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ABSTRACT

Cosmic strings are potential gravitational wave (GW) sources that can be probed by pulsar
timing arrays (PTAs). In this work we develop a detection algorithm for a GW burst from a
cusp on a cosmic string, and apply it to Parkes PTA data. We find four events with a false alarm
probability less than 1%. However further investigation shows that all of these are likely to be
spurious. As there are no convincing detections we place upper limits on the GW amplitude
for different event durations. From these bounds we place limits on the cosmic string tension
of Gu ~ 107>, and highlight that this bound is independent from those obtained using other
techniques. We discuss the physical implications of our results and the prospect of probing
cosmic strings in the era of Square Kilometre Array (SKA).

Key words: gravitational waves — pulsars: general — methods: data analysis

1 INTRODUCTION the signal of a GW could be detected (such as Burke-Spolaor, S.
2019 and references therein). Currently, several PTAs are in opera-
tion including the Parkes PTA in Australia (PPTA; Manchester et al.
2013), the European PTA (EPTA; Kramer & Champion 2013) and
NANOGrav in North America (Ransom et al. 2020). These PTAs
share data as part of the International Pulsar Timing Array (IPTA)
project (see, e.g., Perera et al. 2019). Groups in China, India and
South Africa are now also joining the IPTA efforts using their ra-
dio telescopes. Within a decade, the square kilometre array (SKA)
will be in operation (Kramer & Stapper 2015), which will further
improve the sensitivity of PTAs.

Pulsar timing arrays (PTAs) are a sensitive probe of low-frequency
(1072 to 10~7 Hz) gravitational waves (GWs). The PTAs regularly
monitor the times of arrival (ToAs) of pulses from a large num-
ber of stable millisecond pulsars (Foster & Backer 1990). GWs af-
fect the pulse propagation and change the pulse ToAs (see, e.g.,
Estabrook 1975, Sazhin 1978 and Detweiler 1979). The deviations
of the ToAs from those expected from the pulsar timing model
(Edwards, Hobbs & Manchester 2006) are called “timing residu-
als". Timing residuals occur for numerous reasons (including the

presence of a GW signal) and numerous publications describe how
The GW frequency range detectable by pulsar timing is deter-

mined by the observational time span and cadence. The main sources
* E-mail: naoyuki.yonemaru@ gmail.com of GWs in the nano-hertz regime are inspiraling supermassive black
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hole (SMBH) binaries (e.g., Burke-Spolaor, S.2019). Their incoher-
ent superposition produces a GW background. The PPTA has placed
upper bounds for the stochastic GW background (Shannon et al.
2015), continuous GWs from single SMBH binaries (Zhu et al.
2014), the GW memory (Wang et al. 2015) and the density of ul-
tralight scalar-field dark matter in the Galaxy (Porayko et al. 2018).
GWSs from cosmic strings are potentially detectable in the PTA
frequency band. Constraints on cosmic strings have been discussed
using an upper bound on the GW background by Lentati et al. (2015)
with the EPTA 18-year data set and by Arzoumanian et al. (2018)
with the NANOGrav 11-year data set.

Cosmic strings are hypothetical, stable, macroscopic, one-
dimensional objects of high energy density formed during a spon-
taneous symmetry-breaking phase transition in the early Universe.
Also known as topological defects, they are predicted by quan-
tum field theory and condensed-matter models with implications
for super-symmetric unified field theories, such as D-brane models.
They were first proposed as a possible explanation for early-Universe
structure formation (Kibble 1976; Vilenkin & Shellard 1994,
Sarangi & Tye 2002; Jones, Stoica & Tye 2003; Dvali & Vilenkin
2004) with symmetry breaking at the grand unification scale. Sev-
eral cosmological inflationary models based on superstring theory
predicted defects such as fundamental strings, D-strings or bound
states at cosmological scale that may have left signatures in the early
Universe through their nonlinear evolution.

Since strings are predicted to emit GW bursts, experiments
such as the PTAs provide a means to test for their existence.
The strongest GW bursts are produced at singularities on string
loops termed cusps (Damour & Vilnekin 2000). A cusp represents
a highly Lorentz-boosted region in the loop that emits a strong
beam of GWs, also called a GW burst. Usually numerous bursts
overlap one another and form a GW background. However, in a
specific region of parameter space, a small number of GW bursts
could dominate the background (Kuroyanagi et al. 2017) and, if the
GW amplitude of the event is strong enough, it may be observed
as a single burst. Individual GWs from cosmic strings have been
searched in the direction of fast radio burst sources (Abbott et al.
2016) and with the Laser Interferometer Gravitational-wave Obser-
vatory (LIGO) (Abbott et al. 2009; Abbott et al 2018), but not pre-
viously by the PTAs (although methods to search for burst events
have been described by Finn & Lommen 2010 and Madison et al.
2016). In this paper, we perform the first search for an individual
GW burst from a cosmic string, using the second data set release
from the Parkes PTA (PPTA) project. The waveform of a GW burst
from a cusp has a unique shape regardless of the string tension and
loop size. We have prepared waveform templates for the GW burst
from a cusp and performed a matched filter search with a global fit.

This paper is organized as follows. In section 2, we briefly
introduce the PPTA data set and its noise properties. In section 3,
we describe the expected timing residual caused by the GW burst
from a cosmic string cusp. In section 4, we present our detection
algorithm to search for the GW burst. In section 5, we apply our
algorithm to the PPTA data and present the results. In section 6,
we place constraints on the cosmic string tension, and discuss the
physical implications of our results.

2 OBSERVATION DATA SET

We use the same PPTA data set as Porayko et al. (2018). The observ-
ing systems and data processing techniques are similar to the first
PPTA data release (DR1) as described in Manchester et al. (2013).

In brief, the data set includes 26 millisecond pulsars observed at
intervals of 2 to 3 weeks between 2004 and 2016 using the Parkes
telescope. The data set is available from the CSIRO pulsar data
archive! at https://doi.org/10.25919/5bc67e4b7dd 2.

Before the GW search, we fitted the pulsar ToAs with a timing
model and formed timing residuals using the standard TEmpo2 soft-
ware package (Hobbs, Edwards & Manchester 2006). Parameters of
this timing model include the pulsar sky location, spin frequency
and spin-down rate, dispersion measure, proper motion, parallax and
(when applicable) binary orbital parameters. Additionally, constant
offsets are fitted among ToAs collected with different receiver/signal
processor systems.

The timing residuals include measurement errors in estimating
the ToAs, which are independent (white) noise, and also unmodelled
low-frequency (red) noise, which is due to irregularities in the pulse
emission. Both noise sources affect the estimation of the pulsar pa-
rameters and subsequently our search for the cosmic string signals.
We have updated the noise modelling of the data set of Porayko et al.
(2018), as follows. We use a frequentist-based method to estimate
the red noise properties of the data set (Coles et al. 2011)%. For each
pulsar, we use the sPECTRALMODEL plugin to look for evidence of
non-white noise. We assume that red noise is the stochastic process
described by the power law

Y

Pr(f) =Po |1+ (F110%] 7 M
where P( is the amplitude at a corner frequency f. and 7y is the
power-law exponent. When such noise is present, we obtain a self-
consistent estimate of the covariance matrix for the low-frequency
noise using the iterative procedure discussed by Coles et al. (2011).
An initial estimate of the red noise spectrum is obtained and fit-
ted with the power law model. The latter is used to estimate the
covariance matrix of the red noise. The white noise is modelled
using the EFAC and EQUAD parameters within TEmpo2 and de-
termined using the EFaACEQuAD plugin. Adding the white-noise
component of the variance as a diagonal matrix, we obtain the
complete covariance matrix which is then used to improve our
estimate of the power spectrum using a generalized least-squares
fit. An improved model, including the white noise is fitted to this
power spectrum and the process is iterated until a self-consistent
solution is obtained. Table 1 describes our red-noise models. In
contrast to the analysis of Porayko et al. (2018), we include red-
noise models for PSRs J1713+0747, J1732-5049, J1857+0943 and
J2241-5236. Our red-noise models obtained by the frequentist anal-
ysis are, in most cases, consistent with the Bayesian noise analysis
in Porayko et al. (2018) (note that the results are insensitive to slight
changes to the noise modelling).

3 SIGNAL OF THE GW BURST FROM A COSMIC
STRING

The waveform of the GW burst from a cusp on a cosmic string
was studied by Damour & Vilnekin (2000). The GW from a cusp is

! data.csiro.au

2 We note that the modelling could also be carried out in packages such as
ENTERPRISE. We chose here the frequentist approach as the signal from cusps
on cosmic strings are much shorter time scale events than those currently
modelled in the Bayesian analysis software. We felt the need to inspect the
power spectra of the residuals for all of the pulsars we used and to model
them manually. However, we note that the results are not sensitive to the
exact noise model.
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Table 1. Red noise properties for the PPTA data set used in this work.
Columns 2, 3 and 4 are from this work. Columns 5, 6 and 7 are the cor-
responding values from Porayko et al. (2018). Note that the white noise
parameters are dependent on the signal processor used and are available in
the pulsar timing model data files.

Pulsar Name Y [ Py vpi8 Je,p1s Po.p1s

C
(yr Hyr®) (yr™h) (yr)

J0437-4715 3.5 0.08 2.66x10727 35 008 2.37x107%7
J0613-0200 2 0.08 431x10726 25 0.08 1.30x1072
J0711-6830 5 0.08 2.08x107% 4 0.08 3.98 x10726
J1017-7156 6 10 724x108 6 1.0 9.54 x10728
J1022+1001 2 0.08 1.66x10726 2 0.08 3.04 x1072°
11024-0719 6 008 3.03x107* 3 0.08 4.30x10™%
11045-4509 3 03 724x107% 3 0.3 744 x107%7
J1125-6014 1 0.08 6.02x107%7 3 02 579 x10°%
J1446-4701 - - - - - -

J1545-4550 4 02 1.16x10720 3 0.1 1.66x10720
J1600-3053 2 0.08 1.19x107%7 2 0.08 1.05x107%7
116037202 2.5 0.08 3.58x10726 3 0.08 8.39 x10726
J1643-1224 2 05 1.04x1072° 15 0.08 3.43x1072
J1713+0747 2 05 646x107%2 - - -

J1730-2304 1.5 0.08 4.93x10727 2 0.08 2.17 x10726
J1732-5049 0.5 02 432x10727 - - -

J1744-1134 3 04 986x1072% 6 1.0 2.55x10728
J1824-2452A 4 0.1 198x1073 4 0.1 1.22x1072
J1832-0836 - - - - - -

J1857+0943 4 05 925%x1072 - - -

J1909-3744 25 008 1.06x10727 25 07 7.54x10728
J1939+2134 4 008 242x10 4 0.08 2.50 x1072°
J2124-3358 4 1.0 514x102 5 1.0 5.64x107%
J2129-5721 2 02 4.80x107%7 2 0.08 1.37 x10726
J2145-0750 1.5 0.08 7.58x10727 1 0.08 5.13x107%7
J2241-5236 0.8 1.07x107% - — -

linearly polarized and, for a plus-polarized event, the time-domain
waveform is given by

he (1)
0 (otherwise)

0,

hx (1)

where Ag, is the amplitude, 7 is the epoch when the burst peak
reaches the Earth and W is the duration of the burst. Cosmic string
loops are considered to generate cusps efficiently (O(1) per os-
cillation period) and the GW burst is highly beamed along the
direction of cusp velocity. The direction varies depending on the
string configuration and is considered to be random each time
(Blanco-Pillado & Olum 1999). The directions of acceleration and
velocity of the cosmic string are, respectively, along the polarization
basis vector /1 and the direction of GW propagation Q defined below
(Damour & Vilenkin 2001). See also section 6 for the relationship
between these quantities and physical parameters. Note that A has
dimensionality of sec™!/3. We define the dimensionless amplitude,
which corresponds to the peak amplitude at 7 = 7, as

L\
Apeak = h+(to) = (EW) Afit )]

The timing residuals induced by GWs are given by Detweiler
(1979):

r = FUQp) / A (©.)dr,

a=+,x

&)
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where p and Q are the direction of the pulsar and of the GW prop-
agation, respectively. Here, FA(Q, p) is called the antenna pattern
which is given by Anholm et al. (2009):

L _p'pl .

FUQ,p) = 5 ———ef,(Q). ©)
214Q-p Y
The GW polarization tensors e?j(a =+, X) are given by
e;j(Q) = iy - A (7
e (Q) = minj+ A, (8)

where 1 and 7 are the polarization basis vectors. In this work,
we set these vectors as /i = (sinag,—cosas,0) and /i =
(sind cos ay, sin g sin s, — cos §5 ) with the source position in the
equatorial coordinates (g, J5). Here, Aha (€, 1) is the difference
of the metric perturbation between the Earth and the pulsar and is
given by Book & Flanagan (2011)

Aha (Q’ t) = ha (Qy t) - ha (Q’ tp)a (9)

wheret,, =t—1witht = L/c(1 +Q- p) being the pulse propagation
time from the pulsar to the Earth, and L is the distance to the pulsar.
The first term in Eq.(9) represents the effect of the GW on the Earth
and the second term represents its effect on the pulsar. Typically the
time delay between the Earth and various pulsar terms will be 100s
or 1000s of years. Since the burst from a cusp on a cosmic string
is highly beamed and randomly directed they will not be observed
repeatedly from the same direction.

A PTA would detect either a pulsar term or an Earth term, but
it would be very difficult to avoid confusing a pulsar term detection
with unmodeled instrumental offsets or errors in the red noise model.
Accordingly we focus on the Earth term, which not only provides
multiple detections, but these detections must be correlated with the
correct “antenna pattern”.

The analytic expressions of the pre-fit timing residual induced
by the GW burst from a cosmic string cusp are derived by substi-
tuting Eq.(3) into Eq.(5) using Ag,

r() = FY(Q.p)
0 (t<tog—%)
Agi¢ [%{(%)4/3¢|1_10|4/3}
8 —(%)1/3 {t—(tg—%)}] (to— % <t <o+ %)
1 (4)" A 1210+ %)

In the second line, F indicates that the — sign should be applied
before 7( and + after. In Figure 1, we show examples of the waveform
and simulated timing residuals (without the antenna pattern, after
fitting the pulsar parameters). The timing residuals are generated by
injecting a GW signal using Eq. (10) with the amplitude Ape, =
10712 at the center of the observational span (MJD 55200) and
adding Gaussian white noise of 1 usec. The widths of the bursts
are taken as 1000 (left panel) and 4000 days (right panel), which
corresponds to Ag; = 2.85 X 10715 and 1.80 x 10~13, respectively.
Timing residuals induced by a cosmic string GW burst have different
shapes depending on the epoch and the width of the burst, but they
are deterministic, allowing us to perform a matched filter search.
We have incorporated the effect of the GW burst from a cos-
mic string into the TEMpo2 timing model. This allows us to fit the
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Figure 1. Waveforms of the GW burst from a cosmic string cusp (top panels)
and simulated post-fit timing residuals with Gaussian white noise of 1 psec
(bottom panels). Here, the injected GW amplitude is set t0 Apeak = 10712
and the peak is at MJD 55200. In the bottom panel, pulsar parameters such as
the pulse period and spin-down rate have been fitted and so post-fit residuals
are shown.

GW burst from a cosmic string and to simulate residuals (or ToAs).
The new timing model parameters are (Ag, tg, W, @5, 6, {). Here,
{ is the principal polarization angle. TEMPO2 uses a linear, gen-
eralised, least-squares-fitting algorithm. If the burst epoch, width,
polarization angle and source position are known, we can obtain the
amplitude of the GW burst as a part of the standard TEMPO2 timing
fit. However, if these parameters are not known, then a non-linear
fitting routine is needed to determine the values.

We have found that this parametrization is convenient for simu-
lating timing residuals caused by the GW burst from a cosmic string.
However, in the search procedure, we found that it is useful to pro-
vide a second parametrization of the GW burst. In this parametriza-
tion, we describe the GW burst using two orthogonal components,
A and Ap where A = Agicos(2) and Ay = Ag; sin(2¢). These
A and A, correspond to two GW polarization modes and this
parametrization enables us to search for all GW polarizations. This
formulation has the advantage that A and A, enter the timing
model linearly and can be fitted with linear least squares. We em-
phasize that, even with this parametrization, the position of the
source and epoch and width of the event cannot be obtained using
a linear-fitting routine. We therefore fit A and A for different sky
locations, epochs and widths.

Users of the TEMPO2 software package can employ the fol-
lowing parameters in their parameter files: GWCS_A1, GWCS_A2,
GWCS_POSITION, GWCS_EPOCH and GWCS_WIDTH for the
cosmic string Ay, Aj, sky position, burst epoch and width, respec-
tively. The pTaSIMULATE software package to simulate PTA-style
data sets can also be used to simulate cosmic string burst events as
described in this paper.

4 DETECTION PRINCIPLE

The timing residuals for each pulsar induced by a GW burst are
determined by specifying the source parameters: A, Ay, position,
epoch and width. For a given position, epoch and width, we jointly
fit A; and A, with the pulsar parameters (spin-down, astrometry,
orbital configuration, etc.) by adding the GW burst response to the
TEMPO2 timing model and subsequently minimizing the whitened
timing residuals. To account for the correlations in the pre-fit timing
residuals caused by unmodelled red noise, we use the algorithm
referred to as generalized least squares described in Coles et al.
(2011). To determine the sky position, epoch and width, we search
over a regular four-dimensional grid whose spacing we describe
below.

At each position, epoch and width, TEmMPO2 returns the pa-
rameter vector A = [Aq; A] and the covariance matrix, C, of the
estimation of A. From these we calculate a detection statistic, which
provides an optimal estimate of the amplitude of the GW burst. We
then use that statistic to locate the GW burst in the grid of possible
positions, epochs and widths. While this approach is not as compu-
tationally efficient as a non-linear fit, it provides an opportunity to
study the statistics of the noise by examining the response over the
entire four-dimensional grid.

If the pulsars are uniformly distributed in the sky and have the
same ToA precision then A| and A, become orthogonal (indepen-
dent) and equally sensitive. For this ideal case, D = A% + A% is an
optimal detection statistic. However, A and A; are correlated. To
construct the optimal detection statistic, we must determine U_],
which is the transformation matrix that whitens and normalizes A,
ie Ay = UTTA. By multiplying U™l the components of Ay, be-
come two uncorrelated random variables with unit variance. This
reduces the problem to the one for which we know that the optimal
solution is D = A2] + A\ZVT This is analogous to the way we use
the Cholesky decomposition to deal with red noise in TEMPO2 (see
Coles et al. 2011). The solution is given by

D =AY A, =A'C)'A, 11

where the superscript t indicates the transposed matrix. In the ab-
sence of the GW burst, D is the sum of the squares of two indepen-
dent standard Gaussian random variables, and therefore it follows a
x2 distribution with two degrees of freedom.

We determine the detection threshold for each width since the
width has a physical meaning described in section 6.1 and each
detection statistic is not independent of the width. For each width
we adopt Dmax, which is the maximum D over different epochs
and sky positions, as our final detection statistic. The cumulative
probability distribution of Dax is given by

€ Dpax (Pmax) = [¢p (Dmax)] Naor (12)

where c¢p is the cumulative probability distribution of D and Nyuf
is the number of degrees of freedom, or the independent samples
over which the maximum is found. The probability density of D is
pp(D) =(1/2)exp (-D/2),sothatcp = 1 —exp (—D/2) and

Dy (Dmax) = [1 = exp (=Dmax/2)] Ve . (13)

The false-alarm probability (FAP)is 1 — cp,.. (Dmax)-

Here, the degree of freedom Nyf is expressed as the product
of the degrees of freedom of the sky positions and epochs. Each
epoch is completely independent for W < 250 days, which is the
chosen spacing of the epochs, while they are dependent for a larger

MNRAS 000, 1-12 (2019)
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Figure 2. Histogram of simulated Dyax sky and the best fit probability
density of Dy sky to the simulation data. Dotted lines show the Wilson
score interval.

width. Thus, the degree of freedom is given by

N W < 250 days
Ndof = Ndof,sky X {4(?0(‘)}‘/days EW > 250 dazs;, (]4)
where Ngof sky is the number of independent samples in the entire
sky and N, = 17 is the number of epochs searched, and 4000 days
corresponds to the observational time span of the PPTA data set.
We do not know Nyof sky. and therefore carried out a simulation to
determine it and consequently the FAP.

We simulated 100 realizations of the PPTA data set. We used
the same sampling, observing frequencies and ToA uncertainties
as in the real data and added in red noise at the level as defined
in Table 1. No GW signal was included in the simulation. We then
calculated Dy  sky for each realization determined over 1034 sky
positions for eight epochs with a 500 day spacing and two widths (50
and 100 days) which means that the number of Dyax sky Valuesinthe
simulation is 1600. We found the probability density of Dyyax skys
P Dy iy» DY differentiating cp,, o = [cD (Dmax)]Veotsky and fit-
ted to the histogram of the simulations. This gave the best estimate
of Ngof,sky = 5. The histogram and the best fit pp,, ., are shown
in Figure 2. Here we weighted the fit by the histogram error, which
has a binomial distribution. In this Figure we overplot the Wilson
score interval, which shows that the data are well matched with this
model. The detection threshold Dy, for a given FAP can then be
written as

Dy = =21n (1 = [1 — FAP|!/Nor) . (15)

Dy,, which is a function of W, is plotted for a FAP = 1% on
Figure 3 as a dotted line. It increases for smaller widths because D
is maximized over more independent trials (i.e. Ngof increases with
smaller W).

5 APPLICATION TO THE PPTA DATA SET
5.1 Apparent detection events

To apply our detection algorithm to the PPTA data set we first per-
formed global fitting for A; and A, at each sky position, epoch and
width, while simultaneously fitting the parameters specific to each
pulsar. We obtain the detection statistic D for 1034 sky positions,
17 epochs from MJD 53250 to MJD 57250 at intervals of 250 days
and 13 widths (50, 75, 100, 150, 200, 300, 500, 750, 1000, 1500,

MNRAS 000, 1-12 (2019)
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Table 2. Measured parameters of the event in excess of the detection thresh-
old at MJD 54750.

W [days] a [°] 65 [°] Ay A
50 122.8 81.6 8.88x 10715 8.04x 1071
75 131.4 86.1 6.83 %1071 3.16x 1071
100 1314 86.1 5.06x 10715 2.07x 10715
150 131.4 86.1 3.36x 10715 9.74x 10710

2000, 3000 and 4000 days). A histogram of D is shown in Figure 4
as a black solid line. The histogram has been normalized to the
scale of a probability distribution. A blue solid line shows the ex-
pected exponential distribution. Clearly the observations include a
signal which is not consistent with the noise models. This could be
caused by the GW burst event that we are searching for, a receiver
configuration change that is not properly calibrated, or some other
unknown event.

We searched for the epoch at which these apparent detection
events occurred by plotting the maximum of D over the sky (Dmax)
versus width, separately for each of the 17 epochs. These are over-
plotted on Figure 3 as solid lines. The values of Dpax in excess
of the detection threshold comes from MJDs 53250, 53500 and
54750, for which the lines are in colour. The sky locations for each
case of Dmax > 18 are shown in Figure 5. The apparent detections
at MJDs 53500 and 54750 come from one sky location (each),
but the apparent detection at MJD 53250 appears to come from
two different sky locations approximately antipodal. So there are
actually four apparent detections. Examining the timing residuals
for each pulsar in the vicinity of epochs MJD 53250 to 53500 showed
significant anomalies in the residuals for PSR J1939+2134 between
MID 53400 and 53460. These are shown in Figure 6. Accordingly
we reanalyzed the observations without PSR J1939+2134 and found
that the high values of Dpy,x were eliminated both at MJIDs 53250
and 53500. These events could be detections of the pulsar term, but
detection of three pulsar term bursts at three different sky locations,
in the same pulsar, stretches credulity. This is particularly true when
there is a big data-gap in the observations of that pulsar. Accordingly
we conclude that the events of MJD 53250 and 53500 are spurious.

The removal of PSR J1939+2134 did not eliminate the apparent
detection at MJD 54750, so we searched for a possible instrumental
cause. We found that there was a receiver configuration change at
MID 54751 (11th Oct. 2008). At this time, an update was made to
our primary observing signal processing system (the PDFB4) and
itis likely that a phase offset at this time was not entirely accounted
for. This would have affected several pulsars and we found that
removing both PSR J1939+2134 and J0437-4715 eliminated this
apparent detection. These two pulsars have very low white noise,
so they are heavily weighted in the detection algorithm, but they
also have high red noise and are among the pulsars most difficult to
model. Accordingly we do not claim a detection at MJD 54750, but
we note the parameters of this apparent burst in Table 2.

We have recomputed the histogram of D for all sky po-
sitions, epochs, and widths, except that we have now excluded
PSR J1939+2134 when fitting for epochs 53250, 53500 and 54750,
and also PSR J0437-4715 when fitting for epoch 54750. This his-
togram is plotted as a dashed line in Figure 4. Clearly the detection
statistics are now consistent with the expected exponential distribu-
tion. We also over-plotted the Dmax for epochs 53250, 53500, and
54750 as dashed lines on Figure 3, and the results show that, with
this processing, no GW detection is made with a FAP of 1%.
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Figure 3. Maximum detection statistics over the sky obtained from the PPTA
data set against widths for 17 epochs. Black dotted line shows the detection
threshold of Dpax with the FAP = 1%. Solid and dashed lines represent the
original and corrected Dyyax sky for each epoch.

1.0000 T T
original D ——
corrected D ———-
theoretical pp ——
£ 0.1000 | E
=)
=1
]
@]
3
IS 0.0100 ¢ E
=
<
g
=
]
Z. 0.0010 - E
0.0001 0 5 10 15 20 25 30 35 40

Figure 4. Normalized histograms of observed D and the theoretical proba-
bility density of D. Solid and dashed histograms show the original and after
the events described in the text have been removed, respectively.
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epochs of MJD 53250, 53500 and 54750, respectively.
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Figure 6. Timing residuals for PSR J1939+2134 between MJD 53250 and
53500. A bump-like structure can be seen that mimics a cosmic string burst
event.

5.2 The sensitivity of the data set

Using the value of Dyax sky and the covariance matrix, we can
determine the sensitivity of the data set to the GW burst for each
epoch, width and sky position. For a GW burst with amplitude
RCS-fit with random polarization, the expected values are (A%) =

(A2) = (K52 /2 and (A1Az) = 0, and we obtain
2
(D) = (RS (511 +520) /2, (16)

where S = Cj ! and Cal can be obtained directly from fitting the
PPTA data. S1; and S5, are the diagonal elements of S. Thus, the
GW burst amplitude corresponding to a D,y sky for a given epoch
and width is

12
RSt = (ZDmax,sky/[Sll + S22]) . (17

Here, hCS-fit corresponds to Ag; in Eq. (3) when the GW is plus-
polarized. As mentioned in section 3, this has a dimension of
sec™!/3, and the dimensionless GW amplitude is given by

13
;CS.peak _ (%W) / 4 CS.fit (18)

In order to obtain sensitivity maps the covariance matrix is cal-
culated at each sky position and is converted to the value of HCS-it
using Eq. (17) with the false alarm probability of 1% for a width of
100d (Dmax,sky = 17.6). Using these calculations we find that the
sensitivity is significantly worse at MJD 54750 even though we have
removed PSRs J0437-4715 and J1939+2134 from the data set for
that epoch (see bottom panel of Figure 7). As described earlier this
is explained as an instrumental system reconfiguration that likely
affected all pulsars. Accordingly we removed the epoch MJD 54750
from subsequent processing. The top panel of Figure 7 shows the
sensitivity map averaged over all epochs apart from MJD 54750.
This shows that the PPTA pulsar timing array is slightly more sensi-
tive for a GW burst in the Southern area as pulsars are concentrated
in the Southern hemisphere.

The removal of PSR J1939+2134 from epochs MJDs 53250
and 53500 has little effect on the sensitivity, as shown in the central
panel of Figure 7. As this is a Northern pulsar, its removal slightly
degrades the sensitivity in the North. The bottom panel of the Fig-
ure clearly shows that the additional removal of PSR J0437-4715
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Figure 7. Sensitivity of the PPTA data set for h5-P°% for a cosmic string
width of 100d in equatorial coordinates. Black crosses represent the po-
sitions of the PPTA pulsars. The top panel includes all pulsars and the
sensitivity is measured over all epochs apart from MJD 54750. In the central
panel PSR J1939+2134 has been removed and the sensitivity determined for
MID 53500. In the bottom panel both PSRs J0437-4715 and J1939+2134
are removed and the sensitivity determined for MJD 54750.

significantly reduces the sky sensitivity, in particular in the direc-
tion around that pulsar. This is not unexpected as that pulsar, when
present, contributes significant weight to the fitting procedures be-
cause of the large number of observations and high time precision.

The constraints on AS-Pe2K can be provided as a function of the
epoch, width and sky position. Since only the width has a physical
meaning, which corresponds to the loop size of the cosmic string,
in Figure 8, we show the maximum value of KCS-Peak qq 4 function
of the width, searched over different epochs and sky positions. We
excluded MJD 54750 when determining these maximum values.
However, we kept in MJDs 53250 and 53500 because, as discussed
earlier, the removal of PSR J1939+2134 alone did not significantly
increase the noise level. We find that the constraint on hS5-Pe8K gets
stronger as W increases. The reason is that timing residuals induced
by the GW burst become larger for a longer event, since a timing
residual is given by the time integration of Ah.
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Figure 8. Constraint on the GW amplitude as a function of the width W.
The maximum and minimum values of 2CS-P*3K are determined by searching
over epochs and sky positions for a fixed event width.

6 DISCUSSION

In this section we discuss the physical implication of the above
results. First we describe how the waveform given in Eq. (3) corre-
sponds to the cosmic string parameters. Next, using the theoretical
estimate on the event rate given in the Appendix we translate the
upper limit on the GW amplitude obtained in the previous section
to the constraint on the cosmic string tension. We then provide
implications for observations by the IPTA and the SKA.

6.1 Physical meaning of the waveform

The spectral shape of GWs from a cusp was first investigated in
Damour & Vilnekin (2000) and found to follow a simple power law
o | f |_4/ 3. The strain amplitude in the frequency domain A(f) =
f dte™ (1) is given in terms of the string tension G u and the
loop size [ as
Gu-l

[+ f-0'Pr)f
where r(z) is the comoving distance to the GW source at redshift
z. Here the string tension is described as a dimensionless parameter
G, where p is the energy per unit length stored in a cosmic string
and G is the gravitational constant. For a field theoretical string,
the tension value is close to the square of the energy scale of the
spontaneously super-symmetry breaking.

The string loop cannot emit GWs of wavelength larger than its
size [. Thus, the spectrum peaks at £ = f; = (1/2)~! and is cut off
below this frequency. This lowest frequency, determined by the loop
size, also gives the duration of the GW event as T; = [/2 = fl_1 =
W /2. Thus, searching bursts for different durations W corresponds
to searching for cosmic string loops of different loop size.

Let us define

_— G,u _12/3
T2 U+ Br(z)

so that the Fourier amplitude can be written in the simple form
h(f)=A rlf |=4/3. Then, taking the inverse Fourier transform, we
find that the strain amplitude in the time domain is

3 -
h(t) = \[5-TPAsl @n

The coefficient 4/3/(27)[(—=1/3) A # corresponds to Ay in Eq. (3).

h(f) =

19)

(20)
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This function implies 2(t = 0) = 0, but the offset of the ampli-
tude can change since the full waveform is the sum of Eq. (21) and
a slowly varying component due to the low modes of the string.
However, only the relative difference A/ is important for PTA ob-
servations, and the offset does not matter. In fact, we add the offset
(W/2)1/3Aflt in Eq. (3) in order to set h(f =ty + W/2) = 0, but it is
absorbed when we fit the pulse frequency and it does not affect the
post-fit residuals.

The important feature is that the function is spiky at = 0. (In
Eq. (3), we generalize the position of the spike by adding #¢.) This
sharp spike in /(¢) leaves the feature in the timing residual as shown
in Figure 1. Finally, considering that the time scale of the GW event
is given by 7} = fl_l, the peak amplitude, Ak, can be written in
terms of the Fourier amplitude as

3 ~ 3 ~
Apea ~ \ 5T DALT P = DDA - (22)

This corresponds the dimensionless amplitude in Eq. (4).

Note that Eq. (19) has a high frequency cut-off if the observer
does not lie exactly along the direction of the cusp velocity. This cut-
off rounds off the spike in the time-domain waveform and reduces
the amplitude of the timing residual. Since the timing residual is the
cumulative of Ak as in Eq. (5), the shape of the timing residual is
not changed much except for the amplitude. Thus, it does not affect
the analysis performed in the previous section, although the effect
on the amplitude should be taken into account when we consider
constraints on string parameters.

Here we roughly estimate how much the timing residual is
reduced. According to Damour & Vilenkin (2001), the spike is
smoothed by a time interval of order | — 7g] ~ 63T}, where 6 is
the angle (in radians) between the direction of emission and the
cusp velocity. Thus, the peak amplitude is reduced by a factor of
(1-6%) 1/3 n the Fourier space, it means that modes with frequen-
cies higher than | f| ~ (63T~ exponentially decay. Here, we find
that, for 0 > 1, even the lowest frequency f; = Tl_l is smoothed out,
so that the maximum angle we can observe the GW is 6§ ~ 1. In other
words, the GW burst from a cusp is highly beamed in the angle of
0 < 1. Taking an average in the solid angle of Q = 27(1 — cos[1]),
we find that the typical smoothing time scale is

Tl 2n 1 3
It — o] = 5/ d¢/ dfsind - 63 ~ 0.397; ~ 0.2W (23)
0 0

and the amplitude is reduced by a factor of

2 1
,3:1/ d¢/ dosino(1 - 6°)1/3 ~0.81. (24)

Q Jo 0

One may think that we can observe a GW burst with a width
larger than the observation time, W > Ty =~ 4400 days (12 years),
if the spiky shape lies within the observation period. However, such
bursts are typically smoothed out by this high-frequency cut-off as
the spiky feature is rounded off for |r — 5] < 0.2W, which means
that we do not see the typical cusp-origin GW shape in the range of
observation period if W > 57 .

6.2 Constraint on the cosmic string tension

Here we translate the upper limit on the peak amplitude shown in
Figure 8 to the constraint on the cosmic string tension. As derived
in the Appendix, the event rate of GW bursts from cosmic string
cusps emitted in the redshift between z and z + dz whose Fourier
amplitude is between % and & + dh can be written using various

parameters as

dR
dzdh

Ne C 1
(1+2)h ap? (@ +TGp)t}

3
X(ﬂla((tf))) d_Vg(f.l(]+z)—2). (25)

dz

where 6, (f,z,1) = [(1+2)f -1]7'/3, Ne is the number of cusps
per oscillation period of the string loop 7; = /2, C is the parameter
characterizing the number of string loops, « characterises the loop
size at formation, p is the probability of recconection when two
strings intersect, I" represents the efficiency of GW emission from
the loop, 7} is the time when the loop is formed and given by
tp = (I+TGu-1)/(@+T'Gpu). In the following analysis, we use the
values commonly used in the literature, N0 = 1, p = 1, C = 13.7
(C for the radiation-dominated era), Cy;; = 2.63 (C for the matter-
dominated era), and I" = 50. Recent simulations (Ringeval et al.
(2007); Blanco-Pillado et al. (2014)) suggest the large initial loop
size of @ ~ 0.1, while it could be much smaller @ ~ I'Gp if the
gravitational backreaction accounts for the loop formation. Thus,
we investigate the constraints on tension for different values of «.
In the second line, a(¢) or a(z) = [1+z] ! is the scale factor of the
expanding Universe and the volume of the Universe is given as

3
= ZGM(f,Z,l)z

av 4ra(2)%r(z)?
dz  H(z2)(1+2)

where H(z) is the Hubble expansion rate and given by H(z) =
HoVQr (1+2)% + Q(1 +2)3 +Q, with Hy = 100k km/s/Mpc.
They can be calculated once we set the cosmological parameters
and we use h = 0.678, Q,,, = 0.308, Q4% = 4.15 x 1075, and
Qp = 1 - Q,; (Planck Collaboration 2016). The Heaviside step
function © represents a low-frequency cut-off below f; = (1/2)~!
at the emission.

Then the number of GWs coming to the Earth today above the
strain amplitude Ay, is given by

(o] - (o] dR
N, = Tohe dh dz——, 27
GW obs/ﬁ /0 Zodi 27)

lim

(20)

where we take the observation time to be T, = 12 years. Consider-
ing no detection of cosmic string GW bursts with amplitude above
Tjim. the parameter space giving Ngw > 2.996 is excluded at the
95% level for a random Poisson process. We have provided upper
bounds on the time-domain peak amplitude 2CS-PK for different
widths W in Figure 8. This can be translated to the Fourier strain
amplitude 7ji,, using Eq. (22), as

B hCS,peak(W — 2f—1)
Mim (f7) ~ L, (28)
B\=T (-1

where we have added the suppression factor 8 = 0.81 in order to
take into account the effect of the high-frequency cut-off. In the
following, we place an upper limit on the cosmic string tension G u
using Eqs.(27) and (28). Note that Eq.(27) is obtained assuming that
sensitivity is uniform over the sky (dV/dz has a factor of 47 which
comes from the full sky integration) and also over the observing
time T,. However, in reality the pulsar timing has a non-uniform
sensitivity in both respects as can be seen in Figure 7. In computing
the bound on G, we use the maximum value of hCS-P*2k found
over epochs and sky positions (black solid line in Figure 8), so that
our bound is conservative.

The maximum of A°S-P°K shown in Figure 8, is nearly an order
of magnitude greater than the mean, so there is considerable scope
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Figure 9. Constraint on G u obtained for different widths W. We show the
cases for different initial loop sizes @ = 1071,1073, 1075, 1077, 107°. Here
we assume p = 1.

for reducing the upper bound on G u1. We estimate that reducing the
sky coverage by 10% to exclude that portion of the sky with the
highest ACS-Peak could improve our upper bound on G by about
half an order of magnitude. A more optimal approach would be
to integrate the event rate over the entire sky and observing time.
However this would demand a more sophisticated analysis, which
does not appear to be justified by the available data.

Figure 9 shows the constraint on the string tension Gu for
different initial loop sizes @, obtained using hCS-P¢aK for different
widths W. We see that the constraint improves for larger W for
the following two reasons. First, the bound on ACS:PeK js more
constraining for larger W, as shown in Figure 8. Second, loops
with larger size have a larger GW amplitude and a smaller number
density. The former makes detection easier and the latter makes it
more difficult. Taking into account both effects, we find that the
former effect dominates and larger loops, equivalently larger W, are
easier to detect and give better constraints. We also see that the
constraint is stronger for smaller initial loop sizes. The lifetime of
the loop is given by (@tp)/(I'G u). This means that loops live longer
when « is large, so that the loops we observe today are generated
in the earlier stage of the Universe, i.e. the radiation-dominated era.
On the other hand, in the case of small @, loops existing today are
formed in the matter-dominated era, since loops generated in the
radiation-dominated era do not survive until today because of their
short lifetime. It is known that a larger number of loops are created
in the matter-dominated era compared to the radiation-dominated
era because of the difference in the expansion rate. Thus, since we
expect more loops from the matter-dominated era when « is small,
the constraint gets stronger for smaller a.

The parameters such as N., C, and p? in Eq. (25) change
the overall number of GW bursts and affect the upper bound. The
number of cusps per oscillation period N, is typically considered
to be of order 1. The coefficient in the loop number density C is
determined by the number of long strings inside the horizon and by
the efficiency of energy loss to loops. This value can vary in the range
O(1-10). For example, we use C,- = 13.7 and C,; = 2.63, while the
LIGO paper (Abbott et al 2018) uses C, = 1.6 and C;;, = 0.48 (for
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Figure 10. Dependence of the upper bound of G u on the coefficient of loop
number density C” for W = 4000 days.

Model 1). Lastly, the reconnection probability p can vary a lot, as
it may get suppressed up to O(1073) in the case of superstrings
(Jackson, Jones & Polchinski 2004), while field theoretic strings
have p ~ 1. In order to see how the constraints are affected by
those factors, we define the combination of the parameters as3

(S - I

and, in Figure 10, we show how the upper bound on Gu changes
when C” has different values by fixing W = 4000 days, which gives
the strongest constraint in Figure 9. We find that the upper bound
on Gu gets better for larger C’ as it becomes easier to detect GWs
when the number density increases. The jump in the curve, most
prominent for @ = 1071, corresponds to whether the loops are
produced in the radiation or matter era.

Finally, in Figure 11, we present the constraint in the Gu —
a plane, compared with constraints by other types of observations;
cosmic microwave background (CMB) (Planck Collaboration 2014)
and a stochastic GW background4. Although the stochastic back-
ground provides better constraint on the string parameters, we stress
that the burst GW search provides independent constraints.

6.3 Prediction for the IPTA and future SKA data sets

As mentioned in section 5, we obtain large values for the detection
statistic at MJD 53250, 53500 and 54750. The events at MJD 53250
and 53500 are expected to be spurious since they do not appear
in any PPTA pulsars other than PSR J1939+2134. Whereas, even
though the event with D,y sy = 25.7 for W = 75 days at MID
54750 is likely to be spurious and caused by the effect of a receiver

3 Here, we assume that C,- and C,, are changed by the same factor.

4 We derived the shaded area using the upper limit on the stochastic GW
background for different spectral index given in Arzoumanian et al. (2018);
Agws = 1.45 x 1071 for y = 13/3 and it scales as o 107047, where the

e
characteristic strain amplitude is parametrized as h¢ (f) = Agws (yf—_l)
andy =3-2¢.



10  Yonemaru et al.

Thiswork

Stochastic

N

e e .

Figure 11. Constraint in the G —a plane obtained by this work (orange)
compared with the constraint obtained through a stochastic background
search by PTAs (light gray) and the CMB (dark gray). The dashed line (light
blue) is the accessible parameter space predicted for the SKA. The dotted
line (dark blue) is the prediction for the SKA from the clustering of cosmic
string loops in our Galaxy’s halo.

configuration change at that time, it is an event that is detected in the
timing residuals of more than one pulsar. If it is caused by the GW
burst, the effect should appear in the timing residuals for pulsars
in the Northern hemisphere. Here we provide a prediction for the
IPTA pulsars. Table 3 shows the expected effect of the GW burst,
which yields Dy sky = 25.7 with W =75 days at MJD 54750, in
IPTA pulsars that are not observed by the PPTA but are observed
by the NANOGrav and EPTA. The second column in the table
represents the expected maximum post-fit timing residuals at MJD
54700. Note that the timing residual induced by the GW burst is
maximized at not the epoch but a little before (or after) it as seen in
Figure 1. The third and forth columns are the weighted RMS of the
IPTA residuals (obtained from Perera et al. 2019) and the signal to
noise ratio defined as |r(fmax)|/0w, respectively. We find that the
strongest effect of the GW burst should appear in PSR J1640+2224.
In order to verify whether D,y sky = 25.7 is a GW signal or not,
IPTA data, especially PSR J1640+2224, will be valuable to study.
The Square Kilometre Array (SKA) telescope will observe a
large number of millisecond pulsars, with high cadence and high
timing precision. In Figure 11, we also show the prediction as-
suming that the SKA can reach ACS-Peak = 10~16_ Such data sets
would improve the constraints up to Gy ~ 10710 (dashed light-blue
line) and, if string loops are clustered in the dark-matter halo of
our Galaxy (Chernoff & Tye 2017), we may even be able to reach
down to Gu ~ 10712 for large @ (dotted dark-blue line). Usually,
stochastic background searches provide better constraints on the
string parameters at PTA frequencies. However, if the string ten-
sion is low, 1071° < Gu < 1078, the loop lives longer and the
old loops tend to cluster, enhancing the local number density of
loops up to ~ 10%. Thus, we can access the parameter space of
small G ¢ with the improved sensitivity of the SKA, which may en-
hance the possibility of single burst detection. A tight bound on the
string tension by the SKA would be extremely useful to test mod-
els of cosmic superstrings such as the KKLMMT (Kachru et al.
2003) scenario, where the tension is predicted to be in the range

Table 3. Expected sensitivities of IPTA pulsars for the GW burst causing
D = 25.7. Second column: Expected post-fit timing residuals at fmax =
MIJD 54750 where variation in the residuals is the largest. Third column:
Weighted RMS of the residuals (Perera et al. 2019). Forth column: Signal
to noise ratio defined as |r (fmax) |/ Ow-

Pulsar Name 7 (tmax) [us]  ow [us] S/N
J003040451  —5.4x1072 1.48 3.7x1072
J0034-0534 2.0x1073 4.19 4.8x107*
J0218+4232 1.1 7.01 0.16
J0610-2100 0.13 4.88 2.6x1072
J0621+1002 0.17 6.57 2.6x1072
J0751+1807 -0.81 3.00 0.27
J0900-3144 -0.49 3.21 0.15
J1012+5307 -1.6 1.91 0.86
11455-3330 0.39 4.12 0.10
J1640+2224 1.1 0.77 1.4
J1721-2457 0.34 12.21 2.8x1072
J1738+0333 0.47 1.38 0.34
J1751-2857 0.20 2.85 6.9x1072
J1801-1417 0.22 2.76 7.9x1072
J1802-2124 0.18 2.76 6.7x1072
J1804-2717 0.15 3.72 4.1x1072
J1843-1113  =3.7x1072 0.71 5.3%1072
J1853+1303 -0.19 1.31 0.14
J1910+1256 -0.35 1.42 0.25
J1911+1347 -0.36 430 8.5x1072
J1911-1114 -0.21 1.09 0.20
11918-0642 -0.29 1.80 0.16
7195542908 -0.91 3.20 0.28
J2010-1323 -0.50 2.53 0.20
J2019+2425 -1.0 9.64 0.11
J2033+1734 -1.0 13.65 7.6x1072
1222942643 -1.2 4.28 0.29
J2317+1439 -0.75 0.87 0.87
1232242057 -0.79 6.74 0.12

10712 < Gu < 107® (Jones, Stoica & Tye 2002; Sarangi & Tye
2002; Jones, Stoica & Tye 2003).

7 CONCLUSION

For this work, we developed an algorithm for detection of a GW
burst from a cosmic string as a single source event and applied that
algorithm to the PPTA data set. We found four detections with a
false alarm probability less than 1%. Three of these appear as “de-
tections” of the pulsar term in PSR J1939+2134 at a time when there
is a large data gap in the observations of that pulsar. We attribute
these apparent detections to incorrect red noise modelling because
of the data gap, and we remove that pulsar from the analysis of
epochs centered on MJDs 53250 and 53500. The fourth apparent
detection, at MJD 54750, involves two pulsars PSRs J1939+2134
and J0437-4715. We believe that this detection is also spurious
because it is coincident with a receiver re-configuration, but it re-
mains interesting. We removed both pulsars from analysis of the
epoch centered on MJD 54750 and reanalyzed the data set. This
removed all the apparent detections and we use this edited data set
to place constraints on the cosmic string tension as a function of
the burst width, which corresponds to the loop size. We found that,
for two reasons, the constraint on the string tension becomes more
stringent as the width increases. One is that our data sets are more
sensitive for GW amplitudes from wider events, and another is that
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larger loops emit stronger GW bursts. The constraint on the tension
turns out to be weaker than the other types of probes, such as the
CMB and the stochastic background search by the PTA. However,
we stress that this is an independent test for the existence of cosmic
string GWs at the nano-Hertz frequency.

In the future, the SKA will increase the sensitivity of the PTA
and will allow us to access the parameter space of small Gu up to
~ 10719, Furthermore, such data sets will provide an independent
means to test for the clustering of cosmic string loops in our Galaxy,
which cannot be tested either through the CMB analysis or from a
stochastic background search.
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APPENDIX A: EVENT RATE OF GW BURSTS FROM
COSMIC STRING CUSPS

Here we outline the calculation of event rate, which follows the
method in Siemens et al. (2006) (see also (Kuroyanagi et al. 2012,
2013)). For string network evolution, we use the velocity-dependent
one-scale model where all loops are assumed to be formed with the
same size. Given that the cosmic string is extremely thin, with
the diameter scale of the same order of magnitude as that of a
proton and therefore much smaller than any cosmological scale, the
cosmic strings are considered one-dimensional objects and studied
in the zero-width, or Nambu-Goto approximation. This action is
classically equivalent to Polyakov action for the bosonic superstring
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theory. These cosmic strings are often called Nambu-Goto strings.
In our model, the string network of infinite strings is characterized
by a correlation length &. The total length L of infinite strings in
volume V is given by L = V/£2, and the average string energy
density is given by p = u/&2. Defining y = &/t, the equation for
energy conservation gives

LA AN/ L (A1)
y dt 2y

while the equations of motion for the Nambu-Goto string yields an
equation for the evolution of the typical root-mean-square velocity
v of infinite strings,

d k

Doy gy, (A2)
dt vy

where k(v) = 22 1-8v0 H = d/a is the Hubble expansion rate,

T 148167
and the scale factor a is parametrized as a(f) o . The third term

in the right-hand side of Eq.(A1) represents the loss of energy from
infinite strings by the production of loops. The constant parameter ¢
represents the efficiency of loop formation and is set to be ¢ = 0.23.
The reconnection probability p, which could be much less than
1 for cosmic superstrings, decreases the loop formation rate and
reduces the value of y for smaller p. The above sets of equations
have asymptotic solutions. For p = 1, we obtain y, = 0.27 for the
radiation-dominated era and vy, = 0.62 for the matter-dominated
era.

The string loops are formed by the reconnection of long strings
with themselves, that oscillate relativistically and eventually lose
their energy to GWs. We parametrize the initial loop size as @ =
I, /1, where b denotes the time of loop formation. After their birth,
loops shrink by GW emission and the loop size at time ¢ is given by

I(t) =atp, —TGu(t—tp), (A3)

where I' is a numerical constant which represents the efficiency of
GW emission and we take I' = 50. The number density of loops
created at time 7, is given by

dn  C
iy ap?t}’

(A4)

where the coefficient C is typically determined by the number of
infinite strings in the string network. In this paper, we take C = 1/y2,
which gives C = 1/y2 = 13.7 for the radiation-dominated era and
Cn=1 /)/,%1 = 2.63 for the matter-dominated era. From Eq. (A3),
we obtain

[+TGut
1= u, (A5)
a+1'Gu
and
dty, 1
=2 ___ A6
dl ~ a+IGu (A6)

Using Egs. (A4) and (A6) and taking into account the fact that
the number density decreases as « a~3 by the expansion of the
Universe, we find the number density of loops with length between
[ and [ + d/ at time 7 is given as

c 1 (a(zb))3
ap? (a+TGu)r} \ a() '

The rate of GW's coming towards us is obtained by multiplying
the number of cusp events per time 2N./[(1 + z)I]. We assume
that cusps happen once every oscillation period, namely N, = 1.
We also take into account the beaming effect %0%”, where 0,, =

dn
0= (A7)

[((T+2)f -1 ]_]/ 3 is the maximum angle between the line of sight
and the direction of a cusp velocity to detect a GW of frequency f.

2 2
Multiplying by the volume ‘fl—‘z/ = %, the number of GW

events between z and z + dz is given by

dR 1 5 2Ne dndV
—— = —0(f, 2,1 ——0O(f-1(1+2)-2), A8
dzai = 30 S a0V 19— (AR)
where the Heaviside step function represents a low-frequency cut-

off below f; = 2/1 at the emission. From Eq. (19), we find

= 3/2
h .
o (D) (+0)Bp3) (A9)
Gu
and
d—f = 3—5 . (A10)
dh  2h
Using Eqgs. (A7) and (A10), we can rewrite Eq. (A8) as
dR 3 N¢ C 1
e = _em(f’Z7l)2 < ~—2 4
dzdh 4 (1+2)h ap” (@ +TGu)t,

3
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