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SCREEN CONFORMAL HALF-LIGHTLIKE SUBMANIFOLDS
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We study some properties of a half-lightlike submanifold M, of a semi-Riemannian manifold,
whose shape operator is conformal to the shape operator of its screen distribution. We show
that any screen distribution S(TM) of M is integrable and the geometry of M has a close
relation with the nondegenerate geometry of a leaf of S(TM). We prove some results on
symmetric induced Ricci tensor and null sectional curvature of this class.
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1. Introduction. The Riemannian geometry of submanifolds [3] is one of the most
important topics of differential geometry. It is well known that semi-Riemannian sub-
manifolds [9] have many similarities with their Riemannian case.

However, the lightlike submanifolds [6] are different since (contrary to the nondegen-
erate cases) their normal vector bundle intersects with the tangent bundle. Thus, one
cannot use, in the usual way, the classical submanifold theory to define any induced
object on a lightlike submanifold. To deal with this anomaly, the lightlike submanifolds
were introduced and presented in a book by Duggal and Bejancu [6]. They introduced
a nondegenerate screen distribution to construct a nonintersecting lightlike transver-
sal vector bundle of the tangent bundle. Since then, a suitable choice of an integrable
screen distribution has produced several new results on lightlike geometry (see, e.g,
[1, 4, 5, 7] and many more references therein). Also, see [8] for a different approach to
deal with lightlike (degenerate) submanifolds. However, unfortunately, there are only
two papers [5, 7] (after the publication of Duggal-Bejancu’s book [6]) on a subclass called
half-lightlike submanifolds of codimension 2 (see Section 2) which provides a physical
model of null 2-surfaces in 4-dimensional space-time manifolds (see Example 3.3).

The growing importance of geometry in mathematical physics and very limited in-
formation available on half-lightlike submanifolds are the motivation for the study on
this topic. Since the shape operator plays a key role in the geometry of submanifolds
[3, 6], the objective of this paper is to study those half-lightlike submanifolds, of a
semi-Riemannian manifold, whose shape operator is conformal to the shape operator
of their screen distribution.

In Section 2, we brief basic information needed for the rest of the paper. In Section 3,
we define screen conformal half-lightlike submanifolds M and prove that any screen
distribution S(TM) of M is integrable (see Theorem 3.5). This result is important since
it does not hold for an arbitrary lightlike submanifold. Then we prove (Theorem 3.6)
that the geometry of M is closely related with the nondegenerate geometry of a leaf M’
of its integrable S(TM). In particular, M = L® M’ is a product lightlike manifold if and


http://dx.doi.org/10.1155/S0161171204403342
http://dx.doi.org/10.1155/S0161171204403342
http://dx.doi.org/10.1155/ijmms
http://www.hindawi.com

3738 K. L. DUGGAL AND B. SAHIN

only if there exists an induced Levi-Civita connection on M (Theorem 3.9), where L and
M’ are leaves of RadTM and S(TM), respectively. We also find conditions for the in-
duced Ricci tensor to be symmetric and induced nonvanishing sectional curvature of M.
Using Kupeli’s [8] concept of an irrotational lightlike submanifold (see Definition 3.7)
we show that the induced Ricci tensor of any screen conformal half-lightlike irrotational
submanifold is symmetric. This result is desirable both for geometry and its physical
interpretation. In Section 4, we show that some classical results of Riemannian sub-
manifolds also hold for screen conformal totally umbilical half-lightlike submanifolds
of a semi-Riemannian space form M(c).

2. Half-lightlike submanifolds. Let (M,g) be an (m + 2)-dimensional (m > 1) semi-
Riemannian manifold of index g > 1 and M a submanifold of codimension 2 of M.
In case g is degenerate on the tangent bundle TM of M we say that M is a lightlike
submanifold of M [6]. Throughout this paper we denote by F(M) the algebra of smooth
functions on M and by I'(E) the F(M)-module of smooth sections of a vector bundle
E over M. We use the same notation for any other vector bundle. All manifolds are
paracompact and smooth. For basic information on the geometry of submanifolds, we
refer to [3]. Denote by g the induced degenerate tensor field of g on M. Then, there
exists locally (or globally) a vector field € e T(TM), & + 0, such that g(&,X) = 0 for any
X eT(TM), and for each tangent space TyM, we consider

TxM* ={ueTM:g(u,v)=0,Vv € TyM} (2.1)

a degenerate 2-dimensional orthogonal (but not complementary) subspace of TxM. The
radical subspace Rad TxM = TxM NnT, M+ depends on the point x € M. The submanifold
M is said to be r-lightlike if the mapping

RadTM:x e M — Rad T, M (2.2)

defines a radical distribution on M of rank v > 0. M is a half-lightlike submanifold of
M [7]if ¥ = 1 and there exist &, u € T,M* such that

gE&v)=0, gu,u)+0, VveTlM". (2.3)
The above relations imply that & € Rad T,M. Thus,
d&X)=gEv)=0, VXeIl(TM), vel(TM"). (2.4)

Thus, Rad TM is locally (or globally) spanned by &. There exists a supplementary non-
degenerate distribution to Rad TM in TM, called a screen distribution S(TM) of M [6]
with the following orthogonal distribution:

TM =RadTM L S(TM). (2.5)

In this paper, we assume that M is half-lightlike. Consider orthogonal complementary
distribution S(TM*) to S(TM) in TM. Certainly £ and u belong to I'(S(TM+)). Choose
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u as a unit vector field, with g(u,u) = € = +1. We brief the following results (for de-
tails see [7]). Consider a supplementary distribution D to RadTM in S(TM+*) which is
spanned by u. Hence we have the following orthogonal decomposition:

S(TM*) =D 1 D*, (2.6)

where D+ is the orthogonal complementary distribution to D in S(TM*). There exists
a uniquely defined vector field N e I'(D*) satisfying

J(N,&) #0, J(N,N) =g(N,u) =0. (2.7)

Hence, N is a lightlike vector field which is neither tangent to M nor collinear with u
since g(u, &) = 0. Define a vector bundle tr(TM) of M by

tr(TM) =D Lntr(TM), (2.8)

where ntr(TM) is a 1-dimensional vector bundle generated by N. Therefore,

TM = S(TM) L (RadTM & tr(TM))

(2.9)
=S(TM) LD L (RadTM entr(TM)).

According to the decompositions (2.5) and (2.9) we choose the fields of frames {&, W1,
coisWio1} and {E,W1,...,Wy_1,u,N} on M and M, respectively, where {Wy,...,Wy_1}
is an orthonormal basis of T'(S(TM)).

Although S(TM) is not unique, it is canonically isomorphic to the factor vector bun-
dle TM/RadTM [8]. For the dependence of all the induced geometric objects of M
on {S(TM),S(TM*)}, we refer to [6, Chapter 5]. In particular, the following result is
important for this paper.

PROPOSITION 2.1 [6, page 157]. The second fundamental forms of a lightlike sub-
manifold M do not depend on S(TM), S(TM+), andntr(TM).

Let P be the projection of TM on S(TM). It follows from (2.9) that
X =PX+n(X)E nX)=g(X,N), VXeI(TM). (2.10)
According to (2.5) and (2.9) we put

vaZ VXY+I’I(X,Y),
VxN = —AyX + VxN, (2.11)
Vxu=—-A,X+Vxu, VX,YeIl(TM),

where VxY, AnyX, and A, X belong to I'(TM), while h(X,Y), VxN, and Vxu belong to
['(tr(TM)), V is the Levi-Civita connection on M and V is a torsion-free linear connection
on M. Define symmetric F (M)-bilinear forms D, and D, and 1-forms pi, p», &1, and &>
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D1 (X,Y) =g(h(X,Y),§), Dy(X,Y) =eg(h(X,Y),u),

p1(X) =g(VxN,§), p2(X) =€g(VxN,u), (2.12)
aX)=g(Vxu,t), e(X)=€eg(Vxu,u),

for any X,Y € I'(TM). It follows that

h(X,Y) =D (X,Y)N+D>(X,Y)u,
VxN =p1 (X)N +p2(X)u, (2.13)
qu = sl(X)N+£2(X)u.

Hence (2.11) become

VXYZVxY+D1(X,Y)N+D2(X,Y)M, (2.14)
va:—ANX'f'pl(X)N"‘pZ(X)u, (2.15)
Vxu=-Au X+ (X)N+&(X)u, (2.16)

forany X,Y € I'(TM). We call h, Dy, and D> the second fundamental form, the lightlike
second fundamental form, and the screen second fundamental form of M with respect
to tr(TM), respectively. Both Ay and A, are linear operators onI'(TM) and Ay is called
the shape operator of M. Since u is a unit vector field, (2.16) implies & (X) = 0.In a
similar way, since & and N are lightlike vector fields, from (2.14)-(2.16) we obtain

D, (X,§) =0, Jg(ANX,N) =0, (2.17)
FALX,Y) =€Da(X,Y) + &1 (X)n(Y). (2.18)

Next, by using (2.10), (2.14)-(2.16), and (2.18), we obtain

p1(X) =-n(VxE), p2(X)=€en(AyX), &(X)=-€D:(X,8), (2.19)
(Vxg)(Y,Z) =D1(X,Y)n(Z)+Dy(X,Z)n(Y) (2.20)

for any X,Y,Z € I'(TM). Thus, in general, the induced connection V is not a metric
(Levi-Civita) connection. From (2.14) it follows that D, and D, are symmetric bilinear
forms on I'(TM). From (2.5) we obtain

VxPY = V¥PY + h*(X,PY),

2.21
VyE = -AfX+ViE, VXY €I(TM), 2.21)

where V¥PY and Ag belong to I'(S(TM)), while h*(X,PY) and V& belong to I'(Rad
TM). It follows that V* and V+ are linear connections on the screen and radical distri-
butions, respectively, A;J? is the shape operator of S(TM), and V* is a metric connection
on S(TM). Define

E(X,PY) = g(h*(X,PY),N), wui(X)=g(VLEN), (2.22)
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for all X,Y e T'(TM). It follows that
h*(X,PY) =E(X,PY)E, V& =u1(X)E, VX,Y €el(TM). (2.23)
Hence the two equations of (2.21) become

VxPY = V{PY +E(X,PY)E, (2.24)
VxE = ~AfX +u1 (X)E, (2.25)

where h* and E are the second fundamental form and the local second fundamental
form of S(TM) with respect to RadTM, and Ag‘ is the shape operator of the screen
distribution. Equations (2.14)-(2.16) on one side and (2.24)-(2.25) on the other side are
related by

E(X,PY) = g(AnX,PY), (2.26)
D1 (X,PY) = g(A{ X,PY), (2.27)
ui(X) = —p1(X), VX,YeI(TM). (2.28)

From (2.17) and (2.27) we derive
Agg =0. (2.29)

THEOREM 2.2 [6]. Let M be a half-lightlike submanifold of M. Then the following
assertions are equivalent:

(1) the induced connection V on M is a metric connection;

(2) D; vanishes identically on M;

(3) Ag vanishes identically on M;

(4) € is a Killing vector field;

(5) TM* is a parallel distribution with respect to V.

Thus, contrary to the case of a lightlike hypersurface (see [6, page 88]), a half-lightlike
submanifold satisfying one of the conditions of Theorem 2.2 is not totally geodesic
unless D, vanishes on M. In particular, the existence of an induced connection on M,
with nonvanishing second fundamental form h, is one of the important results of half-
lightlike submanifolds.

3. Conformal screen shape operator. It is well known that the second fundamental
form and its shape operator of a nondegenerate submanifold are related by means
of the metric tensor field. Contrary to this we see from Section 2 that in the case of
half-lightlike submanifolds M the second fundamental forms of M and their screen
distribution S(TM) are related to their respective shape operators Ay and Ag. As the
shape operator is an information tool in studying the geometry of submanifolds, in this
paper we consider a class of half-lightlike submanifolds with conformal screen shape
operator defined as follows.

DEFINITION 3.1. A half-lightlike submanifold M of a semi-Riemannian manifold is
screen locally (resp., globally) conformal if on any coordinate neighborhood A (resp.,
AU = M) there exists a nonzero smooth function @ such that for any null vector field
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E eI (TM*') the relation
ANX = QAEX, VX eT(TMly), (3.1)

holds between the shape operators Ay and Ag of M and S(TM), respectively.

In the case of half-lightlike submanifolds, since Ay X and AgX belong to screen dis-
tribution for any X € I'(TM), this definition is well defined.

EXAMPLE 3.2. Consider in R3 a submanifold M given by the equations

x4:(x12+x§)1/2, X3:(1—x§)1/2, Xs5,X1,X2 > 0. (3.2)
Then we have
TM:Span{‘g’:xlai)cl+xgaim+x4a%,
U:X“aixlﬂcla%’v x5883+ 3%;5} (3.3)

0 0
1 = —_— —_—
™M Span{‘é,u X3 oxs + X5 oxs }

Thus Rad TM = Span{&} is a distribution on M and S(TM*) = Span{u}. Hence M is a
half-lightlike submanifold of Rg, with S(TM) = Span{U, V'}. Also, the lightlike transver-
sal bundle ntr(TM) is spanned by

1 0 0 0
N_T)(%{XIT)Qixzaixszlem}. (34)

By direct calculations, we obtain

VugE=U, VyE=0, Vg&=G§,

1 - (3.5)

VyN = U, VNZO, VeN = —N.
v 2x3 v £

Then, from (2.15) and (2.25) we obtain
AE‘U:—U, A;V:O,

1
ANU =-5=U,  p1U)=0, p2(U) =0,
257 (3.6)

ANV =0, p1(V) =0, p2(V) =0,

AnE =0, p1(8) =-1, p2(8) = 0.
Hence we derive Ay X = (1/2x'§)A§X, for all X e T'(TM). Thus M is a screen conformal
lightlike submanifold with @ = 1/2x3.

ExAMPLE 3.3. Following [5, Section 3] one can show that an n-dimensional half-
lightlike submanifold of a Minkowski space-time R}*?2 is screen lightlike with a constant
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conformal factor. In particular, a null 2-surface in 4-dimensional space-time mani-
fold is a physical example of such half-lightlike submanifolds. Indeed, consider a 4-
dimensional space-time (M, g), with Lorentzian metric g, of signature (—, +, +, +), which
admits a smooth 2-parameter group G, generated by two spacelike Killing vector fields
U and V. Suppose M also admits a non-Killing null vector field &. Then, U and V will
span a lightlike surface M defined by Uy, U2Vl =0,a,b € {1,2,3,4}. Atany x of T,M
we have a unique null vector tangent to T, M given by

E=U-QV, Q= (V“Vu)flUth, gEU)=0=g(,V). (3.7)

It is easy to see that M is a half-lightlike surface of M such that Rad TM = Span{&}.
Since & is non-Killing, it follows from Theorem 2.2 that D, + 0 and, therefore, M neither
admits a metric connection nor is totally geodesic.

PROPOSITION 3.4. Let M be a half-lightlike submanifold of a semi-Riemannian man-
ifold M. Then, M is screen conformal if and only if

E(X,PY)=@D;(X,PY), VX,Yel(TM). (3.8

PROOF. Suppose M is a screen conformal half-lightlike submanifold. Then, from
(2.26), (2.27), and (3.1), we get

E(X,PY) = g(ANX,PY) = g (AL X,PY) = @D; (X,PY) (3.9)

for all X,Y e I'(TM). Conversely, if E(X,PY) = @D (X,PY), for all X,Y € '(TM), then
(2.26) and (2.27) imply g(ANX,PY) = g(cpAgX,PY). Thus, we get AyX = cpA%‘X, which
completes the proof. |

Let M be screen conformal. Then, from (2.24) and (3.8) we get
VXPY:V}’}PY+QDD1(X,PY)§, VX,Y eI(TM). (3.10)

THEOREM 3.5. Any screen distribution of a screen conformal half-lightlike submani-
fold M of a semi-Riemannian manifold M is integrable.

PROOF. Using (2.14) and (3.10) and for any X,Y,Z € I'(TM), we obtain
G([X,Y],N) =g(VxY,N)-g(VyX,N)

= @D (X,Y)3(E,N) —@D: (Y, X)3(E,N) 3.11)
= @{Di(X,Y) - D1 (Y,X)}.

Since D; is symmetric, we get g([X,Y],N) = 0. Hence S(TM) is integrable. O

THEOREM 3.6. Let M be a screen conformal half-lightlike submanifold of a semi-
Riemannian manifold M, with a leaf M’ of S(TM). Then

(1) M is totally geodesic,

(2) M is totally umbilical,

(3) M is minimal,
if and only if M’ is so immersed as a submanifold of M and &, vanishes on M.
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PrOOF. Using (3.8) we obtain
VxY =ViY+@Di(X,Y)E+D1(X,Y)N+Dy(X,Y)u (3.12)
for any X,Y € I'(TM'). Then we have
VxY = ViY+h' (X,Y), (3.13)

where h' and V' are second fundamental form and the Levi-Civita connection of M’
in M. Thus, from (3.12) and (3.13) we obtain

h'(X,Y) = (@E+N)D:1(X,Y)+D2(X,Y)u (3.14)
for any X,Y € I'(TM’). On the other hand, from (2.18) we have
€D,(E,PZ) = g(AE,PZ), €D»(PZ,E)=—&(PZ). (3.15)

Since D> is symmetric, we obtain —¢&,(PZ) = g(A,&,PZ). Similarly we get €D, (&,&) =
£1(&). Consequently, we obtain

D2(&,PZ) = D2(PZ,&) =D2(§,8) =0 = &1(Z) =0 VZecI(TM). (3.16)

Thus the proof follows from (3.14) and (3.16). |

DEFINITION 3.7. A lightlike submanifold M is said to be irrotational if Vx& € ['(TM)
for any X e I'(TM), where & e T(Rad TM) [8].

For a half-lightlike M, since D, (X, &) = 0, the above definition is equivalent to D, (X,
&) =0=¢(X), forall X eT(TM). Using this in (3.16) we state the following corollary.

COROLLARY 3.8. Let M be an irrotational screen conformal half-lightlike submanifold
of a semi-Riemannian manifold M. Then
(1) M is totally geodesic,
(2) M is totally umbilical,
(3) M is minimal,
if and only if a leaf M’ of any S(TM) is so immersed as a submanifold of M.

THEOREM 3.9. Let M be a screen conformal half-lightlike submanifold of a semi-
Riemannian manifold M. Then, the following assertions are equivalent:
(1) any leaf of S(TM) is totally geodesic in M;
(2) M is a lightlike product manifold of M' and L, where M', a leaf of S(TM), is a
nondegenerate manifold and L is a one-dimensional lightlike manifold;
(3) D, vanishes identically on M;
(4) the induced connection V on M is a metric connection.

PROOF. From (2.14) we have g(VgE, X) = g(VegE, X) for X € I'(S(TM)) and € €
I'(Rad(TM)). Now V, a metric connection, implies 9g(Veg, X) = -g(&, WEX). Now, using
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(2.14) and (2.17), we obtain g(V¢&,X) = —=D1(§,X)g(&,N). Thus, from (2.17), we get
(V€ X) = 0. (3.17)

Similarly, from (2.15) we derive g(VxY,N) = g(AnxX,Y) for all X,Y € I'(S(TM)) and
N € T'(ltr(TM)). Then, from (3.1), we obtain g(VxY,N) = cpg(A%*X,Y). Thus, from
(2.27), we get

g(VxY,N) = @D (X,Y). (3.18)

Now, from (3.17) and (3.18), the equivalence of (1) and (2) follows. If M is a lightlike
product, then any leaf of S(TM) is parallel. Thus, from (3.18) D; = 0 since D, (X, &) = 0.
Conversely, if D; = 0, then from (3.18) a leaf of S(TM) is parallel and considering (3.17)
we obtain (2). Thus (2) is equivalent to (3). Finally, the equivalence of (3) and (4) comes
from Theorem 2.2.

Denote by R and R the curvature tensors of V and V, respectively. Then, using (2.14)-
(2.16) and (2.18)-(2.25), we obtain

R(X,Y)Z=R(X,Y)Z+D:1(X,Z)ANY —D1(Y,Z)ANX
+D>(X,Z)AY —D2(Y,Z)Au X
+{(VxD1)(Y,Z)— (VyDy)(X,Z)
+p1(X)D1(Y,Z) = p1(Y)D1(X,Z) (3.19)
+&(X)D2(Y,Z)—(Y)D2(X,Z)}N
+{(VxD2)(Y,Z) - (VyD2) (X, Z)
+p2(X)D1(Y,Z) - p2(Y)D1 (X, Z) }u.

Let M be screen conformal. Consider the Riemannian curvature of type (0,4) of V, and
by using (3.19) and the definition of curvature tensors, we derive the following structure
equations:

J(R(X,Y)Z,PW) =g(R(X,Y)Z,PW)
+@{D1(X,Z)D1(Y,PW)—D1(Y,Z)D1(X,PW)} (3.20)
+e{D2(X,Z)D2(Y,PW) —DZ(Y,Z)DZ(X,PW)},

g(R(X,Y)PZ,N) =g(R(X,Y)PZ,N)
+e{p2(Y)D2(X,PZ) — p2(X)D2(Y,PZ)}

=3g(Vx(ANY) - Vy(ANX) - AN[X,Y],PZ) (3.21)
+@{p1(Y)D1(X,PZ) - p1(X)D1(Y,PZ)}
+€e{p2(Y)D2(X,PZ) - p2(X)D2(Y,PZ)},
G(R(X,Y)E,PZ) = g(R(X,Y)E,PZ) +€D2(X,E)D2(Y,PZ)

(3.22)
—€Dx(Y,§)D2(X,PZ).
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Let R* be the curvature tensor of V*. Using (2.24) and (3.8) we obtain

R(X,Y)PZ =R*(X,Y)PZ-@{Dy(Y,PZ)A{X - Dy (X,PZ)AfY}
+@{(VxD1)(Y,PZ)-(VyDy)(X,PZ)}E
+D1(Y,PZ){X(®) - pp1(X)}E
-D1(X,PZ2){Y (@) -pp1(Y)}E.

(3.23)

|

THEOREM 3.10. Let M be a screen conformal half-lightlike submanifold of a semi-
Riemannian space form M(c). Then, the induced Ricci tensor of M is symmetric if and
only if

(D2 Ap2) (§,X,Y) = D2(X,Y) p2(8). (3.24)

PROOF. The Ricci tensor of a half-lightlike submanifold is given by

m—1
Ric(X,Y) = > eg(R(X,e;)Y,e;) +d(R(X,E)Y,N), VX,Yel(TM). (3.25)
i=1
For a space form M (c), from (3.8), (3.20), and (3.21), we have
Ric(X,Y)=(1-m)cg(X,Y)

+W§1 {(=D1(X,Y)Di(ei,ei) + D1(e,Y)D1(X,e:)) @

i=1 (3.26)
—&(D2(X,Y)D2(ei,ei) + D2(ei,Y)D2(X,e;))}
—&D2(X,Y)p2(&) +€D2(E,Y) p2(X).
Thus we get
Ric(X,Y) —Ric(Y,X) = £{D2(&,Y)p2(X) —D2(&,X) p2(Y)} (3.07)
= (D2 Ap2)(§,X,Y)—D2(X,Y)p2(8), '
which proves the theorem. |

The following result holds from Definition 3.7 and (3.27).

COROLLARY 3.11. The Ricci tensor of any irrotational screen conformal half-lightlike
submanifold M of M (c) is symmetric.

Let p € M and let & be a null vector of T, M. A plane H of T, M is called a null plane
directed by & if it contains &, g(&,W) = 0 for any W € H and there exits Wy € H such
that g(Wp,Wp) # 0. Then the null sectional curvature of H with respect to € and V is
defined by [2, page 431]

Ry, (W,&,E,W)

Kg(H) = 9y (W, W)

(3.28)
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THEOREM 3.12. Let M be a screen conformal half-lightlike submanifold of a space
form M (c). Then, the null sectional curvature of M is given by

Kg(H) = €{D2(,8)D2(X,X) —D2(X,8)D2(§,X)}, (3.29)

for X eT(S(TM)) and & eT(Rad TM).
PROOF. From (3.20) we have

Ke(H) = @{D1(X,&)D1(&,X) - D1(§,8)D1 (X, X)}

3.30
+€{D2(§,8)D2(X,X) — D> (X,E)D2(E,X)}. (5:30

Using (2.17) we obtain (3.29), which proves the theorem. O
Moreover, using (2.19) in (3.29) and Definition 3.7, we have the following corollary.

COROLLARY 3.13. The null sectional curvature of a screen conformal half-lightlike
submanifold M of M (c) vanishes identically if and only if

(Dynel)(X,E,X) = —€€2(X), VXeT(S(TM)), E €T(RadTM). (3.31)

Consequently, the null sectional curvature of any irrotational conformal half-lightlike
submanifold of M (c) vanishes identically.

THEOREM 3.14. Let M be a screen conformal half-lightlike submanifold of M (c) with
D, =0. Then, M is flat if and only if M’ is flat and c = 0.

PROOF. Suppose M is flat. For M (c), from (3.21) we derive

9(R(X,Y)PZ,N) = —€D2(X,PZ)p2(Y) +€D>(Y,PZ) p2(X)

(3.32)
+c{g(Y,PZ)n(X)-g(X,PZ)n(Y)} = 0.
Since D, = 0 and M is flat, we obtain
c{g(Y,PZ)n(X)-g(X,PZ)n(Y)} = 0. (3.33)

Thus, for X =& and Y = PZ, we derive cg(PZ,PZ) = 0, hence ¢ = 0. On the other hand,
from (3.20) we have
g(R(X,Y)PZ,PW) =c{g(Y,PZ)g(X,PW)—-g(X,PZ)g(Y,PW)}
-~ @{D1(Y,PW)D1(X,PZ)-D;,(Y,PZ)D,(X,PW)}
—€D2(X,PZ)D2(Y,PW)
+€eD2(Y,PZ)D>(X,PW).

(3.34)

Using (3.34) in (3.23) we get
29(R(X,Y)PZ,PW) = g(R*(X,Y)PZ,PW) +€D»(X,PW)D2(Y,PZ)
—D>(X,PZ)D>(Y,PW) (3.35)
+c{g(Y,PZ)g(X,PW)—-g(X,PZ)g(Y,PW)}.



3748 K. L. DUGGAL AND B. SAHIN

Thus, from (3.35) we have R* = 0 due to ¢ = 0 and D, = 0. Now suppose that M’ is flat
and ¢ = 0. Using (3.32) and (3.35) we obtain

9(R(X,Y)PZ,PW) =0, Jg(R(X,Y)PZ,N) = 0. (3.36)
On the other hand, since M is a space form and D; (X, &) = 0, we have
J(R(X,Y)E,N) =0, VX€eT(TM). (3.37)
Moreover, since D» = 0, from (3.22) we get
Jg(R(X,Y)E,PZ) =0. (3.38)

Thus, (3.36)-(3.38) imply R = 0, which proves the theorem. |

EXAMPLE 3.15. Consider the screen conformal half-lightlike submanifold M of R3
given in Example 3.2, and by direct calculations, we obtain

VyV=VyU=VeV=VyE=0, Vy&=U,
VuU = %§+X§N, VvV =-u, Vg=E§, (3.39)

Vou =0, Vyu =V, Veu = 0.

Thus, from (2.14)-(2.16), (2.25), and (2.26) we derive

VU=3E  EWUU =3  AU=0,  AV=-V, AE=0,
Di(U,U)=x3, Di(V,V)=0, Dy(U,U)=0, Dy(V,V)=-1, (3.40)

Dy(X,8) =0, €(X)=0, VXeIl(TM).

Hence M is irrotational with a symmetric Ricci tensor (Theorem 3.10) and vanishing
null sectional curvature (Corollary 3.13). D; # 0 implies that V is not a metric connec-
tion and M is not totally geodesic. Also M’ is not totally geodesic in M (Theorem 3.6).
Moreover, S(TM) is not parallel in M due to E(U,U) # 0. Thus M is not a lightlike
product (Theorem 3.9).

4. Totally umbilical submanifolds. Following the definition of totally umbilical Rie-
mannian submanifolds [3], we say that a lightlike submanifold (M,g) of a semi-
Riemannian manifold (M, g) is said to be totally umbilical in M if there is a smooth
transversal vector field ¥ € I'(tr(TM)) on M, called the transversal curvature vector
field of M, such that, for all X,Y e I'(TM),

h(X,Y)=9%g(X,Y). (4.1)

The above definition does not depend on the screen distribution and the transversal
bundle of M. Let M be a half-lightlike submanifold. Using (2.14) and (4.1), we conclude
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that M is totally umbilical if and only if there exist smooth functions H, € T' (Itr(TM))
and H, €T (S(TM*)) such that

D1 (X,Y) =g(X,Y)Hy, 4.2)
D2(X,Y) =g(X,Y)Hz, (4.3)
for any X,Y € I'(TM). We have the following existence theorem.

THEOREM 4.1. Let M be a half-lightlike submanifold of a semi-Riemannian manifold
M. Suppose S(TM) is integrable and any leaf M’ of S(TM) is totally umbilical immersed
in M as a codimension 3 nondegenerate submanifold with « > 0. Then M is screen
locally conformal if and only if E(§,PX) =0 for E €T (RadTM) and X € T(TM), where
« and B are components of mean curvature vector field of the leaf, in the direction of &
and N.

PROOF. Let M’ be aleaf of S(TM). Then we have
?XYzV}}Y+E(X,Y)§+D1(X,Y)N+D2(X,Y)u 4.4)

for any X,Y € I'(TM’). The mean curvature vector field H* is H* = x§+ BN + yu. Since
M’ is totally umbilical in M, we get

EX,Y)E+D(X,Y)N+D>(X,Y)u=g(X,Y){xE+ BN +yu}. (4.5)
Thus we have

E(X,Y) =ag(X,Y),

4.6
Di(X,Y)=Bg(X,Y), D2X)Y)=yg(X,Y). *0

Equations (4.6) imply E(X,Y) = («x/B)D1(X,Y). Hence, E(X,Y) = (&¢/B)D:1(X,Y) for
all X,Y € I'(TM’). Since Agg =0 and E(&,Y) = 0, we obtain AyX = cpAgX for X €
I['(TM). Conversely, if M is screen conformal, then it can be seen that E(&, X) = 0, which
completes the proof. |

DEFINITION 4.2. A leaf M’ of an integrable screen distribution S(TM) of a lightlike
submanifold M of a semi-Riemannian manifold M is totally umbilical in M if and only
if on any coordinate neighborhood U c M there is a smooth function K such that

E(X,PY)=Kg(X,PY). 4.7)
For a screen conformal M, (3.8) implies that M’ is totally umbilical if

D, (X,PY) = gg(X,PY), VX el(TM). (4.8)

THEOREM 4.3. Let M be a screen conformal half-lightlike submanifold of M. Then M
is totally umbilical if and only if

P(AuX) = HoPX, &(X)=0, XeTI(TM), (4.9)

and a leaf M’ of any S(TM) is totally umbilical in M.
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PROOF. From (2.18) we obtain that D»>(X,Y) = g(X,Y)H; if and only if P(A,X) =
HoPX and & (X) = 0, for all X € I'(TM) (also proved in [7]). Suppose D;(X,Y) =
g(X,Y)H,. Then, M is screen conformal and (3.8) implies E(X,Y) = pH,g(X,Y). Hence
M’ is totally umbilical with K = @H,. Conversely, if M’ is totally umbilical, then using
(3.8), (4.7), and (2.17) we obtain D, (X,Y) = H;g(X,Y), where H, = K/@, which com-
pletes proof. |

THEOREM 4.4. Let M be a screen conformal totally umbilical half-lightlike submani-
fold of a semi-Riemannian manifold M. Then

(1) M’ is totally umbilical in M;

(2) M is totally geodesic if and only if M’ is totally geodesic in M.

PROOF. For totally umbilical M, D»(X,&) = 0. Thus, from (3.14), (4.2), and (4.3), we
obtain W' (X,Y) = g(X,Y)H,@&+H N+ H>u), for all X,Y e T(TM"), which completes
the proof. O

THEOREM 4.5. Let M(c) be a screen conformal half-lightlike submanifold of constant
curvature ¢ of M. Suppose M’ is totally umbilical in M (c). Then ¢ = 0, that is, the subman-
ifold is a semi-Euclidean space if and only if the mean curvature vector K is a solution of
the partial differential equation

E(K)-Kp1 () -K?p~t=0. (4.10)
PROOF. From (3.23) we have

G(R(X,Y)PZ,N) = @{(VxD1)(Y,PZ)—(VyDy)(X,PZ)}
+D1(Y,P2){X(p)-@p1(X)} 4.11)
-Di(X,P2){Y(p)—@p1(Y)}

for X,Y,Z €T (TM). On the other hand, using (2.20) and (4.8) we obtain

(VxD1)(Y,PZ) = (X(K)p '+ X (@ ")K)g(Y,PZ)

. (4.12)
+K (@) "g(X,PZ)n(Y).
Thus, by direct calculations, using (4.8), (4.11), and (4.12), we derive
d(R(X,Y)PZ,N) = {X(K)-K*@ 'n(X)-Kp1(X)}g(Y,PZ) w13
+{K2@ In(Y)-Y(K)+Kp1(Y)}g(X,PZ). '
Since M is of constant curvature, for X = &, we obtain
cg(Y,PZ) = {E(K)-K*@ ' -Kpi(§)}g(Y,PZ), (4.14)

which proves the assertion of the theorem. |
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Let M be a totally umbilical half-lightlike submanifold in M (c). Then, by direct calcu-
lations, using (2.14), (2.15), (2.16), and (4.2) and taking the tangential parts, we obtain

R(X,Y)Z=clg(Y,2)X-g(X,Z)Y} -g(X,Z)H AyY

(4.15)
+g(Y,Z)H1ANX+H2{g(Y,Z)AuX—g(X,Z)AuY}.
Now, from (2.19), (4.15), (4.3), (2.27), (3.1), and (4.8) we obtain
gRX,Y)Z,W) =c{g(Y,Z2)g(X,W)-g(X,Z)g(Y,W)}
~9(X,2)@g(Y,W)(H1)* +g(Y,Z)pg (X, W) (H:)* (4.16)

—9g(X,Z)H2eD> (Y, W) +g(Y,Z)HeD»(X, W),
forall X,Y,Z T (TM) and W €T'(S(TM)). Thus we obtain

RX,Y)Z,W) = [g(Y,Z)g(X, W) - g(X,2)g(Y,W)]x[c+@(H1)* +e(H)*].
(4.17)

On the other hand, from (3.23) we obtain

GR(X,Y)Z,W) =R*((X,Y)Z,W) - @g(Y,Z)H1g(AL X, W) + @g(X,Z)H g (ALY, W)
(4.18)

forall X,Y e T(TM) and Z,W €T (S(TM)). Here, using (2.27) and (3.1) we get

GRX,Y)Z,W) = R*((X,Y)Z,W) —@(H\)*[g(Y,Z2)g(X,W) - g(X,Z)g(Y,W)].
(4.19)

Thus, from (4.17) and (4.19), we obtain

I(R*(X,Y)Z,W) = {g(Y,2)g(X,Z) - g(X,Z)g (Y, W)} x {c + 2 (H))* +€(H2)* }
(4.20)

forall X,Y eI[(TM) and Z,W €T (S(TM)). As a result of (4.20) we have the following
result.

THEOREM 4.6. Let M be a screen conformal totally umbilical half-lightlike submani-
fold of a semi-Riemannian space form M (c). If dim(M’) > 2, then M’ is a semi-Riemann-
ian space form if and only if @ = constant.

From the proofs of Theorems 3.10 and 3.12, the following results hold.

(a) Let M be a screen conformal totally umbilical half-lightlike submanifold of M(c).
Then, the Ricci tensor of M is symmetric.

(b) Let M be a screen conformal totally umbilical half-lightlike submanifold of M (c).
Then, the null sectional curvature of M vanishes identically.
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EXAMPLE 4.7. Consider in R} a surface M given by the equations
X1 = X3, x2=(1—x§)”2. 4.21)
Then we have

TM=Span{§ o +i,u=—x4i+ 9 },

= — X —
8x1 3X3 8x2 aX4 (4-22)

TM* = Span{& = 9 +i v = xzi +x4i}

ox; 0x3’ 0x> 0x4)°

Thus, M is a half-lightlike submanifold of R} with Rad TM = Span{Z} and
S(TM) = Span{u}, S(TM*) = Span{v},
1 0 0 (4.23)
ntr(TM)—Span{N—E(—E TX?,)}

Hence, we obtain Agu = Ayu = 0. Thus M is a trivial screen conformal half-lightlike
submanifold. On the other hand, by direct calculations, we derive

D; =0, D>(§,X) =0, VXeI(TM), D> (u,u) = —g(u,u). (4.24)

Thus M is a screen conformal totally umbilical half-lightlike submanifold. Moreover,
D, = 0 implies that V is a metric connection.

CONCLUDING REMARKS. Recently, Duggal [4, 5] studied the following problem: find
a class of lightlike submanifolds whose geometry is essentially the same as that of their
chosen screen distribution S(TM).

The above problem is motivated due to the fact that the lightlike geometry directly
depends on a suitable choice of screen distribution, which plays an important role. For
example, it has been shown in [6, page 133] that the geometry of a Monge lightlike
hypersurface of R} essentially reduces to the geometry of a leaf of its canonical screen
distribution (see also [1, 4] for some more results on the above-stated problem). In [5],
a technique was used to show that some aspects of the geometry of a half-lightlike
submanifold of a Minkowski space-time are the same as those of a leaf of its chosen
integrable screen distribution. In the present paper, we have shown that any screen dis-
tribution of a screen conformal half-light submanifold M of a semi-Riemannian man-
ifold is integrable (Theorem 3.5) and the geometry of M has a close relation with the
nondegenerate geometry of a leaf of their screen distribution S(TM) (Theorems 3.6
and 4.3). Thus, we have made further progress in solving the above-stated problem.

Finally, as per Proposition 2.1, the second fundamental forms of a lightlike subman-
ifold M do not depend on the vector bundles S(TM), S(TM*), and ntr(TM). Thus, the
results of this paper are stable with respect to any change in the above vector bundles.
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