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Schubert calculus for algebraic cobordism

By Jens Hornbostel at Wuppertal and Valentina Kiritchenko at Moscow

Abstract. We establish a Schubert calculus for Bott—Samelson resolutions in the
algebraic cobordism ring of a complete flag variety G/B extending the results of Bressler—
Evens [4] to the algebro-geometric setting.

1. Introduction

We fix a base field k of characteristic 0. Algebraic cobordism Q*(—) has been
invented some years ago by Levine and Morel [14] as the universal oriented algebraic
cohomology theory on smooth varieties over k. In particular, its coefficient ring Q*(k) is
isomorphic to the Lazard ring L (introduced in [12]). In a recent article [15], Levine and
Pandharipande show that algebraic cobordism Q"(X) allows a presentation with genera-
tors being projective morphisms Y — X of relative codimension n(:= dim(X) — dim(Y))
between smooth varieties and relations given by a refinement of the naive algebraic cobord-
ism relation (involving double point relations). A recent result of Levine [13] which relies on
unpublished work of Hopkins and Morel asserts an isomorphism Q"(—) =~ M GL*""(-)
between Levine—Morel and Voevodsky algebraic cobordism for smooth quasiprojective
varieties. In particular, algebraic cobordism is representable in the motivic stable homotopy
category.

In short, algebraic cobordism is to algebraic varieties what complex cobordism
MU*(—) is to topological manifolds.

The above fundamental results being established, it is high time for computations,
which have been carried out only in a very small number of cases (see e.g. [22] and [23]).
The present article focuses on cellular varieties X, for which the additive structure of
Q" (X) is easy to describe: it is the free L-module generated by the cells (see the next section
for more precise definitions, statements, proofs and references). So, additively, algebraic
cobordism for cellular varieties behaves exactly as Chow groups do. Of course, algebraic
K-theory also behaves in a similar way, but we will restrict our comparisons here and
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60 Hornbostel and Kiritchenko, Schubert calculus for algebraic cobordism

below to Chow groups. There is a ring homomorphism Q*(X) — MU* (X (C)™) which
for cellular varieties is an isomorphism (see Section 2.2 and the appendix). However, com-
putations in Q*(X) become more transparent and suitable for algebro-geometric applica-
tions if they are done by algebro-geometric methods rather than by a translation of the al-
ready existing results for MU?* (X (C)™) (e.g. those of Bressler and Evens, see [4] and
below), especially if the latter were obtained by topological methods which do not have
counterparts in algebraic geometry.

Let us concentrate on complete flag varieties X = G/B where B is a Borel subgroup
of a connected split reductive group G over k. In the case where G = GL,(k), the cobord-
ism ring Q" (X)) may be described as the quotient of a free polynomial ring over L with gen-
erators x; being the first Chern classes of certain line bundles on X and explicit relations.
More precisely, we show (see Theorem 2.6):

Theorem 1.1.  The cobordism ring Q" (X)) is isomorphic to the graded ring L[xy, . .., X,
of polynomials with coefficients in the Lazard ring | and deg x; = 1, quotient by the ideal S
generated by the homogeneous symmetric polynomials of strictly positive degree

Q" (X) ~ L[xy,...,x,]/S.

This generalizes a theorem of Borel [2] on the Chow ring (or equivalently the singular
cohomology ring) of a flag variety to its algebraic cobordism ring.

The Chow ring of the flag variety has a natural basis given by the Schubert cycles.
The central problem in Schubert calculus was to find polynomials (later called Schubert
polynomials) representing the Schubert cycles in the Borel presentation. This problem was
solved independently by Bernstein—Gelfand—Gelfand [1] and Demazure [10] using divided
difference operators on the Chow ring (most of the ingredients were already contained in a
manuscript of Chevalley [8], which for many years remained unpublished). Explicit formu-
las for Schubert polynomials give an algorithm for decomposing the product of any two
Schubert cycles into a linear combination of other Schubert cycles with integer coefficients.

The complex (as well as the algebraic) cobordism ring of the flag variety also has
a natural generating set given by the Bott—Samelson resolutions of the Schubert cycles
(note that the latter are not always smooth and so, in general, do not define any cobordism
classes). For the complex cobordism ring, Bressler and Evens described the cobordism
classes of Bott—Samelson resolutions in the Borel presentation using generalized divided
difference operators on the cobordism ring [3], [4] (we thank Burt Totaro from whom we
first learned about this reference). Their formulas for these operators are not algebraic
and involve a passage to the classifying space of a compact torus in G and homotopy the-
oretic considerations (see [3], Corollary—Definition 1.9, Remark 1.11, and [4], Proposition
3). One of the goals of the present paper is to prove an algebraic formula for the general-
ized divided difference operators (see Definition 2.2 and Corollary 2.3). This formula in
turn implies explicit purely algebraic formulas for the polynomials (now with coefficients
in the Lazard ring L) representing the classes of Bott—Samelson resolutions. Note that
each such polynomial contains the respective Schubert polynomial as the lowest degree
term (but in most cases also has non-trivial higher-order terms). We also give an algorithm
for decomposing the product of two Bott—Samelson resolutions into a linear combination
of other Bott—Samelson resolutions with coefficients in L.
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Hornbostel and Kiritchenko, Schubert calculus for algebraic cobordism 61

We now formulate our main theorem (compare Theorem 3.2), which can be viewed
as an algebro-geometric analogue of the results of Bressler—Evens [4], Corollary 1, Propo-
sition 3. Let I = (o4, ...,o) be an /-tuple of simple roots of G, and R; the corresponding
Bott—Samelson resolution of the Schubert cycle X; (see Section 3 for the precise defini-
tions). Recall that there is an isomorphism between the Picard group of the flag variety
and the weight lattice of G such that very ample line bundles map to strictly dominant
weights (see, for instance, [5], 1.4.3). We denote by L(1) the line bundle on X correspond-
ing to a weight 4, and by ¢ (L(/I)) its first Chern class in algebraic cobordism. For each o;,
we define the operator 4; on Q*(X) in a purely algebraic way (see Section 3.2 for the rig-
orous definition for arbitrary reductive groups). Informally, the operator A4; can be defined
in the case G = GL,, by the formula

4= (1 +mm,

where og,, acts on the variables (xi, ..., x,) by the transposition corresponding to «;. Here
we use that the Weyl group of GL, can be identified with the symmetric group S, so that
the simple reflections s,, correspond to elementary transpositions (see Section 2 for more
details). Note that the ¢ (L(oc,-)) can be written explicitly as polynomials in xy, ..., X, using
the formal group law (see Section 2).

Theorem 1.2. For any complete flag variety X = G/B and any tuple I = (a1, ..., o)
of simple roots of G, the class of the Bott—Samelson resolution R; in the algebraic cobordism
ring Q*(X) is equal to

A;... AR,
where R, is the class of a point.

This theorem reduces the computation of the products of the geometric Bott—
Samelson classes to the products in the polynomial ring given by the previous theorem.
Note that in the cohomology case, analogously defined operators A; coincide with the
divided differences operators defined in [1], [10], so our theorem generalizes [1], Theorem
4.1, and [10], Theorem 4.1, for Schubert cycles in cohomology and Chow ring, respectively,
to Bott—Samelson classes in algebraic cobordism.

Note that in the case of Chow ring, the theorem analogous to Theorem 1.2 has two
different proofs. A more algebraic proof using the Chevalley—Pieri formula was given
by Bernstein—Gelfand—Gelfand ([1], Theorem 4.1, see also Section 4 for a short overview).
Demazure gave a more geometric proof by identifying the divided difference operators with
the push-forward morphism for certain Chow rings ([10], Theorem 4.1, see also Section 3).
At first glance, it seems that the former proof is easier to extend to the algebraic cobord-
ism. Indeed, we were able to extend the main ingredient of this proof, namely, the alge-
braic Chevalley—Pieri formula (see Proposition 4.3). However, the rest of the Bernstein—
Gelfand—Gelfand argument fails for cobordism (see Section 4 for more details) while the
more geometric argument of Demazure can be extended to cobordism with some extra
work. For the complex cobordism ring, this was done by Bressler and Evens [3], [4]. To
describe the push-forward morphism, they used results from homotopy theory, which are
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62 Hornbostel and Kiritchenko, Schubert calculus for algebraic cobordism

not (yet) applicable to algebraic cobordism. In our article, we also follow Demazure’s
approach. A key ingredient for extending this approach to algebraic cobordism is a for-
mula for the push-forward in algebraic cobordism for projective line fibrations due to
Vishik (see Proposition 2.1). In general, push-forwards (sometimes also called “transfers”
or “Gysin homomorphisms”) for algebraic cobordism are considerably more intricate than
the ones for Chow groups. Consequently, their computation, which applies to any
orientable cohomology theory, is more complicated.

Using the ring isomorphism Q*(X) ~ MU (X (C)™) for cellular varieties, it seems
possible to deduce our Theorem 1.2 from the results of Bressler—Evens [3], [4] on complex
cobordism (the main task would be to compare our algebraically defined operators A; with
theirs). We will not exploit this approach. Instead, all our proofs are purely algebraic or
algebro-geometric. Conversely, we note that all our proofs concerning the algebraic co-
bordism ring of the flag variety (such as the proof of Proposition 4.3) may be easily trans-
lated to proofs for the analogue statements concerning the complex cobordism ring.

The article [4] does not contain any computations. It would be interesting to do
some computation using their algorithm and then compare them with our approach,
which we consider to be the easier one due to our explicit formula for the product of a
Bott—Samelson class with the first Chern class (see formula 5.1) based on our algebraic
Chevalley—Pieri formula. (Note also that the notations of [4] are essentially consistent
with [1], but not always with [16]. We rather stick to the former than to the latter.)

This paper is organized as follows. In the next section, we give some further back-
ground on algebraic cobordism, in particular the formula for the push-forward mentioned
above. In the case of the flag variety for GL,,, we describe the multiplicative structure of its
algebraic cobordism ring. In the third section, we recall the definition of Bott—Samelson
resolutions and then express the classes of Bott—Samelson resolutions as polynomials with
coefficients in the Lazard ring. Section 4 contains an algebraic Chevalley—Pieri formula and
a short discussion of why the proof of [1] for singular cohomology does not carry over to
algebraic cobordism. The final section contains an algorithm for computing the products of
Bott-Samelson classes in terms of other Bott—Samelson classes as well as some examples
and explicit computations.

Our main results are valid for the flag variety of an arbitrary reductive group G, but
it can be made more explicit in the case G = GL,, using the Borel presentation given by
Theorem 2.6. So we will use the flag variety for GL, as the main illustrating example when-
ever possible. One might conjecture that the algebraic cobordism rings of flag varieties with
respect to other reductive groups G also allow a Borel presentation as polynomial rings
over L in certain first Chern classes modulo the polynomials fixed by the appropriate
Weyl groups (at least when passing to rational coefficients), because the corresponding
statement is valid for singular cohomology resp. Chow groups (compare [2] resp. [9]).

After most of our preprint was finished, we learned that Calmes, Petrov and Zainoul-
line are also working on Schubert calculus for algebraic cobordism. It will be interesting to
compare their results and proofs to ours (their preprint is now available, see [7]).

We are grateful to Paul Bressler and Nicolas Perrin for useful discussions and to
Michel Brion and the referee for valuable comments on earlier versions of this article.
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Hornbostel and Kiritchenko, Schubert calculus for algebraic cobordism 63
2. Algebraic cobordism groups, push-forwards and cellular varieties

We briefly recall the geometric definition of algebraic cobordism [15] and some of its
basic properties as established in [14]. For more details see [14], [15]. Recall that (up to
sign) any element in the algebraic cobordism group Q"(X) for a scheme X (separated, of
finite type over k) may be represented by a projective morphism ¥ — X with Y smooth
and n = dim(X) — dim(Y), the relations being the “double point relations” established in
[15]. In particular, Q*(X) only lives in degrees < dim X, which we will use several times
throughout the paper. Similar to the Chow ring CH*, algebraic cobordism Q* is a functor
on the category of smooth varieties over k, covariant for projective and contravariant for
smooth and more generally Ici morphisms, which allows a theory of Chern classes. How-
ever, the map from the Picard group of a smooth variety X to Q!(X ) given by the first
Chern class is neither a bijection nor a homomorphism any more (unlike the corresponding
map in the Chow ring case). Its failure of being a group homomorphism is encoded in a
formal group law that can be constructed from Q*. More precisely, any algebraic orientable
cohomology theory allows by definition a calculus of Chern classes, and consequently the
construction of a formal group law. A formal group law is a formal power series F(x, ) in
two variables such that for any two line bundles L; and L, we have the following identity
relating their first Chern classes:

C1 (Ll ® Lz) = F(6‘1 (Ll), Cl(Lz)).

E.g. the formal group law for CH" is additive, that is, F(x 4+ y) = x + y. Algebraic cobord-
ism is the universal one among the algebraic orientable cohomology theories. In what fol-
lows, F(x, y) will always denote the universal formal group law corresponding to algebraic
cobordism unless stated otherwise.

In this and in many other ways—as the computations below will illustrate—algebraic
cobordism is a refinement of Chow ring, and one has a natural isomorphism of functors
Q"(—) ®, Z =~ CH"(—) (see [14] where all these results are proved). Here and in the sequel,
L denotes the Lazard ring, which classifies one-dimensional commutative formal group
laws and is isomorphic to the graded polynomial ring Z[a;,as,...] in countably many
variables [12], where we put a; in degree —i. When considering polynomials p(xi,...,x,)
over L with deg(x;) = 1, we will distinguish the (total) degree and the polynomial degree of

p(X1,. ey Xn).

Note that the Lazard ring is isomorphic to the algebraic (as well as complex) cobord-
ism ring of a point. In particular, its elements can be represented by the cobordism classes
of smooth varieties. In what follows, we use this geometric interpretation.

We will also use repeatedly the projective bundle formula, which can be found e.g. in
[14], Section 1.1, and [16], 3.5.2.

2.1. A formula for the push-forward. Let X be a smooth algebraic variety, and

E — X a vector bundle of rank two on X. Consider the projective line fibration ¥ = P(E)

defined as the variety of all lines in £. We have a natural projection 7 : ¥ — X which is pro-

jective and hence induces a push-forward (or transfer, sometimes also called Gysin map)

m, : Q°(Y) — Q" (X). We now state a formula for this push-forward. Note that this formula
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64 Hornbostel and Kiritchenko, Schubert calculus for algebraic cobordism

is true not only for algebraic cobordism but for any orientable cohomology theory, as the
proofs remain true in this more general case.

Consider the ring of formal power series in two variables y; and y, with coefficients
in Q(X). Define the operator 4 on this ring by the formula

- S
A(f) = (1 +U)m,

where [o(f)](y1, y2) := f(y2, y1). Here F is the universal formal group law (or more gen-
erally, the one of the orientable cohomology theory one considers) and y is the inverse for
the formal group law F, that is, y is uniquely determined by the equation F (x, )((x)) =0
(we use the notation from [14], 2.5). The operator A is an analog of the divided difference
operator introduced in [1], [10]. In the case of Chow rings, our definition coincides with the
classical divided difference operator, since the formal group law for Chow rings is additive,
that is, F(x,y) = x+ y and y(x) = —x. Though A4(f) is defined as a fraction, it is easy to
write it as a formal power series as well (see Section 5). Such a power series is unique since
F(y1,x(»2)) = y1 — y2 + - - is clearly not a zero divisor. E.g. we have

x+x(x)

AN =—0 = q(x, 2(x)) = —an —an(x+ x(x)) + -,

where x = F ( v, x( yz)), and ¢(x, ) is the power series uniquely determined by the equa-
tion F(x,y) =x+ y —xpq(x, y). In particular, since F (x, x(x)) =0 by definition of the
power series y(x), we have x + x(x) — xx(x)g(x, x(x)) = 0 which justifies the second equal-
ity. For the last equality, we used computation of the first few terms of F(x, y) and y(x)
from [14], 2.5. Here a;;, a; etc. denote the coefficients of the universal formal group law,
that is,

F(X,J’)=x+y+a11xy+a12xy2+..._

The coefficients a; are the elements of the Lazard ring L*, eg. a; =—[P'],
apy = ay = [P']? — P? (see [14], 2.5). We also have

F(xvyZ) -

A(y1) = »mA(1) + < 2=y26](xa)((x)) —1q(x, y2) +1=14apyy+---.

The pull-back 7* : Q*(X) — Q*(Y) gives Q*(Y) the structure of an Q*(X)-module. Recall
that by the projective bundle formula we have an isomorphism of Q*(X)-modules

Q' (Y) = Q" (X) @ En'Q(X),

where & = ¢ ((QE(I)). Since the push-forward is a homomorphism of Q*(X)-modules, it is
enough to determine the action of 7, on 1y and on . The following result is a special case
of [21], Theorem 5.30, which gives an explicit formula for the push-forward =, for vector
bundles of arbitrary rank.

Bereitgestellt von | UniversitAntsbibliothek Regensburg (UniversitAntsbibliothek Regensburg)

Angemeldet | 172.16.1.226
Heruntergeladen am | 01.03.12 17:46



Hornbostel and Kiritchenko, Schubert calculus for algebraic cobordism 65

Proposition 2.1 ([21], Theorem 5.30). Let & and &, be the Chern roots of E, that is,
formal variables satisfying the conditions & + &, = ¢i(E) and &, = ¢2(E). Then the push-
forward acts on 1y and & as follows:

m(ly) = [A(1)](¢1, &),
ﬂ*(f) = [A(yl)](élvé2)a

where A(1) and A(y1) are the formal power series in two variables defined above.

Since A(1) and A(y1) are symmetric in y; and y,, they can be written as power series in
Y1+ y2 and y\y,. Hence, the right-hand sides are power series in ¢i(E) and c;(E) and even
polynomials (as all terms of degree greater than dim X will vanish by [15]). So the right-hand
sides indeed define elements in Q" (X).

For the Chow ring and K, analogous statements were proved in [10], Propositions
2.3 and 2.6, for certain morphisms Y — X. Note that for both of these theories, the for-
mula for 7, (&) reduces to 7.(&) = 1 since the corresponding formal group laws do not
contain terms of degree greater than two. As Vishik showed (see [21], Theorem 5.35), his
formula is equivalent to Quillen’s formula [18] for complex cobordism, as also proved by
Shinder in the algebraic setting [19].

If we identify Q*(Y) with the polynomial ring Q*(X)[¢]/ (&% — ci(E)¢ + e2(E)) by
the projective bundle formula, we can reformulate Proposition 2.1 as follows:

m.(f(&) = [A(f(n)] (&1, &)

for any polynomial f* with coefficients in Q*(X) (where f(y;) in the right-hand side is re-
garded as an element in Q*(X)[y1, 2]). In this form, Proposition 2.1 is consistent with the
classical formula for the push-forward in the case of Chow ring (cf. [16], Remark 3.5.4).
Indeed, since the formal group law for Chow ring is additive, we have

1 1
A1) = n —0 and A(y)=—24+ 2 |
Yr—>y2 Y2—>n1 yYi—Jy2 »2—N

Definition 2.2. We define an Q(X)-linear operator 4, on Q*(Y) as follows. We
have an isomorphism

Q(X)[y1, 2/ (1 + y2 — c1(E), yiy2 — e2(E)) = Q*(Y)

given by f(y1,32) — f(& c1(E) —&)). Then the operator 4 on Q*(X)[y1, y»] descends
to an operator A, on Q*(Y), which can be described using the above isomorphism as
follows:

A f(E ci(E) = &) — [A(f (31, )] (& cl(E) = &).

We also define an Q" (X)-linear endomorphism o, of Q*(Y) by the formula

Oz :f(éacl(E> - é) :f(Cl(E) _éaé)
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66 Hornbostel and Kiritchenko, Schubert calculus for algebraic cobordism

The operator A4, is well-defined since A preserves the ideal

(y1+ 2 — c1(E), y1y2 — 2(E)).

Indeed, for any power series f(yi,y2) symmetric in y; and y, (in particular, for

Y1+ y2—ci(E) and y1y2 — ¢2(E)) and any power series g(y1, y2), we have A(fg) = fA(g).
The operator 4, decreases degrees by one, and its image is contained in

QN (X) < Q*(Y),

which can be identified using the above isomorphism for Q*(X) with the subring of
symmetric polynomials in y; and y,. Proposition 2.1 tells us that the push-forward
7t Q(Y) — Q" (X) is the composition of 4, with the isomorphism 7*Q"(X) = Q*(X),
which sends (under the above identifications) a symmetric polynomial f(y, y2) into the
polynomial g(ci(E), c2(E)) such that g(yi + y2, y1¥2) = f(»1, y2). Hence, we get the fol-
lowing corollary, which we will use in the sequel.

Corollary 2.3.  The composition n*n, : Q*(Y) — Q*(Y) is equal to the operator Ay:
n'n, = Ay

In the special case Y = G/B and X = G/P; (and this is the main application we have,
see Section 3.2), the topological analogue of this formula appeared in [3], Corollary—
Definition 1.9, for a different definition of A4,.

2.2. Algebraic cobordism groups of cellular varieties. We start with the definition
of a cellular variety. The following definition is taken from [11], Example 1.9.1, although
other authors sometimes consider slight variations.

Definition 2.4. We say that a smooth variety X over k is “cellular” or “admits a
cellular decomposition™ if X has a filtration ) = X_; < Xo = X; = --- = X,, = X by closed
subvarieties such that the X; — X;_; are isomorphic to a disjoint union of affine spaces A
foralli =0,...,n which are called the “cells” of X.

Examples of cellular varieties include projective spaces and more general Grassmann-
ians, and complete flag varieties G/B where G is a split reductive group and B is a Borel
subgroup.

The following theorem is a corollary of [22], Corollary 2.9. We thank Sascha Vishik
for explaining to us how it can be deduced using the projective bundle formula. The
main point is that for d = dim X and i an arbitrary integer, one has for 4 = Q that
Q'(X) =: Q4_;(X) is isomorphic to Hom (A4(d — i)[2(d — i)], M(X)) using that in the nota-
tion of loc. cit. Hom(A(d — i)[2d — 2i], M(X)) is a direct summand in

Hom(M([P’d*"),M(X)) = A, (P x X) = %Adij(X)v

and it is not difficult to see that it corresponds to the summand with j = 0.
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Theorem 2.5. Let X be a variety with a cellular decomposition as in the definition
above. Then we have an isomorphism of graded abelian groups (and even of L-modules)

Q" (X) = P Ld]

1

where the sum is taken over the cells of X. There is a basis in Q" (X) given by resolutions of
cell closures (choose one resolution for each cell).

The second statement of this theorem follows from the first one if we show that the
cobordism classes of resolutions of the cell closures generate Q*(X). This can be deduced
from the analogous statement for the Chow ring using [14], Theorem 1.2.19, Remark 4.5.6.
For complex cobordism of topological complex cellular spaces, the corresponding theorem
simply follows from an iterated use of the long exact localization sequence which always
splits as everything in sight has MU*-groups concentrated in even degrees only. Note
also that in the topological case, the Atiyah—Hirzebruch spectral sequence degenerates for
these spaces, which allows it to transport information from singular cohomology to com-
plex cobordism. As Morel points out, the analogous motivic spectral sequence invented by
Hopkins—Morel (unpublished) converging to algebraic cobordism does not in general de-
generate even for the point Spec(k), because the one converging to algebraic K-theory
does not.

We now turn to the ring structure. First, we note that if £ = C, then there is a map of
graded rings and even of L-algebras Q*(X) — MU?(X(C)™) by universality of algebraic
cobordism [14], Example 1.2.10. Using the geometric description of push-forwards both for
Q" and MU* and the fact that the above morphism respects push-forwards [14] as well as
[15], we may describe this map explicitly by mapping an element [ — X]| of Q*(X) to
[Y(C)™ — X(C)™] in MU**(X(C)™). As both product structures are defined by taking
cartesian products of the geometric representatives and pulling them back along the diago-
nal of X resp. X(C)™, we see that this map does indeed preserve the graded L-algebra
structure. Also, for any embedding k& — C we obtain a ring homomorphism from algebraic
cobordism over k to algebraic cobordism over C.

For the flag variety of GL,, this is an isomorphism by Theorem 2.6 below which is
also valid for MU*, as both base change from k to C and complex topological realization
respect products and first Chern classes. For general cellular varieties, it is still an isomor-
phism. This is probably known to the experts, we provide a proof in the appendix.

For some varieties X, the ring structure of Q*(X) can be completely determined using
the projective bundle formula [14], Section 1.1. This is the case for the variety of complete
flags for G = GL, (see Theorem 2.6 below) and also for Bott—Samelson resolutions of
Schubert cycles in a complete flag variety for any reductive group G (see Section 3).

2.3. Borel presentation for the flag variety of GL,. We now turn to the case of the
complete flag variety X for G = GL, (k). The points of X are identified with complete flags
in k". A complete flag is a strictly increasing sequence of subspaces

F:{{O}:FOCFICF2C...CFn:kn}
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with dim(F¥) = k. The group G acts transitively on the set of all flags, and the stabilizer of
a point is isomorphic to a Borel subgroup B = G, which makes X = G/B into a homoge-
neous space under G. By this definition, X has the structure of an algebraic variety.

Note that over C, one may equivalently define the flag variety X to be the homoge-
neous space K/T under the maximal compact subgroup K = G, where 7' is a maximal
compact torus in K (that is, the product of several copies of S') [2]. E.g., for G = GL,(C)
(resp. SL,,(C)), the maximal compact subgroup is U(#n) (resp. SU(n)). This is the language
in which many of the definitions and results in [1], [2] and [4] are stated. We sometimes
allow ourselves to use those definitions and results which do carry over to the “algebraic”
case (reductive groups over k) without mentioning explicitly the obvious changes that have
to be carried out.

There are n natural line bundles Ly, ..., L, on X, namely, the fiber of L; at the point
F is equal to F//F'~!. Put x; = ¢;(L;), where the first Chern class ¢; with respect to alge-
braic cobordism is defined in [14]. Note that our definition of x; differs by sign from the one
in [16]. The following result on the algebraic cobordism ring is an analog of the Borel
presentation for the singular cohomology ring of a flag variety. In fact, it holds for any
orientable cohomology theory since its proof only uses the projective bundle formula.

Theorem 2.6. Let A*(—) be any orientable cohomology theory (e.g. CH*(—) or
Q*(=)). Then the ring A*(X) is isomorphic as a graded ring to the ring of polynomials in
X1,...,X, With coefficients in the coefficient ring A*(pt) and deg(x;) = 1, quotient by the
ideal S generated by the symmetric polynomials of strictly positive polynomial degree:

A*(X) ~ A (pt)[x1,...,x4]/S.

More generally, let E be a vector bundle of rank n over a smooth variety Y and F(E) be the
flag variety relative to this bundle. Then we have an isomorphism of graded rings

A*(F(E)) =~ A*(pt)[x1, ..., xa) /1

where I is the ideal generated by the relations ex(xi,...,x,) = ck(E) for 1 £k < n with e
denoting the k-th elementary symmetric polynomial.

Proof. The proof of [16], Theorem 3.6.15, for the Chow ring case can be slightly
modified so that it becomes applicable to any other orientable theory 4*. Namely, for an
arbitrary oriented cohomology theory A4*, it is more convenient to dualize the geometric
argument in [16], Theorem 3.6.15, because we can no longer use that ¢;(E) = (—1)'c;(E*)
for a vector bundle E (which is used implicitly several times in the proof of [16], Theorem
3.6.15). That is, we start with the variety of partial flags

Pi:{Fn—ian—i—&-l ... CFn:kn}

(e.g. P; is the variety of hyperplanes in k" and P,_; = X). The proof of the more general
case is completely analogous to the proof of [16], Proposition 3.8.1. Note that the proof of
[16], Proposition 3.8.1 does not really use [16], Theorem 3.6.15 as an induction base (de-
spite the claim in the proof) and in fact gives another proof for [16], Theorem 3.6.15, which
is also applicable to an arbitrary oriented cohomology theory. [

Bereitgestellt von | UniversitAatsbibliothek Regensburg (UniversitAntsbibliothek Regensburg)

Angemeldet | 172.16.1.226
Heruntergeladen am | 01.03.12 17:46



Hornbostel and Kiritchenko, Schubert calculus for algebraic cobordism 69

Remark 2.7. The proof immediately implies that the class of a point in 4*(X)

n—1

-+ Xy. Since x” 2

Xp Xy = —H(x, x;) mod S (which is easy to
n:i>;j

show by induction on 7 using that (x, — X,—1) - (x, — x1) = nx"~! mod S) we also have

n— lx

-2,
n—1"

is equal to x);

1
that the class of a point can be represented by the polynomial A, = — [T(xi — x;).
n. i>j

Note that the proof also gives an explicit formula for the classes of one-dimensional
Schubert cycles X| = X; A , Xuo1 = X, 5, in X corresponding to the simple roots
Y5 -5 Va1 Of GL, (see the begmmng of Séction 3 for the definition of the Schubert cycles
X, for w in the Weyl group of G). The cycle X} consists of flags

F={{0}=F'cF'cF’c...cF'=k"}

such that all F' except for F¥ are fixed. Then the class of Xj is equal to the class of a point
divided by x; ;. Indeed, to get the class of X = X we should take the point in P,_;_; cor-
responding to the fixed partial flag { F¥*! = FK+2 < ... = F”" = k"} and then take a line in
a fiber of the projective bundle P, ; — P,_j_; over this point. Namely, the line will consist
of all hyperplanes in F¥*! that contain the fixed codimension two subspace F*1. Again it
is easy to show by induction on n that the polynomial x"~'x"7-..x,/x; is equal to
2A,/(xg+1 — xx) modulo the ideal S.

Note that the Borel presentation for singular cohomology implies, in particular, that
the Picard group of the flag variety is generated (as an abelian group) by the first Chern
classes of the line bundles L,, ..., L,, the only nontrivial relation being > ¢;(L;) = 0. In
what follows, we will also use the following alternative description of the Picard group of
X. Recall that each strictly dominant weight A of G defines an irreducible representation
n; : G — GL(V;) and an embedding G/B — P(V}). Hence, to each strictly dominant
weight 4 of G we can assign a very ample line bundle (1) on X by taking the pull-
back of the line bundle Op(y,)(1) on P(V;). The map A — L(/) extended to non-dominant
weights by linearity gives an 1somorphlsrn between the Picard group of X and the weight
lattice of G [5], 1.4.3. In particular, for the line bundles above, we have L; = L(—e;), where
e; is the weight of GL,, given by the i-th entry of the diagonal torus in GL,.

We now compute ¢; (L(%;)) as a polynomial in xi,...,x,. Let y;,...,7,_; be the sim-
ple roots of G (that is, 7, = ¢; — e;1). We can express the line bundles L(y;) in terms of the
line bundles Ly, ..., L,. Since L; = L(—e;) and y; = ¢; — e;+1, we have that the line bundle
L(y;) is isomorphic to L; ! ® L;,;. In particular, we can compute

ct(L(y) = ei(L ' ® Lint) = F(x(xi), Xis1)-

E.g. by the formulas for F(x, y) and x(x) from [14], 2.5, the first few terms of ¢ (L(y;))
look as follows:

1 (L(Vi)) = =X + Xiy1 + Clnxl-z — A XiXip1 + 0y

where a;; = —[I]J’l].
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In what follows, we will use the isomorphism W =~ S”. The simple reflection s, for

any root o = e; —¢; acts on the weight lattice (spanned by the weights ey,...,e,, which
form an orthonormal basis) by the reflection in the plane perpendicular to e; — e; and hence
permutes the weights ey, .. ., e, by the transposition (i j).

3. Schubert calculus for algebraic cobordism of flag varieties

In this section, we assume that G is an arbitrary connected split reductive group un-
less we explicitly mention that G = GL,(k), and X = G/B is the complete flag variety for
G. We now investigate the ring structure of Q*(X) in more geometric terms.

3.1. Schubert cycles and Bott—Samelson resolutions. Recall that the flag variety X is
cellular with the following cellular decomposition into Bruhat cells. Let us fix a Borel sub-
group B. For each element w € W of the Weyl group of G, define the Bruhat (or Schubert)
cell C,, as the B-orbit of the point wBe G/B =X (we identify the Weyl group with
N(T)/T for a maximal torus 7" of G inside B). The Schubert cycle X,, is defined as the clo-
sure of C,, in X. The dimension of X, is equal to the length of w [1]. Recall that the length
of an element w € W is defined as the minimal number of factors in a decomposition of w
into the product of simple reflections. Recall also that for each /-tuple I = (o, ..., ) of
simple roots of G, one can define the Bott—Samelson resolution R; (which has dimension
[) together with the map r; : Ry — X. Bott—Samelson resolutions are smooth. Conse-
quently, for any 7 the map r; : R; — X represents an element in Q*(X) which we denote
by Z.

Denote by s, € W the reflection corresponding to a root o, and by s; the product
Sy, - -+ Sy If the decomposition s; = s, - - - 5, defined by 7 is reduced (that is, s; cannot be
written as a product of less than / simple reflections, or equivalently, the length of s; is
equal to /), then the image r;(R;) coincides with the Schubert cycle X, (which we will
also denote by X;). The dimension of X; in this case is also equal to / and the map
r; : Ry — Xy is a birational isomorphism. In this case, the variety R; is a resolution of sin-
gularities for the Schubert cycle X;.

Bott—Samelson resolutions were introduced by Bott and Samelson in the case of
compact Lie groups, and by Demazure in the case of algebraic semisimple groups [10].
There are several equivalent definitions, see e.g. [6], [10], [16]. We will use the definition
below (which follows easily from [6], 2.2), since it is most suited to our needs. Namely, R;
is defined by the following inductive procedure starting from Ry = pt = Spec(k) (in what
follows we will rather denote Ry by R,). For each j-tuple J = («i, ..., ;) with j </, denote
by Ju{j+1} the (j+1)-tuple («,...,0,041). Define Ry q;41; as the fiber product
Ry xgyp,, G/B, where P;; is the minimal parabolic subgroup corresponding to the root
1. Then the map r;o 41y : Ryoqjs1y — X 1s defined as the projection to the second
factor. In what follows, we will use that R, can be embedded into R; (;;1y by sending
X € Ry to (X, rJ(x)) € Ry XG/P,-H G/B

In particular, one-dimensional Bott—Samelson resolutions are isomorphic to the cor-
responding Schubert cycles. It is easy to show that any two-dimensional Bott—Samelson
resolution R; for a reduced [ is also isomorphic to the corresponding Schubert cycle.
More generally, R; is isomorphic to X; if and only if all simple roots in I are pairwise dis-
tinct (in particular, the length of I should not exceed the rank of G). The simplest example
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where R; and X; are not isomorphic for a reduced 7 is G = GL3 and I = (y;, 7,,7;) (where
71, 7o are two simple roots of GL3).

It is easy to show that Rj, ;1 18 the projectivization of the bundle rjz; | E,
where E is the rank two vector bundle on G/P;;; defined in the next subsection and
mji11 : G/B — G/Pj;; is the natural projection. This is the definition used in [4]. In the
topological setting, the vector bundle rjz}, | E splits into the sum of two line bundles [4]
but in the algebro-geometric setting this is no longer true (though rjz},  E still contains a

j+1
line subbundle, as follows from the proof of Lemma 3.4). ]

This definition of R; allows to describe easily (by repeated use of the projective
bundle formula) the ring structure of the cobordism ring Q*(R;). It also implies that R; is
cellular with 2/ cells labeled by all subindices J < 1.

The cobordism classes Z; of Bott—Samelson resolutions generate Q*(X) but do not
form a basis. The following proposition is an immediate corollary of Theorem 2.4. An
analogous statement for complex cobordism is proved in [4], Proposition 1, by using the
Atiyah—Hirzebruch spectral sequence (as mentioned in Section 2).

Proposition 3.1. As an L-module, the algebraic cobordism ring Q*(X) of the flag
variety is freely generated by the Bott—Samelson classes Zy,,, where w € W and I(w) defines
a reduced decomposition for w (we choose exactly one I(w) for each w).

There is no canonical choice for a decomposition 7(w) of a given element w in
the Weyl group. From the geometric viewpoint it is more natural to consider all Bott—
Samelson classes at once (including those for non-reduced /) even though they are not
linearly independent over L. So throughout the rest of the paper we will not put any restric-
tions on the multiindex 7.

3.2. Schubert calculus. We will now describe the cobordism classes Z; as polyno-
mials in the first Chern classes of line bundles on X. This allows us to compute products
of Bott—Samelson resolutions and hence achieves the goal of a Schubert calculus for alge-
braic cobordism.

We first define operators 4; on Q*(X) following the approach of the previous section
(see Definition 2.2). These operators generalize the divided difference operators on the Chow
ring CH*(X) defined in [1], [10], [8] to algebraic cobordism.

We first define operators A4; for GL, since in this case the Borel presentation allows
us to make them more explicit. We start with the subgroup B of upper triangular matrices
and the diagonal torus, which yields an isomorphism W = §,. Under this isomorphism, the
reflection s, with respect to a root o = e; — ¢; goes to the transposition (7 j) (see the end of

Section 2). For each positive root « of G, we define the operators g, and 4, on the ring of
formal power series L[xi, ..., x,] as follows:

(O'“f)(X], s 7XI1) = f(xsg((l)7 s 7xsa(n))7
1
F(xi+1 ) X(Xl))
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It is easy to check that 4, is well-defined on the whole ring L[xi,...,x,] (see Section 5).
Note also that under the homomorphism L[xj,...,x,] — L{xi,...,x,]/S = Q*(X) the
power series F(x;11, x(x;)) maps to ¢;(L(y;)) (see the end of Section 2), so our definition
for additive formal group law reduces to the definition of divided difference operator
on the polynomial ring Z[x,...,x,] (see [16], 2.3.1). Finally, we define the operator
Ay Q" (X) — Q" (X) using the Borel presentation by the formula

~

Aa(f(xl,...,xn)) =A,(f)(x1,...,xn)

for each polynomial f € L[xi,...,x,]. Again, by degree reasons the right-hand side is a
polynomial. The operator 4, is well defined (that is, does not depend on a choice of a poly-
nomial f representing a given class in L[xi, ..., x,|/S) since for any polynomial /# and any
symmetric polynomial g we have A,(gh) = gA,(h).

We now define 4; = A,, for an arbitrary reductive group G and a simple root ;.
Denote by P; = G the minimal parabolic subgroup corresponding to the root ;. Then
X =G/B is a projective line fibration over G/P;. Indeed, consider the projection
n; : G/B — G/P;. Take the line bundle L(p) on G/B corresponding to the weight p, where
p is the half-sum of all positive roots or equivalently the sum of all fundamental weights
of G (the weight p is uniquely characterized by the property that (p,o) = 1 for all simple
roots «). Then it is easy to check that the vector bundle E := n;,L(p) on G/P; has rank
two and G/B = P(E). Note that tensoring E with any line bundle L on G/P; does not
change P(E) = P(E ® L) so the property P(E) = X does not uniquely define the bundle
E. However, the choice E = 7;,L(p) (suggested to us by Michel Brion) is the only uniform
choice for all i, since L(p) is the only line bundle on X with the property P(ni*L(p)) =X
for all i. We now use Definition 2.2 to define an Q*(G/P;)-linear operator 4; := A, on
Q*(X). For G = GL,, this definition coincides with the one given above. This is easy
to show using that G/P; for o; = y; is the partial flag variety whose points are flags
F={{0}=F'c...cFlcF* c...c F" =k"}.

Let I = (aj,...,0) be an /-tuple of simple roots of G. Define the element %; in
Q*(X) by the formula

9?] = A[...A]Ze.

In the case G = GL,, we can also regard #; as a polynomial in L[xp,...,x,]/S.
Similar to [1], Theorem 3.15, or [4], page 807, one may describe Z, for general G using
the formula

1
Zoe =R = fon c1(L(x)),

eR*

where R denotes the set of positive roots of G (recall that |R"| = dim X =: d). As in the
Chow ring case, there is also the formula

_ b d
Z, = d!L(’D) .

Bereitgestellt von | UniversitAatsbibliothek Regensburg (UniversitAntsbibliothek Regensburg)
Angemeldet | 172.16.1.226
Heruntergeladen am | 01.03.12 17:46



Hornbostel and Kiritchenko, Schubert calculus for algebraic cobordism 73

Both formulas immediately follow from the analogous formulas for the Chow ring [1], The-
orem 3.15, Corollary 3.16, since Q%(X) ~ CHY(X) (as follows from [14], Theorem 1.2.19,
Remark 4.5.6).

Note that for GL,, the formula for %, reduces to %,=A, since
¢1(L(e; — ¢;)) = x; — x; + higher-order terms, and hence the equality Z, = %, follows
from Remark 2.7. In particular, by the same remark %, modulo S has a denominator-free

expression x1x""2 ... x;.

We now prove an algebro-geometric version of [4], Corollary 1, Proposition 3, using
our algebraic operators A;.

Theorem 3.2. The cobordism class Z; = [r; : R; — X| of the Bott—Samelson resolu-
tion Ry is equal to Ay.

Proof. The essential part of the proof is the formula for the push-forward as stated
in Corollary 2.3. Once this formula is established it is not hard to show that 4,Z; = Z; 3
for all I by exactly the same methods as in the Chow ring case [16] and in the complex
cobordism case [4]. Namely, we have the following cartesian square:

G/B xgp, G/B 2~ G/B

N |

G/B — X G/P;.

E.g., if G = GL, we get exactly the diagram of [16], proof of Lemma 3.6.20. Using this
commutative diagram and the definition of Bott—Samelson resolutions, it is easy to
show that n/7; Z; = Z;_;y [4], proof of Proposition 2.1. We now apply Corollary 2.3
and get that 4; = n/m;,. It follows by induction on the length of I that Z; = 4;... A\ Z..

]

Remark 3.3. Note that if we apply the base change formula [14], Definition
1.1.2(A2), to the cartesian diagram from the proof of Theorem 3.2, we get p;,p; = n/7;.,
where the right-hand side is precisely the definition of the “geometric” operator denoted A;
in [4], while the left-hand side is the operator denoted 9; in [16], proof of Theorem 3.6.18.
Hence Manivel and Bressler—Evens consider the same operators.

We now compute the action of the operator A; on polynomials in the first Chern
classes (this computation will be used in Sections 4 and 5). Consider the operator g, := a,
again defined as in Definition 2.2. Note that g; corresponds to the simple reflection s; := s,,
in the following sense:

Lemma 3.4. For any line bundle L(1) on X, we have

ai(ci(L(4))) = c1(L(siA)).
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Proof. Since X = P(E) (recall that E = n;,L(p)), the bundle 7;E on X admits the
usual short exact sequence

0—tg—n/E— Op(l) =0,

where 7z is the tautological line bundle on X (that is, the fiber of 7z at the point
x e X = P(E) is the line in E represented by x). Note that in our case P(E) = P(E%)
since E is of rank two (thus hyperplanes in E are the same as lines in E). It is easy to
show that there is an isomorphism of line bundles

' ® Op(1) = L(w).
(Moreover, one can show that 1z = L(p — o;) and Og(1) = L(p).) Indeed,
‘L'El ® (QE(I) ~ HOl’Il(‘L'E, @E(l))

can be thought of as the bundle of tangents along the fibers of 7;. The latter is the line bundle
associated with the B-module p,/b, which has weight —a; (see [5], Remark 1.4.2, for an
alternative definition of the line bundles L(4) in terms of the one-dimensional B-modules).
Here p; and b denote the Lie algebras of P; and B, respectively.

By definition, ; switches ¢ (zg) and ¢ ((QE(l)) Hence, ai(cl (L(ocl-))) = cl(L(—a,-)).
Since the Picard group of G/P; can be identified with the sublattice {4 | (4, ;) = 0} of the
weight lattice of G (this follows from [5], remark after Proposition 1.3.6, combined with [5],
Proposition 1.4.3) we also have g;(c1 (L(4))) = ¢;(L(%)) for all A perpendicular to «;. These
two identities imply the statement of the lemma. []

This lemma allows us to describe explicitly the action of g; and hence of A4; on any
polynomial in the first Chern classes. Indeed, since for any weight /1 we have s;4 = 4 + ko;
for some integer k, we can compute ¢;(L(g:2)) = ¢ (L(%) ® L(24)") as a power series in
1 (L(/l)) and ¢ (L(ocl-)) using the formal group law. This will be used in the proof of Prop-
osition 4.3 below and in Subsection 5.1.

4. Chevalley—Pieri formulas

A key ingredient for the classical Schubert calculus is the Chevalley—Pieri formula for
the product of the Schubert cycle with the first Chern class of the line bundle on X, see e.g.
[1], Proposition 4.1, and [10], Proposition 4.2. We now establish analogous formulas for the
products of Z; and #; with ¢ (L(4)) (without using that Z; = %;). At the end of this sec-
tion, we explain why in the case of algebraic cobordism this alone is not enough to show
that Z; = %, hence justifying our different approach of the previous two sections.

By L(D) denote the line bundle corresponding to the divisor D. For each /-tuple
I as above, denote by I/ the (I — 1)-tuple (o, ...,d;,...,0). For each root o, define the
linear function (-,o) (that is, the coroot) on the weight lattice of G by the property
Syh = A — (A, a)a for all weights A. (The pairing (a,b) is often denoted by {a,b") or by
{a,b).) Note that by definition (4, o) = (w4, wa) for all elements w of the Weyl group.
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Proposition 4.1. Geometric Chevalley—Pieri formula

(1) for Bott—Samelson resolutions: In the Picard group of R; we have

L(R; )4
1

!
riL(4) =

J

where B; = ;- - - Sj119.

(2) for Schubert cycles ([1], Proposition 4.1, [10], Proposition 4.4, [8]): In the Chow
ring of X we have
et (L(2) X1 = > (4, 8;) X1

J

where the sum is taken over je{l,... I} for which the decomposition defined by I’ is
reduced.

The first part of this proposition was proved in [4], Proposition 4, in the topological
setting (for flag varieties of compact Lie groups). It is not hard to check that the proof car-
ries over to algebro-geometric setting. We instead provide a shorter proof along the same
lines. Our proof is based on the following lemma:

Lemma 4.2 ([10], Proposition 2.1). Let p: Ry — Ry be the natural projection (com-
ing from the fact that we defined Ry as a projective bundle over Ryi). Then we have an iso-
morphism

FiL(2) = p*riL(si) ® L(Ry)»™
of line bundles on R;.

Proposition 4.1(1) now follows from Lemma 4.2 by induction on /. The base / =1,
thatis r{ L(A) = Up: (1)(“‘), follows from the fact that | : R; — X maps R; isomorphically
to P;/B =~ P!, which can be regarded as the flag variety for SL,. Then the weight / restricted
to SL, is equal to (4,a;) times the highest weight of the tautological representation of

SL,, which corresponds to the line bundle O (1) on P'. To prove the induction step, plug
-1

the induction hypothesis for r;,L(s;4) = & L(R;,.1) ¥ *517941%) into the lemma and use
j=1

(514, 8121+~ 80105) = (4, ;) (since s7 = e) and p* Ry = Ry

Proposition 4.1(1) was used in [4] to establish an algorithm for computing ¢ (L(1))Z;
in Q*(X) [4]. We now briefly recall this algorithm. By the projection formula we have

a(L()Zr = (r1), (1 (r] L(2))).

Note that the usual projection formula with respect to smooth projective morphisms
f X — Y holds for algebraic cobordism as well. This follows from the definition of prod-

ucts via pull-backs along the diagonal and the base dchange axiom (A2) of [14] applied to
pxi

. . diag
the cartesian square obtained from ¥ — Y x Y «+— X x Y.
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One can now use Proposition 4.1(1) and the formal group law to compute ¢; (r; L(4))
in terms of the Bott-Samelson classes in Q*(R;) by an iterative procedure (since the
multiplicative structure of Q*(R;) can be determined by the projective bundle formula
and the Chern classes arising this way again have the form c¢;(L(4)) for some 4). After
¢ (rjL(7%)) is written as Y a,[Ry] for some a; € L, it is easy to find (r/), (¢1 (rjL(4))) since
(r1).[Rs)] = Z;. el

However, this procedure is rather lengthy, and we will not use it. Instead, we will
prove a more explicit formula for ¢; (L(4))Z; (see formula (5.1) below) using our algebraic
Chevalley—Pieri formula together with Theorem 3.2.

Proposition 4.3. Algebraic Chevalley—Pieri formula:

(1) cobordism version: Let Ay = A,,,...,A; = Ay, be the operators on Q*(X) corre-
sponding to oy, . ..,o. Then we have

1 (L(/lj)) - (L(Sjij))
c1(L(%))

/
i (L(A)Ar ... AiRe = Ay ... Aj Ajr ... AR,
=1

j
in Q*(X), where J; = s;_1 -+~ 514 and s; = sy, is the reflection corresponding to the root .

(2) Chow ring version ([1], Corollary 3.7):  Let Ay = Ay,,...,A; = Ay, be the opera-
tors on CH* (X)) corresponding to oy, . .., 0. Then

! .
C1 (L(i))A] e A]%e = Z (i,Sl o 'Sj,lij)Al .. .Aj e Ale@e
j=1
in CH*(X).
C1 (L(ij)) — (] (L(Sj},j))
c1 (L)) .,
because s;4 = A — (4,0;)o; (and hence L(4) = L(sj4) ® L(ocj)( "“f)) and the formal group law

expansion for ¢ (L; ® L%) — ¢;(Ly) is divisible by ¢; (L) for any integer k [14], (2.5.1). Next
we show that

Proof. First, note that is a well-defined element in Q*(X)

C1 (L(/l)) — C1 (L(S]/l))
1 (L(ocl)) ’

where both sides are regarded as operators on Q*(X). Indeed, by definition

c1(L(2) A1 — Arer (L(s12)) =

A =(1+0ay) and ¢ (L(2))a) = a1¢1(L(s12))

1
C1 (L(ocl))
by Lemma 3.4.

Hence, we can write

C1 (L(/I)) — (1 (L(Sl/l))
Cl (L(O(]))
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and then continue moving c; (L(sl/l)) to the right until we are left with the term
Ap ... Ajei(L(sy ... 514)) R.. This term is equal to zero since ¢; (L(s; . ..s14))Z. is the prod-
uct of more than dim X first Chern classes, and hence its degree is greater than dim X. The
Chow ring case follows immediately from the cobordism case since

1 (L(4)) = e1(L(s;4))
1 (L(ocj))

= (Av (xj)

in the Chow ring. The last identity holds because the formal group law for the Chow ring is
additive, and hence ¢; (L(2)) — ¢1(L(s;4)) = (4,07)¢1 (L(w)). O

The second part of this proposition was proved in [1] by more involved calculations.
A calculation similar to ours was used in [17] to deduce a combinatorial Chevalley—Pieri
formula for K-theory. It would be interesting to find an analogous combinatorial interpre-
tation of our Chevalley—Pieri formula in the cobordism case.

Note that in the case of Chow groups, the algebraic Chevalley—Pieri formula for
A;... A1 R, is exactly the same as the geometric one for the Schubert cycle X;. Together
with the Borel presentation this easily implies that the polynomial A4;... A%, represents
the Schubert cycle X; whenever I defines a reduced decomposition [1]. Indeed, we can
proceed by the induction on /. Algebraic and geometric Chevalley—Pieri formulas allow us
to compute the intersection indices of 4; ... 4%, and of X}, respectively, with the product
of k first Chern classes, and the result is the same in both cases by the induction hypothesis
(for all k > 0). By the Borel presentation we know that the products of first Chern classes

d

span @ CH'(X). Hence, by the non-degeneracy of the intersection form on CH*(X) (that
i=1

is, by Poincaré duality) we have that 4;... 4, %, — X; must lie in CHY(X) = Z[pt] (that is,
d .
in the orthogonal complement to @ CH'(X)). This is only possible if 4;... 4%, — X; =0
i=1

(unless / = 0, which is the induction base). Note that the only geometric input in this proof
is the geometric Chevalley—Pieri formula.

In the cobordism case, it is not immediately clear why geometric and algebraic
Chevalley—Pieri formulas are the same (though, of course, it follows from Theorem 3.2).
But even without using #; = Z;, it might be possible to show that both formulas have
the same structure coefficients, that is, if ¢ (L(/l))ZI = Y a;Z; then necessarily

Jcl

1 (L(i))%, = > a;#; with the same coefficients a; € L. However, this does not lead to
JcI

the proof of #; = Z; as in the case of the Chow ring. The reason is that even though there
is an analog of Poincaré duality for the cobordism rings of cellular varieties, this only yields
an equality #Z; = Z; up to a multiple of [pt], which is not enough to carry out the desired
induction argument. For the Chow ring, Poincaré duality also yields only an equality up
to the class of a point, but unless 7 = 0, the difference #; — Z; (where Z; now means the
Schubert cycle and not the Bott—Samelson class) cannot be a non-zero multiple of [pt]
because the coefficient ring CH"([pt]) = CH"(k) =~ Z is concentrated in degree zero, and
has hence no non-zero elements in the corresponding degree / — d. However, for algebraic
cobordism, the coefficient ring Q*(k) = L does contain plenty of elements of negative de-
gree, so one cannot deduce #Z; = Z;.
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5. Computations and examples

Until now, we used the formal group law of algebraic cobordism (i.e., the universal
one) as little as possible in order to make our presentation simpler. In this section, we make
the results of the previous section more explicit using this formal group law. In particular,
we give an explicit formula for the products of a Bott—Samelson resolution with the first
Chern class of a line bundle in terms of other Bott—Samelson resolutions (see formula
(5.1) below). Using this formula, we give an algorithm for computing the product of two
Bott—Samelson resolutions.

First, we show that the operator 4 from Section 2 and the operator A, from Section 3
are well-defined.

We use the notation of Subsection 2.1, so F(u, v) is the universal formal group law and
x(u) is the inverse for the universal formal group law defined by the identity F (u, x(u)) = 0.

To show that the operator 4 = (1 + o) is well defined on Q*(X)[y1, »2], it is

F(y1,2(32)) o
enough to show that A4(m) is a formal power series for any monomial m = y|"y;>. We com-

pute 4(y{'y3?) using

yi=F(x,32) =y2+x(x)p(x,y2) and > = F(x(x), »1) = y1 + x(x)p(x(x), »1)
(u,v) —u

F
where x = F(y1,x(»2)) and p(u,v) = ;

is a well-defined power series (since F(u,v) — u contains only terms u’v’/ for j = 1). We
get

ki k ki k ky k
AN _ IVt vy,
x x(x)

A7) = (1 +0)

(2 + 2(2)p(x, y2)) (01 + 2 (x(x), y1)) N Vv
X x(x)

terms divisible by x or by y(x
= 1 g (x 1) + . ),
The second term in the last expression is a power series since the formal group law expan-
sion for y(x) is divisible by x [14], (2.5.1).

A similar argument shows that the operator A, from Section 3 is indeed well-defined
on the whole ring L[x,...,x,] for any root «. By relabeling xj, ..., x, we can assume that

o = e — ey. Then, for any monomial m = x}'x5* ... x we have

A, (m) = x5 xR A, (xP ).

Then exactly the same argument as the one above for 4 shows that /fa(x{“ xé‘z) is a power

series in x; and Xx».
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5.1. Algorithm for computing the products of Bott—Samelson resolutions. We now
produce an explicit algorithm for computing the product of the Bott—Samelson classes
Z; in terms of other Bott—Samelson classes, where I = («,..., ). The key ingredient is
our algebraic Chevalley—Pieri formula (Proposition 4.3), which can be reformulated as
follows:

a(L(A)Ar ... A Z, = z Ay A A (er (L(4))) A - - - A Ze,

where 4; = s;_1 - - - 514 (in other words, ¢ (L(4;)) = [oj-1 ... 1](c1 (L(2)))) and the operator
A; 1s defined as follows:

* * 1 — o
A== ey )

We can compute 4; on any polynomial in the first Chern classes by the same methods as 4;
(see the end of Sec‘uon 3). Note that for the Chow ring 4; = A (this follows from Lemma
3.4 and the fact that 50, = —o; and ¢; (L(w)) = —c1 (L(— oc])) for the additive formal group
law), but for the algebraic cobordism ring this is no longer true.

More generally, for any polynomial f = f(ci(L(4;)),...,c1(L(x))) in the first
Chern classes of some line bundles on X, we can compute its product with 4, ... 4,Z, by
exactly the same argument as in the proof of Proposition 4.3:

(50) f A A[Z ZAI / 1[A gj—1 - 1}(f)Aj+1...A1Ze
J=

+A4;.. .Al[O'[...O'l](f)Zg.

Note that the last term on the right-hand side is equal to the constant term of the polyno-
mial [o;...01](f) (which is of course the same as the constant term of f) multiplied by
Ay ... A;Z,. In particular, for f = ¢; (L(/L)) this term vanishes modulo S. Here and below,
by the “constant term” of a polynomial in L[xi,...,x,] we mean the term of polynomial
degree zero (the total degree of such a constant term might be negative since the Lazard
ring L contains elements of negative degree). Note that all elements of L < L[xy,...,X,]
are invariant under the operators g;, and hence commute with the operators A4;. For an
arbitrary reductive group, the constant term of an element f € Q"(X) is defined as the
product of f with the class of a point.

It is now easy to show by induction on / that

fAL . AZ, =) aJ(f){ [I Al':|Ze

JclI iel\J
where a;(f) for the k-subtuple J = (o, ..., ;) of I is the constant term in the expansion
for [a;...qjk+1A Oj—1 .- 0114} 0,1 . ..o1]f, which is invariant under o; (for all /) and
hence equal to [A 01 .o‘JIHA gj—1...01]f. Indeed, we first use formula (5.0) above

Bereitgestellt von | UniversitAatsbibliothek Regensburg (UniversitAntsbibliothek Regensburg)
Angemeldet | 172.16.1.226
Heruntergeladen am | 01.03.12 17:46



80 Hornbostel and Kiritchenko, Schubert calculus for algebraic cobordism

and then apply the induction hypothesis to all terms in the right-hand side except for the

last term, which already has the form a;(f) [ I A,} Z, for J = (. We get
iel\J

Al .. .A]'_I[A;O'j_l . .O’l}(f)Aj_,_l .. .A[Ze

=Ay... 4 Y .aJ([A;ajl...al](f))[ 1 mA,-]Ze

iel\(Ju{l,..,j

where the last summation goes over all subsets J' of I that do contain j but not
l,...,j— 1. Plugging this back into formula (5.0) we get the desired formula. Combining
this with Theorem 3.2, we get the following formula in Q*(X) for the product of the Bott—
Samelson class Z; with the first Chern class ¢ (L(/l)) in terms of other Bott—Samelson
classes:

(5.1) at(L(A)Zr = 3 bs(A)Zny,
JcI
where b; (1) is the constant term in the expansion for

(45041 - Gj—1 45 0j11 - ai] (1 (L(A)))-

We changed the order of the g; when passing from a; to b, since Z; = A4;... A, Z..
Note that for J =0 we have b; =0, and for J = (¢) we have b; = (4,f,) since the

constant term in A’ (Cl (L(Sj+1 3 -SM))) _a (L(Sj+1 .. ,sli)) - (L(SijH .. ,s;l)) is equal

c (L(ocj))
to (8j+1...8:4,0;) (see the proof of Proposition 4.3, and Proposition 4.1 for the definition
of f;), which is equal to (4, ;). So the lowest-order terms (with respect to the polynomial

grading) of this formula give an analogous formula for the Chow ring as expected.

We now have assembled all necessary tools for actually performing the desired
Schubert calculus. Namely, to compute the product Z;Z; we apply the following procedure
(which is formally similar to the one for the Chow ring). We replace Z; with the respective
polynomial #; in the first Chern classes (using Theorem 3.2 together with the formula for
Z,) and then compute the product of Z; with each monomial in #; using repeatedly for-
mula (5.1). Note that formula (5.1) allows us to make this algorithm more explicit than the
one given in [4] (see an example below).

The naive approach to represent both Z; and Z; as fractions of polynomials in first
Chern classes and then computing their product is less useful. In particular translating the
product of the fractions back into a linear combination of Bott—Samelson classes will be
very hard, if possible at all.

5.2. Examples. We now compute the Bott—Samelson classes Z; in terms of the
Chern classes x; for the example X = SL3/B where B is the subgroup of upper-triangular
matrices. We then compute certain products of Bott—Samelson classes in two ways, by
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hand and then using the algorithm above together with formula (5.1). Note that only the
second approach generalizes to higher dimensions.

In SL;, there are two simple roots y; and y,. In X, there are six Schubert cycles
X, =pt, X1, X2, X123, X1 and Xjp; = X (here 12 is a short-hand notation for (y;,7,),
etc.). Each X except for Xj»; coincides with its Bott—Samelson resolution R;. Note that
in general R; and X; do not coincide even when X; is smooth. (By the way, for G = GL,
the first non-smooth Schubert cycles show up for n = 4.)

Computing Z; as a polynomial in the first Chern classes. We want to express Z; as a
polynomial in xi, x5, x3 using the formulas

1
Zy sy = Ay A Ao = o1 (L) er (L) er (Lo + 7))

Note that in computations involving the operators A4, it is more convenient not to replace
¢1(L(x)) with its expression in terms of x; until the very end.

Let us for instance compute R; as a polynomial in xj, x,, x3 modulo the ideal S gen-
erated by the symmetric polynomials of positive degree:

I =R, = é (1 +s1)er (L(ya))er (L(yy + 72))

= %01 (L(p2))er(L(y + 7)) = %F(x(xz), x3) F(x(x1),x3).

We have y(u) = —u+ aju’ — a%lu3 and F(u,v) = u+ v+ ayjjuv + appu’v + ayuv?, where

an = —[P"] and ayy = ay = [P']> — [P?] ([14], 2.5). Thus

%F(){()Q),)Q)F(){(xl),)g) = %F(—xz +anx3 — anxy, x3)F(—x1 +anxi — aixj, x3)
1 ) 5
= 5(—362 + x3 + anxy — anxaxs)(—x;p + X3+ anxy — anxixz)
= x3,
since (x3 — x2)(x3 — x1) = 3x3 mod S, and (x2 + x1)(x2 — x3)(x1 — x3) = —3x3 = 0 mod S.

So the answer agrees with the one we got in Remark 2.7.

Here are the polynomials for the other Bott—Samelson resolutions:

>
Rop =1 +apx;y, P =1+anpxix,

1.2
Ry = —x1 — [P']x{, PR =x3=—x1 — X2,

2 2
e@1 = X3 = X1X2, %2 = X7,
R = —X1X3.
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Note that the Bott—Samelson resolutions R; in this list coincide with the Schubert cycles
they resolve if I has length < 2. The corresponding polynomials #; are the classical Schu-
bert polynomials (see e.g. [16] and keep in mind that his x; is equal to our —x;) except for
the polynomial ;.

In general, polynomials #; can be computed by induction on the length of 7. E.g. to
compute #1» we can use that %, = A,%#»1 and #»; = x3. Hence,

Rty = Ar(x3) = 1 + appxaxz = 1 + apxi.

The middle equation is obtained using the formula A(y;) = 1 + appy1y2 + - - - from Section
2.1 and the observation that all symmetric polynomials in x, and x3 of degree greater than
2 vanish modulo S.

Computing products of the Bott—Samelson resolutions. Let us for instance compute
Z12Z5,. First, we do it by hand.

Denote by w;, w, the fundamental weights of SL;. Applying Proposition 4.1(2) to
X121 = X we get

L(2) = L(le)(l#z) ®L(X12)()"y‘).

Hence, ¢; (L(w)) = X1 and ¢; (L(w2)) = X>1. (Note that if we instead applied Proposition
4.1(1) to Ry21, we would obtain the more complicated expression

rinL(2) = L(Rat)"7" @ L(R1)"""7) @ L(Ryp) "7,

which does not allow us to express X1 = Rj; as the Chern class of the line bundle L(1) on
Riy1.)
Hence,
Z12Z51 = ci(L(o)) Za1 = rarser (r5 L(wy))
by the projection formula: ¢; (L(4)) - Z; = ry.c (rj L(4)). We now apply Proposition 4.1(1)
to Ry and L(w;) and get r}; L(w;) = L(R;) ® L(R,). Using the formal group law we com-

pute cl(L(Rl) ®L(R2)) =R +R— [IPI]Re. Finally, we use that r;,[R;] = Z; and get
that

Z12Zo = Z1 + Z, — [P']Z..
Similarly, we can easily compute the following products:
ZinZin =2y, Znin =2,
ZnZy=2nZy =2, ZinZo=2ZnZz =0,
which in particular gives us another way to compute polynomials %;.

So the only product that differs from the analogous product in the Chow ring case is
the product Z,Z5;.
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We now compute the product Z,Z5; using formula (5.1). We have Z; = ¢ (L(w))
by Proposition 4.1(1). Hence, according to formula (5.1)

Z12Z51 = c1(L(o1)) Zay = bi(w1)Zs + ba(w1)Zy + by (01) Ze,

where by, by and by, are the constant terms in A;(c;(L(w1))), [43s](c1 (L(w1))) and
[4547](e1 (L(w1))), respectively. We already know that

bi(4) = (4y1) and  by(2) = (4,17,)-

It remains to compute by (4). First, by using that L(4) = L(s;4) ® L(y,)*”" and the for-
mal group law we write
C1 (L(j.)) — (] (L(SM.))

€1 (L(Vl))

A (c1 (L(/l))) =

(Lyl) -1

= (,l,yl)+6111(/17V1)[01(L(S1’1)) + 2

c1 (L(yl))] + terms of deg = 2.
Hence,

A5 A7) (L)) = an (o) e (£0s12) + E2Y =L (£001) |+ torms of deg 2 1

/ —1
=an (%) [(/1, 5172) — %] + terms of deg = 1,
doy) =1
and by = ay(4,7;) [(i,slyz) — %} . We get
_ 1 (/Iﬂ yl) B 1
ci(L(A) Za = (hy1)Za + (A 5192)Z1 + an (2 71) | (4, 5172) — — |

In particular, ¢ (L(col))Zzl = 7>+ Z) + a1 Z, (which coincides with the answer we have
found above by hand).

Finally, note that it takes more work to compute c; (L(/l))Zzl using the algorithm in
[4] because apart from certain formal group law calculations (which are more involved than
the calculations we used to find b,;) one has also to compute the products R% and R% n
CH"(Ry)).

6. Appendix. Complex realization for cellular varieties
We will now prove the following result stated in Section 2:

Theorem 6.1. For any smooth cellular variety X over k and any embedding k — C,
the complex geometric realization functor of L-algebras r : Q*(X) — MU*(X(C)™) is an
isomorphism.
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Proof. Recall (see above) that the geometric realization functor coincides with the
map given by the universal property of Q*, and that both sides are freely generated by (res-
olutions of the closures of) the cells. Thus it suffices to show that it is an isomorphism if we
pass to the induced morphism after taking &) Z on both sides, which we denote by . Now

L

by a theorem of Totaro [20], Theorem 3.1 (compare also [14], Remark 1.2.21), for cellular
varieties the classical cycle class map ¢ : CH*(X) — H*(X(C)™) (which is an isomor-
phism for cellular varieties X) defined using fundamental classes and Poincaré duality (see
e.g. [16], Section A.3) factors as CH*(X) — MU*(X(C)™) ® Z =~ H*(X(C)™), and the
left arrow in this factorization is given by first taking any resolution of singularities of the
algebraic cycle and then applying (C)™". We also have a morphism ¢ : Q*(X) — CH*(X)
which induces an isomorphism ¢’ : Q*(X) ®; Z — CH*(X) by Levine—Morel [14], Theo-
rem 1.2.19, and corresponds to resolution of singularities [14], Section 4.5.1. Putting every-
thing together, we obtain a commutative square

QX)W Z —— MU*(X(C)™) ®, Z

qlz {f/

CH'(X) ———— H"(X(©)™)

with the vertical maps and ¢ being isomorphisms, which finishes the proof. [
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