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Abstract We consider a generalization of the con-

stitutive equation for an incompressible second order

fluid, by including thermal and viscoelastic effects in

the expression for the stress tensor. The presence of the

histories of the strain rate tensor and its gradient yields

a non-simple material, for which the laws of thermo-

dynamics assume a modified form. These laws are

expressed in terms of the internal mechanical power

which is evaluated, using the dynamical equation for

the fluid. Generalized thermodynamic constraints on

the constitutive equation are presented. The required

properties of free energy functionals are discussed. In

particular, it is shown that they differ from the stan-

dard Graffi conditions. Various free energy function-

als, which are well-known in relation to simple mate-

rials, are generalized so that they apply to this fluid. In

particular, expressions for the minimum free energy

and a more recently introduced explicit functional of
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the minimal state are proposed. Derivations of various

formulae are abbreviated if closely analogous proofs

already exist in the literature.
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power

1 Introduction

In this work we consider new constitutive equations

for incompressible second order fluids, which include

memory effects. These are materials for which the

stress tensor is a function of the history of D and

∇ · ∇D, where D =∇v+(∇v)T

2
is the strain rate tensor

and v the velocity. It is the presence of the quantity

∇ · ∇D (= �D, where � is the Laplacian) which ren-

ders the material non-local or non-simple. The classi-

cal laws of thermodynamics must be modified for such

materials either by introducing suitable extra fluxes, or

directly, by expressing these laws in terms of internal

powers, characteristic of the material under considera-

tion [13]. For the first method, there is the problem that

the vector fluxes are introduced a posteriori, in order

that compatibility with the laws of thermodynamics is

maintained. The second formulation, in terms of in-

ternal powers, is more general than the first, since it

is defined a priori by means of the constitutive equa-

tions, taking into account the power balance laws. In

this article we use the second method.

mailto:amendola@dma.unipi.it
mailto:fabrizio@dm.unibo.it
mailto:murrough.golden@dit.ie
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The assumed constitutive equation includes ther-

mal and viscoelastic effects in the expression for the

stress tensor. We firstly discuss the laws of thermody-

namics and use the equations of motion of the fluid

to determine an expression for the internal mechanical

power. Also, thermodynamic constraints on the con-

stitutive equation are derived. Then, some free energy

functionals are generalized to apply to this new ma-

terial. This includes a functional of the minimal state

introduced in [7, 10] and an explicit formula for the

minimum free energy.

The layout of the paper is as follows. In Sect. 2, the

constitutive equation with memory effects is presented

and an expression for the internal mechanical power is

derived. Moreover, the concepts of a free energy and

of the corresponding internal dissipation rate are intro-

duced. Thermodynamic constraints on the constitutive

equation are also given. In Sect. 3, some free energies,

already introduced for simple viscoelastic materials,

are adapted to our non-simple fluid and their related in-

ternal dissipation rates are also deduced. The required

properties of free energies in this new context are dis-

cussed.

Various steps in the derivations are omitted or ab-

breviated when they are closely analogous to develop-

ments in [3] (also [4]) for non-simple heat conductors.

2 Basic equations

For an incompressible second order fluid without

memory, the stress tensor T is given by [14]

T = −pI + 2μD − κ∇ · ∇D (2.1)

where p is the scalar function known as the reaction

pressure, μ and κ are two positive constants, while I

is the identity second order tensor.

In this work we generalize (2.1), by assuming that

the incompressible fluid, which is isotropic and ho-

mogeneous, exhibits both viscoelastic and thermal ef-

fects. The following constitutive equation is adopted:

T(t) = −p(t)I + 2

∫ +∞

0

μ(s)Dt (s) ds

−
∫ +∞

0

κ(s)
[

∇ · ∇Dt (s)
]

ds

+ α
[

ϑ(t) − ϑ0

]

I, (2.2)

where ϑ denotes the absolute temperature and ϑ0 is a

fixed ambient absolute temperature, while μ and κ are

smooth functions which belong to L1(R+)∩H 1(R+).

It is assumed that the motions are infinitesimal so that

second order terms in v or D are neglected.

We consider this relation at a specific point x ∈ Ω ,

which is the domain occupied by the fluid. For brevity,

however, the space dependence of the fields is hence-

forth generally omitted.

Let

E(t) = ∇u(t) + [∇u(t)]⊤
2

(2.3)

be the infinitesimal strain tensor at time t , where u is

the displacement vector. Then

D(t) = d

dt
E(t) = Ė(t). (2.4)

Also, let Et (s) = ∇ut (s)+[∇ut (s)]⊤
2

be the infinitesimal

strain history where

d

dt
Et (s) = Ėt (s) = Dt (s),

d

ds
Et (s) = − d

dt
Et (s) = −Dt (s).

(2.5)

We define the relative history as

Et
r(s) = Et (s) − E(t). (2.6)

The dependence of the stress tensor on Dt and ∇ ·
∇Dt in (2.2) can be expressed in terms of Et

r(s) and

∇·∇Et
r(s), since we have

∫ +∞

0

μ(s)Dt (s) ds = −
∫ +∞

0

μ(s)
d

ds
Et (s) ds

= −
∫ +∞

0

μ(s)
d

ds
Et

r(s) ds

=
∫ +∞

0

μ′(s)Et
r (s) ds (2.7)

and, analogously,

∫ +∞

0

κ(s)∇ · ∇Dt (s) ds

=
∫ +∞

0

κ
′(s)∇ · ∇Et

r(s) ds. (2.8)

Thus, we can write (2.2) as follows:

T(t) =
{

−p(t) + α
[

ϑ(t) − ϑ0

]}

I

+ 2

∫ +∞

0

μ′(s)Et
r (s) ds

−
∫ +∞

0

κ
′(s)∇ · ∇Et

r(s) ds. (2.9)
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The extra stress tensor has the form

T̃(t) = 2

∫ +∞

0

μ′(s)Et
r (s) ds

−
∫ +∞

0

κ
′(s)∇ · ∇Et

r(s)ds. (2.10)

2.1 Thermodynamics

For a mechanical system, we have in general that

d

dt
T (t) + P

i
m(t) = P

e
m(t), (2.11)

where T (t) is the kinetic energy, while P i
m(t) and

P e
m(t) denote the internal and external mechanical

power per unit volume of the system, respectively. In

the case of a simple fluid, P i
m(t) = T(t) · D(t). Equa-

tion (2.11) is an expression of the balance of power.

For non-simple materials the first law assumes the

form

ρė(t) = ρh(t) + P
i
m(t), (2.12)

where e is the internal energy and h is the specific in-

ternal heat power, defined as the rate at which heat is

absorbed per unit mass. The heat balance law

ρh = −∇ · q + ρr, (2.13)

relates h to the heat supply r and the heat flux q. The

Fourier relation,

q = −k0∇ϑ, k0 > 0, (2.14)

will be adopted. The second law yields the existence

of the entropy function η with the property that

ρη̇ ≥ −∇ ·
(

q

ϑ

)

+ ρ
r

ϑ
, (2.15)

whence it follows that

ρη̇ ≥ ρ
h

ϑ
− k0

ϑ2
|∇ϑ |2. (2.16)

Introducing the free energy ψ = e − ϑη, we can write

this as

ψ̇ ≤ −ηϑ̇ + 1

ρ
P

i
m + k0

ρϑ
|∇ϑ |2, (2.17)

where (2.12) has been used.

The equation of motion for the material has the

form

ρv̇ = ∇ · T + ρf, (2.18)

where f denotes the body forces. In order to derive an

expression for P i
m, we multiply this relation by v to

obtain

ρ
d

dt

(

1

2
v2

)

= (∇ · T) · v + ρf · v, (2.19)

where, taking into account (2.9) and the incompress-

ibility condition ∇ · v = 0,

(∇ · T) · v = −T · ∇v + ∇ · (Tv)

= −2

∫ +∞

0

μ′(s)Et
r (s) · ∇v(t) ds

−
∫ +∞

0

κ
′(s)∇Et

r (s) · ∇∇v(t) ds

+ ∇ ·
({

[

−p + α
(

ϑ(t) − ϑ0

)]

I

+ 2

∫ +∞

0

μ′(s)Et
r (s) ds

−
∫ +∞

0

κ
′(s)∇ · ∇Et

r(s) ds

}

v

+
∫ +∞

0

κ
′(s)∇Et

r (s) ds∇v(t)

)

.

Therefore, the equation of power balance is given by

ρ
d

dt

(

1

2
v2

)

+ 2

∫ +∞

0

μ′(s)Et
r (s) · ∇v(t) ds

+
∫ +∞

0

κ
′(s)∇Et

r (s) · ∇∇v(t) ds

= ∇ ·
({

[

−p + α
(

ϑ(t) − ϑ0

)]

I

+ 2

∫ +∞

0

μ′(s)Et
r (s) ds

−
∫ +∞

0

κ
′(s)∇ · ∇Et

r(s) ds

}

v(t)

+
∫ +∞

0

κ
′(s)∇Et

r (s) ds∇v(t)

)

+ ρf · v. (2.20)

We deduce from (2.11) that the internal power is ex-

pressed by

P
i
m(t) = 2

∫ +∞

0

μ′(s)Et
r (s) · ∇v(t) ds

+
∫ +∞

0

κ
′(s)∇Et

r (s) · ∇∇v(t) ds

= 2

∫ +∞

0

μ(s)Ėt (s) · Ė(t) ds

+
∫ +∞

0

κ(s)∇Ėt (s) · ∇Ė(t) ds. (2.21)
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The last form follows from (2.4), (2.5)1, (2.7) and

(2.8). The external power is given by the quantity at

the right-hand side of (2.20), since the divergence term

can be expressed as a surface contribution and the

body force is clearly external.

To characterize the behaviour of our fluid, we intro-

duce the state

σ T (t) =
(

ϑ,σ (t)
)

=
(

ϑ,Et
r(s),∇Et

r (s)
)

, (2.22)

and the process P T given by a piecewise continuous

map defined as

P T (τ ) = (ϑ̇P ,P )

=
(

ϑ̇P , ĖP (τ ),∇ĖP (τ )
)

∀τ ∈ [0, d), (2.23)

where d , which generally has a finite value, denotes

the duration of the process.

More details on this abstract terminology, which is

used below to a limited extent, may be found in [13],

for example.

Now, we seek a free energy ψ having the form

ψ
(

σ T (t)
)

= ψ1(ϑ) + ψ2

(

Et
r(s),∇Et

r (s)
)

, (2.24)

expressed as the sum of ψ1(ϑ), a temperature depen-

dent function, and ψ2(E
t
r (s),∇Et

r (s)), a functional of

(Et
r (s),∇Et

r (s)).

Substituting into (2.17), we obtain
[

∂ψ1(ϑ)

∂ϑ
+ η

]

ϑ̇ + ψ̇2

(

Et
r(s),∇Et

r (s)
)

≤ 1

ρ
P

i
m + k0

ρϑ
|∇ϑ |2. (2.25)

The final term on the right is non-negative. This in-

equality, taking account of (2.21), is satisfied if

η = −∂ψ1(ϑ)

∂ϑ
,

ψ̇2

(

Et
r(s),∇Et

r (s)
)

≤ 1

ρ

[

2

∫ +∞

0

μ′(s)Et
r (s) · Ė(t) ds

+
∫ +∞

0

κ
′(s)∇Et

r (s) · ∇Ė(t) ds

]

.

(2.26)

The inequality (2.26)2 is an expression of the second

law for the mechanical aspect of the problem. Taking

account of the incompressibility of the fluid, we can

absorb the density into the kernels and write this rela-

tion as

ψ̇2

(

Et
r(s),∇Et

r (s)
)

≤ A(σ,P ), (2.27)

where

A(t) = A(σ,P ) = 1

ρ
P

i
m(t)

= 2

∫ +∞

0

μ′(s)Et
r (s) ds · Ė(t)

+
∫ +∞

0

κ
′(s)∇Et

r (s) ds · ∇Ė(t)

= 2

∫ +∞

0

μ(s)Ėt (s) · Ė(t) ds

+
∫ +∞

0

κ(s)∇Ėt (s) · ∇Ė(t) ds

= 2

∫ t

−∞
μ(t − u)Ė(u) du · Ė(t)

+
∫ t

−∞
κ(t − u)∇Ė(u) du · ∇Ė(t), (2.28)

with the aid of (2.5)–(2.8) and a change of integra-

tion variables. This quantity, which is the internal me-

chanical power per unit mass, is analogous to what

was termed the entropy action in [3] and generalizes

the work function which is central to the discussion of

simple materials.

By introducing D2(x, t), a non-negative function

referred to as the internal dissipation rate, we can

transform the inequality (2.27) into an equality

ψ̇2(t) + D2(t) = A(t). (2.29)

The non-negativity of D2 in (2.29) is in effect a

statement of the second law for the mechanical aspect

of the problem.

Recalling (2.6), we see that Et
r(s) and ∇Et

r(s) de-

pend on the histories Et (s), ∇Et (s) and current values

E(t) and ∇E(t). Thus,

ψ2(t) = ψ̃
(

Et (s),∇Et (s),E(t),∇E(t)
)

(2.30)

which is a functional of the histories and a function of

the current values.

The quantity A(t) allows us to derive the total me-

chanical work per unit mass B(σ,P ) done on the ma-

terial during the application of a process P of dura-

tion d ,

B(σ,P ) =
∫ t+d

t

A(ξ) dξ. (2.31)

A consequence of the second law is expressed by the

following principle.

Referring to (2.22), we define the state σ(t) for the

mechanical aspect as
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σ(t) =
(

Et
r (s),∇Et

r (s)
)

, (2.32)

while P(τ) = (ĖP (τ ),∇ĖP (τ )). Let us denote by Σ

and Π the sets of states and processes, which are ad-

missible for the body. For any initial state σi ∈ Σ

and any process P ∈ Π , the state transition function

ρ̂ provides the final state σf = ρ̂(σi,P ) ∈ Σ . More-

over, let Pτ ∈ Π be any restriction of P to a sub-

set [0, τ ) ⊂ [0, d), with duration τ < d . So, we have

σ(t) = ρ̂(σ0,Pt ). A cycle is defined as any pair (σ,P )

for which ρ̂(σ,P ) = σ .

Dissipation principle. On any cycle (σ,P ) we have

B(σ,P ) ≥ 0, (2.33)

in which the equality sign occurs if and only if the

cycle is reversible.

We define the total mechanical work per unit mass

done on the material up to time t as

B(t) =
∫ t

−∞
A(u) du, (2.34)

where it is assumed that the infinite integral exists.

Substituting the last form of A, given by (2.28), into

(2.34), we obtain, after integrations by parts, change

of variables and other standard manipulations,

B(t) =
∫ +∞

0

∫ +∞

0

μ12

(

|u − s|
)

Et
r(s) · Et

r(u) ds du

+ 1

2

∫ +∞

0

∫ +∞

0

κ12

(

|u − s|
)

∇Et
r(s)

· ∇Et
r(u) ds du, (2.35)

where

μ12

(

|u − s|
)

= ∂2

∂u∂s
μ

(

|u − s|
)

,

κ12

(

|u − s|
)

= ∂2

∂u∂s
κ

(

|u − s|
)

.

(2.36)

2.2 Thermodynamic restrictions

The dissipation principle imposes thermodynamic re-

strictions on the constitutive equation (2.2). This can

be demonstrated by combining (2.28)3 and (2.31) with

periodic histories of period d = 2π/|ω|, for Ė and ∇Ė

given by

Ė(s) = cosωs c1 + sinωs c2,

∇Ė(s) = cosωs C1 + sinωs C2

(2.37)

where ω ∈ R\{0} and ci , Ci (i = 1,2) are arbitrary

non-zero second and third order tensors, respectively,

depending only of x. Following the steps outlined

in [3], we deduce that

μc(ω) > 0, κc(ω) > 0 ∀ω ∈ R. (2.38)

These in fact require the extra assumptions

μc(0) =
∫ +∞

0

μ(s) ds �= 0,

κc(0) =
∫ +∞

0

κ(s) ds �= 0.

(2.39)

Let

Dt (s) = Ė ∀s ∈ R+,

be a constant (in time) history. Then (2.2) yields

T̃(t) = T(t) +
{

p − α
[

ϑ(t) − ϑ0

]}

I

= 2μ(1)
∞ Ė − κ

(1)
∞ ∇ · ∇Ė,

where T̃ is the extra stress tensor for constant histories

and

μ(1)
∞ = μc(0) > 0, κ

(1)
∞ = κc(0) > 0 (2.40)

by virtue of (2.38) and (2.39).

3 Free energies

We now consider some possible expressions for the

part of the free energy ψ2(t) = ψ2(E
t
r ,∇Et

r) intro-

duced in (2.24). Our aim here is to adapt to non-simple

fluids several classical functionals already introduced

for simple linear viscoelastic solids and later modified

to apply to simple fluids [1, 2].

For a simple fluid, any free energy has the well-

known property that

∂

∂E(t)
ψ2(t) = T̃(t) (3.1)

where T̃(t) is the extra stress defined by the first term

on the right of (2.10). We will see that this does not

hold for non-simple materials. Instead, a generalized

version of this relation holds, which will be deter-

mined below.



A
U

T
H

O
R

’S
 P

R
O

O
F

Journal ID: 11012, Article ID: 9559, Date: 2012-05-16, Proof No: 1, UNCORRECTED PROOF

« MECC 11012 layout: Medium v.1.3.2 file: mecc9559.tex (CG) class: spr-twocol-v1.4 v.2012/04/18 Prn:2012/05/16; 10:44 p. 6/10»
« doctopic: OriginalPaper numbering style: ContentOnly reference style: basic»

Meccanica

501 551

502 552

503 553

504 554

505 555

506 556

507 557

508 558

509 559

510 560

511 561

512 562

513 563

514 564

515 565

516 566

517 567

518 568

519 569

520 570

521 571

522 572

523 573

524 574

525 575

526 576

527 577

528 578

529 579

530 580

531 581

532 582

533 583

534 584

535 585

536 586

537 587

538 588

539 589

540 590

541 591

542 592

543 593

544 594

545 595

546 596

547 597

548 598

549 599

550 600

3.1 The Graffi–Volterra free energy

We firstly consider the important functional, fre-

quently used in applications, known as the Graffi–

Volterra free energy [19, 20, 22]. A generalization of

this functional to our non-simple fluid is given by

ψG (t) = −
∫ +∞

0

μ′(s)Et
r (s) · Et

r(s) ds

− 1

2

∫ +∞

0

κ
′(s)∇Et

r (s) · ∇Et
r(s) ds. (3.2)

This is a free energy if the conditions

μ′(s) < 0, κ
′(s) < 0,

μ′′(s) ≥ 0, κ
′′(s) ≥ 0 ∀s ∈ R+,

(3.3)

are satisfied. The first two relations yield that ψG is

positive, while the remaining relations are required to

ensure a non-negative rate of dissipation related to this

quantity. Indeed, differentiating ψG and integrating by

parts, we can show, with the aid of (2.28)2 and (2.29)

that

DG (t) =
∫ +∞

0

μ′′(s)
[

Et
r(s)

]2
ds

+ 1

2

∫ +∞

0

κ
′′(s)

[

∇Et
r(s)

]2
ds ≥ 0 (3.4)

can be identified as the internal dissipation rate.

Note that, by virtue of (2.6),

∂

∂E(t)
ψG (t) = 2

∫ +∞

0

μ′(s)Et
r (s) ds (3.5)

and (3.1) does not hold. Instead, we have

∂

∂∇E(t)
ψG (t) =

∫ +∞

0

κ
′(s)∇Et

r (s) ds (3.6)

and the extra stress tensor (2.10) obeys the relation

T̃(t) = ∂

∂E(t)
ψG (t) − ∇ · ∂

∂∇E(t)
ψG (t)

= δ

δE(t)
ψG (t), (3.7)

which is a variational derivative, in the sense of the

Calculus of Variations, for a function of (E(t),∇E(t)).

A relation exactly analogous to this form applies to

all the free energy functionals considered in this work,

and indeed to any free energy for any second order

material.

3.2 Conditions for a free energy

We can generalize the Graffi conditions [11, 19, 20]

for a free energy in the light of (3.7). The properties

listed below will apply to all free energies for all sec-

ond gradient materials, not just those discussed here.

P1 The first condition will be taken to be (3.7), replac-

ing (3.1), or for a general free energy,

T̃(t) = ∂

∂E(t)
ψ(t) − ∇ · ∂

∂∇E(t)
ψ(t)

= δ

δE(t)
ψ(t), (3.8)

which is a variational derivative with respect to the

dependence of ψ on the fields (E(t),∇E(t)) at the

current time. For linear constitutive relations such

as (2.10), conditions analogous to (3.5) and (3.6)

hold, which yield (3.8).

P2 Let E† be a static history equal to E(t) at the cur-

rent and all past times. Then

ψ
(

E†,∇E†,E(t),∇E(t)
)

= φ
(

E(t),∇E(t)
)

, (3.9)

where φ(E(t),∇E(t)) is the equilibrium free energy.

This is in fact a definition of φ, included here for

completeness. It vanishes for the free energies relat-

ing to the material under discussion.

P3 For any history and current value (Et ,∇Et ,E(t),

∇E(t)),

ψ
(

Et ,∇Et ,E(t),∇E(t)
)

≥ φ
(

E(t),∇E(t)
)

. (3.10)

P4 Condition (2.29) holds or, omitting subscripts,

ψ̇(t) + D(t) = A(t), D(t) ≥ 0, (3.11)

where D(t) is the rate of internal dissipation. The

form of A(t) will depend on the material. The first

relation is a statement of the first law, while the non-

negativity of D(t) is in effect the second law.

3.3 Dill’s free energy

The Dill functional [9] can be generalized to the form

ψDill(t) =
∫ +∞

0

∫ +∞

0

μ′′(ξ1 + ξ2)E
t
r(ξ1)

· Et
r (ξ2) dξ1 dξ2

+ 1

2

∫ +∞

0

∫ +∞

0

κ
′′(ξ1 + ξ2)∇Et

r (ξ1)

· ∇Et
r(ξ2) dξ1 dξ2. (3.12)
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Differentiating this with respect to time, as for the

Graffi-Volterra case, we find, after standard manipu-

lations ([3], for example) and using (3.11), that the as-

sociated rate of dissipation is given by

DDill(t) = −
∫ +∞

0

∫ +∞

0

μ′(ξ1 + ξ2)Ė
t (ξ1)

· Ėt (ξ2) dξ1 dξ2

−
∫ +∞

0

∫ +∞

0

κ
′(ξ1 + ξ2)∇Ėt (ξ1)

· ∇Ėt (ξ2) dξ1 dξ2. (3.13)

Both of this functionals are non-negative for all his-

tories if μ′ and κ
′ are strictly monotonic, as defined

in [6].

One can show that the equivalent of (3.5) and (3.6)

are true for ψDill, from which it follows that rela-

tion (3.8) holds.

3.4 A free energy in terms of the minimal state

A free energy ψF , recently introduced and considered,

in particular, in [10] and [7] for viscoelastic solids, can

be adapted to our fluid.

Two different histories (E0
1r ,∇E0

1r) and (E0
2r ,

∇E0
2r) up to time t = 0, which coincide after this time,

are in the same minimal state if they produce the same

stress function for t ≥ 0. This terminology was intro-

duced in [11] where references to the earlier develop-

ment of the underlying ideas are given. The categories

of materials for which non-trivial examples of such

states can arise are discussed in [7]. A simple general-

ization of arguments in these and other references (e.g.

[1, 2]) yields that the quantities

It
(

τ,Et
r

)

= 2

∫ +∞

0

μ′(τ + η)Et
r (η) dη,

I
t
(

τ,∇Et
r

)

=
∫ +∞

0

κ
′(τ + η)∇Et

r(η) dη,

(3.14)

have the same values for different histories in the same

minimal state, in other words are functionals of the

minimal state. Consider the following functional

ψF (t) = −1

4

∫ +∞

0

1

μ′(τ )

∣

∣It
(1)

(

τ,Et
r

)∣

∣

2
dτ

− 1

2

∫ +∞

0

1

κ′(τ )

∣

∣I
t
(1)

(

τ,∇Et
r

)
∣

∣

2
dτ, (3.15)

where It
(1) and I

t
(1) are the derivatives with respect to

τ of It and I
t , giving

It
(1)

(

τ,Et
r

)

= d

dτ
It

(

τ,Et
r

)

= 2

∫ +∞

0

μ′′(τ + η)Et
r (η) dη,

I
t
(1)

(

τ,∇Et
r

)

= d

dτ
I

t
(

τ,∇Et
r

)

=
∫ +∞

0

κ
′′(τ + η)∇Et

r(η) dη.

(3.16)

The absolute value squared notation in (3.15) indicates

scalar products of It
(1) and I

t
(1) with themselves in the

appropriate vector spaces. Under the hypotheses (3.3),

this functional is a free energy. Note that

It
(

0,Et
r

)

= 2

∫ +∞

0

μ′(η)Et
r (η) dη,

I
t
(

0,∇Et
r

)

=
∫ +∞

0

κ
′(η)∇Et

r (η) dη

(3.17)

and

It
(1)

(

0,Et
r

)

= 2

∫ +∞

0

μ′′(η)Et
r (η) dη,

I
t
(1)

(

0,∇Et
r

)

=
∫ +∞

0

κ
′′(η)∇Et

r (η) dη.

(3.18)

Use of (3.17) and (2.28)2 gives that ψF (t) obeys

(3.11) where the associated rate of dissipation has the

form

DF (t) = 1

4

∫ +∞

0

μ′′(τ )

[μ′(τ )]2

∣

∣It
(1)

(

τ,Et
r

)
∣

∣

2
dτ

− 1

4μ′(0)

∣

∣It
(1)

(

0,Et
r

)
∣

∣

2

+ 1

2

∫ +∞

0

κ
′′(τ )

[κ′(τ )]2

∣

∣I
t
(1)

(

τ,∇Et
r

)∣

∣

2
dτ

− 1

2κ′(0)

∣

∣I
t
(1)

(

0,∇Et
r

)∣

∣

2 ≥ 0, (3.19)

because of the hypotheses (3.3).

The functional ψF is manifestly a functional of the

minimal state. This is not a necessary requirement for

a free energy (and in particular is not true for ψG given

by (3.2)) though it is an attractive property from a the-

oretical viewpoint. The Dill free energy and the mini-

mum free energy, derived in the next section, both have

this property.

The equivalent of (3.5) and (3.6) for ψF can be

obtained within the manipulations leading to (3.19).

These then imply that relation (3.8) holds.
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3.5 The minimum free energy

The form of the minimum free energy for second gra-

dient incompressible viscoelastic fluids of the kind un-

der discussion can be derived by generalizing one of

the direct methods outlined in [8, 11, 16] or [1, 2, 15],

which was done in [3]. However, we shall adopt a sim-

pler approach here, namely by using a precise analogy

between the present theory and that for a simple mate-

rial.

The core observation is that an explicit formula for

the minimum free energy can be derived by exactly

the same formalism for materials described on differ-

ent vector spaces, provided that the work function has

the same general structure in each case. Thus, we have

the theory developed in [8] for a simple material with

independent and dependent field variables in Sym and

relaxation tensors in Lin(Sym), while in [12, 18], non-

isothermal theories were developed on more general

vector spaces. However, the procedures and results are

precisely analogous for these materials. In particular

they all depend on the factorization of a positive defi-

nite tensor which arises in the work function. The level

of practical difficulty associated with carrying out this

factorization will of course depend on the details of

the material.

For a second gradient incompressible viscoelas-

tic fluid, the underlying vector space is Γ = Sym ×
(Sym × R) associated with states σ(t) = (Et

r ,∇Et
r).

Referring to (2.6), we introduce the compact notation

C(t) =
(

E(t),∇E(t)
)

∈ Γ,

C
t
r(s) =

(

Et
r(s),∇Et

r (s)
)

= C
t (s) − C(t) ∈ Γ.

(3.20)

The quantity B(t), given by (2.35), can be written in

the form

B(t) = 1

2

∫ ∞

0

∫ ∞

0

L12

(

|u − s|
)

C
t
r(s)

· C
t
r(u) duds, (3.21)

where L ∈ Lin(Γ ) is the diagonal tensor

L(s) = 2μ(s)PS + κ(s)PSR, (3.22)

where the quantities PS,PSR ∈ Lin(Γ ) are real orthog-

onal projectors on Sym and Sym × R, respectively.

The quantity B(t) corresponds to the work function

for simple materials and crucially for our purposes,

has exactly the same general form. Using the convolu-

tion theorem and Parseval’s formula, we can write it in

terms of the frequency domain quantities, as follows:

B(t) = 1

2π

∫ ∞

−∞
H(ω)Ct

r+(ω) · C
t
r+(ω)dω, (3.23)

where C
t
r+(ω) is the Fourier transform of C

t
r(s), de-

fined by (4.2)2, while C
t
r+(ω) is its complex conju-

gate. The tensor H ∈ Lin(Γ ) is given by

H(ω) = −ωL
′
s(ω)

= 2ω2μc(ω)PS + ω2
κc(ω)PSR ≥ 0, (3.24)

where (4.4) has been used.

Therefore, for purposes of deriving the form of the

minimum free energy, the only difference relating to

non-simple materials is that they are described on a

larger vector space. Indeed, the same is true for any

other free energy. Such a formulation is being de-

veloped in the context of a general theory of non-

simple materials and the free energies associated with

them [5]. It emerges from this work that the free en-

ergies discussed here are special (diagonal) cases of

more general formulae.

Because of the thermodynamic constraints (2.38),

the scalar functions μc(ω) and κc(ω) in (3.24) can be

factorized [16] to give

μc(ω) = μ+(ω)μ−(ω),

κc(ω) = κ+(ω)κ−(ω),
(3.25)

where μ+(ω) and κ+(ω) are analytic in C− while

μ−(ω) and κ−(ω) are analytic in C+. Therefore

H(ω) = H+(ω)H−(ω)

=
[

Hμ+(ω)PS + Hκ+(ω)PSR

]

×
[

(Hμ−(ω)PS + Hκ−(ω)PSR

]

,

Hμ±(ω) =
√

2ωμ±(ω), Hκ±(ω) = ωκ±(ω),

(3.26)

which gives the required factorization of H for the

present diagonal case. The general non-diagonal case

is discussed in [5].

The derivation of the form of the minimum free en-

ergy proceeds exactly as described in earlier papers,

for example [8, 11, 16]. We simply present the results

here. The Plemelj formulae [21] give that

H−(ω)Ct
r+(ω) = pt

−(ω) − pt
+(ω),

pt
±(ω) = 1

2πi

∫ ∞

−∞

H−(ω′)Ct
r+(ω)

ω′ − ω∓ dω′,
(3.27)

where ω∓ = limα→0∓(ω + iα) and the limit is under-

stood to take place after the integration has been car-

ried out. The form of the minimum free energy is
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ψm(t) = 1

2π

∫ ∞

−∞

∣

∣pt
−(ω)

∣

∣

2
dω

= 1

2π

∫ ∞

−∞

∣

∣pt
μ−(ω)

∣

∣

2
dω

+ 1

2π

∫ ∞

−∞

∣

∣pt
κ−(ω)

∣

∣

2
dω,

pt
μ−(ω) = 1

2πi

∫ ∞

−∞

Hμ−(ω′)Et
+(ω′)

ω′ − ω+ dω′,

pt
κ−(ω) = 1

2πi

∫ ∞

−∞

Hκ−(ω′)∇Et
+(ω′)

ω′ − ω+ dω′.

(3.28)

The second form of ψm(t) follows from the properties

of the projectors. Using the method outlined in [17]

for example, one can show that results corresponding

to (3.5), (3.6) and (3.8) hold. These may be written in

the compact notation

∂

∂C(t)
ψm(t) = D(t) =

(

D1(t),D2(t)
)

∈ Γ,

D1(t) = 2

∫ +∞

0

μ′(s)Et
r (s) ds ∈ Sym,

D2(t) =
∫ +∞

0

κ
′(s)∇Et

r (s) ds ∈ Sym × R,

T̃(t) = D1(t) − ∇ · D2(t) = δψm(t)

δE(t)
.

(3.29)

From (2.28)2, we have the relation A(t) = D(t) · Ċ(t),

and (3.11) can be written as

ψ̇m(t) + Dm(t) = D(t) · Ċ(t), (3.30)

where Dm is the rate of dissipation corresponding to

the minimum free energy and must be non-negative by

the second law. Referring to the formulae developed in

[8, 11, 16] for example, we see that it is given by

Dm(t) =
∣

∣Kμ(t)
∣

∣

2 +
∣

∣Kκ(t)
∣

∣

2
,

Kμ(t) = 1

2π

∫ ∞

−∞
Hμ−(ω)Et

r+(ω)dω,

Kκ(t) = 1

2π

∫ ∞

−∞
Hκ−(ω)∇Et

r+(ω)dω,

(3.31)

again with the use of the properties of projectors.
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Appendix

Various notations used in the main paper are defined

here.

The real axis is denoted by R, while R+ = [0,+∞)

and R− = (−∞,0]. Also, R−− = (−∞,0) and

R++ = (0,+∞).

The Fourier transform of any function f :→ R →
Rn is defined by

fF (ω) =
∫ +∞

−∞
f (s)e−iωs ds

= f−(ω) + f+(ω) ∀ω ∈ R, (4.1)

where

f−(ω) =
∫ 0

−∞
f (s)e−iωs ds,

f+(ω) =
∫ +∞

0

f (s)e−iωs ds.

(4.2)

The half-range Fourier cosine and sine transforms are

given by

fc(ω) =
∫ +∞

0

f (s) cosωs ds,

fs(ω) =
∫ +∞

0

f (s) sinωs ds.

(4.3)

If f (u) vanishes as u → +∞, we have

f ′
s (ω) = −ωfc(ω). (4.4)

If f ′(0) is non-zero, then

lim
ω→∞

iωf ′
+(ω) = f ′(0) = lim

ω→∞
ωf ′

s (ω)

= − lim
ω→∞

ω2fc(ω), (4.5)

by virtue of (4.4).

Finally, we define the following subsets of the com-

plex z-plane C:

C(−) =
{

z ∈ C; Im z ∈ R−−}

,

C(+) =
{

z ∈ C; Im z ∈ R++}

,

C− =
{

z ∈ C; Im z ∈ R−}

,

C+ =
{

z ∈ C; Im z ∈ R+}

.

(4.6)
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