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Introduction. Let N be a homogeneous group (cf. e.g. [3]) and let P
be a homogeneous distribution on A such that
(0.1) P:C*>f— fxPeC™

is the infinitesimal generator of a semigroup of symmetric probability mea-
sures y; on N which are absolutely continuous with respect to Haar measure,
dpi(z) = he(x) dz. It is well known (cf. e.g. [3]) that if P is supported at the
identity, then h; belongs to the space S(N) of rapidly decreasing functions.
Let

Pf= [ XdEp(\)f
0

be the spectral resolution of P. In [7] A. Hulanicki has proved that if P is
supported at the identity and m is a Schwartz function on R*, i.e.,

sup [(1+NfmW\)| < Cpy  forall k,1 e N'U{0},
A
then

J mN)dEp(N)f = fxm,
0

where 7 is in S(N). This is deduced, by means of a functional calculus, from
the fact that for the rapidly decreasing function m()\) = e~* the function
m = hy is in S(N).

The aim of this paper is to examine a similar situation where the distri-
bution P is of the form

(02) (P.f)=lm [ Wﬂ(m) da,

|x|>e
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where 2 # 0, 2 > 0 is a symmetric function smooth on /' — {0} and ho-
mogeneous of degree 0, |x| is a homogeneous norm on N smooth away from
the origin, and @ is the homogeneous dimension of /. These distributions
and the convolution semigroups they generate have been investigated by
P. Glowacki in [4] and [5]. The kernels h; are smooth but their decay at
infinity is mild. The basic observation in our present considerations is that if

o0

Frq™ = [ e dEp(Nf
0

then the decay of ¢/V) at infinity increases with N (cf. [1]). Thus by work-

ing with e=*" instead of e~ we are able to give a characterization of the
functions m such that m is in S(N) (cf. Theorem 4.1).

Acknowledgements. The author wishes to express his gratitude to
P. Glowacki and A. Hulanicki for their remarks.

Preliminaries. A family of dilations on a nilpotent Lie algebra A is a
one-parameter group {d; };~¢o of automorphisms of A determined by

5756]' = tdjej s

where ey, ..., e, is a linear basis for N and dy, ..., d, are positive real num-
bers called the exponents of homogeneity. The smallest d; is assumed to
be 1.

If we regard N as a Lie group with multiplication given by the Campbell-
Hausdorff formula, then the dilations §; are also automorphisms of the group
structure of A/ and the nilpotent Lie group N equipped with these dilations
is said to be a homogeneous group.

The homogeneous dimension of N is the number ) defined by

d(6,x) = t9dx

where dz is a right-invariant Haar measure on N.
We fix a homogeneous norm on N, that is, a continuous positive sym-
metric function z — |z| which is, moreover, smooth on /' — {0} and satisfies

|0iz| = t|z|, |x|=0ifand only if x =0.
Let
X;f(x)= p tzof(x -tej)
be left-invariant basic vector fields. If I = (i1,...,4,) is a multi-index

(i; e NU{0}), we set
Xlf=X0 .. . Xinf, (I =irdy+ ...+ ind,.
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A distribution R on N is said to be a kernel of order r € R if R coincides
with a C'°° function away from the origin, and satisfies

(R,fody) =t (R, f) for fe CEWN), t>0.

If R is a kernel of order r then there exists a function {2p homogeneous
of degree 0 and smooth away from the origin such that

(1.1) (R.f)y=— [ ﬁféﬁf(x)dw for f € C2(N —{0}).
N

Note that if R; and Ry are kernels of order 1 > 0, 7o > 0 respectively,
then Ry * Ry is a kernel of order r{ 4 7. Indeed, decompose R; as R; =
YR; + (1 —9Y)Rj, j = 1,2, where ¢p € C°(N), ¢ = 1 in a neighbourhood
of the origin. Since ¥ R; has compact support and (1 —¢)R; is smooth and
belongs (with its all derivatives) to L?(N) N LY(N) our statement follows.

We say that a kernel R of order r > 0 satisfies the Rockland condition
if for every non-trivial irreducible unitary representation 7 of N the lin-
ear operator wg is injective on the space of C* vectors of 7. It is easily
seen that if R satisfies the Rockland condition, then RN = R+ R*...* R
(N times), has the same property.

If a kernel R of order r > 0 has compact support, i.e., 2r = 0 (cf. (1.1)),
then R is supported at the origin. Hence

(1.2) R=) arXx'.

|=r

We call a differential operator R on N a Rockland operator if R is of the
form (1.2) and satisfies the Rockland condition.

We say that a function ¢ on N belongs to the Schwartz class S(N) if
for every M >0

(1.3) lellany = sup  (1+ [z))M|X ()]
|[I|<M,zeN

is finite.

We denote by S(RT) the space of all functions m € C*([0,00)) such
that for each k£ > 0

sup  (1+ 2 m (V)] < oo,
A€[0,00), 0<I<k

where m® (\) = (d*/dA\)m(N).

Semigroups generated by PY. Let P be the operator defined by
(0.1) and (0.2). Since P is positive and self-adjoint we can investigate, for
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each natural IV, the semigroup {Tt(N)}t>0 generated by PY. Obviously

o0

(2.1) M= [ dEp(VF.
0

It has been proved by P. Glowacki [5] that the operator P satisfies the
following subelliptic estimate:

(2.2) IXT Fllze < Cr(IP* fllzz + 11 £llz2) |

where |I| < k.
Using (2.2) and a standard calculation (cf. [1]) we deduce that there are
C* functions q( ) on N such that

(2.3) TV f = frq,

(2.4) X'g™ e LN C>®(N)  for every multi-index I .
In virtue of the homogeneity of P, we get

(2.5) o™ (x) = NN (6, 1)

(2.6) THEOREM. For every natural N > 0 and every multi-index I there
is a constant Cr n such that

(2.7) X1t ()] < Crnt ("N + Jal) QNI
Moreover, if |Z| =1, then
(2.8) lim QNN (5,7) = Qpn (7).

Proof. We first assume that N > Q. It has been proved in [1] that if I
is a multi-index, k € N and ¢ € C°(N x R — {(0,0)}), then

(2.9) sup lo X PN*gI | 2 < o0

PN =

Since —8tqt(N) the inequality (2.9) implies that

(2.10) IXT¢MNM @) <t for1/2<|z| <2, te(0,1).
Using (2.10) and (2.5), we get
(2.11) XM @) < Crn@+z) 9N for N> Q,

which, by (2.5), gives (2.7) for N > Q.
In order to show that (2.7) holds for every natural N > 0, we use the
“principle of subordination”. Let [ be a natural number such that 2N > Q.

Set M = 2!N. Then

oo —

¢ M) () - @/ o1
f 7T8 1/2q1/(4s) f 1/2 Q/ (5(43)1/M.’L')d8.
0
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Consequently, for every multi-index [

1My e
X ql (.’L‘)— f (778)1/2

—S

(4s) @D (TGN (§ 4 ynr) ds

According to (2.11), we have

X1 @) < € [ (45)@HIDALs12 g
0

1
+C f(45)(Q+|I\)/MS—1/2(48)—(M+Q+II\)/M|$|—M—Q—\I| ds

+C f ( 6;/2 (45)(QTID/M (45)=(MFQHID/M gy =M=Q =] g5
1 s

Setting € = |z|™™, we obtain

X1 ()] < Clafm @M,
By (2.4) and (2.5), we have
XM ()] < O o)7L
Iterating the procedure described above, we get (2.7) for every natural N >0.
We next show (2.8). From (2.7) and (2.5) it follows that
2.13) | X'¢MNM (@) < COngt for1/2<|z| <2, te(0,1), N>0.

Note that (1/t)qt(N) (x) converges weakly to 2pn~(z)/|z|9FN for 1/2 < |z|
< 2 ast — 0. The estimate (2.13) and the Arzela theorem imply that this
convergence is uniform. Applying the Taylor expansion, we get

(2.14) aM(Z) = t02pn (T) + o(2) .
From (2.14) and (2.5) (cf. [2]), we obtain (2.8), which completes the proof.

Functional calculus. In this section we introduce some notation and
recall some facts we shall need later.

Let U ={x € N : |z| < 1} and 7(z) = inf{n € NU {0} : x € U"}. For
every a > 0 the function w, = (1 + 7(x))® is submultiplicative. Moreover,
there are constants ¢, C, a, b such that a < 1, 2 < b and

(3.1) cr(z)® < |z| < Cr(x)®  for |z| > 1
(cf. [7], Lemma 1.1).

Denote by M, the x-algebra of Borel measures p on N such that
fyy wal) dlpl(x) < .
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If A is a self-adjoint operator on L?(N), E, is its spectral resolution
and m is a bounded function on R, then we denote by m(A) the operator
JamAN)dEs(N). If Af = f* 1), then m()) is the abbreviation for m(A).

The following theorem, due to A. Hulanicki (cf. [7]), is the basic tool of
the present paper.

(3.2) THEOREM. Suppose that 1 = ¢¥* € Mo NL*(N), a > B+ 5bQ +2,
k> 3(8+ %bQ +3), d> 0. Then there is a constant C' such that for every
m € C°(—d,d) with m(0) = 0 there exists a measure v € Mg such that

m)f = [+ and [y ws(z)dv](@) < Cllm]cr.

Main result. The main result of this paper is

(4.1) THEOREM. Let m € S(RT). Then m(P)f = f *m with m € S(N)
if and only if the function m satisfies the following condition:

(x)  for every natural N > 0 if m™N)(0) # 0 then PN is a differential
operator.

(4.2) Remark. Note that if m € S(N) for some m € L>®(R™), then
m € C>=(0,00) and supy-; A¥|m*)(\)| < oo for every s,k > 0. This is a
consequence of the following two facts:

(i) [ ANm(X) dEp(\) f = f* (mx PN),
(i) L O = pe gl o).
t=1 ¢ t=1

where 1y = t~9m(5,-12).

(4.3) PROPOSITION. Assume that F' € C(e,6), 0 <& < < oo. Then
there is a unique function F' € S(N') such that

[eo]

[ FO)AEp(\)f = [+ F.

0
Moreover, for each natural M there are constants C, k = k(M) such that
(4.4) 1Ellar) < ClIF] e -

Proof. By the definition of S(N') (cf. (1.3)), the proof will be complete
if we show (4.4). Let N > 0 be a natural number. Then

o0

(4.5) f FA)dEp(\) f = fFN )dEpn(N)f,

0
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where Fy(A) = FOAYN). Put n(\) = Fn(—logA)/\. Clearly, n €
Cfo(e_éN,e_EN). Moreover, by (4.5) and (2.3),
F(P)

(4.6) (P)f = En(PM)f =T n(a;™)f = {n(a™) f} = gt
Applying (4.6), (3.2), (2.7), (3.1) with sufficiently large N, we get (4.4).
Proof of Theorem (4.1). Suppose that F' € S(RT) and F()\) =

0(A"*1) as A — 0, for some natural [ > 0. Let ((A\) be a C* function with
compact support contained in (1/2,2) and with

> ¢@N) =1 forA>0.
j=—o00

Let F;(A) = C(27N)F(X\), F;(\) = F(279A\)¢(\) = Fj(279)). Then for each
natural k& > 0 there is a constant C' such that

(4.7) |Fj]ler < C2 DI for j>0.

Since F' € S(RT), we conclude that for every natural k& and r there is a
constant C' such that

(4.8) |Fjllcr < C279 for j < 0.

Now we turn to proving that for every function m satisfying (x) there
exists a function m in S(N) such that m(P)f = f xm. It is sufficient to
find a function m on A such that

(4.9) m(P)f = f*m and ||/ is finite for every M > 0.

It has been proved by P. Glowacki [4] that P satisfies the Rockland
condition. Hence, if € W,, = {I € N : [ > 0,m((0) # 0}, then by
our assumption P" is a positive Rockland operator. Then a theorem of

G. Folland and E. M. Stein (cf. [3]), asserts that qtr) belongs to the Schwartz
space S(N). Let N be the smallest element in W,,. Put

(4.10) FO) =m\) +ve" +ne "
where
_ —2m(0)N! — m)(0) ~ m®™(0) + m(0)N!
7= N = NI

One can check that
F(0)=F'(0)=F?0)=...=F™M0)=0, FeSR").

The equality (4.10) and the above-mentioned theorem of Folland and Stein
imply that 7 € S(N) if and only if F' € S(N). Note that if s € Wp =
{leN:1>0, FO(0) # 0} then P* is a Rockland operator. Iterating this
procedure, we find that for every [ > 0 there is a function F' € S(R™) such
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that
(411) F(0)=F'(0)=F®0)=...=FY(0) =0,
' 7|l (ary is finite if and only if ||FH(M) is finite .

By the homogeneity of P and the definition of F}, we have

[FONdEp(Nf = > f+F Z (),
0

j=—o0 j=—o0

where ﬁ Y = 27JQ(F;)V(69-;). By Proposition (4.3),
2

Z ICEDS on < D IEleran (29) "M 43 1 Ejllaran (27) 797

j=—o00 3>0 7<0

Using (4.7), (4.8) and (4.11) we get (4.9).

It remains to show that the condition (x) is necessary. Let N be the
smallest non-zero natural number such that m(™)(0) # 0 and PV is not a
differential operator (i.e., the function 2p~ is non-zero), and let r = inf W,,.
We consider two cases: = N and r < N.

For r = N let F(\) be defined by (4.10). We first show that

(4.12) |F(z)] < C(1+ |z|)~ 9 N-1/2,
Indeed,
sup |F(z)|(1 + |z))@+HN+12 < sup Z ((F))Y (2)](1 + |29+ N+1/2
zeN zEN]?_OO
<Cswp 3 |(F )| +C sup S Iy (@) a2
zeN T -
j=—o00 ] [e’e]
< C sup Z [(F;)Y (69—sx)|2799
IEN]__OO
|z QrNTL2 (Q+N+1/2)9—jQ
fd J —J
—I—C’jg}\)f Z ()Y (8- g$)\<2j> 2 2775,

In virtue of Proposition (4.3) there are constants C' and k such that

sup |F'(z)|(1 4 |o]) 9N+
zeN

oo oo
<0 Y 29QF e +C S PO E |

Applying (4.7), (4.8) (with | = N), we get (4.12).
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On the other hand, there exists T such that |Z| = 1 and 2p~(T) # 0.
By (4.12) and (4.10), we have
Jlim ¢4V in(6,7) = - lim (97N [1g;™ (8,2) + nas™ (5:7))
— 00 — 00
Using (2.5) and (2.8), we obtain
(Mo
lim (9N (5,F) = —y2pn (F) — 20Q2pn (T) = —QPN(:L")va()

—00 .
Hence, the function m does not belong to S(N).

In the case when r < N set mi(A) = m(\) + bie™" + boe™ 2", where
by = —2m(0) — m(0)/r!, by = m(0) + m{)(0)/r!. Then m; € S(RY)
and m1(0) = mj(0) = ... = mgT)(O) = 0. Since P" is a Rockland opera-
tor, by the above-mentioned theorem of Folland and Stein (cf. [3, p. 135]),
we get that the kernels associated with the multipliers e=*" and e=2*" be-
long to S(N). Note that N € W,,,, r € W,,,, and N = inf{l € W,,, :
P! is not a differential operator}. Iterating the above procedure reduces our
considerations to the case r = N.

£0.
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