆ ❆◆❉ ▼✳ ▲❆❍❖❩

tr❛♥s✈❡rs❛❧❧②✳ ❆♥❞ t❤❡② ❞♦✱ ❛s t❤❡ t❛♥❣❡♥t s♣❛❝❡s ♦❢ t❤❡ t✇♦ ❝✉r✈❡s (1, 1)(C) ✭t❤❡ ❞✐❛❣♦♥❛❧✮ ❛♥❞

(1, ι)(C) ✐♥ C×C ❛r❡ ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ✐♥✈♦❧✉t✐♦♥ ❡①❝❤❛♥❣✐♥❣ t❤❡ t✇♦ ❢❛❝t♦rs✱ ✇✐t❤ ❡✐❣❡♥✈❛❧✉❡s

1 ❛♥❞ −1✱ r❡s♣❡❝t✐✈❡❧②✳ �

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳ P♦✐♥t ✭✶✮ ✐s ♦❜✈✐♦✉s✱ s♦ ✇❡ ♠❛② ❛ss✉♠❡ X = JacC✳ ❇② ▲❡♠♠❛ ✷✳✷✱

φ+ ✐s ❛ ❝❧♦s❡❞ ❡♠❜❡❞❞✐♥❣ ❛♥❞ ❤❡♥❝❡ s♦ ✐s φ− = −φ+✳ ■❢ C ✐s ❤②♣❡r❡❧❧✐♣t✐❝✱ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ t❤❡

❡♠❜❡❞❞✐♥❣ C ⊂ X s✉❝❤ t❤❛t t❤❡ ✐♥✈♦❧✉t✐♦♥ −1 ♦♥ X ❡①t❡♥❞s t❤❡ ❤②♣❡r❡❧❧✐♣t✐❝ ✐♥✈♦❧✉s✐♦♥ ι ♦♥

C✳ ■t ❢♦❧❧♦✇s t❤❛t Cp = −Cι(p)✱ ❛♥❞ t❤✉s φ− = φ+ ◦ ι✳ ❚❤✉s t❤❡ t✇♦ ♠❛♣s φ+ ❛♥❞ φ− ❤❛✈❡

❝♦✐♥❝✐❞✐♥❣ ✐♠❛❣❡✱ ❛♥❞ ✭✷✮ ❢♦❧❧♦✇s✳

❋♦r ✭✸✮✱ ✐t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t ✐❢ C ✐s ♥♦♥❤②♣❡r❡❧❧✐♣t✐❝✱ t❤❡♥ t❤❡ ✐♠❛❣❡s ♦❢ φ− ❛♥❞ φ+ ❛r❡

❞✐s❥♦✐♥t✱ ✐✳❡✳ ✇❡ ♥❡✈❡r ❤❛✈❡ Cp∩Nd = (−Cq)∩Nd ❢♦r ❞✐st✐♥❝t ♣♦✐♥ts p, q ∈ C✳ ■♥ ❢❛❝t✱ Cp∩(−Cq)

✐s ❛t ♠♦st ❛ ✜♥✐t❡ s❝❤❡♠❡ ♦❢ ❞❡❣r❡❡ 2✿ t❤❡ ❛❞❞✐t✐♦♥ ♠❛♣

C × C → X

✐s ❛ ❞❡❣r❡❡ t✇♦ ❜r❛♥❝❤❡❞ ❝♦✈❡r ♦❢ C(2) ∼= W2 ✭✉s✐♥❣ t❤❛t C ✐s ♥♦♥❤②♣❡r❡❧❧✐♣t✐❝✮✱ ❛♥❞ ✐ts ✜❜r❡

♦✈❡r p+ q ∈W2 ✐s ✐s♦♠♦r♣❤✐❝ t♦ Cp ∩ (−Cq)✳ �

✸✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ❆

■♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t Y ✐♥ ❚❤❡♦r❡♠ ❆ ❛❣r❡❡s ✇✐t❤ Y3 ✐♥ Pr♦♣♦s✐✲

t✐♦♥ ✷✳✶✳ ❚❤✐s ✐s ❛ r❡❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ●✉♥♥✐♥❣✕❲❡❧t❡rs ❝r✐t❡r✐♦♥✿ ❣✐✈❡♥ Γ ∈ Hilb3(X)✱ ❝♦♥s✐❞❡r

t❤❡ s❡t

VΓ = {x ∈ X ΓX ⊂ ψ−1(ℓ) ❢♦r s♦♠❡ ❧✐♥❡ ℓ ⊂ P
2g−1}.

❚❤❡♥ ●✉♥♥✐♥❣✕❲❡❧t❡rs s❛②s t❤❛t VΓ ❤❛s ♣♦s✐t✐✈❡ ❞✐♠❡♥s✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ (X,Θ) ✐s ❛ ❏❛❝♦❜✐❛♥✳

▼♦r❡♦✈❡r✱ ✇❤❡♥ VΓ ❤❛s ♣♦s✐t✐✈❡ ❞✐♠❡♥s✐♦♥✱ ✐t ✐s ❛ s♠♦♦t❤ ❝✉r✈❡✱ t❤❡ ❝❛♥♦♥✐❝❛❧ ♠❛♣ Jac(VΓ) → X

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✱ ❛♥❞ Γ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ VΓ ✭s❡❡ ❬✶✺✱ ❚❤❡♦r❡♠ ✭✵✳✹✮❪✮✳ ❚❤✉s Y ✐♥ ❚❤❡♦r❡♠ ❆

❛❣r❡❡s ✇✐t❤ Y3 ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳

✹✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ❇

▲❡t X ❜❡ t❤❡ ❏❛❝♦❜✐❛♥ ♦❢ C✳ ❋♦r ❝♦♥✈❡♥❝✐❡♥❝❡✱ ✇❡ ✜① ❛♥ ❆❜❡❧✕❏❛❝♦❜✐ ❡♠❜❡❞❞✐♥❣ C →֒ X✳

❋✐rst✱ ✇❡ s❤❛❧❧ ❛♥❛❧②s❡ t❤❡t❛✲❣❡♥❡r✐❝✐t② ❢♦r ✜♥✐t❡ s✉❜s❝❤❡♠❡s ♦❢ C✳

❘❡❝❛❧❧ t❤❡ ♥♦t✐♦♥ ♦❢ t❤❡t❛✲❞✉❛❧✐t② ✿ ✇❤❡♥❡✈❡r V ⊂ X ✐s ❛ ❝❧♦s❡❞ s✉❜s❝❤❡♠❡✱ ✇❡ ❧❡t

T (V ) = {x ∈ X V ⊂ Θx}.

■t ❤❛s ❛ ♥❛t✉r❛❧ str✉❝t✉r❡ ❛s ❛ ❝❧♦s❡❞ s✉❜s❝❤❡♠❡ ♦❢ X ✭s❡❡ ❬✶✸✱ ❙❡❝t✐♦♥ ✹❪ ❛♥❞ ❬✻✱ ❙❡❝t✐♦♥ ✷✳✷❪✮❀

t❤❡ ❞❡✜♥✐t✐♦♥ ❛s ❛ ✭❝❧♦s❡❞✮ s✉❜s❡t ✐s s✉✣❝✐❡♥t ❢♦r ♦✉r ♣r❡s❡♥t ♣✉r♣♦s❡✳

❲✐t❤ t❤✐s ♥♦t❛t✐♦♥✱ t❤❡t❛✲❣❡♥❡r✐❝✐t② ♠❡❛♥s t❤❛t ❢♦r ❛❧❧ ❝❤❛✐♥s ♦❢ s✉❜s❝❤❡♠❡s

✭✸✮ Γ1 ⊂ Γ2 ⊂ · · · ⊂ Γg+1 ⊂ Γ,



❙❈❍❖❚❚❑❨ ❱■❆ ❚❍❊ P❯◆❈❚❯❆▲ ❍■▲❇❊❘❚ ❙❈❍❊▼❊ ✼

✇❤❡r❡ Γi ❤❛s ❞❡❣r❡❡ i✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❤❛✐♥ ♦❢ t❤❡t❛✲❞✉❛❧s✱

T (Γ1) ⊃ T (Γ2) ⊃ · · · ⊃ T (Γg+1),

❝♦♥s✐sts ♦❢ str✐❝t ✐♥❝❧✉s✐♦♥s ♦❢ s❡ts✳

❲❡ ✇r✐t❡ F̂ ❢♦r t❤❡ ❋♦✉r✐❡r✕▼✉❦❛✐ tr❛♥s❢♦r♠ ❬✶✵✱ ✽❪ ♦❢ ❛ ❲■❚✲s❤❡❛❢ F ♦♥ X ❬✶✵✱ ❉❡❢✳ ✷✳✸❪✿

F̂ ✐s ❛ s❤❡❛❢ ♦♥ t❤❡ ❞✉❛❧ ❛❜❡❧✐❛♥ ✈❛r✐❡t②✱ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ✐❞❡♥t✐❢② ✇✐t❤ X ✉s✐♥❣ t❤❡ ♣r✐♥❝✐♣❛❧

♣♦❧❛r✐③❛t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳ ▲❡t Γ ⊂ C ❜❡ ❛ ✜♥✐t❡ s✉❜s❝❤❡♠❡ ♦❢ ❞❡❣r❡❡ ❛t ❧❡❛st g + 1✳ ❚❤❡♥ Γ ✐s t❤❡t❛✲

❣❡♥❡r❛❧✱ ❛s ❛ s✉❜s❝❤❡♠❡ ♦❢ Jac(C)✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢ dimH0(OC(Γg)) = 1 ❢♦r ❡✈❡r② ❞❡❣r❡❡ g

s✉❜s❝❤❡♠❡ Γg ⊂ Γ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ Γ ✐s s✉♣♣♦rt❡❞ ❛t ❛ s✐♥❣❧❡ ♣♦✐♥t p ∈ C✱ t❤❡♥ Γ ✐s t❤❡t❛✲❣❡♥❡r❛❧

✐❢ ❛♥❞ ♦♥❧② ✐❢ p ✐s ♥♦t ❛ ❲❡✐❡rstr❛ÿ ♣♦✐♥t✳

Pr♦♦❢✳ ❋♦r t❤❡ ❧❛st ❝❧❛✐♠✱ ♥♦t❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ dimH0(OC(gp)) > 1 s❛②s ♣r❡❝✐s❡❧② t❤❛t p ✐s

❛ ❲❡✐❡rstr❛ÿ ♣♦✐♥t✳

❋♦r ❛♥② ❡✛❡❝t✐✈❡ ❞✐✈✐s♦r Γg ⊂ C ❞❡❣r❡❡ g✱ ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t dimH0(OC(Γg)) = 1 ✐❢

❛♥❞ ♦♥❧② ✐❢ Γg ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ C ⊂ Jac(C) ❛♥❞ ❛ Θ✲tr❛♥s❧❛t❡ ✭t❤✐s ✐s ♦♥❡

❢♦r♠✉❧❛t✐♦♥ ♦❢ ❏❛❝♦❜✐ ✐♥✈❡rs✐♦♥✮✳ ■❢ t❤✐s ✐s t❤❡ ❝❛s❡✱ t❤❡♥ t❤❡ ♣♦✐♥t x ∈ X s❛t✐s❢②✐♥❣ Γg = C ∩Θx

✐s ✉♥✐q✉❡✳

❈♦♥s✐❞❡r ❛ ❝❤❛✐♥ ✭✸✮✳ ■❢ t❤❡r❡ ✐s ❛ ❞❡❣r❡❡ g s✉❜s❝❤❡♠❡ Γg ⊂ Γ ♥♦t ♦❢ t❤❡ ❢♦r♠ C ∩ Θx✱ t❤❡♥

❡✈❡r② Θ✲tr❛♥s❧❛t❡ ❝♦♥t❛✐♥✐♥❣ Γg ❛❧s♦ ❝♦♥t❛✐♥s C✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r T (Γg) = T (Γg+1)✳ ❍❡♥❝❡ Γ

✐s ♥♦t t❤❡t❛✲❣❡♥❡r❛❧✳

❙✉♣♣♦s❡✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❛t Γg ✐s ♦❢ t❤❡ ❢♦r♠ C ∩ Θx✳ ❚❤❡♥ T (Γg) \ T (Γg+1) ❝♦♥s✐sts

✭❛s ❛ s❡t✮ ♦❢ ❡①❛❝t❧② t❤❡ ♣♦✐♥t x✳ ❚❤✉s t❤❡r❡ ✐s ❛ ❩❛r✐s❦✐ ♦♣❡♥ ♥❡✐❣❤❜♦✉r❤♦♦❞ U ⊂ X ♦❢ x s✉❝❤

t❤❛t T (Γg)∩U = {x}✳ ❲❡ ❝❧❛✐♠ t❤❛t✱ ❢♦r ❛ ♣♦ss✐❜❧② s♠❛❧❧❡r ♥❡✐❣❤❜♦✉r❤♦♦❞ U ✱ t❤❡r❡ ❛r❡ r❡❣✉❧❛r

❢✉♥❝t✐♦♥s f1, . . . , fg ∈ OX(U)✱ s✉❝❤ t❤❛t T (Γi) ∩ U = V (f1, . . . , fi) ❢♦r ❛❧❧ i✿ ✐♥ ❢❛❝t✱ ❛♣♣❧② t❤❡

❋♦✉r✐❡r✕▼✉❦❛✐ ❢✉♥❝t♦r t♦ t❤❡ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡

0 → IΓi
(Θ) → OX(Θ) → OΓi

→ 0

t♦ ♦❜t❛✐♥

0 → OX(−Θ)
Fi−→ ÔΓi

→ ÎΓi
(Θ) → 0.

❚❤❡♥ Fi ✐s ❛ s❡❝t✐♦♥ ♦❢ ❛ ❧♦❝❛❧❧② ❢r❡❡ s❤❡❛❢ ♦❢ r❛♥❦ i✱ ❛♥❞ ✐ts ✈❛♥✐s❤✐♥❣ ❧♦❝✉s ✐s ❡①❛❝t❧② T (Γi)✳

❈❤♦♦s❡ tr✐✈✐❛❧✐③❛t✐♦♥s ♦❢ ÔΓi
♦✈❡r U ❢♦r ❛❧❧ i ❝♦♠♣❛t✐❜❧②✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ s✉r❥❡❝t✐♦♥s

ÔΓi+1
→ ÔΓi

❝♦rr❡s♣♦♥❞ t♦ ♣r♦❥❡❝t✐♦♥ t♦ t❤❡ ✜rst i ❢❛❝t♦rs✳ ❚❤❡♥ Fi = (f1, . . . , fi) ✐♥ t❤❡s❡

tr✐✈✐❛❧✐③❛t✐♦♥s✳

❆s T (Γg) ∩ U ✐s ③❡r♦ ❞✐♠❡♥s✐♦♥❛❧✱ ✐t ❢♦❧❧♦✇s t❤❛t ❡❛❝❤ T (Γi) ∩ U ❤❛s ❝♦❞✐♠❡♥s✐♦♥ i ✐♥ U ✳

❍❡♥❝❡ ❛❧❧ t❤❡ ✐♥❝❧✉s✐♦♥s T (Γi) ⊃ T (Γi+1) ❛r❡ str✐❝t✱ ❛♥❞ s♦ Γ ✐s t❤❡t❛✲❣❡♥❡r❛❧✳ �

◆♦✇ ✇❡ ❝❛♥ ❝♦♠♣❛r❡ t❤❡ ❧♦❝✉s Y ✐♥ ❚❤❡♦r❡♠ ❇ ✇✐t❤ Yg+2 ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶ ❜② ♠❡❛♥s ♦❢ t❤❡

❈❛st❡❧♥✉♦✈♦✕❙❝❤♦tt❦② t❤❡♦r❡♠✿



✽ ▼✳ ●✳ ●❯▲❇❘❆◆❉❙❊◆ ❆◆❉ ▼✳ ▲❆❍❖❩

❈♦r♦❧❧❛r② ✹✳✷ ✭♦❢ ❚❤❡♦r❡♠ ✶✳✸✮✳ ▲❡t Γ ∈ Hilbg+2(X) ❜❡ t❤❡t❛✲❣❡♥❡r❛❧ ❛♥❞ s✉♣♣♦rt❡❞ ❛t 0 ∈ X✳

❚❤❡♥ Γ ✐s ✐♥ t❤❡ ❧♦❝✉s Yg+2 ✐♥ Pr♦♣s✐t✐♦♥ ✷✳✶ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ✐♥ s♣❡❝✐❛❧ ♣♦s✐t✐♦♥ ✇✐t❤ r❡s♣❡❝t

t♦ 2Θ✲tr❛♥s❧❛t❡s✳

Pr♦♦❢✳ ❚❤❡♦r❡♠ ✶✳✸ ✐♠♠❡❞✐❛t❡❧② s❤♦✇s t❤❛t ✐❢ Γ ✐s ✐♥ s♣❡❝✐❛❧ ♣♦s✐t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ 2Θ✲

tr❛♥s❧❛t❡s✱ t❤❡♥ Γ ∈ Yg+2✳

❚❤❡ ❝♦♥✈❡rs❡ ✐s str❛✐❣❤t ❢♦r✇❛r❞✱ ❛♥❞ ❞♦❡s ♥♦t r❡q✉✐r❡ t❤❡ t❤❡t❛✲❣❡♥❡r✐❝✐t② ❛ss✉♠♣t✐♦♥✳ ■♥✲

❞❡❡❞✱ ✇❡ ✉s❡ t❤❛t ❛♥② ❝✉r✈❡ C ′ ⊂ X ❢♦r ✇❤✐❝❤ Jac(C ′) → X ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐s ♦❢ t❤❡

❢♦r♠ ±Cp ❢♦r s♦♠❡ p ∈ X ❛♥❞ ✇❡ ❝❧❛✐♠ t❤❛t ✐❢ Γ ⊂ ±Cp✱ t❤❡♥ Γ ✐s ✐♥ s♣❡❝✐❛❧ ♣♦s✐t✐♦♥ ✇✐t❤

r❡s♣❡❝t t♦ 2Θ✲tr❛♥s❧❛t❡s✳ ❋♦r ❡❛s❡ ♦❢ ♥♦t❛t✐♦♥✱ ✇❡ r❡♥❛♠❡ ±Cp ❛s C✱ s♦ t❤❛t Γ ⊂ C✳ ❚❤❡♥

H0(IC(2Θx)) ⊂ H0(IΓ(2Θx))✱ ❛♥❞ t❤❡ ❡①❛❝t s❡q✉❡♥❝❡

0 → H0(IC(2Θx)) → H0(OX(2Θx)) → H0(OC(2Θx))

s❤♦✇s t❤❛t ❛❧r❡❛❞② t❤❡ ❝♦❞✐♠❡♥s✐♦♥ ♦❢H0(IC(2Θx)) ✐♥H
0(OX(2Θx)) ✐s ❛t ♠♦st dimH0(OC(2Θx)) =

g + 1✳ �

❚❤❡♦r❡♠ ❇ ♥♦✇ ❢♦❧❧♦✇s✿ ❚❤❡ s❡t Y ❞❡✜♥❡❞ t❤❡r❡ ❛❣r❡❡s ✇✐t❤ t❤❡ t❤❡t❛✲❣❡♥❡r❛❧ ❡❧❡♠❡♥ts

✐♥ Yg+2✱ ❜② t❤❡ ❈♦r♦❧❧❛r②✳ ❇② Pr♦♣♦s✐t✐♦♥ ✹✳✶✱ Γ = φ±(p) ✐s t❤❡t❛✲❣❡♥❡r❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡

s✉♣♣♦rt✐♥❣ ♣♦✐♥t 0 ♦❢ Γ ✐s ♥♦t ❲❡✐❡rstr❛ÿ ✐♥ ±Cp✱ ✐✳❡✳ p ∈ C ✐s ♥♦t ❲❡✐❡rstr❛ÿ✳

✺✳ ❍✐st♦r✐❝❛❧ r❡♠❛r❦

❆ss✉♠❡ C ✐s ♥♦t ❤②♣❡r❡❧❧✐♣t✐❝✳ ❚❤❡♥ Cp ∩ (−Cp) ✐s ❛ ✜♥✐t❡ s✉❜s❝❤❡♠❡ ♦❢ ❞❡❣r❡❡ 2 s✉♣♣♦rt❡❞

❛t 0✳ ❚❤✉s✱ ❢♦r d = 2✱ ✇❡ ❤❛✈❡ φ+ = φ−✱ ❛♥❞ t❤❡ ❛r❣✉♠❡♥t ✐♥ ▲❡♠♠❛ ✷✳✷ s❤♦✇s t❤❛t φ+ ✐s

❛♥ ✐s♦♠♦r♣❤✐s♠ ❢r♦♠ C ♦♥t♦ Y2✳ ■❢ C ✐s ❤②♣❡r❡❧❧✐♣t✐❝ ✇✐t❤ ❤②♣❡r❡❧❧✐♣t✐❝ ✐♥✈♦❧✉t✐♦♥ ι✱ ❤♦✇❡✈❡r✱

✇❡ ✜♥❞ t❤❛t φ+ ❢❛❝t♦rs t❤r♦✉❣❤ C/ι ∼= P1✱ ❛♥❞ Y2 ∼= P1✱ ❛♥❞ ✇❡ ❝❛♥♥♦t r❡❝♦♥str✉❝t C ❢r♦♠ Y2

❛❧♦♥❡✳

■♥ t❤❡ ♥♦♥❤②♣❡r❡❧❧✐♣t✐❝ s✐t✉❛t✐♦♥✱ ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t t❤❡ ❝✉r✈❡ C ❝❛♥ ❜❡ r❡❝♦♥str✉❝t❡❞

❛s t❤❡ ♣r♦❥❡❝t✐✈✐③❡❞ t❛♥❣❡♥t ❝♦♥❡ t♦ t❤❡ s✉r❢❛❝❡ C − C ⊂ X ❛t 0✳ ❚❤✐s ♣r♦❥❡❝t✐✈✐③❡❞ t❛♥❣❡♥t

❝♦♥❡ ✐s ❡①❛❝t❧② Y2 ✭✇❤❡♥ ✇❡ ✐❞❡♥t✐❢② t❤❡ ♣r♦❥❡❝t✐✈✐③❡❞ t❛♥❣❡♥t s♣❛❝❡ t♦ X ❛t 0 ✇✐t❤ t❤❡ ❝❧♦s❡❞

s✉❜s❡t ♦❢ Hilb2(X) ❝♦♥s✐st✐♥❣ ♦❢ ♥♦♥r❡❞✉❝❡❞ ❞❡❣r❡❡ 2 s✉❜s❝❤❡♠❡s s✉♣♣♦rt❡❞ ❛t 0✮✳ ❚♦ q✉♦t❡

▼✉♠❢♦r❞ ❬✶✶❪✿ ✏■❢ C ✐s ❤②♣❡r❡❧❧✐♣t✐❝✱ ♦t❤❡r ❛r❣✉♠❡♥ts ❛r❡ ♥❡❡❞❡❞✳✑ ■♥ t❤❡ ♣r❡s❡♥t ♥♦t❡✱ t❤❡s❡

♦t❤❡r ❛r❣✉♠❡♥ts ❛r❡ t♦ ✐♥❝r❡❛s❡ d✦

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts✳ ❚❤❡ ❛✉t❤♦rs ✇❡r❡ ♣❛rt✐❛❧❧② ❢✉♥❞❡❞ ❜② t❤❡ ◆■▲❙ ♣r♦❥❡❝t ❯❈▼✲❊❊❆✲

❆❇❊▲✲✵✸✲✷✵✶✵ t♦ ✈✐s✐t r❡s♣❡❝t✐✈❡❧② t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❇❛r❝❡❧♦♥❛ ❛♥❞ t❤❡ ❙t♦r❞✴❍❛✉❣❡s✉♥❞ ❯♥✐✲

✈❡rs✐t② ❈♦❧❧❡❣❡✳ ▼♦r❡♦✈❡r✱ ♣❛rts ♦❢ t❤✐s ♣r♦❥❡❝t ✇❡r❡ ✇r✐tt❡♥ ✇❤✐❧❡ t❤❡ ❛✉t❤♦rs ✇❡r❡ ✈✐s✐t✐♥❣ t❤❡
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