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Abstract: We derive the static Schwarzschild-Tangherlini metric by extracting the classi-

cal contributions from the multi-loop vertex functions of a graviton emitted from a massive

scalar field. At each loop orders the classical contribution is proportional to a unique mas-

ter integral given by the massless sunset integral. By computing the scattering amplitudes

up to three-loop order in general dimension, we explicitly derive the expansion of the metric

up to the fourth post-Minkowskian order O(G4
N ) in four, five and six dimensions. There

are ultraviolet divergences that are cancelled with the introduction of higher-derivative

non-minimal couplings. The standard Schwarzschild-Tangherlini is recovered by absorb-

ing their effects by an appropriate coordinate transformation induced from the de Donder

gauge condition.
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1 Introduction

General relativity is a theory for the action of gravity in space and time. The dynamics

of the gravitational field is constrained by the Einstein’s classical field equations. They

are tensorial non-linear equations, because of the self-interaction of the gravitational field,

notoriously difficult to solve. It is therefore important to develop efficient methods for

studying gravity in various regimes.

General relativity can be embedded in quantum theory where the gravitational force

results from the exchange of a quantized massless spin-2 graviton field [1–5]. One can

then consider the Einstein-Hilbert term as the first term of a low-energy effective action

containing an infinite number of higher derivative operators [6].

The classical limit ~ → 0 has been studied by Duff in [7] where he showed how to

reproduce the classical Schwarzschild metric in four dimensions from quantum tree graphs

up to the second order O(G2
N ) in Newton’s constant.

The relation between the quantum theory of gravity and the classical Einstein’s theory

of general relativity has received a new interpretation with the understanding [8–13] that

an appropriate (and subtle) ~ → 0 limit of quantum multi-loop scattering gravitational

amplitudes lead to higher GN -order classical gravity contributions. Considering the im-

portance of such approach for the evaluation of the post-Minkowskian expansion for the

gravitational two-body scattering [14–20], we use the procedure given in [12] for extracting

the classical contributions from the multi-loop vertex function of a graviton emission from

a massive scalar field to recover the Schwarzschild-Tangherlini metric in various dimen-

sions. The scattering amplitude approach works in general dimensions [21–24] and gives

the opportunity to explore general relativity in higher-dimensions [25, 26]. At tree-level

and one-loop our results agree with the general dimension results in [21, 24]. We show how

to reconstruct the metric up to the fourth order O(G4
N ) in Newton’s constant by evaluating

the scattering amplitudes up to three-loop orders.

Using the procedure designed in [12] we argue, in section 2.1, that the classical contri-

bution at l-loop order is given by the two-point l-loop massless sunset graphs. We verify

this explicitly evaluating the classical limit of the quantum scattering amplitudes up to

three-loop order.

The scattering amplitudes develop ultraviolet divergences. In section 4, we show how

to recover the finite static Schwarzschild-Tangherlini metric by the addition of non-minimal

couplings given schematically by (see (4.2) for a precise expression)

δ(n)Sct. ∼ (GNm)
2n
d−2

∫

dd+1x
√−g∇2(n−1)Rµν∂

µφ∂νφ . (1.1)

In four dimensions the non-minimal couplings δ(1)Sct. have been introduced in [27] for the

analysis up to the third post-Minkowskian order in the context of the world-line formalism.

The relation between the world-line formalism and the amplitude approach is detailed

in [20]. Higher-derivative couplings with n ≥ 2 would be needed in four dimensions from

the fifth post-Minkowskian order, but they appear at lowest order in higher dimensions.

Indeed, we show that in five dimensions one needs to consider higher dimensional of non-

minimal couplings δ(2)Sct. at the third post-Minkowskian order and δ(3)Sct. at the fourth
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post-Minkowskian. Interestingly, the metric components are finite in space-time dimensions

greater or equal to six, although the stress-tensor develops ultraviolet divergences from

one-loop order in odd dimensions and from two-loop order in even dimensions. These

divergences are cancelled by the non-minimal couplings δ(n)Sct.. Actually, we expect that

an all order computation in perturbation will require an infinite set of such non-minimal

couplings.

We show that the effects of the non-minimal couplings can be reabsorbed by a co-

ordinate transformation, and they do not affect the Schwarzschild-Tangherlini space-time

geometry. Since we work in the fixed gauge de Donder gauge, we give the coordinate trans-

formation for extracting the classical space-time metric from the scattering amplitudes in

that gauge. Although general relativity is coordinate system invariant, our analysis shows

that there is a preferred coordinate system when extracting the classical geometry from

scattering amplitudes in the de Donder gauge. The lowest-order n = 1 non-minimal cou-

plings have been shown to arise from the gauge fixing in [20, 24, 28]. We will not address

the question of the gauge dependence, but we remark that the choice of coordinate system

(or gauge) can be critical for finding solution to Einstein’s equations [29].

Since “black hole formation is a robust prediction of the general theory of relativ-

ity” [30], it is satisfying to be able to embed such classical solutions in the new understand-

ing of the relation between general relativity and the quantum theory of gravity.

The paper is organised as follows. In section 2 we setup the connection between the

perturbation expansion vertex function for the emission a graviton from a massive scalar

field and the post-Minkowskian expansion of the static metric in d + 1 dimensions. In

section 2.1 we show that the classical contribution from the multi-loop amplitudes is given

by the massless sunset multi-loop integrals in d dimensions. In section 2.2 we evaluate the

master integrals. In section 3 we derive the metric component up to the order O(G4
N ) by

computing the relevant amplitudes up to three-loop order in d+1 dimensions. In section 4

we compute the non-minimal couplings required for cancelling the ultraviolet divergences in

the amplitude computation. In section 5 we solve the Einstein’s equations in four (d = 3),

five (d = 4) and six (d = 5) dimensions in the de Donder gauge, and we show in section 6

how these results match the results derived from the amplitude computations. In section 7

we give an interpretation of the results in this paper. The appendix A contains formulæ

for the Fourier transforms used in the text, and appendix B the vertices for the scattering

amplitude computations.

2 The Schwarzschild-Tangherlini metric from scalar field amplitudes

The Schwarzschild metric is obtained by the gravitational scattering of a scalar field of

mass m

S =

∫

dd+1x
√−g

(

R

16πGN
+

1

2
gµν∂µφ∂νφ− 1

2
m2φ2

)

. (2.1)

For further reference Newton’s constant has length dimensions [GN ] = (length)d−1, the

scalar field has dimension [φ] = (length)1−d and the mass [m] = (length)−1. We work with
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the mostly negative signature (+,−, · · · ,−) metric.

The graviton emission from a scalar particle of mass p21 = p22 = m2 is given by the

three-point vertex function

M3(p1, q) =

p1

q

p2

. (2.2)

At each loop order we extract the l-loop contribution to the transition density of the

stress-energy tensor 〈Tµν(q
2)〉 =∑l≥0〈T

(l)
µν (q2)〉

iM(l)
3 (p1, q) = − i

√
32πGN

2
〈T (l)µν(q2)〉ǫµν (2.3)

where ǫµν is the polarisation of the graviton with momentum q = p1−p2 is the momentum

transfer.

The scattering amplitude computation is not done in the harmonic gauge coordinates

gµνΓλ
µν(g) = 0 but in the de Donder gauge coordinate system [2, 19, 21, 24, 27]

ηµνΓλ
µν(g) = ηµνgλρ

(

∂gρµ
∂xν

+
∂gρν
∂xµ

− ∂gµν
∂xρ

)

= 0 , (2.4)

the metric perturbations gµν = ηµν +
∑

n≥1 h
(n)
µν satisfy1

∂

∂xλ
hλ(n)ν − 1

2

∂

∂xν
h(n) = 0 . (2.5)

The de Donder gauge relation between the metric perturbation and the stress-energy tensor

reads

h(l+1)
µν (~x) = −16πGN

∫

dd~q

(2π)d
ei~q·~x

1

~q2

(

〈T (l)
µν 〉class.(q2)−

1

d− 1
ηµν〈T (l)〉class.(q2)

)

. (2.6)

In this relation enters the classical contribution at l loop order 〈T (l)
µν 〉class.(q2) defined by the

classical limit of the quantum scattering amplitude [10, 12, 13]. From now, we are dropping

the super-script class and just use the notation 〈T (l)
µν 〉(q2) for the classical contribution.

2.1 The classical contribution of the amplitude

In this section we derive the generic form of the classical contribution of the gravity ampli-

tudes (2.2) in the static limit where q = (0, ~q) and ~q2 ≪ m2. The classical limit is obtained

by taking ~ → 0 with the momentum transfer q/~ held fixed [13].

1The harmonic gauge linearized at the first order in perturbation gives (2.5) with n = 1. The higher-order

expansions of the harmonic gauge differ from these conditions.
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At the l-loop order we have to consider the graphs

M(l)
3 (p1, q) =

q
tree , (2.7)

The classical contribution emerges as a particular ~ → 0 limit of the amplitude in [8, 10–

13]. The classical limit results in cutting the massive lines, projecting on the contribution

from localised sources at different positions in space [12, 31, 32], pictorially represented by

shaded blobs

M(l) class.
3 (p1, q) =

q
tree

∣

∣

∣

∣

∣

leading q2

, (2.8)

In this process one keeps only the leading q2 contribution from the multi-graviton tree-

level amplitudes. The quantum tree-level graphs that were considered in [7] arise from the

classical limit of the scattering amplitude up to two-loop order. In the rest of this section,

we derive the generic features of the classical limit to all orders in perturbation. We then

explicitly evaluate the classical limit up to three-loop order in perturbation.

The quantum amplitude in (2.7) is an l + 2 gravitons amplitude with l + 1 gravitons

attached to the massive scalar line

Lµ1ν1,...,µl+1νl+1
(p1, p2, ℓ1, . . . , ℓl+1) = (2.9)

=
(−i

√
8πGN )l+1τµ1ν1(p1, p1 − ℓ1)τµ2ν2(p1ℓ1, p1 − ℓ1 − ℓ2) · · · τµl+1νl+1

(p1 − ℓ1 − · · · − ℓl+1, p2)
∏l

i=1

(

(p1 −
∑i

j=1 ℓj)
2 −m2 + iǫ

) ,

(2.10)
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with the momentum conservation condition ℓ1 + · · · + ℓl+1 = q = p1 − p2 and the vertex

for emitting a graviton from a scalar field2

τµν(p1, p2) = pµ1p
ν
2 + pν1p

µ
2 +

1

2
ηµν (p1 − p2)

2 . (2.11)

This line is attached to an l + 2 tree-level graviton amplitude

Mµ1ν1,...,µl+1νl+1(ℓ1, . . . , ℓl+1, q) =
q

tree . (2.12)

We have to sum over all the permutation of the graviton lines attached to the scalar lines.

Because the gravity amplitude is invariant under the action of the permutation of the

graviton lines we have

iM(l)
3 (p1, q) =

1√
4E1E2

∫ l
∏

n=1

dd+1ℓn
(2π)D





∑

σ∈Sl+1

Lµ1ν1,...,µl+1νl+1
(p1, p2, ℓσ(1), . . . , ℓσ(l+1))





×
l+1
∏

i=1

iPµiνi,ρiσi

ℓ2i + iǫ
Mρ1σ1,...,ρl+1σl+1

(ℓ1, . . . , ℓl+1, q) (2.13)

whereSl+1 is the group of permutation of l+1 elements. In the static limit the vertex (2.11)

becomes

τµν(p1, p1 − ℓ) ≃ −2m2δ0µδ
0
ν , (2.14)

therefore the scalar line approximates to

L(p1, p2, ℓ1, . . . , ℓl+1) ≃
∏l+1

i=1 i
√
32πGNm2δ0µi

δ0νi
∏l

i=1

(

(p1 −
∑i

j=1 ℓj)
2 −m2 + iǫ

) . (2.15)

In the static limit (p1 − L)2 −m2 + iǫ = L2 − 2p1 · L+ iǫ ≃ L2
0 − ~L2 − 2mL0 + iǫ. In the

limit where the mass m is large compared to the graviton loop momenta |L| ≪ m we have

L2
0 − ~L2 − 2mL0 + iǫ =

(

L0 −m−
√

~L2 +m2 − iǫ

)(

L0 −m+

√

~L2 +m2 − iǫ

)

≃
(

L0 − 2m−
~L2

2m
+ iǫ

)(

L0 +
~L2

2m
− iǫ

)

≃ −2m (L0 − iǫ) . (2.16)

Therefore we have

L(p1, p2, ℓ1, . . . , ℓl+1) ≃ i
√

32πGNm2δ0µl+1
δ0νl+1

l
∏

i=1

−i2
√
2πGNmδ0µi

δ0νi
∑i

j=1 ℓ
0
j − iǫ

. (2.17)

2The vertices are given in appendix B. We have stripped of a factor i
√
8πGN from their normalisation.
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Using momentum conservation ℓ1+· · ·+ℓl+1 = p1−p2 and that in the static limit p01−p02 ≃ 0

we have

L(p1, p2, ℓ1, . . . , ℓl+1) ≃ 2miǫ
l+1
∏

i=1

−i2
√
2πGNmδ0µi

δ0νi
∑i

j=1 ℓ
0
j − iǫ

. (2.18)

Using the identity3

∑

σ∈Sl+1

l+1
∏

i=1

1
∑i

j=1 xσ(j)
=

l+1
∏

i=1

1

xi
. (2.21)

In the limit ǫ → 0 the expression vanishes unless some of the ℓ0j vanish at the same time.

This means that one needs to pick the residues at ℓ0j = iǫ for j = 1, . . . , l to have a non

vanishing answer. This implies that the amplitude (2.13) reduces to

iM(l)
3 (p1, q) ≃ −il

(

2
√

2πGNm
)l+1

×
∫ l
∏

n=1

dd~ℓn
(2π)d

l+1
∏

i=1

P00,ρiσi

∏l+1
i=1(ℓ

2
i + iǫ)

Mρ1σ1,...,ρl+1σl+1
(ℓ1, . . . , ℓl+1, q)

∣

∣

∣

ℓ0i=0
(2.22)

with ℓ1 + · · ·+ ℓl+1 = q. We recall that

P00,ρσ = δρ0δ
σ
0 − ηρσ

D − 2
. (2.23)

The amplitude (2.22) corresponds to the graph where the scalar line has been collapsed to

a point

M(l)
3 (p1, q) ≃ tree . (2.24)

In the static with q = (0, ~q), |q| ≪ m, the l + 2-tree level gravitons amplitude has the

leading behaviour

l+1
∏

n=1

P00,ρiσiMρiσi,··· ,ρl+1σl+1
(ℓ1, . . . , ℓl+1, q) ∝

√

GN

l
q2 , (2.25)

3This was proven in the appendix of [33]. We give here an alternative proof using recursion. For l = 1

we have Σ(2) = 1
x1(x1+x2)

+ 1
x2(x1+x2)

= 1
x1x2

. Assuming that (2.21) is true at the order l, then at the order

l + 1 we have

Σ(l + 1) =
∑

σ∈Sl+1

l+1
∏

i=1

1
∑i

j=1 xσ(j)

=
1

x1 + · · ·+ xl+1

l+1
∑

i=1

∑

σ∈Sl

l
∏

i=1

1
∑i

j=1 x̂σ(j)

(2.19)

where σ(n + 1) = i and the {x̂1, . . . , x̂l} = {x1, . . . , xl+1}\{xi}. By recursion hypothesis we can use the

expression for Σ(l)

Σ(l + 1) =
1

x1 + · · ·+ xl+1

l+1
∑

i=1

l
∏

i=1

1

x̂i

=
1

x1 + · · ·+ xl+1

l+1
∑

i=1

xi

l+1
∏

i=1

1

xi

=

l+1
∏

i=1

1

xi

. (2.20)

– 7 –



and higher powers of ~q2 contribute to higher powers of ℏ and are sub-leading quantum

corrections (see section 3.1 for more about this).

Therefore, the classical contribution to the stress-tensor in (2.3) is given by4

〈T (l)
µν 〉 = πl(GNm)lm

(

c
(l)
1 (d)δ0µδ

0
ν + c

(l)
2 (d)

(qµqν
q2

− ηµν
)

)

J(l)(q
2) , (2.26)

where c
(l)
1 (d) and c

(l)
2 (d) are rational functions of the dimension d and J(n)(q

2) is the massless

n-loop sunset graph

J(n)(~q
2) = • •q q =

∫

~q2
∏n

i=1
~l2i (

~l1 + · · ·+~ln + ~q)2

n
∏

i=1

dd~li
(2π)d

.

(2.27)

2.2 The master integrals for the classical limit

The master integrals (2.27) can be evaluated straightforwardly with the parametric repre-

sentation of the n-loop sunset in D dimensions (see [36])

J(n)(~q
2) =

(~q2)
n(d−2)

2

(4π)
nd
2

Γ

(

n+ 1− nd

2

)∫

xi≥0

(

1

x1
+ · · ·+ 1

xn
+ 1

)
(n+1)(2−d)

2
n
∏

i=1

dxi

x
d
2
i

(2.28)

since the first Symanzik polynomial is Un+1 =
(

∑n+1
i=1

1
xi

)(

∏n+1
i=1 xi

)

and the second

Symanzik polynomial is Fn+1 = −q2x1 · · · xn+1 = ~q2x1 · · · xn+1. Changing variables to

yi = 1/xi we have

J(n)(~q
2) =

(~q2)
n(d−2)

2

(4π)
nd
2

Γ

(

n+ 1− nd

2

)∫

yi≥0
(y1 + · · ·+ yn + 1)

(n+1)(2−d)
2

n
∏

i=1

dyi

y
4−d
2

i

. (2.29)

Using the expression for Euler’s beta-function

∫ ∞

0
(x+ a)α

dx

x1−β
= aα+β Γ(−β − α)Γ(β)

Γ(−α)
, (2.30)

the master integral is readily evaluated to be

J(n)(~q
2) =

(~q2)
n(d−2)

2

(4π)
nd
2

Γ
(

n+ 1− nd
2

)

Γ
(

d−2
2

)n+1

Γ
(

(n+1)(d−2)
2

) . (2.31)

The master integrals develop ultraviolet poles at loop orders, inducing divergences in the

stress-energy tensor. We will show in section 4 how to renormalise these divergences with

the introduction of higher-derivative couplings.

4We have checked this explicitly to three-loop order using the LiteRed code [34, 35].
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3 The metric perturbation from graviton emission

Using the relation (2.6) between the metric perturbation and using the expression (2.26)

for the stress-energy tensor in d-dimension in the static limit we have

h(l+1)
µν (~q) = −8

(

c
(l)
1 (d)(2δ0µδ

0
ν − ηµν) + c

(l)
2 (d)

(

2
qµqν
q2

+ (d− 2)ηµν

))

×
(πGNm)l+1J(l)(~q

2)

~q2
. (3.1)

The static space-time components are obtained by computing the Fourier transform in d

dimensions

h(l+1)
µν (~x) =

∫

Rd

h(l+1)
µν (~q)ei~q·~x

dd~q

(2π)d
. (3.2)

Using the Fourier transformations given in appendix A, and setting r = |~x|, the Fourier

transform of the master integrals are given by

∫

Rd

J(l)(~q
2)

~q2
ei~q·~x

dd~q

(2π)d
=

(

Γ
(

d−2
2

)

4π
d
2

1

rd−2

)l+1

(3.3)

which is finite to all loop orders. The ultraviolet divergences in the momentum space

representation in (2.31) has been cancelled by the Fourier transform.5

The tensorial Fourier transform

∫

Rd

qiqj
~q2

J(l)(~q
2)

~q2
ei~q·~x

dd~q

(2π)d
=

(

Γ
(

d−2
2

)

4π
d
2

1

rd−2

)l+1
1

2− l(d− 2)

(

−δij + (l + 1)(d− 2)
xixj
r

)

.

(3.4)

diverges for l = 1 and d = 4 and for l = 2 and d = 3, and are otherwise finite.

By spherical symmetry we parameterise the metric in d+ 1 dimensions

ds2 = h0(r, d)dt
2 − h1(r, d)d~x

2 − h2(r, d)
(~x · d~x)2

~x2
, (3.5)

so that

hi(~x) = h
(0)
i +

∑

l≥1

h
(l)
i (~x) , (3.6)

with h
(0)
i = 1, 1, 0 for i = 0, 1, 2, the post-Minkowskian expansion of the metric components

h
(l+1)
0 (r, d) = − 16

d− 1

(

(d− 2)c
(l)
1 (d) + c

(l)
2 (d)

)

(

ρ(r, d)

4

)l+1

, (3.7)

h
(l+1)
1 (r, d) =

16

d− 1

(

c
(l)
1 (d)−

(

1 +
d− 1

2− l(d− 2)

)

c
(l)
2 (d)

)(

ρ(r, d)

4

)l+1

,

h
(l+1)
2 (r, d) = 16

(d − 2)(l + 1)

2− l(d− 2)
c
(l)
2 (d)

(

ρ(r, d)

4

)l+1

.

5This fact had been noticed by L. Planté in his PhD thesis [31].
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We have introduced the radial parameter

ρ(r, d) =
Γ
(

d−2
2

)

π
d−2
2

GNm

rd−2
, (3.8)

which is our post-Minkowskian expansion parameter. Recall that in d+ 1 dimensions the

length dimension of [GNm] = (length)d−2 and ρ(r, d) is dimensionless.

The metric component present poles in four dimensions (d = 3) from two-loop order

and in five dimensions (d = 4) from one-loop order. Such divergences will be removed by

the contribution from the non-minimal coupling contributions in section 4.

3.1 Tree-level amplitude

At tree-level, the only contributing diagram is

M(0)
3 (p1, q) =

p1

q
p2

, (3.9)

is the emission of a graviton from the scattering of two massive scalars of momenta p1 and

p2 and p21 = p22 = m2 with momentum transfert q = p1 − p2. The scattering amplitude is

given by the 2-scalar-1-graviton vertex τµν(p1, p2) in (B.2)

iM(0)
3 (p1, q) = − i

√
32πGN

2
√
4E1E2

ǫµντµν = − i
√
32πGN

2
ǫµν
(

p1µp2ν + p2µp1ν − ηµν(p1 · p2 −m2)
)

.

(3.10)

Using that P = (p1 + p2)/2 and q = p1 − p2 we have that

iM(0)
3 (p1, q) = − i

√
32πGN

2
√
4E1E2

ǫµν
(

2PµPν −
1

2
(qµqν − ηµνq

2)
)

. (3.11)

In the static limit q = p1 − p2 ≃ (0, ~q), E1 ≃ E2 ≃ m and |~q| ≪ m we have

〈T (0)
µν (q

2)〉 ≃ mδ0µδ
0
ν +

(

qiqj
~2q2

ηiµη
j
ν +

1

2
ηµν

)

~q2 . (3.12)

The ~q2 term in this expression is the contact term which has a higher power of ℏ and does

not contribute to the classical limit [12, 37]. The coefficients of the classical contribution

to the stress-tensor at tree-level are given by

c
(0)
1 (d) = 1,

c
(0)
2 (d) = 0 . (3.13)

From this we deduce the metric components in d+ 1 dimensions using (3.7)

h
(1)
0 (r, d) = −4

d− 2

d− 1
ρ(r, d),
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h
(1)
1 (r, d) =

4

d− 1
ρ(r, d),

h
(1)
2 (r, d) = 0 , (3.14)

where ρ(r, d) is defined in (3.8). This reproduces the expression given in [21, 24].

3.2 One-loop amplitude

At one-loop the only contributing diagram to the classical limit is

iM(1)
3 (p1, q) =

p1

q

p2

= − i
√
32πGN

2
ǫµνT

(1) µν(q2) , (3.15)

from which we extract the one-loop contribution to the stress-energy tensor in d + 1 di-

mensions

T (1) µν(q2) =
i8πGN√
4E1E2

∫

dd+1l

(2π)D

τσρ(p1, l + p1)τ
µν
(3)σρ,κδ(l, q)τ

κδ(p2, l + p1)

(l2 + iǫ)((l + q)2 + iǫ)((l + p1)2 −m2 + iǫ)
, (3.16)

where τµν(3) πρ,στ
(p1, p2) is the three graviton vertex and τµν(p1, p2) the vertex for the emis-

sion of a graviton from two scalars with momenta p1 and p2. We refer to appendix B for

definitions and normalisation of our vertices.

In the static limit, ~q2 ≪ m2, the classical contribution coming from the two scalars to

one-graviton vertex is

ταβ ≈ 2m2δ0αδ
0
β, (3.17)

using that p21 = p22 = m2. This gives for the stress-energy tensor

T (1) µν(q2) = i16πGNm3

∫

dd+1l

(2π)D

τµν(3)00,00(l, q)

(l2 + iǫ)((l + q)2 + iǫ)((l + p1)2 −m2 + iǫ)
. (3.18)

At this point, we want to focus on the computation of the classical contribution at the

static limit. Thus, we will employ a trick, which will prove useful for higher loops. We

symmetrize the diagram

T (1) µν(q2) = i8πGNm3

∫

dd+1l

(2π)D

τµν(3)00,00(l, q)

(l2 + iǫ)((l + q)2 + iǫ)

×
[ 1

(l + p1)2 −m2 + iǫ
+

1

(l − p2)2 −m2 + iǫ

]

. (3.19)

In the approximation l2 ≪ m2 we have (l+ pi)
2−m2 = l2+2l · p1 = l2+2l0E−~l · ~q ≃

l20 + 2ml0 and the amplitude reduces at leading order

– 11 –



T (1) µν(q2) ≃ i8πGNm3

∫

dd+1l

(2π)D

τµν(3)00,00(l, q)

(l2 + iǫ)((l + q)2 + iǫ)

×
[ 1

l20 + 2ml0 + iǫ
+

1

l20 − 2ml0 + iǫ

]

. (3.20)

It is obvious that at O(ǫ0) order we get a zero contribution at leading order in 1/m, since

l0 ≪ m. Thus, we can compute the leading contribution of the integral over l0 via Cauchy’s

theorem, by taking the residue 2ml0 = iǫ and closing the contour of integration in the upper

half-plane6

T (1) µν(q2) = 4πGNm2

∫

dd~l

(2π)d

τµν(3)00,00(l, q)

(~l2 − iǫ)((~l + ~q)2 − iǫ)

∣

∣

∣

∣

∣

l0=0

, (3.21)

with

τµν(3)00,00(l, q) =
1

d− 1

(

(d− 2)
(

lµlν + (l + q)µ(l + q)ν + qµqν +
3

2
ηµν~q2

)

− 2(d − 2)
(

~l1
2
+ (~l1 + ~q)2

)

(δµ0 δ
µ
0 − ηµν

4
)− 2(d − 3)~q2δµ0 δ

µ
0

)

.

(3.22)

The component of the stress-tensor are proportional to the one-loop master integral J(1)(~q
2)

as expected from the general discussion of section 2.2

〈T (1)
µν 〉 = πGNm2

(

c
(1)
1 (d)δ0µδ

0
ν + c

(1)
2 (d)

(

qµqν
q2

− ηµν

))

J(1)(q
2) , (3.23)

with the master integral

J(1)(q
2) =

Γ
(

4−d
2

)

Γ
(

d−2
2

)2

2dπ
d
2Γ(d− 2)

(

~q2
)

d−2
2 , (3.24)

and the coefficients

c
(1)
1 (d) = −2(4d2 − 15d+ 10)

(d− 1)2
,

c
(1)
2 (d) = −2(d− 2)(3d − 2)

(d− 1)2
. (3.25)

3.2.1 The one-loop contribution to the metric components

Using (3.7) we get for the metric components in d+ 1 dimensions

h
(2)
0 (r, d) =

8(d− 2)2

(d− 1)2
ρ(r, d)2,

h
(2)
1 (r, d) = −4(2d2 − 9d+ 14)

(d− 4)(d − 1)2
ρ(r, d)2,

6One could have taken the residue at 2ml0 = −iǫ and closing the contour in the lower half-plane with

the same result.
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h
(2)
2 (r, d) =

4(d− 2)2(3d − 2)

(d− 4)(d − 1)2
ρ(r, d)2 , (3.26)

where ρ(r, d) is defined in (3.8).

This reproduces the expression given in [21] and the expression in [24, eq. (22)] for

α = 0.

3.3 Two-loop amplitude

The diagrams contributing to the classical corrections at third post-Minkowskian order of

the metric at the two-loop graphs

iM(2)
3 (p1, q) = −

√

32πGNT (2)µνǫµν , (3.27)

there are four contributions

T
(2)µν
(a) = , T

(2)µν
(b) = ,

T
(2)µν
(c) = , T

(2)µν
(d) = .

3.3.1 The diagrams (a), (b), (c)

The sum of the contributions from the diagrams (a), (b), (c) after appropriate labelling of

the momenta, can be expressed as

c
∑

i=a

T
(2)µν
(i)

= −16G2
Nπ2

m

∫ 3
∏

n=1

dd+1ln
(2π)2d

δ(l1 + l2 + l3 + q)

×
τγδ(p1, l1 + p1)τ

στ (l1 + p1,−l2 + p1)τ
ιθ(l2 − p2,−p2)τ

φχ
(3)ιθ,στ (−l2, l1 + q) · Pαβ

φχ · τµν(3)αβ,γδ(l1 + q, q)

l21l
2
2l

2
3(l1 + q)2

×
(

1

(l1 + p1)2 −m2

1

(l2 − p2)2 −m2
+

1

(l3 + p1)2 −m2

1

(l1 − p2)2 −m2

+
1

(l3 + p1)2 −m2

1

(l2 − p2)2 −m2

)

. (3.28)

Using the approximate form of the two scalars one graviton vertex in (3.17) and (l1+p1)
2−

m2 ≈ 2ml01 and taking the residue 2ml0i = iǫ, since for the rest of the residues we get a

zero contribution at order O(ǫ0), we get

c
∑

i=a

T
(2)µν
(i) = 32π2G2

Nm3

∫ 2
∏

n=1

dd+1ln
(2π)2d

τµν(3)αβ,00(l1 + q, q) · Pαβ
φχ · τφχ(3) 00,00(−l2, l1 + q)

(~l1)
2(~l2)

2(~l3)
2(~l1 + ~q)2

∣

∣

∣

∣

∣

l01=l02=0

,

(3.29)
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with

ηµντ
µν
(3)φχ,00(l1 + q, q) =

(

lµlν − (l + q)µ(l + q)ν − qµqν
)

− 3

2
ηµν~q2

(

ηµν − (d− 1)δµ0 δ
ν
0

)

+
ηµν

2

(

~l1
2 − (~l1 + ~q)2

)

− 5− d

2
δµ0 δ

ν
0

(

~l1
2
+ (~l1 + ~q)2

)

, (3.30)

and

δ0µδ
0
ντ

µν
(3)φχ,00(l1+q, q) =

1

d− 1

(

(d−3)
(

(l+q)µ(l+q)ν+qµqν
)

+(d−1)
(

lµ1 l
ν
1−

~l1
2

2
(3δµ0 δ

ν
0−ηµν)

)

+
ηµν − δµ0 δ

ν
0

2

(

~q2(d− 5) + (3d − 7)(~l1 + ~q)2
)

)

, (3.31)

and

τµν(3)00,00(l, q) =
1

d− 1

(

(d− 2)
(

lµlν + (l + q)µ(l + q)ν + qµqν +
3

2
ηµν~q2

)

− 2(d − 2)
(

~l1
2
+ (~l1 + ~q)2

)

(δµ0 δ
µ
0 − ηµν

4
)− 2(d − 3)~q2δµ0 δ

µ
0

)

. (3.32)

Using the LiteRed code [34, 35] in d dimensions, we find that all the contributions are

proportional to the master integral as expected from the general discussion of section 2.2

J(2)(~q) =

∫ 2
∏

i=1

dd~li
(2π)d

~q2
∏2

i=1
~l2i (

~l1 +~l2 + ~q)2

= − ~q2

32π2(d− 3)
−
(

−3 + γE − log(4π) + log(~q2)
)

~q2 +O(d− 3) , (3.33)

where γE = 0.57721 · · · is the Euler-Mascheroni constant [38].

We find for the 00-component

c
∑

i=a

T
(2) 00
(i) =

32π2G2
Nm3

3

6d3 − 45d2 + 134d − 160

(d− 4)(d− 1)2
J(2)(~q

2) , (3.34)

and for the trace part

c
∑

i=a

T
(2)µν
(i) ηµν = −32π2G2

Nm3

3

10d3 − 63d2 + 123d − 86

(d− 1)2
J(2)(~q

2) . (3.35)

3.3.2 The diagrams (d)

The diagram (d) after symmetrisation over the massive scalar legs reads

T
(2)µν
(d) = −32G2

Nπ2

3m

∫ 3
∏

n=1

dd+1ln
(2π)2d

δ(l1 + l2 + l3 + q)

l21l
2
2l

2
3

(

1

(l1 + p1)2 −m2 + iǫ

1

(l2 − p2)2 −m2 + iǫ

+
1

(l3 + p1)2 −m2 + iǫ

1

(l1 − p2)2 −m2 + iǫ
+

1

(l3 + p1)2 −m2 + iǫ

1

(l2 − p2)2 −m2 + iǫ

)
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× τγδ(p1, l1 + p1)τ
στ (l1 + p1,−l2 + p1)τ

ιθ(l2 − p2,−p2)τ
µν
(4)γδ,στ,ιθ(q, l1, l2, l3), (3.36)

and leads to the contribution

T
(2)µν
(d) = −64π2G2

Nm3

3

∫ 2
∏

n=1

dd+1ln
(2π)d

τµν(4) 00,00,00(q, l1, l2,−l1 − l2 − q)

(~l1)
2(~l2)

2(~l1 + ~l2 + ~q)2

∣

∣

∣

∣

∣

l01=l02=0

(3.37)

with the vertex

τµν(4) 00,00,00(q, l1, l2, l3) =
1

(d− 1)2

(

~q2
δµ0 δ

ν
0

2
(7d2 − 45d + 70)− ~q2

ηµν

2
(d− 2)(6d − 23)

+ (d− 2)

(

(9− 2d)qµqν + (7− 2d)
(

lµ1 l
ν
1 + lµ2 l

ν
2 + lµ3 l

ν
3

)

)

+
d− 2

2

(

~l1
2
+ ~l2

2
+ ~l3

2)(
δµ0 δ

ν
0 (7d− 23) − ηµν(2d− 9)

)

)

. (3.38)

Evaluating these integral we find, for the 00-component

T
(2) 00
(d) = −32π2G2

Nm3

3

(4− d)(6 − d)

(d− 1)2
J(2)(~q

2) , (3.39)

and for the trace part

T
(2)µν
(d) ηµν =

64π2G2
Nm3

3

3d3 − 20d2 + 41d− 30

(d− 1)2
J(2)(~q

2) . (3.40)

3.3.3 The two-loop contribution to the metric components

Summing up all the contributions the two-loop stress-tensor is given by

〈T (2)
µν 〉 = π2G2

Nm3
(

c
(2)
1 (d)δ0µδ

0
ν + c

(2)
2 (d)

(qµqν
q2

− ηµν
)

)

J(2)(q
2) , (3.41)

with the coefficients given by

c
(2)
1 (d) =

32

3(d− 4)(d− 1)3
(

9d4 − 70d3 + 203d2 − 254d + 104
)

,

c
(2)
2 (d) =

64(d − 2)

3(d− 4)(d− 1)3
(

2d3 − 13d2 + 25d − 10
)

, (3.42)

and the expression for the master integral

J(2)(~q
2) =

Γ(3− d)Γ
(

d−2
2

)3

(4π)dΓ
(

3(d−2)
2

)

(

~q2
)d−2

. (3.43)

From which we extract the metric components using the relations (3.7) (using the definition

of ρ(r, d) in (3.8))

h
(3)
0 (r, d) = −8(3d− 7)(d − 2)3

(d− 4)(d− 1)3
ρ(r, d)3,
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h
(3)
1 (r, d) =

8(7d4 − 63d3 + 214d2 − 334d + 212)

3(d− 3)(d − 4)(d − 1)3
ρ(r, d)3,

h
(3)
2 (r, d) = −8(d− 2)2(2d3 − 13d2 + 25d − 10)

(d− 3)(d− 4)(d − 1)3
ρ(r, d)3 . (3.44)

3.4 Three-loop amplitude

The diagrams contributing to the classical corrections at third post-Minkowskian order of

the metric at the two-loop graphs

iM(3)
3 (p1, q) = −

√

32πGNT (3)µνǫµν , (3.45)

where the three-loop stress-tensor is given by five distinct diagrams

T
(3)µν
(a) = , T

(3)µν
(b) = ,

T
(3)µν
(c) = , T

(3)µν
(d) = ,

T
(3)µν
(e) = .

As before, we permute the internal momenta such that by taking the residue at 2ml0i =

iǫ from the massive propagators, we extract the non-analytic terms which contribute to the

classical metric in the static limit. After taking the residues and including the symmetry

factors

T
(3)µν
(a) = 64π3G3

Nm4

∫ 3
∏

n=1

dd~ln
(2π)d

τµν(3)πρ,στ (l1 + l2, q)τ
πρ
(3)(−l1, l1 + l2)τ

στ
(3)(−l3, l3 + l4)

(~l1)
2(~l2)

2(~l3)
2(~l4)

2(~l1 +~l2)
2(~l3 +~l4)

2

∣

∣

∣

∣

∣

l01=l02=l03=0

,

T
(3)µν
(b) = 256π3G3

Nm4

∫ 3
∏

n=1

dd~ln
(2π)d

τµν(3)στ,00(l1 + q, q)τπρ(3)(−l3, l3 + l4)τ
στ
(3)00,πρ(−l2, l1 + q)

(~l1)
2
(~l2)

2
(~l3)

2
(~l4)

2
(~l1 + ~q)

2
(~l3 +~l4)

2

∣

∣

∣

∣

∣

l01=l02=l03=0

,

T
(3)µν
(c) = −512π3G3

Nm4

3

∫ 3
∏

n=1

dd~ln
(2π)d

τµν(3)αβ,00(l1 + q, q)ταβ(4)00,00,00(l1 + q, l2, l3, l4)

(~l1)
2(~l2)

2(~l3)
2(~l4)

2(~l1 + ~q)2

∣

∣

∣

∣

∣

l01=l02=l03=0

,

T
(3)µν
(d) = −256π3G3

Nm4

∫ 3
∏

n=1

dd~ln
(2π)d

τγδ(3)(−l3, l3 + l4)τ
µν
(4)γδ,00,00(q, l1, l2, l3 + l4)

(~l1)
2(~l2)

2(~l3)
2(~l4)

2(~l3 +~l4)
2

∣

∣

∣

∣

∣

l01=l02=l03=0

,

T
(3)µν
(e) =

256π3G3
Nm4

3

∫ 3
∏

n=1

dd~ln
(2π)d

τµν
(5)00,00,00,00

(q, l1, l2, l3, l4)

(~l1)
2
(~l2)

2
(~l3)

2
(~l4)

2

∣

∣

∣

∣

∣

l01=l02=l03=0

,

(3.46)
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with the five-graviton vertex contribution

τµν(5) 00,00,00,00(k1, k2, k3, k4, k5) := τ̃µν(5)αβ,γδ,ǫη,κλ(k1, k2, k3, k4, k5)P
αβ
00 Pγδ

00P
ǫη
00P

κλ
00

=
1

4(d− 1)3

(

4δ0µδ
0
ν

(

4(2d3 − 18d2 + 57d− 61)k21 + (d− 2)(8d2 − 47d+ 79)

5
∑

i=2

k2i

)

− (d− 2)ηµν

(

(29d2 − 191d + 362)k21 + (7d2 − 61d+ 142)
5
∑

i=2

k2i

)

+ 2(d− 2)

(

(11d2 − 73d+ 150)k1µk1ν + (7d2 − 53d+ 102)(k2µk2ν + k3µk3ν + k4µk4ν + k5µk5ν)

)

)

.

(3.47)

where the vertex τµν(5)αβ,γδ,ǫη,κλ(k1, k2, k3, k4, k5) has been derived using the results of [39].

The integral reduction is done using the LiteRed code [34, 35] in d dimensions. In

agreement with the general analysis of section 2.2, we find that the classical contribution

is proportional to the single master integral

J(3)(~q
2) =

∫

dd~l1d
d~l2d

d~l3
(2π)3d

~q2

~l1
2~l2

2~l3
2
(~l1 + ~l2 + ~l3 + ~q)2

. (3.48)

3.4.1 The µ = ν = 0 component

T
(3) 00
(a) = −32π3G3

Nm4

3

3d5 − 169d4 + 1378d3 − 4592d2 + 7256d − 4752

(d− 4)2(d− 1)3
J(3)(~q

2),

T
(3) 00
(b) = −128π3G3

Nm4

3

68d6 − 1003d5 + 6211d4 − 20820d3 + 40020d2 − 41584d + 17824

(d− 4)(d − 3)(3d − 4)(d − 1)3
J(3)(~q

2),

T
(3) 00
(c) =

64π3G3
Nm4

3

37d5 − 502d4 + 2731d3 − 7486d2 + 10164d − 5256

(d− 3)(3d − 4)(d − 1)3
J(3)(~q

2),

T
(3) 00
(d)

=
32π3G3

Nm4

3

53d4 − 615d3 + 2690d2 − 5572d + 4840

(d− 4)(d − 1)3
J(3)(~q

2),

T
(3) 00
(e) = 64π3G3

Nm4 (6− d)(d2 − 7d+ 14)

(d− 1)3
J(3)(~q

2). (3.49)

3.4.2 Contraction with ηµν

T
(3)µν
(a) ηµν =

32π3G3
Nm4

3

85d6 − 1126d5 + 6307d4 − 19114d3 + 32944d2 − 30472d + 11952

(d− 4)2(d− 1)3
J(3)(~q

2),

T
(3)µν
(b) ηµν =

128π3G3
Nm4

3

168d6 − 2231d5 + 12319d4 − 35796d3 + 57396d2 − 48304d + 16736

(d− 4)(3d − 4)(d − 1)3
J(3)(~q

2),

T
(3)µν
(c) ηµν = −64π3G3

Nm4

3

147d6 − 1801d5 + 8727d4 − 21555d3 + 28942d2 − 20148d + 5688

(3d − 4)(d− 1)4
J(3)(~q

2),

T
(3)µν
(d) ηµν = −32π3G3

Nm4

3

179d5 − 2146d4 + 10305d3 − 24614d2 + 28972d − 13704

(d− 4)(d − 1)3
J(3)(~q

2),
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T
(3)µν
(e) ηµν =

64π3G3
Nm4

3

29d4 − 274d3 + 973d2 − 1484d + 852

(d− 1)3
J(3)(~q

2).

(3.50)

3.4.3 The classical three-loop contribution to the stress-tensor

Summing up all the contributions we get for the three-loop stress-tensor

〈T (3)
µν 〉 = π3G3

Nm4
(

c
(3)
1 (d)δ0µδ

0
ν + c

(3)
2 (d)

(qµqν
q2

− ηµν
)

)

J(3)(q
2) , (3.51)

with the master integral

J(3)(q
2) =

Γ
(

8−3d
2

)

Γ
(

d−2
2

)4

8dπ
3d
2 Γ(2(d− 2))

|~q|3(d−2) , (3.52)

and the three-loop coefficients are given by

c
(3)
1 (d) = − 64

3(d− 3)(d − 4)2(d− 1)4
×
(

56d7 − 889d6 + 5868d5

− 20907d4 + 43434d3 − 52498d2 + 33888d − 8760
)

,

c
(3)
2 (d) = − 64

3(d− 3)(d − 4)2(d− 1)4
×
(

45d7 − 670d6 + 4167d5

− 14016d4 + 27430d3 − 30916d2 + 18104d − 3952
)

. (3.53)

Using the relations (3.7) we obtained the three-loop contribution to the metric from the

classical stress-tensor in (4.40) (using the notation for ρ in (3.8))

h
(4)
0 (r, d) =

16(d − 2)3(14d3 − 85d2 + 165d − 106)

3(d− 3)(d − 4)(d − 1)4
ρ(r, d)4,

h
(4)
1 (r, d) = −8(39d7 − 691d6 + 5155d5 − 21077d4 + 51216d3 − 74346d2 + 60168d − 21208)

3(d− 3)(d− 4)2(d− 1)4(3d− 8)
ρ(r, d)4,

h
(4)
2 (r, d) =

16(d − 2)2(45d6 − 580d5 + 3007d4 − 8002d3 + 11426d2 − 8064d + 1976)

3(d− 3)(d − 4)2(d− 1)4(3d− 8)
ρ(r, d)4.

(3.54)

4 Non-minimal couplings and renormalised metric

The stress-tensor and the metric components have ultraviolet divergences. These diver-

gences can be removed by the addition of the non-minimal couplings made from the powers

of the covariant derivative ∇µ acting on a single power of the Riemann tensor and its con-

tractions. The Bianchi identity on the Riemann tensor ∇µRνρσλ+∇νRρµσλ+∇ρRµνσλ = 0,

implies that

∇µR
µ
ρσλ = ∇σRρλ −∇λRρσ, ∇µR

µ
ν =

1

2
∇νR . (4.1)

The counter-terms are powers of covariant derivative acting on a single power of the Ricci

tensor and Ricci scalar. Therefore the counter-terms are given by the following non-minimal

couplings
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δ(n)Sct. = (GNm)
2n
d−2

∫

dd+1x
√−g

(

α(n)(d)(∇2)n−1R∂µφ∂
µφ

+
(

β
(n)
0 (d)∇µ∇ν(∇2)n−2R+ β

(n)
1 (d)(∇2)n−1Rµν

)

∂µφ∂νφ
)

. (4.2)

where α(n)(d), β
(n)
0 (d) and β

(n)
1 (d) are dimensionless coefficients depending on the space-

time dimension. The power of GNm is determined by dimensional analysis, and give the

correct order of GN in all dimensions. The first non-minimal coupling with n = 1 is given

by

δ(1)Sct. = (GNm)
2

d−2

∫

dd+1x
√−g

(

α(1)(d)R∂µφ∂
µφ+ β(1)(d)Rµν∂µφ∂νφ

)

. (4.3)

This non-minimal coupling has been introduced in [27] in four dimensions and [24] in

five dimensions. We will see that up to three-loop order the renormalisation of the static

metric component only require the counter-term α(1)(d)R∂µφ∂
µφ, whereas both couplings

are needed for the cancellation of the stress-tensor divergences. This coupling is induced

by harmonic gauge condition [20, 24] and the value of its coefficient depends on the choice

of gauge. In our gauge, the de Donder gauge, this corresponds to α = 0 in the work of [24]

and ξ = 1
4 in the work of [20]. Since we are working in fixed gauge we will not discuss

further the gauge dependence of the higher-order non-minimal coupling coefficients, but we

expect that the gauge dependence of these coefficients will be an extension of the discussion

in [24, app. B].

The power of the Newton constant in (4.3) is an integer only in four dimensions with

d = 3 and five dimensions d = 4. Therefore this counter-term will not appear in dimensions

D ≥ 6.

In four dimensions, from five-loop order, or the sixth post-Minkowskian order O(G6
N ),

one expects that higher derivative non-minimal couplings will be needed to get finite stress-

tensor components. In dimensions five and six, the higher-derivative non-minimal couplings

arise at lower loop order.

In five dimensions one needs to consider higher-derivative non-minimal couplings δ(n)Sct.

with n ≥ 2 for removing the divergences in the stress-tensor. The non-minimal coupling

at this order is then given by

δ(2)Sct. = (GNm)
4

d−2

∫

dd+1x
√−g

(

α(2)(d)�R∂µφ∂
µφ

+
(

β
(2)
0 (d)∇µ∇νR+ β

(2)
1 (d)�Rµν

)

∂µφ∂νφ
)

. (4.4)

We will need the non-minimal coupling

δ(3)Sct. = (GNm)
6

d−2

∫

dd+1x
√−g

(

α(3)(d)(∇2)2R∂µφ∂
µφ

+
(

β
(3)
0 (d)∇µ∇ν∇2R+ β

(3)
1 (d)(∇2)2Rµν

)

∂µφ∂νφ
)

, (4.5)

for removing the two-loop divergence in the stress-tensor in six (d = 5) dimensions and the

three-loop divergence in five (d = 4) dimensions. In five dimensions (d = 4) the metric,
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up to G4
N , is renormalised using only the n = 1 and the metric is finite to all order in six

dimensions (d = 5).

The higher-order non-minimal couplings δ(n)Sct. with n ≥ 2 will not contribute to

the classical limit when inserted into graphs with loops, because they contribute to higher

powers in the momentum transfer ~q, and are sub-leading with respect to the classical

contributions. Their tree-level insertions will contribute to the renormalisation of the

stress-tensor but thanks to the properties of the Fourier transform they will not contribute

to the metric components.

4.1 Tree-level insertions

We give the contribution of the insertions of the non-minimal counter-terms with n = 1

in (4.3), with n = 2 in (4.4) and with n = 3 in (4.5) in the tree-level graph.

4.1.1 Insertion of δ(1)Sct.

The insertion of the non-minimal couplings δ(1)Sct. in (4.3) into the tree-level diagram

δ(1)M(0)(p1, q) =

p1

q

p2

1 , (4.6)

leads to the stress-tensor contribution in d+ 1 dimensions

δ(1)〈T (0)
µν 〉 = −~q2(GNm)

2
d−2m

(

−β(1)(d)δ0µδ
0
ν + 2α(1)(d)

(

qµqν
q2

− ηµν

))

, (4.7)

and using (2.6) this contributes to the metric components

δ(1)h
(1)
0 (r, d) = 0, (4.8)

δ(1)h
(1)
1 (r, d) =

16α(1)(d)Γ
(

d
2

)

π
d−2
2

(

(GNm)
1

d−2

r

)d

,

δ(1)h
(1)
2 (r, d) = −32α(1)(d)Γ

(

d+2
2

)

π
d−2
2

(

(GNm)
1

d−2

r

)d

. (4.9)

Thanks to the properties of the Fourier transformation (see appendix A) only the coefficient

α(d) contributes to static metric perturbation.
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4.1.2 Insertion of δ(2)Sct.

The insertion of the non-minimal couplings δ(2)Sct. in (4.4) into the tree-level diagram

δ(2)M(0)(p1, q) =

p1

q

p2

2 , (4.10)

leads to the stress-tensor condition in d+ 1 dimensions

δ(2)〈T (0)
µν 〉 = |~q|4(GNm)

4
d−2m

(

−β
(2)
1 (d)δ0µδ

0
ν + 2

(

α(2)(d) +
1

2
β
(2)
0 (d)

)(

qµqν
q2

− ηµν

))

.

(4.11)

Because of the vanishing of the Fourier transforms

∫

Rd

|~q|2ei~q·~x dd~q

(2π)d
= 0,

∫

Rd

qiqj
|~q|2 |~q|

2ei~q·~x
dd~q

(2π)d
= 0 , (4.12)

this extra contribution to the stress-tensor does not affect the metric components

δ(2)h
(1)
0 (r, d) = 0, (4.13)

δ(2)h
(1)
1 (r, d) = 0,

δ(2)h
(1)
2 (r, d) = 0 . (4.14)

4.1.3 Insertion of δ(3)Sct.

The insertion of the non-minimal couplings δ(3)Sct. in (4.5) into the tree-level diagram

δ(3)M(0)(p1, q) =

p1

q

p2

3 , (4.15)

leads to the stress-tensor condition in six dimensions (d = 5)

δ(3)〈T (0)
µν 〉 = −|~q|6(GNm)

6
d−2m

(

−β
(3)
1 (d)δ0µδ

0
ν + 2

(

α(3)(d) +
1

4
β
(3)
0 (d)

)(

qµqν
q2

− ηµν

))

.

(4.16)

Because of the vanishing of the Fourier transforms

∫

Rd

|~q|4ei~q·~x dd~q

(2π)d
= 0,

∫

Rd

qiqj
|~q|2 |~q|

4ei~q·~x
dd~q

(2π)d
= 0 , (4.17)
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this extra contribution to the stress-tensor does not affect the metric components

δ(2)h
(1)
0 (r, d) = 0, (4.18)

δ(2)h
(1)
1 (r, d) = 0,

δ(2)h
(1)
2 (r, d) = 0 . (4.19)

4.2 One-loop insertions

We give the contribution of the insertions of the counter-terms (4.2) with n = 1 in (4.3) in

the one-loop graph.

4.2.1 Insertion of δ(1)Sct.

The insertion of the non-minimal coupling in (4.3) in the one-loop graph

δ(1)M(1)(p1, q) =

p1

q

p2

1

+

p1

q

p2 1

, (4.20)

leads to the stress-tensor contribution

δ(1)〈T (1)
µν 〉 = 32iα(1)(d)π(GNm)

d
d−2m2

×
∫

dd~l

(2π)d

τµν10 αβ,γδ(l, q)P
αβ
00 lγlδ

l2(l + q)2

[ 1

(l + p1)2 −m2 + iǫ
+

1

(l − p2)2 −m2 + iǫ

]

= 8πα(1)(d)(GNm)
d

d−2m~q2
d− 2

(d− 1)2

(

dδ0µδ
0
ν +

qµqν
q2

− ηµν

)

J(1)(~q
2) . (4.21)

where we used that

ηµντ
µν
10 00,γδ(l, q)l

γ lδ =
~l1
2

2

(

~q2 + (~l1 + ~q)2 − ~l1
2
)

, (4.22)

and

δ0µδ
0
ντ

µν
10 00,γδ(l, q)l

γ lδ =
1

2(d − 1)

(

(d− 2)~q4 + (d− 2)(~l1 + ~q)2
(

(~l1 + ~q)2 − 2~q2
)

− ~l1
4

− (d− 3)~l1
2(
(~l1 + ~q)2 + ~q2

)

)

. (4.23)

Using the Fourier transforms

∫

Rd

J(1)(~q
2)ei~q·~x

dd~q

(2π)d
= − Γ

(

d
2

)2

2πdr2(d−1)
,
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∫

Rd

qiqj
~q2

J(1)(~q
2)ei~q·~x

dd~q

(2π)d
=

Γ
(

d−2
2

)

Γ
(

d
2

)

4πdr2(d−1)

(

δij − 2(d− 1)
xixj
r

)

. (4.24)

and the relation between the stress-tensor and the metric components in (2.6) we obtain

the following contribution to the metric components

δ(1)h
(2)
0 (r, d) = 64α(1)(d)

(d − 2)Γ(d2 )
2

(d− 1)πd−2

(

(GNm)
1

d−2

r

)2(d−1)

,

δ(1)h
(2)
1 (r, d) = −64α(1)(d)

Γ(d2 )
2

(d − 1)πd−2

(

(GNm)
1

d−2

r

)2(d−1)

,

δ(1)h
(2)
2 (r, d) = 128α(1)(d)

Γ(d2 )
2

(d − 1)πd−2

(

(GNm)
1

d−2

r

)2(d−1)

. (4.25)

4.2.2 Two insertions of δ(1)Sct.

Two insertions of the non-minimal coupling δ(1)Sct. in (4.3) in the one-loop graph

(δ(1))2M(1)(p1, q) =

p1

q

p2

1

1

, (4.26)

leads to the stress-tensor contribution

(δ1)2〈T (1)
µν 〉 =

2(α(1)(d))2(GNm)
d+2
d−2πm~q4

d− 1

(

δ0µδ
0
ν − (d− 2)

(qµqν
q2

− ηµν
)

)

J(1)(~q
2), (4.27)

and the metric contributions

(δ1)2h
(2)
0 (r, d) = 0,

(δ1)2h
(2)
1 (r, d) =

64(α(1)(d))2

πd−2
Γ

(

d

2

)2
(

(GNm)
1

d−2

r

)2d

,

(δ1)2h
(2)
2 =

64d(d − 2)(α(1)(d))2

πd−2
Γ

(

d

2

)2
(

(GNm)
1

d−2

r

)2d

. (4.28)

4.3 Two-loop insertions

For the insertion of the non-minimal coupling δ(1)Sct. in (4.3) in the two-loop graph one

needs to sum over all the contributions in table 1. The classical limit of the sum of all

these graphs lead to the following contribution to the stress-tensor
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1
,

1

,

1

,

1
,

1

,

1

,

1 ,

1

,

1

,

1 ,

1

,

1

.

Table 1. Insertion of the non-minimal coupling in the two-loop graph

δ(1)〈T (2)
µν 〉 = − 128π2(d− 2)α(1)(d)

3(d− 4)(3d − 4)(d− 1)2
(GNm)

2(d−1)
d−2 m~q2

(

(3d3 − 19d2 + 28d− 10)δ0µδ
0
ν

+ (3d3 − 15d2 + 18d− 4)
(qµqν

q2
− ηµν

)

)

J(2)(~q
2), (4.29)

which leads to the following contributions to the metric components

δ(1)h
(3)
0 (r, d) = −512α(1)(d)

d− 1

Γ(d2)
3

π
3
2
(d−2)

(

(GNm)
1

d−2

r

)3d−4

, (4.30)

δ(1)h
(3)
1 (r, d) =

256α(1)(d)
(

3d3 − 23d2 + 46d − 28
)

(d− 4)(d − 2)(d − 1)2(3d− 4)

Γ(d2)
3

π
3
2
(d−2)

(

(GNm)
1

d−2

r

)3d−4

,

δ(1)h
(3)
2 (r, d) = −256α(1)(d)

(

3d3 − 15d2 + 18d− 4
)

(d− 4)(d − 2)(d − 1)2
Γ(d2 )

3

π
3
2
(d−2)

(

(GNm)
1

d−2

r

)3d−4

.

4.4 The renormalised metric in four dimensions

The metric components have ultraviolet poles in four dimensions from two-loop order. We

show how the addition of the non-minimal couplings leads to finite renormalised metric

components.

4.4.1 The two-loop renormalisation

The two-loop metric components in (3.44) have a divergence in four dimensions (d = 3)

h
(3)
0 (r, d) = O(1),

h
(3)
1 (r, d) = − 2

3(d− 3)

(

GNm

r

)3

+O(1),
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h
(3)
2 (r, d) =

2

d− 3

(

GNm

r

)3

+O(1) . (4.31)

This divergence is cancelled by adding the metric contribution from the non-minimal cou-

pling in (4.8)

h
renor. (3)
i (r, d) := h

(3)
i (r, d) + δ(1)h

(1)
i (r, d), i = 0, 1, 2 (4.32)

and setting the α(1)(d) coefficient to be

α(1)(d) =
1

12(d − 3)
+ a(1)(3) − log(2)

6
+O(d− 3) . (4.33)

The resulting renormalised two-loop metric reads

h
renor. (3)
0 (r, d) = 2

(

GNm

r

)3

+O(d− 3),

h
renor. (3)
1 (r, d) =

4

3

(

−1

2
+ 6a(1)(3) + log

(

rCE

GNm

))(

GNm

r

)3

+O(d− 3),

h
renor. (3)
2 (r, d) = 4

(

1

3
− 6a(1)(3) − log

(

rCE

GNm

))(

GNm

r

)3

+O(d− 3) . (4.34)

where we have introduced the following combination of the Euler-Mascheroni constant [38]

and π

CE :=
√
πe

γE
2 . (4.35)

The divergence in the two-loop stress-tensor in (3.41)

〈T (2)
µν 〉 =

G2
N~q2m3

6(d− 3)

(

2δ0µδ
0
ν +

(

qµqν
q2

− ηµν

)

)

+O(1) , (4.36)

is cancelled by adding the contribution in (4.7) from the non-minimal coupling with the

following choice of β(1)(d) coefficient

β(1)(d) = − 1

3(d− 3)
+O(1) . (4.37)

Notice that this computation does not determine the finite part of the α(1)(d) and β(1)(d).

They are free scales in the logarithms. We will show in section 6 that this freedom is totally

reabsorbed in the change of coordinate and the Schwarzschild-Tangherlini metric does not

have any ambiguity.

4.4.2 The three-loop renormalisation

The three-loop metric components in (3.54) have a divergence in four dimensions (d = 3)

given by

h
(4)
0 (r, d) = − 2

3(d− 3)

(

GNm

r

)4

+O(1),
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h
(4)
1 (r, d) =

2

3(d− 3)

(

GNm

r

)4

+O(1),

h
(4)
2 (r, d) = − 4

3(d− 3)

(

GNm

r

)4

+O(1), . (4.38)

Adding to this contribution the (4.25) from the insertion of the non-minimal couplings at

one-loop, and using the value of α(1)(d) determined in (4.33), we obtain the renormalised

three-loop metric

h
renorm.(4)
0 (r) =

(

−32

3
+ 8a(1)(3) +

4

3
log

(

rCE

GNm

))(

GNm

r

)4

+O(d− 3),

h
renorm.(4)
1 (r) =

(

10 − 8a(1)(3) − 4

3
log

(

rCE

GNm

))(

GNm

r

)4

+O(d− 3),

h
renorm.(4)
2 (r) =

(

−86

3
+ 16a(1)(3) +

8

3
log

(

rCE

GNm

))(

GNm

r

)4

+O(d− 3) . (4.39)

The classical three-loop contribution to the stress-tensor has an ultraviolet divergence

〈T (3)
µν (~q)〉 = −πG3

Nm4|~q| 32
48(d − 3)

(

3δ0µδ
0
ν +

(

qµqν
q2

− ηµν

)

)

+O(1) , (4.40)

this divergence is cancelled by the addition of the contribution in (4.21) from the non-

minimal coupling and the choice of α(1)(d) in (4.33).

4.5 The renormalised metric in five dimensions

The metric components have ultraviolet divergences in five dimensions from one-loop order.

We show how the addition of the non-minimal couplings leads to finite renormalised metric

components.

4.5.1 The one-loop renormalisation

The metric components in (3.26) have a divergence in five dimension (d = 4) given by

h
(2)
0 (r, d) = O(1),

h
(2)
1 (r, d) = − 40

9(d− 4)

(

GNm

πr2

)2

+O(1),

h
(2)
2 (r, d) =

160

9(d− 4)

(

GNm

πr2

)2

+O(1) . (4.41)

The divergences in the metric components (4.41) are cancelled for the choice

α(1)(d) =
5

18π(d − 4)
+ a(1)(5) +O(d− 4) , (4.42)

so that the renormalised metric components

h
renor. (2)
i (r, d) := h

(2)
i (r, d) + δ(1)h

(1)
i (r, d), i = 0, 1, 2 , (4.43)
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have a finite expansion near d = 4

h
renor. (2)
0 (r, d) =

32

9

(

GNm

πr2

)2

+O(d− 4), (4.44)

h
renor. (2)
1 (r, d) =

20

9

(

14

15
+

36a(1)(5)π

5
+ log

(

r2C2
E

GNm

)

)

(

GNm

πr2

)2

+O(d− 4),

h
renor(2)
2 (r, d) = −80

9

(

7

30
+

36a(1)(5)π

5
+ log

(

r2C2
E

GNm

)

)

(

GNm

πr2

)2

+O(d− 4) .

where CE is defined in (4.35).

Thanks to the properties of the Fourier transform, only the coefficient α(1)(d) enters the

counter-term contribution to the metric component. To determine as well the coefficient

β(1)(d) in (4.3) one needs to look at the divergences of the stress-tensor

〈T (1)
µν 〉 = GNm2~q2

18π(d − 4)

(

7δ0µδ
0
ν + 10

(

qµqν
q2

− ηµν

))

+O(1) (4.45)

The cancellation of the pole fixes the pole part of β(1)(d) near five dimensions

β(1)(d) = − 7

18π(d− 4)
+O(1) . (4.46)

4.5.2 The two-loop renormalisation

The two-loop metric components in (3.44) have a divergence in five dimensions (d = 4)

h
(3)
0 (r, d) = − 320

27(d − 4)

(

GNm

πr2

)3

+O(1),

h
(3)
1 (r, d) =

160

27(d − 4)

(

GNm

πr2

)3

+O(1),

h
(3)
2 (r, d) = − 320

27(d − 4)

(

GNm

πr2

)3

+O(1) . (4.47)

The divergences in the metric components (3.44) are cancelled for the choice made at

one-loop in (4.42), so that the renormalised metric components

h
renor. (3)
i (r, d) := h

(3)
i (r, d) + δ(1)h

(2)
i (r, d), i = 0, 1, 2 , (4.48)

have a finite expansion near d = 4

h
renor. (3)
0 (r, d) =

160

27

(

2

15
+

36a(1)(5)π

5
+ log

(

r2C2
E

GNm

)

)

(

GNm

πr2

)3

+O(d− 4),

h
renor. (3)
1 (r, d) = −80

27

(

7

15
+

36a(1)(5)π

5
+ log

(

r2C2
E

GNm

)

)

(

GNm

πr2

)3

+O(d− 4),

h
renor(3)
2 (r, d) =

160

27

(

− 1

15
+

36a(1)(5)π

5
+ log

(

r2C2
E

GNm

)

)

(

GNm

πr2

)3

+O(d− 4) .(4.49)
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The two-loop stress-tensor in (3.41) is not finite in d = 4 as it diverges like

〈T (2)
µν 〉 =

5G2
Nm3|~q|4

162π2(d− 4)2

(

4δ0µδ
0
ν +

qµqν
q2

− ηµν

)

+
5G2m3|~q|4

162π2(d− 4)

(

(

4 log

(

~q2

4π

)

+ 4γE − 183

20

)

δ0µδ
0
ν

+

(

log

(

~q2

4π

)

+ γE − 41

20

)(

qµqν
q2

− ηµν

)

)

+O(1) . (4.50)

The addition of the counter-term in (4.21) from the non-minimal couplings in (4.3) is not

enough for making the stress-tensor finite in d = 4

〈T (2)
µν 〉+ δ(1)〈T (1)

µν 〉 = − 5G2
Nm3|~q|4

162π2(d− 4)2

(

4δ0µδ
0
ν +

qµqν
q2

− ηµν

)

+
5G2m3|~q|4

162π2(d− 4)

((

4 log (GNm)− 144πa(1)(5)

5
− 109

60

)

δ0µδ
0
ν

+

((

log (GNm) +
17

60
− 36

5
πa(1)(5)

)(

qµqν
q2

− ηµν

))

)

+O(1) . (4.51)

We need to consider the addition of the counter-term from the insertion of δ(2)Sct. evaluated

in section 4.1.2 with the values of the coefficient near d = 4

β
(2)
1 (d) =

1

π2

(

10

81(d − 4)2
+

109 + 1728πa(1)(5)

1944(d − 4)
+ a(2)(5) +O(d− 4)

)

,

α(2)(d) +
1

2
β
(2)
0 (d) = − 1

2π2

(

5

162(d − 4)2
+

432πa(1)(5) − 17

1944(d − 4)
+ b(2)(5) +O(d− 4)

)

,

(4.52)

plugged in (4.11) cancel the divergences in (4.51)

〈T (2)
µν 〉+ δ(1)〈T (1)

µν 〉+ δ(2)〈T (0)
µν 〉 = O(1) . (4.53)

4.5.3 The three-loop renormalisation

The three-loop metric components in (3.54) have a divergence in five dimensions (d = 4)

h
(4)
0 (r, d) =

1280

27(d − 4)

(

GNm

πr2

)4

+O(1),

h
(4)
1 (r, d) =

(

400

81(d − 4)2
− 20

(

101 + 120 log
(

r2C2
E

))

243(d − 4)

)

(

GNm

πr2

)4

+O(1),

h
(4)
2 (r, d) =

(

3200

81(d − 4)2
+

160
(

187 − 120 log
(

r2C2
E

))

243

)

(

GNm

πr2

)4

+O(1) . (4.54)

The divergences in the metric components (3.54) are cancelled for the choice made at

one-loop in (4.42), so that the renormalised metric components

h
renor. (4)
i (r, d) := h

(4)
i (r, d) + δ(1)h

(3)
i (r, d) + (δ1)2h

(2)
i (r, d), i = 0, 1, 2 , (4.55)
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have a finite expansion near d = 4

h
renor. (4)
0 (r, d) =− 128

243

(

23 + 324a(1)(5)π + 45 log

(

r2C2
E

GNm

))(

GNm

πr2

)4

+O(d− 4),

h
renor. (4)
1 (r, d) =

100

81

((

36a(1)(5)π

5
+ log

(

r2C2
E

GNm

)

)

(

161

30
+

36

5
a(1)(5)π + log

(

r2C2
E

GNm

))

+

+
7085

1800

)

×
(

GNm

πr2

)4

+O(d− 4),

h
renor(4)
2 (r, d) =− 800

81

((

36a(1)(5)π

5
+ log

(

r2C2
E

GNm

)

)

(

41

15
− 36

5
a(1)(5)π − log

(

r2C2
E

GNm

))

+

+
2381

900

)

×
(

GNm

πr2

)4

+O(d− 4).

(4.56)

The three-loop stress-tensor in (3.51) is not finite in d = 4 as it diverges like

〈T (3)
µν 〉 =

25G3
Nm4|~q|6

5832π3(d− 4)3

(

−1

2
δ0µδ

0
ν +

qµqν
q2

− ηµν

)

+
25G3

Nm4|~q|6
3888π3(d− 4)2

(

− 1

2

(

log

(

~q2

4π

)

+ γE − 41

6

)

δ0µδ
0
ν

+

(

log

(

~q2

4π

)

+ γE − 17

10

)(

qµqν
q2

− ηµν

)

)

+
225G3

Nm4|~q|6
839808π3(d− 4)

(1

2

(

70939

450
+ π2 − 18

(

log

(

~q2

4π

)

+ γE − 41

6

)2
)

δ0µδ
0
ν

+

(

4769

450
− π2 + 18

(

log

(

~q2

4π

)

+ γE − 17

10

)2
)

(

qµqν
q2

− ηµν

)

)

+O(1) . (4.57)

The addition of the counter-terms in (δ1)2〈T (1)
µν 〉 in (4.27), and δ(1)〈T (2)

µν 〉 in (4.29) from the

non-minimal couplings in (4.3) is not enough for making the stress-tensor finite in d = 4

〈T (3)
µν 〉+ (δ1)2〈T (1)

µν 〉+ δ(1)〈T (2)
µν 〉 =

25G3
Nm4|~q|6

5832π3(d− 4)3

(

−1

2
δ0µδ

0
ν +

qµqν
q2

− ηµν

)

+
25G3

Nm4|~q|6
3888π3(d− 4)2

(

− 1

2

(

25

12
+

36

5
a(1)(5)π − log (GNm)

)

δ0µδ
0
ν

+

(

1

60
+

36

5
a(1)(5)π − log (GNm)

)(

qµqν
q2

− ηµν

)

)

− 25G3
Nm4|~q|6

5184π3(d− 4)
×

×
(

(

27487

48600
+ a(1)(5)π

(

1 +
288

25
a(1)(5)π

)

− log (GNm)

3

(

7

2
+ log (GNm) +

72

5
a(1)(5)π

))

δ0µδ
0
ν
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+

(

6749

16200
− 6a(1)(5)π

25

(

1 + 144a(1)(5)π
)

− log (GNm)

(

19

30
+ log (GNm)− 72

5
a(1)(5)π

)

)

(

qµqν
q2

− ηµν

)

)

+O(1) . (4.58)

We need to consider the addition of the counter-term from the insertion of δ(3)Sct. evaluated

in section 4.1.3 with the values of the coefficient near d = 4

β
(3)
1 (d) =

25

11664π3(d− 4)3
+

5(432πa(1)(5) + 125)

93312π3(d− 4)2

+
559872(πa(1)(5))2 + 486000πa(1)(5) + 27487

6718464π3(d− 4)
+O(1),

α(3)(d) +
1

4
β
(3)
0 (d) =

25

11664π3(d− 4)3
+

2160πa(1)(5) + 5

93312π3(d− 4)2

+
559872(πa(1)(5))2 + 3888πa(1)(5) − 6749

6718464π3(d− 4)
+O(1) , (4.59)

plugged in (4.11) cancel the divergences in (4.51)

〈T (2)
µν 〉+ δ(1)〈T (2)

µν 〉+ (δ(1)〈T (2)
µν 〉+ δ(3)〈T (0)

µν 〉 = O(1) . (4.60)

4.6 The renormalised stress-tensor in six dimensions

In six dimensions, the metric component are finite to all order in perturbation but the

two-loop stress-tensor in (3.41) presents an ultraviolet divergence in six dimensions (d = 5)

〈T (2)
µν 〉 = − G2

Nm3|~q|6
40320π2(d− 5)

(

49δ0µδ
0
ν + 15

(

qµqν
q2

− ηµν

))

+O(1) , (4.61)

which is cancelled by the addition of the insertion of the non-minimal coupling δ(3)Sct. at

tree-level in (4.16) with the choice of the coefficients

α(3)(d) +
1

4
β
(3)
0 (d) = − 15

80640π2(d− 5)
+O(1),

β
(3)
1 (d) = − 49

40320π2(d− 5)
+O(1) . (4.62)

5 The Schwarzschild-Tangherlini metric in de Donder gauge in four, five

and six dimensions

The Schwarzschild-Tangherlini [40] space-time metric in d + 1 dimensions is given by the

Tangherlini solution, using ρ(r, d) defined in (3.8),7

ds2Schw =

(

1− 4
d− 2

d− 1
ρ(r, d)

)

dt2 − d~x2 −
4d−2
d−1ρ(r, d)

1− 4d−2
d−1ρ(r, d)

(~x · d~x)2
r2

. (5.2)

7In spherical coordinate the metric reads

ds
2 =

(

1− µ

rd−2

)

dt
2 − dr2

1− µ

rd−1

− r
2
dΩd−1 (5.1)

with µ = 16πGNm

(d−1)Ωd−1
and Ωd−1 = 2π

d

2

Γ(d

2 )
is the area of the unit (d− 1)-sphere.
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As explained in section 2 the amplitude computation selects the de Donder gauge

in (2.4). We make the coordinate transformation (t, ~x) → (t, f(r)~x) so that the Schwarzschild

metric reads

ds2 = h0(r)dt
2 − h1(r)d~x

2 − h2(r)
(~x · d~x)2

r2
, (5.3)

with r = |~x| and

h0(r) := 1− 4
d− 2

d− 1

ρ(r, d)

f(r)d−2
, (5.4)

h1(r) := f(r)2,

h2(r) := −f(r)2 − f(r)d−2 (f(r) + r df(r)
dr

)2

f(r)d−2 − 4d−2
d−1ρ(r, d)

.

The de Donder gauge condition (2.4) then reads

2(d − 1)h2(r) = r
d

dr
(h0(r) + (d− 2)h1(r)− h2(r)) . (5.5)

We will be solving the de Donder gauge condition (2.4) in four dimensions (d = 3), five

dimensions (d = 4) and six dimensions (d = 5), using the post-Minkowskian expansion

f(r) = 1 +
∑

n≥1

fn(r)ρ(r, d)
n (5.6)

with the condition at each order that

lim
r→+∞

fn(r)/r
n = 0 . (5.7)

5.1 The metric in the de Donder gauge in four dimensions

The de Donder gauge condition (2.4) in d = 3 reads

4h2(r) = r
d

dr
(h0(r) + h1(r)− h2(r)) , (5.8)

supplemented with the asymptotic boundary condition

lim
r→∞

f(r) = 1 . (5.9)

This differential equation implies either that f(r) = C/r, which does not satisfy the

boundary condition (5.9), or f(r) satisfies the differential equation, with x = GNm/r

xf(x)3(2x− f(x))
d2f(x)

dx2
+ (xf (x))2

(

df(x)

dx

)2

+ 2 f (x)3 (f(x)− 3x)
df(x)

dx
− 3 (f (x))4 + 8 (f (x))3 x+ (f (x))2 − 4 f (x)x+ 4x2 = 0.

(5.10)

We solve the equation (5.10) using a series expansion in GNm using (5.6) and the boundary

condition (5.7). The result to the order (GNm)7 is given by
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f(r) = 1 +
GNm

r
+ 2

(

GNm

r

)2

+
2

3
log

(

rC3

GNm

)(

GNm

r

)3

+

(

2

3
− 4

3
log

(

rC3

GNm

))(

GNm

r

)4

+

(

−21

25
+

32

15
log

(

rC3

GNm

))(

GNm

r

)5

+

(

112

75
− 28

15
log

(

rC3

GNm

))(

GNm

r

)6

+

(

50023

34300
+

1139

2205
log

(

rC3

GNm

)

+
2

7
log

(

rC3

GNm

)2
)

(

GNm

r

)7

+O(G8
N ) . (5.11)

This solution is finite and has log(r) terms from the order G3
N . The solution has a single

constant of integration C3 associated with the scale of the logarithm.

5.1.1 The metric perturbation

In d = 3 we derive components of the metric in perturbation by plugging the expression

for f(r) in (5.11) in (5.4).

We obtain for the time component

hdD0 (r) = 1− 2
GNm

r
+ 2

(

GNm

r

)2

+ 2

(

GNm

r

)3

+

(

4

3
log

(

rC3

GNm

)

− 6

)(

GNm

r

)4

+

(

−16

3
log

(

rC3

GNm

)

+
10

3

)(

GNm

r

)5

+

(

124

15
log

(

rC3

GNm

)

+
424

75

)(

GNm

r

)6

+

(

− 8

9
log

(

rC3

GNm

)2

+
16

15
log

(

rC3

GNm

)

− 674

75

)

(

GNm

r

)7

+O(G8
N ), (5.12)

and for the spatial components

hdD1 (r) = 1 + 2
GNm

r
+ 5

(

GNm

r

)2

+

(

4

3
log

(

rC3

GNm

)

+ 4

)(

GNm

r

)3

+

(

−4

3
log

(

rC3

GNm

)

+
16

3

)(

GNm

r

)4

+

(

64

15
log

(

rC3

GNm

)

− 26

75

)(

GNm

r

)5

+

(

4

9
log

(

rC3

GNm

)2

− 24

5
log

(

rC3

GNm

)

+
298

75

)

(

GNm

r

)6

+O(G7
N ), (5.13)

and

hdD2 (r) = −7

(

GNm

r

)2

−
(

4 log

(

rC3

GNm

)

+
38

3

)(

GNm

r

)3

+

(

8

3
log

(

rC3

GNm

)

− 58

3

)(

GNm

r

)4

−
(

16

3
log

(

rC3

GNm

)

− 32

3

)(

GNm

r

)5

+

(

4

3
log

(

rC3

GNm

)2

+
508

45
log

(

rC3

GNm

)

+
7378

225

)

(

GNm

r

)6

+O(G7
N ). (5.14)

Notice the appearance of the log(r)2 at the sixth post-Minkowskian order, G6
N , in the

spatial components of the metric. This is one order less than the appearance in the time
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component. The same phenomenon happens for the log(r) contribution which appears one

order earlier in the spatial component than in the time component.

5.2 The metric in the de Donder gauge in five dimensions

The de Donder gauge condition (2.4) in d = 4 reads

6h2(r) = r
d

dr
(h0(r) + 2h1(r)− h2(r)) , (5.15)

supplemented with the asymptotic boundary condition

lim
r→∞

f(r) = 1 . (5.16)

This differential equation implies either that f(r) = C/r, which does not satisfy

the boundary condition (5.16), or f(r) satisfies the differential equation, setting x =

GNm/(πr2)

xf(x)5
(

8x− 3f(x)2
) d2f(x)

dx2
+ 8f(x)4x2

(

df(x)

dx

)2

+ f(x)5
(

3f(x)2 − 16x
) df(x)

dx

− 4f(x)6 + (16x + 2)f(x)4 − 32

3
xf(x)2 +

128x2

9
= 0 . (5.17)

We solve the equation (5.17) using a series expansion in GNm using (5.6) and the boundary

condition (5.7). The result to the order (GNm)7 is given by

f(r) = 1+
2

3

GNm

πr2
+
10

9
log

(

r2C2

GNm

)(

GNm

πr2

)2

− 4

81

(

−8 + 45 log

(

r2C2

GNm

))(

GNm

πr2

)3

+
67 + 3780 log

(

r2C2
GNm

)

972

(

GNm

πr2

)4

−
32963 + 156420 log

(

r2C2
GNm

)

− 43200 log
(

r2C2
GNm

)2

21870

(

GNm

πr2

)5

+
409303 + 1620270 log

(

r2C2
GNm

)

− 1087200 log
(

r2C2
GNm

)2

131220

(

GNm

πr2

)6

−
11148022313 + 37508666370 log

(

r2C2
GNm

)

− 64367301600 log
(

r2C2
GNm

)2

2362944150

(

GNm

πr2

)7

− 4939200000

2362944150
log

(

r2C2

GNm

)3(
GNm

πr2

)7

+O(G8
N ). (5.18)

Again there is a single constant of integration C2 arising as the scale of the log(r) arising

from the G2
N order.

5.2.1 The metric perturbation

In d = 4 we derive components of the metric in perturbation by plugging the expression

for f(r) in (5.18) in (5.4).

We obtain for the time component
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hdD0 (r) = 1− 8

3

GNm

πr2
+

32

9

(

GNm

πr2

)2

+
32
(

−3 + 5 log
(

r2C2
GNm

))

27

(

GNm

πr2

)3

−
640

(

−2 + 9 log
(

r2C2
GNm

))

243

(

GNm

πr2

)4

+O(G5
N ) , (5.19)

and for the spatial components

hdD1 (r) = 1+
4

3

GNm

πr2
+
4
(

1 + 5 log
(

r2C2
GNm

))

9

(

GNm

πr2

)2

+

(

64− 240 log
(

r2C2
GNm

))

81

(

GNm

πr2

)3

+

(

323 + 2340 log
(

r2C2
GNm

)

+ 600 log2
(

r2C2
GNm

))

486

(

GNm

πr2

)4

+O(G5
N ) , (5.20)

and

hdD2 (r) =
40
(

1− 2 log
(

r2C2
GNm

))

9

(

GNm

πr2

)2

+
32
(

−4 + 5 log
(

r2C2
GNm

))

27

(

GNm

πr2

)3

+

8

(

−31− 1260 log
(

r2C2
GNm

)

+ 300 log
(

r2C2
GNm

)2
)

243

(

GNm

πr2

)4

+O(G5
N ) . (5.21)

5.3 The metric in the de Donder gauge in six dimensions

The de Donder gauge condition (2.4) in d = 5 reads

8h2(r) = r
d

dr
(h0(r) + 3h1(r)− h2(r)) , (5.22)

supplemented with the asymptotic boundary condition

lim
r→∞

f(r) = 1 . (5.23)

This differential equation implies either that f(r) = C/r, which does not satisfy the

boundary condition (5.23), or f(r) satisfies the differential equation with x = GNm/(πr3)

xf(x)7
(

6x− 4f(x)3
) d2f(x)

dx2
+ 9f(x)6x2

(

df(x)

dx

)2

+ f(x)7
(

8

3
f(x)3 − 10x

)

df(x)

dx

− 5

3
f(x)8 + f(x)6 + 4xf(x)5 − 3xf(x)3 +

9x2

4
= 0 . (5.24)

We solve the equation (5.24) using a series expansion in GN using (5.6) and the boundary

condition (5.7). Asking for an expression with only integer powers of GN , the result to the

order G7
N is given by

f(r) = 1 +
GNm

4πr3
− 5

8

(

GNm

πr3

)2

+
2

3

(

GNm

πr3

)3

− 775

1344

(

GNm

πr3

)4

+
545977

537600

(

GNm

πr3

)5

− 15194099

10483200

(

GNm

πr3

)6

+
4421000509

1878589440

(

GNm

πr3

)7

+O(G8
N ) . (5.25)

The expression is uniquely determined and finite.
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5.3.1 The metric perturbation

In d = 5 we derive components of the metric in perturbation by plugging the expression

for f(r) in (5.25) in (5.4).

We obtain for the metric components

hdD0 (r) = 1− 3GNm

2πr3
+

9

8

(

GNm

πr3

)2

− 27

8

(

GNm

πr3

)3

+
387

64

(

GNm

πr3

)4

+O(G5
N ) ,

hdD1 (r) = 1 +
GNm

2πr3
− 19

16

(

GNm

πr3

)2

+
49

48

(

GNm

πr3

)3

− 577

1344

(

GNm

πr3

)4

+O(G5
N ) ,

hdD2 (r) =
117

16

(

GNm

πr3

)2

− 45

16

(

GNm

πr3

)3

+
1599

112

(

GNm

πr3

)4

+O(G5
N ) . (5.26)

6 Recovering the Schwarzschild-Tangherlini metric from the amplitude

computations

In this section we show how the amplitude computations match the Schwarzschild-Tangherlini

metric in four, five and six dimensions in the de Donder gauge of the previous section.

6.1 The Schwarzschild metric in four dimensions

6.1.1 The first post-Minkowskian contribution O(GN )

Setting d = 3 in the expressions for the metric perturbation from the tree-level amplitude

in (3.14) matches the de Donder gauge first post-Minkowskian order in four dimension

(d = 3) in (5.12)–(5.14).

6.1.2 The second post-Minkowskian contribution O(G2
N )

At the order G2
N , setting d = 3 in the metric perturbation from the one-loop amplitude

in (3.26) matches the metric in the de Donder gauge in four dimensions (d = 3) in (5.12)–

(5.14).

6.1.3 The third post-Minkowskian contributions O(G3
N )

At this order the components of the metric in the de Donder gauge in four dimensions

(d = 3) from (5.12)—(5.14) match the metric components from the renormalised two-loop

amplitude computation in (4.34) for the value of the constant of integration

logC3 = logCE − 7

2
+ 6a(1)(3) , (6.1)

where CE is given in (4.35).

With this identification we recover the results of [27] for the renormalisation of the

metric divergences and the coordinate change from the de Donder gauge to the harmonic

gauge from the world-line approach.

Substituting this value of C3 in the solution (5.11) completely determines the solution

to the de Donder gauge in four dimensions and the coordinate change in (5.11) to the

Schwarzschild metric in (5.3) in four dimensions. The parameter a(1)(3) is a free parameter,

which corresponds to the running coupling in [27].

– 35 –



6.1.4 The fourth post-Minkowskian contribution O(G4
N )

At the fourth post-Minkowskian order, we get again a diverging metric from the amplitude

computation. This finite component metric in the de Donder gauge in four dimensions

(d = 3) in (5.12)—(5.14) using the value of the constant of integration C3 determined

in (6.1) give

h
dD(4)
0 =

(

−32

3
+ 8a(1)(3) +

4

3
log

(

rCE

GNm

))(

GNm

r

)4

, (6.2)

h
dD(4)
1 =

(

10− 8a(1)(3)− 4

3
log

(

rCE

GNm

))(

GNm

r

)4

,

h
dD(4)
2 =

(

−86

3
+ 16a(1)(3) +

8

3
log

(

rCE

GNm

))(

GNm

r

)4

.

This matches exactly the renormalised metric components from the three-loop amplitude

computation obtained in (4.39) with d = 3.

6.2 The Schwarzschild-Tangherlini metric in five dimensions

6.2.1 The first post-Minkowskian contribution O(GN )

Setting d = 4 in the expressions for the metric perturbation from the tree-level amplitude

in (3.14) matches the de Donder gauge first post-Minkowskian order in five dimensions

(d = 4) in (5.19)–(5.21).

6.2.2 The second post-Minkowskian contribution O(G2
N )

The renormalised one-loop computation in (4.44) matches the expression at order O(G2
N )

from the de Donder gauge in (5.19)—(5.21) for the choice of the constant of integration

logC2 =
11

15
+ 2 logCE +

36π

5
a(1)(5) . (6.3)

Again there is a free parameter a(1)(5) which can be associated with a running coupling

constant.

6.2.3 The third post-Minkowskian contributions O(G3
N )

At this order in perturbation, the two-loop amplitude computation had divergences that

had to be renormalized to give (4.49). This matches exactly the finite component metric

in the de Donder gauge in five dimensions (d = 4) in (5.19)—(5.21), using the value of the

constant of integration C2 determined in (6.3), given by

h
dD(3)
0 =

160

27

(

2

15
+

36a(1)(5)π

5
+ log

(

r2C2
E

GNm

)

)

(

GNm

πr2

)3

+O(d− 4), (6.4)

h
dD(3)
1 = −80

27

(

7

15
+

36a(1)(5)π

5
+ log

(

r2C2
E

GNm

)

)

(

GNm

πr2

)3

+O(d− 4),

h
dD(3)
2 =

160

27

(

− 1

15
+

36a(1)(5)π

5
+ log

(

r2C2
E

GNm

)

)

(

GNm

πr2

)3

+O(d− 4) .
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6.2.4 The fourth post-Minkowskian contribution O(G4
N )

The three-loop amplitude computation diverges and the finite metric component at the

fourth post-Minkowskian order was obtained after normalisation in (4.56). This matches

exactly, the finite component metric in the de Donder gauge in five dimensions (d = 4)

in (5.19)—(5.21), using the value of the constant of integration C2 determined in (6.3),

given by

h
dD(4)
0 = −128

243

(

23 + 324a(1)(5)π + 45 log

(

r2C2
E

GNm

))(

GNm

πr2

)4

+O(d− 4),

h
dD(4)
1 =

(

7085 + 69552πa(1)(5) + 93312(πa(1)(5))2

1458
+

10

243
(161 + 432πa(1)(5)) log

(

r2C2
E

GNm

)

+
100

81
log

(

r2C2
E

GNm

)2
)

(

GNm

πr2

)4

+O(d− 4),

h
dD(4)
2 =

(

−19048 − 141696πa(1)(5)373248(πa(1)(5))2

729
+

160

243
(−41 + 216πa(1)(5)) log

(

r2C2
E

GNm

)

+
800

81
log

(

r2C2
E

GNm

)2
)

(

GNm

πr2

)4

+O(d− 4) . (6.5)

6.3 The Schwarzschild-Tangherlini metric in six dimensions

The metric components in six dimensions (d = 5) are finite. They are given up to the

order O(G4
N ) in (5.26) and are reproduced by the sum of the contributions of the tree-

level amplitude in (3.14), one-loop amplitude in (3.26), two-loop amplitude in (3.44) and

three-loop amplitude in (3.54) and setting d = 5 in these expressions.

7 Discussion

General relativity can be considered in space-times of various dimensions. It is there-

fore important to validate our current understanding of the connection between scattering

amplitudes and classical general relativity in general dimensions [22, 23]

We have shown how to reconstruct the classical Schwarzschild-Tangherlini metric from

scattering amplitudes in four, five and six dimensions. We have extracted the classical

contribution as defined in [12] from the vertex function for the emission of a graviton from

a massive scalar field. For such a static metric, the classical contribution is obtained by

taking appropriate residues on the time components of the loop momenta. These residues

project the quantum scattering amplitude on contribution similar to the quantum tree

graphs considered in [7], by cutting the massive propagators.

The amplitudes develop ultraviolet divergences which are renormalised by introducing

higher-derivative non-minimal couplings in (4.2). The non-minimal coupling removes the

ultraviolet divergences in the stress-tensor and the metric components. For the static

solution the higher n ≥ 2 non-minimal coupling only contribute from insertions in tree-level

graphs. Interestingly, in six dimensions the metric components are finite but the stress-

tensor has ultraviolet divergences. These divergences are removed by adding counter-terms
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from non-minimal couplings. These counter-terms do not induce any contribution to the

metric components. From the presence of ultraviolet poles in the master integrals J(l)(~q
2)

in (2.31), we conclude that in all dimensions one needs to introduce an infinite set of

higher-derivative non-minimal operators for removing the ultraviolet divergences from the

scattering amplitude. These counter-terms do not affect the space-time geometry because

their effect is reabsorbed by the change of coordinate from the de Donder coordinate system

to the Schwarzschild-Tangherlini coordinate system.

The scattering amplitude approach presented in this work can be applied to any effec-

tive field theory of gravity coupled to matter fields. The amplitudes computations, being

performed in general dimensions, lead to results that have an analytic dependence on the

space-time dimensions. As black-hole solutions develop non trivial properties in general

dimensions [25, 26], it is interesting to apply the method of this paper to other black-hole

metrics. The Kerr-Newman and Reissner-Nordström metric in four dimensions have been

obtained in [9, 41–47] by considering tree-level and one-loop vertex function of the emis-

sion of the graviton from a massive particle of spin s. The higher order post-Minkowskian

contributions should be obtained from higher-loop amplitudes in a direct application of the

methods used in this work.
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A Fourier transforms

Here we collect the Fourier integrals used to calculate the long range corrections to the

energy momentum tensor and the metric.

The Fourier transform form momentum space to direct space

F(α, d) =

∫

Rd

1

|q|α e
i~q·~x dd~q

(2π)d
=

1

(4π)
d
2

Γ
(

d−α
2

)

Γ
(

α
2

)

(

2

|~x|

)d−α

. (A.1)

Using that

∂xi∂xj (~x2)α = 2α(~x2)α−1
(

δij + 2(α − 1)
xixj
~x2

)

, (A.2)

we have that

Fij(α, d) :=

∫

Rd

qiqj
|~q|α+2

ei~q·~x
dd~q

(2π)d
= F(α, d)

(

1

α
δij +

α− d

α

xixj
~x2

)

. (A.3)

We have in particular that

F(0, d) = 0, Fij(0, d) =
Γ
(

d
2

)

2π
d
2 |~x|d

(

δij − d
xixj
~x2

)

. (A.4)
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B Vertices and Propagators

We will here list the Feynman rules which are employed in our calculation. For the deriva-

tion of these forms, see [3–5, 9, 48–50]. Our convention differs from these work by having

all incoming momenta. We have stripped off factors of i
√
8πGN from the vertices and

made them explicit in the amplitudes.

• The massive scalar propagator is
i

q2 −m2 + iε
.

• The graviton propagator in de Donder gauge can be written in the form
iPαβ,γδ

q2 + iε
where Pαβ,γδ is defined by

Pµν,ρσ =
1

2

(

ηµρηνσ + ηµσηνρ − 2

D − 2
ηµνηρσ

)

(B.1)

• The 2-scalar-1-graviton vertex τµν1 (p1, p2) is

τµν(p1, p2) = pµ1p
ν
2 + pν1p

µ
2 +

1

2
ηµν (p1 − p2)

2 . (B.2)

• The three-graviton vertex has been derived in [49], where k + q + π = 0,

τ(3)
µν
αβ,γδ

(k, q) = −
(

Pαβγδ

[

kµkν + πµπν + qµqν − 3

2
ηµνq2

]

+ 2qλqσ

[

I σλ
αβ I µν

γδ + I σλ
γδ I µν

αβ − I µσ
αβ I νλ

γδ − I µσ
γδ I νλ

αβ

]

+

[

qλq
µ

(

ηαβI
νλ

γδ + ηγδI
νλ

αβ

)

+ qλq
ν
(

ηαβI
µλ

γδ + ηγδI
µλ

αβ

)

− q2
(

ηαβI
µν

γδ + ηγδI
µν

αβ

)

− ηµνqσqλ

(

ηαβI
σλ

γδ + ηγδI
σλ

αβ

)

]

+

[

2qλ
(

I λσ
αβ I ν

γδσ πµ + I λσ
αβ I µ

γδσ πν + I λσ
γδ I ν

αβσ kµ + I λσ
γδ I µ

αβσ kν
)

+ q2
(

I µ
αβσ I νσ

γδ + I νσ
αβ I µ

γδσ

)

+ ηµνqσqλ

(

I λρ
αβ I σ

γδρ + I λρ
γδ I σ

αβρ

)

]

+

{

(k2 + π2)
[

P µσ
αβ P ν

γδ,σ + P µσ
γδ P ν

αβ,σ − 1

2
ηµν(Pαβ,γδ − ηαβηγδ)

]

+
(

P µν
γδ ηαβπ

2 + P µν
αβ ηγδk

2
)

})

,

(B.3)

where Iαβ,γδ := Pαβ,γδ+
1
2 ηαβηγδ. These vertices are equivalent to the ones computed

with the vertices given by De Witt [3–5] and Sannan [50]. We remark that the

expression for τ3 is simpler than the three-graviton vertex in these references.

We notice that the three-graviton vertex satisfies the identity

τµν(3) πρ,στ
(l, q)Pπρ

αβPστ
γδ = τµν(3) αβ,γδ

(l, q) (B.4)

that will be used to simplify the expression of the amplitude.
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• The four-graviton vertex with k1 + k2 + k3 + k4 = 0 is given in [31, 50]

τ̃ρλ
(4)µν,στ,ικ

(k1, k2, k3, k4) = − 1

32
(k1 · k2ηµνηστηρληικ)−

1

16
(kσ1 k

τ
1η

µνηρληικ)

− 1

16
(kσ1 k

µ
2 η

ντηρληικ) +
1

32
(k1 · k2ηµσηντηρληικ) +

1

16
(k1 · k2ηµνηστηρι ηλκ)

+
1

8
(kσ1 k

τ
1η

µνηρι η
λ
κ) +

1

8
(kσ1 k

µ
2 η

ντηρι η
λ
κ)−

1

16
(k1 · k2ηµσηντηρι ηλκ)

+
1

4
(k1 · k2ηµνησρητληικ) +

1

4
(kσ1 k

τ
1η

µρηνληικ) +
1

8
(kρ1k

λ
2η

µσηντηικ)

+
1

2
(kσ1 k

ρ
2η

τµηνληικ)−
1

4
(k1 · k2ηνσητρηλµηικ) +

1

4
(kσ1 k

µ
2 η

τρηλνηικ)

+
1

4
(kσ1 k

ρ
1η

τληµνηικ)−
1

2
(k1 · k2ηµνητρηλι ησκ)−

1

2
(kσ1 k

τ
1η

νρηλι η
µ
κ)

− 1

2
(kρ1k

λ
2 η

ν
ι η

σ
κη

τµ)− (kσ1 k
ρ
2η

τ
ι η

µ
κη

νλ)− 1

2
(kρ1k2 ιη

λσητµηνκ)

+
1

4
(k1 · k2ηνρηλσητι ηµκ)−

1

2
(kσ1 k

ρ
1η

µνητι η
λ
κ)−

1

4
(k1 · k2ηµρηνλησι ητκ)

− 1

2
(kσ1 k

ρ
1η

τληµι η
ν
κ)−

1

4
(kρ1k2 ιη

λ
κη

µσηντ )− (kσ1 k
ρ
2η

τµηνι η
λ
κ)

− 1

2
(kσ1 k

µ
2 η

τρηλι η
ν
κ) +

1

2
(k1 · k2ηνσητρηλι ηµκ) + Sym(k1, k2, k3, k4)

(B.5)

we introduce the short hand notation

τµν(4) γδ,στ,ιθ(k1, k2, k3, k4) := τ̃µν(4)αβ,γδ,ǫη(k1, k2, k3, k4)P
αβ
γδ Pγδ

στPǫη
ιθ . (B.6)
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