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Density matrices

Pure state: vector in a Hilbert space

) € H

Often quantum mechanics
W) e H=H, @ Hp

Can we find |1 4) corresponding to [)?
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Density matrices

Pure state: vector in a Hilbert space

) € H

Often quantum mechanics
W) e H=H, @ Hp

Can we find |1 4) corresponding to |1))? No
Mixed state is probabilistic mixture of pure states:
state |¥,) with probability p;

Density matrix

p = j{: iﬁz,q}n> <q?n‘
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Density matrices

(104 @ I|) = Tr(Oapa) )

Thermal states obey Boltzmann distribution

1 _/BE’VL
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Entanglement entropy

H="Hs®Mp A -

Trace over one Hilbert space

Reduced density matrix

pa="Trpp

Entanglement entropy is von Neumann entropy of reduced
density matrix

Entanglement entropy

Sqp=—Try(palogpa)
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Replica trick

@ Calculate S,(4) = . !

— log Tr4(p’) on n—sheeted

Riemann surface

@ Continue analytically
® 5, = lim S,(A)
n—1
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Holographic entanglement entropy

Ryu-Takayanagi formula

. Area(y)
SA_arynzlgA 4Gy

v

Bulk spacetime
AdS bo;mdary

¥
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Mutual information

Entanglement between
two systems 4 and B

Mutual information

((0405) — (04){05))°

Ip.p= 84+ Sp— Saup >
N 2[104|1?|0B]|?

Provides an upper bound on correlators between 4 and B
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Scrambling time

A natural question to ask is when correlators and
entanglement get destroyed by the perturbation?

Scrambling time is defined by

Iy.p(t") =0

Our goal is to compute the scrambling time for thermofield
double state
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Thermofield double state (TFD)

Two non-interacting 2d CFTs with Hilbert spaces H; = Hg
Choose a particular entangled state

Thermofield double state in H; ® Hp

En’

[Wg) = \/—Z

Tracing over H;, or Hp yields thermal reduced density matrix
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Gravity dual description

Eternal BTZ BH is holographic dual of TFD

N Future ’
. interior 7
t N , ty

\\ /
Y
o, | Left ~ - Right |,
exterior , 7 exterior
AN
/ AN
e Past N
s interior "\
/ AN

Two natural choices for Hamiltonian:
@ H=H., QI - Ip® Hg. t_ =ty =1
@ H=H; ®I;+1zr® Hg. t_ = —t, = t. Approximate
description of two AdS BH
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Adding a local perturbation

Perturb TFD by a primary operator 1 in the CFT, at time —¢, in
the past

pr(t) = Ne—iHutg=etiyy o, _ ¢ Y2eMBHeyt (0 _ ¢ )emeH giHlnt
Simpler in Euclidean time (z + ir, z — ir)

Np(22, 7))l (21, 71)
where

T =t + t, + €, Ty =1t_ +t, — i€

T = —t_ —t, — i, Ty = —t_ —t,+ i€

Thermalstate = 7~ 7+
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Analytic continuation in TFD

One-sided correlator

(5|0 (21,0)0], (w3, 1) Ug)
= e AEAHEEn) () O (w1, 0)|m) , (m] LOF (w2, 0)|n)

n,m

| A

Two-sided correlator

(U5|Op(21,0)OR (2, )| ¥ g)
=Y Bt EnBn) () O (21, 0)|m) , (m] ROy (2, 0)|m)

n,m

R

v
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Analytic continuation in TFD

(V5|0 (21,0)0p (23, 1)) = (V5|0 (21,000 <x2, t— z§> | 5)

One-sided and two-sided correlators in TFD are related

t—t+ i
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Setup For mutual information

7
B /s
On On I 2
.
|
—to.)Ax 1/} On \ 5'n 0 X
ANETY:
X Y AN -
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Replica trick for Sy

Replica trick — replicate cylinder n times, glue along the cuts
Instead, twist operators can be used

won (U@, )02, 52)0 (23, 83) VT (24, 34)) o,
Trealt) = (¢ (a1, 20) 9T (21, 7)) )"

ro=—le, Lp=y—to—l, wm=y+L—ty—1l, wx=+i
Ty =41, Tn=yY+l,+t, w=y+L+t,+1_, Tg=—ic
qj:wl.wQ..._.wn

¥ has a v; for each copy of the theory

Conformal dimension nhy,
Conformal dimension of twist operators is 2H,,

c 1
Ho——24(n—n>
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Correlators on the plane

We are in a thermal state on the cylinder

Map to the plane

@ 2-pt correlators are fixed by conformal symmetry
@ 4-pt correlators are expressed via conformal blocks G(z, 2)

5 ()
TEUY B

11— 4* G(z2)
(w1 — w2)(ws — wy)
(w1 — w3) (w2 — wa)

Approximation: z =1+ f(y, L, 3, t)e + O(€?)

Trpi(t) =

where

Zz =
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Evaluating G(z, )

4-pt function <\IJ(:E1, El)O'n(.’EQ, ig)&n(zg, ig)\IfT(Ll, 1‘4)>Cn
contains two light and two heavy operators

Fitzpatrick, Kaplan and Walters considered such setup in
arXiv:1403.6829

1 1 = _
1 (l—ay)z3(1=ay) (1 _ ) (] — 309
log G(z,2) ~ — c(n6 ) log = = Olw(éﬁﬁ E—

where
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http://arxiv.org/abs/1403.6829

Entanglement entropy Sy

SA = Sthermal + ASA
Thermal part of entanglement entropy is

c 8 .. wL
Sthermal = 3 log <7r€ - sinh 6)

ASy, entanglement entropy due to perturbation

0, -+t <y

¢ log !% Sinozraw sinh (W) sinh (W*‘Twy))]
v sinh (%)

6
0, t 4+t,>y+L

No change before perturbations arrives or after it leaves A
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Setup For mutual information

7
B /s
On On I 2
.
|
—to.)Ax 1/} On \ 5'n 0 X
ANETY:
X Y AN -
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Entanglement entropy Sp

(W (1, 31) 0 (25, T5) (26, T6 ) VT (24, 1)) ¢
(W (z, 2)YT (21, 24)) )"

Trpp(t) =

x5:y+L+z‘§—tw—t+, x6=y+i§—tw—t+
o 3 5
z5—y+L—z§+tw+t+, xﬁ—y—z§+tw+t+

Entanglement entropy remains thermal
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AUB

(21, 1) 0012, T2) (23, 33) 00 (25, T5) T (76, T6 )T (24, T4) )

(@1, 20)0T (21, 3)) )"

Trpjup =

Map to the plane w(z) = exp <%”x> and

(w1 — w)(ws — wy)
(w1 — ws)(w — wy)

2w) =
We obtain the following 6-pt function

<w‘0n(zﬁ 2)571(17 1)071(257 25>6—n(z6'7 %)‘w>
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Sand T-channels: Resolution of Identity

<’¢’Un<z7 E)EUL(I? 1)071('257 Ei"))&n(Zﬁ, E6) W]>
= (Wlou(z2Fn(1, Dla) (alow(zs, 2)5n(2, %))

<’¢’Un<z7 E)EUL(I? 1)071('257 Ei"))&n(Zﬁ, E6) W]>
=Y (Wlou(zDFn(z, %)la) (alow(zs, 25)Fn(L, 1)]4)
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S-channel

OPE of twist operators
on(22)0,(1,1) ~ I+ O ((z—1)") reN
Orthogonality of 2-pt Functions
> (Wlon(z a1, 1)|a) (o] = (Y]ou(zDFu(1, 1)) (]

«

So the first 4-pt function is the same as in S, while the second
the same asin Sp

Sa,B =S4+ Sp and L5 =0 J
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T-channel

Again, dominant contribution comes from |a) = |¢).

(Ylon(zs,25)0(1, 1) |¢) = G(z5, %)

(lon(2,2)5n(26, 26)|0) = |1 — 22| 7|2 — 25|47 G(%, 2)

Cross-ratios are not the same as in S-channel
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Cross-ratios

! (t——t4)
2mie cosh ”T )
7 =1- B SinhWCoshw + O(e”)
! (t——ty)
- 2mie cosh ﬂT ,
H=1+7 sinh TWHAETR) ogp TELEE ) +O(€%)
1 m(t-—ty)
2 cosh TV=—tt)
%2 =1 * o . + 0(62)
B sinh TW=t=—tw) (oop MU=t —to)
p B
! (t——t+)
= 2 cosh V=—)
m=1-—5 . L o)

B sinh ”(y+t5+tw) cosh Tr(y-i-tg—i—tw)
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Entanglement entropy Siuz

2c
Saup =~ 3 log

At
cosh <5>‘ b+t <y

TEUV

2 At
Saup =~ = log O cosh (™21
3 TEYV B
¢ B sin ma, sinh T cogly M)
+ - log | — .
0 e cosh %

y<t—+tw<y+L
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Entanglement entropy Siuz

2 At i
Saup ~ = log O cosn (T21)| 4 € log L snmoy
3 TEYY B 3 TE

. (sinh ﬂ(t_ztw*y) cosh “(t++5tw*y) >

+ —log

TAt
6 cosh 5

+Elo
6 g

t+ty>y+1L

(sinh W(t*+t;_y_L) cosh 7r(t++t[“§_y_L) )

TAt
cosh 5
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Mutual information

400 |
200 - .

-200
-400
-600 -
-800

Mutual information

-1000 -
-1200
-1400 -

-1600 I I I I I
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Mutual information

1500

1000 - 4

500 - B

-500 - B

Mutual information
o

-1000 - B

-1500 1 1 1 1 1 1 1 1 1
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Scrambling time

Scrambling time is defined by

Inp(t) =0

t*
Suppose t, > y+ Land E‘” >1

Scrambling time in perturbed TFD

L g B sin oy, B Y/
x g 2P e (2T L P g (2sinh =
o=yt 2 27 %8 (7‘(’6 Qyp >+ e B
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Holographic description

@ Gravity dual of TFD is eternal BTZ black hole

@ Approximate local perturbation of TFD by a free falling
particle in the BTZ black hole

@ Compute back-reaction of particle on metric of BTZ:

@ Map BTZ Kruskal coordinates to AdSs

@ Back-reaction in AdSs is known: conical singularity or BTZ
black hole

o (Map back-reacted metric back to original coordinates)
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Free falling particle

AdS-Schwarzschild patch of the BTZ black hole

d?
1 — Mz

a5 = —(1— M2)df> +

2

+d02}, 0~ 6+2m

The geodesic of a free falling particle satisfying 2(—t,) = €
t_ =7 =0, 1—M?2=(1— M) cosh? (\/1\7(% + tw))
Energy of the particle
N

matches energy of CFT perturbation if

2hy
R

m =
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Free falling particle in Kruskal coordinates

Metric in Kruskal coordinates

_ _ 2 742
i — B2 4ddudv+ (—1 + uv)*do
(14 uv)?
Action of the particle
S=-2mR V/du
14+ wv

G+ (C1+ BB)u
o(u) = 1+ Chu

where
Cl — ME2 ethw

Cy = —V1-— Me2 VMt

33/38



Map to AdS;

Map to AdS3; maps dynamic particle to static particle, so we
also need to apply boosts

B
vV Me

1—uv
14+ wv

eV Mty 4 — o~V Mt

2
L) MEQCoshgb)

Me? sinh? ¢ + (
1—wuv

eV Mtw gy =V My,

tan T = vV Me 1-w
Mty 5 o—\ Mty
cosh ¢ — /1 — Me2 € e G
sinh
tan p = v Me inh ¢

eMou—eVMwy T 1ED cosh

1—uv
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Back-reaction in AdS;

We mapped point particle to = 0, ¢ = 0 in AdS3 coordinates

R2dr?

2 _ 2 2 v ar
ds’ = — (¥ + R?) dr t

+ 7'2d<p2
Back-reaction in AdS; is known:

ds* = — (" + R* — p) dr* + + 2 dp?

4+ R2—pu

w=8GNR*m is related to mass of the particle m
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Length of geodesics

Length of spacelike geodesics in locally AdS; space is known

Let X be region with endpoints (ré})), Téé), cpé?) and
(r2 (2) _(2) (2 ))

y Too™ y Poo
G _ 215 - 12 cos (| AT |a) — cos (|Apoo|a)
T8 R a2
where

_ I

carries information about perturbation
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Holographic entanglement entropy

Pick region A to be an interval with endpoints
(t—, 20, Y) and (t—, 200,y + L)
Region B:
(tr200,y)  and  (t4, 200,y + L)

S4 and S match CFT result

37/38



Holographic entanglement entropy

For AU Bwe have two cases: corresponds to Sand 7-channels
@ Endpoints on the same boundary are connected
@ Endpoints on different boundaries are connected
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