PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: December 24, 2020
REVISED: February 27, 2021
ACCEPTED: April 7, 2021
PuUBLISHED: May 4, 2021

Second order chiral kinetic theory under gravity and
antiparallel charge-energy flow

b,c,d

Tomoya Hayata,” Yoshimasa Hidaka and Kazuya Mameda®

@ Departments of Physics, Keio University,
4-1-1 Hiyoshi, Kanagawa 223-8521, Japan
YKEK Theory Center,
Tsukuba 305-0801, Japan
¢ Graduate University for Advanced Studies (Sokendai),
Tsukuba 305-0801, Japan
YRIKEN iTHEMS, RIKEN,
Wako 351-0198, Japan
¢ Theoretical Research Division, Nishina Center, RIKEN,
Wako, Saitama 351-0198, Japan

E-mail: hayata@keio. jp, hidaka@post.kek. jp, kazuya.mameda@riken. jp

ABSTRACT: We derive the chiral kinetic theory under the presence of a gravitational
Riemann curvature. It is well-known that in the chiral kinetic theory there inevitably
appears a redundant ambiguous vector corresponding to the choice of the Lorentz frame.
We reveal that on top of this conventional frame choosing vector, higher-order quantum
correction to the chiral kinetic theory brings an additional degrees of freedom to specify the
distribution function. Based on this framework, we derive new types of fermionic trans-
port, that is, the charge current and energy-momentum tensor induced by the gravitational
Riemann curvature. Such novel phenomena arise not only under genuine gravity but also
in a (pseudo-)relativistic fluid, for which inhomogeneous vorticity or temperature are ef-
fectively represented by spacetime metric tensor. It is especially found that the charge
and energy currents are antiparallelly induced by an inhomogeneous fluid vorticity (more
generally, by the Ricci tensor Roi), as a consequence of the spin-curvature coupling. We
also briefly discuss possible applications to Weyl/Dirac semimetals and heavy-ion collision

experiments.
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1 Introduction and summary

Transport phenomena are a pivotal subject in modern quantum field theories. Similar to
external electromagnetic fields, (effective) background gravitational fields are intriguing
sources to generate various currents. First, the most widely well-known example is fluid
vorticity; the fluid velocity can be described by a metric tensor of the comoving frame with
fluid. The corresponding transport phenomenon, i.e., the chiral vortical effect (CVE) [1]
can be regarded as the gravitational counterpart of the chiral magnetic effect (CME) [2-4],
as is clear from the gravitoelectromagnetism [5]. The CVE is not only a theoretically
interesting phenomenon in the sense that it is originated from quantum anomaly [5, 6],
but also an important experimental probe to study the rotation of quark-gluon plasmas



created in relativistic heavy-ion collision experiments [7]. Second, the mechanical strain
plays a role of an effective U(1) or axial U(1) magnetic field, and accordingly yields a charge
current [8-10]. Third, spacetime torsion is recently under active investigation, as it can
bring novel currents, which are referred to as the chiral torsional effect [11-16].

In contrast to the aforementioned effects from the spacetime geometry, we do not fully
understand the effect of the gravitational Riemann curvature in the quantum transport
theory. Even at the classical level, however, its importance has been known; the trajectory
of a spinning particle is modified by the Riemann curvature [17-19]. In the context of
quantum transport theory, this knowledge suggests that the Riemann curvature can be
the trigger of a characteristic transport of the fermion chirality (or spin, more generally).
In cosmological systems, such spacetime distortions may become dominant contributions
to determine the fermionic transport rather than background electromagnetic fields. In
laboratory environments, a fluid motion and temperature gradient can be described by
effective gravities leading to non-vanishing Riemann curvatures. Therefore, the curvature-
induced transport phenomena could be relevant in a wide range of physics from table-top
experiments to the Universe.

For the nonequilibrium dynamics in the weak interaction regime, one of the promis-
ing theoretical implements would be the kinetic theory. In particular, the so-called chiral
kinetic theory (CKT) [20, 21], which nicely reproduces the chiral anomaly, plays a piv-
otal role in the development of various studies of the chiral transport phenomena [22-
36] in the context of heavy-ion collision, condensed matter and neutrino physics; al-
though the kinetic theory is inapplicable to strongly-coupled quark-gluon plasmas, the
early stage of heavy-ion collisions is described well by the Boltzmann transport theory [37—
39]. The CKT conventionally involves only the leading order quantum correction so that
the anomalous aspects can be taken into account as the Berry curvature. However, the
leading order CKT is insufficient to capture the gravitational curvature contributions to
the transport coefficients, although the kinetic equation involves the spin-curvature cou-
pling [34]. As is readily expected, higher-order corrections make the theory much more
complicated, and an intuitive deduction would not avail. This fact can be found from
the equilibrium distribution function. The O(h) contribution to enter the distribution
is anticipated to be the spin-vorticity coupling, if we recall the conservation of the total
angular momentum [26]. On the other hand, this intuition is inapplicable to the O(h?)
contribution, particularly, under a background gravitational field, as it is nontrivial to
identify how the total angular momentum is modified at this order. Unlike the effec-
tive formalisms that relied on the Berry curvature, the derivation from quantum field
theory works well against such a complication. In this case, the semiclassical (or weak
coupling) dynamics is described by the Wigner transformation of the fermion propaga-
tor, which is a quantum-extended quantity of the classical distribution function. The
Wigner function approach systematically involves quantum corrections appearing in the
CKT, and definitely keeps the covariance of the fundamental theory [27] even in the
general coordinate system [34]. In this paper, thus we study the semiclassical trans-
port theory with gravitational Riemann curvatures, based on the CKT derived with the
Wigner function.



In the following, we present a summary of the findings in this paper. First, we solve the
collisionless CKT in general coordinate and derive the Wigner function of Weyl fermions
up to O(h?). This is a contrast to the conventional works, where only the O(h) quantum
correction is taken into account. It is intriguing that the CKT in curved spacetime is
systematically solvable even with the O(h?) contributions, while the O(h?) electromagnetic
effect is not so tamable; the theory suffers from severe infrared divergence, for which so far
no correct prescription is found.

The analysis of the higher-order quantum corrections reveals new aspects of the am-
biguity underlying the CKT. It is well-known that due to degrees of freedom in terms
of the Lorentz frame, the distribution function of chiral fermions cannot be uniquely de-
termined [25]. As a result, a frame vector representing such an ambiguity is inevitably
introduced [26]. From the Wigner function up to O(h?), we find that on top of the con-
ventional frame vector, there emerges a different frame vector to define the distribution
function. These extra degrees of freedom should be irrelevant to the Wigner function and
thus physical quantities, as so is the conventional one. This is one of the guiding principles
to identify an equilibrium distribution function. Indeed we find that there is no equilibrium
solution for the kinetic equation in general curved spacetime. In other words, in general,
the O(h?) CKT under gravity does not reach a global equilibrium without collisions. How-
ever, we elucidate that an equilibrium solution is admitted for several gravitational fields,
such as the stationary weak one.

The remaining parts are devoted to the evaluation of physical quantities from the
Wigner function that we derived before. For instance, the charge current and energy-
momentum tensor are given by the momentum integrals, as follows:

T (x) = 2/73#(337;;), T () = Q/p(“RV)(I,p) o) (1.1)

with [ = fmyld‘lﬁ and Xy = L(X#y” 4 Y#XV). Here R*(z,p) is the Wigner
function of the right-handed Weyl fermions. Under a static weak gravity, the O(h) part of
eq. (1.1) correctly reproduces the CVE. We find that under a time-dependent gravity, the
CVE totally vanishes in the dynamical limit of the background gravitational field. Although
this fact is originally derived with the diagrammatic computation [40], our calculation is
its first verification based on the CKT.

The O(h?) contribution of eq. (1.1) corresponds to the novel transport phenomena
induced by Riemann curvatures, which is also our main finding. They are represented as

the following charge current and energy-momentum tensor:
JH=Cygt, TH = Coth" . (1.2)

Here Cp = p/(272) and C1 = p?/(47%) +T?/12 are the metric-independent coefficients de-
termined by temperature T and chemical potential for right-handed fermions p. Also j* and
t* are functions of Riemann curvature R, -, Ricci tensor R, and Ricci scalar R. In ta-
ble 1, we summarize the analytic forms of j# and ¢t#. The ‘static’ (‘dynamical’) implies that
a time-independent (time-dependent) metric tensor is used. We denote £# = 6 and 7, be-
ing the Minkowski metric tensor. It is demonstrated in appendix D that the same charge



charge current Cpj# energy-momentum tensor Cyt*”
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Table 1. Transport phenomena induced by general weak gravity. The static and dynamical parts
are derived in egs. (4.10) and (6.24), respectively.
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Table 2. Transport phenomena induced by weak fluid vorticity and temperature gradient. The
static and dynamical parts are derived in eqgs. (7.4) and (7.5), respectively.

current under a static gravity is also derived from different field-theoretical approaches.
This consistency apparently guarantees the validity of our formalism in this paper.

The fermionic system under a background fluid is a pedagogical and informative envi-
ronment to demonstrate the aforementioned novel phenomena. In general the fluid effect
is translated into an effective curved spacetime described by the following metric tensor:

goo = L+ hoo(t, ), goi = hoi(t,x), gij = nij (1.3)

where h,, is the fluctuation around the flat spacetime. With this metric, temperature
gradient and vorticity are given by

_ 1 . 1 ...
HT/T = _iaihoo, W= _550lﬂ’“ajhk0. (1.4)

Applying eq. (1.3) to j# and t*¥ in table 1, we get the transport phenomena induced by
temperature gradient or the inhomogeneity of vorticity. The results are summarized in
table 2. Here we define the shear tensor as 0% = ¢ — %nijekk with €; = 9(;hj)o.-

There are two crucial features of the novel transport phenomena induced by gravity
(or equivalently inhomogeneous fluid profiles). One is that even if the collisionless kinetic
equation holds, these transport phenomena are induced, as so are the CME and CVE.
Therefore these do not generate any entropy, and thus be nondissipative. This fact moti-
vates us to analyze the relation of tables 1 and 2 to the quantum anomaly, from different



approaches, such as hydrodynamics. This is an interesting open question that will be re-
visited in the future. The other is the antiparallel flows of the charge current j* and energy
current t%. Tables 1 and 2 for p > 0 show the coefficients of these currents have opposite
signs whether the metric is static or dynamical and whatever the metric tensor is. This
is never explained by the classical particle motions; both charge and energy are carried
along the classical particle momenta. The essential ingredient of the antiparallel flow is
the spin-Riemann-curvature coupling. To find a more intuitive explanation of such curious
flows is also a fascinating task.

In these respects, the novel gravity-induced transport phenomena should involve a lot
of implications, e.g., in heavy-ion collisions or Dirac/Weyl semimetals (some of them are
discussed in this paper). The latter systems may provide a good playground to study our
novel phenomena and can be complementary environments to the former. For them, we
need more detailed analysis based on the hydrodynamic model calculation, and quantitative
comparison between theory and experiments. Besides, the CKT in curved spacetime and
the resulting curvature-induced transport phenomena could play a more crucial role under
genuine gravity, although we do not discuss it in this paper. For example, we can discuss
the geodesics deviation of chiral fermions due to the spin-curvature coupling. Such a
deviation may lead to some correction to the gravitational lensing of neutrinos [41]. Also,
the present work could be applicable to the physics of core-collapse supernova explosions
and neutron star formations [42]. In this direction, we need to take the collisional effects
into account [27, 28, 43], based on the Kadanoff-Baym equation in curved spacetime, which
respects the diffecomorphism covariance [44].

This paper is organized as follows. In section 2, solving the constraint equations,
we obtain the general solution of the Wigner function up to O(h?) under general curved
spacetime. In section 3, we determine an equilibrium distribution function involving O(h?)
corrections, based on the frame-independence of the Wigner function. In section 4, we ob-
tain curvature-induced charge current and energy-momentum tensor in equilibrium, which
is consistent with different field-theoretical approaches in appendix D. In sections 5 and 6,
we analyze the dynamical response from background gravitational fields. As a practical
application, in section 7 we argue the transport phenomena in a fluid with inhomogeneous
vorticity and temperature, which yields effective gravitational curvatures. In particular,
we observe the antiparallel flows of charge and energy due to an inhomogeneous vorticity
(or the Ricci tensor Ry?). Through this paper, the convention follows from ref. [34].

2 Chiral kinetic theory at O(h?)

We first show the brief outline of the derivation of the CKT in the Wigner function ap-
proach. The kinetic theory is a perturbative effective theory in the infrared momentum
regime. In quantum field theory, this perturbation is equivalent to the semiclassical trun-
cation [45]. The CKT is obtained from the semiclassical expansions of the equation of
motions for the Wigner functions, that is, the Wigner transformed Dyson-Schwinger equa-
tion. The Wigner function of chiral fermions obeys three equations, which correspond to
egs. (2.4)—(2.6) in this paper. Two of them are the constraints to the Wigner function,



and the other becomes the kinetic equation eventually. In the classical limit, the equation
for the Wigner function reduces to the Boltzmann equation (2.23). The Wigner function
formalism gives the quantum generalization of the classical kinetic theory.

Let us start from the Wigner function for the right-handed Weyl fermions, which is
defined as [46]

5
Ru(xap) = %tr {Vumw(xvp)] ) (21)
Warla,p) = [ dlyy/=g(a) e/ (. /20l —y/2) (22)

with g() = det (g)s () := ¥} (@)70, (. y) = exply-D)ib(x), d(x,y) = $(x) exp(y- D),
and YO = T,),O_ The above W(x,p) is the general relativistic extension of the one
in gauge theory [45]. Here D, is called the horizontal lift; for a function on (z*,y*) and
(x#,py), the horizontal lift is represented as

R A A (2.3)
S v VL

where V,, is the covariant derivative in terms of diffeomorphism and the local Lorentz
transformation. The most beneficial property of D,, is that it commutes with both y* and
Py, while V,, does not.

Hereafter we consider the Dirac theory under an external torsionless gravitational field.
In this paper, we focus on the collisionless kinetic theory. The Dirac equation is thus given
by v#V 1 (x) = 0, which brings the dynamical equation that the Wigner function W (x,p)
obeys. After a long computation, the set of equations for R*(x,p) is up to O(h?) given
by [34]

(Dp+ WP)R* =0, (2.4)
(py +1*Qu)R! =0, (2.5)
he e DPRY + 4 [(p[u + BT}, R, + h2sw7za} =0, (2.6)

where we introduce the following notations:

P, = —%VARW@?@; = iVAR”wu@?@Z@ZPp + %R’)w@? %Dy, (27)
Q= éRW(?;’ + Q%Rpwa;agpp 34,4 B,, (2.8)

%R,Wag + iR”JW@”c‘)" py=6A, + B, (2.9)
Ay = iRMﬁ;’, B, = 2—14 2 o0y 05Dy, Sayw = —f—ﬁmeaﬁ. (2.10)

In the above equations, we denote X[HY") = (X*Y" — X¥Y#)/2, the Riemann tensor is

defined as Ry, = 2(9, 1) +T5, 0 with I, = ¢” (.95 + 0,95, — Orguw) /2, and the

Ricci tensor is Ry, = R ww- For left-handed Weyl fermions, similar equations are derived,



but only the sign in front of €,,,, is flipped, as is parity-odd. The first equation (2.4)
corresponds to the kinetic equation while the others (2.5) and (2.6) are constraints that
determine the functional form of R*. It is worthwhile to mention that eqs. (2.4)-(2.6)
are the Ward identities in terms of the symmetries that Weyl fermions respect in a given
coordinate; the U(1) gauge symmetry, the conformal symmetry, and the Lorentz symmetry,
respectively [47].

Let us parametrize the solution for eqs. (2.5) and (2.6) as

B ok 1 21
RI =Rl + R + H2RY, . (2.11)
Contracting eq. (2.6) with p”, we find
h
PRy = pup - R+ 5 uwpap” DPRT + 207" (T[HRZ,} + SOWR“) . (2.12)

Combined with eq. (2.5), this equation is decomposed into

PRY =0, (2.13)
1 v o

pZRl(}) = §5Wpap D”R(O) , (2.14)
1

PR = —puQ - Ri0) + 5umpap” D'RYy + 2" (TR + S R{y) ) - (2.15)

Also egs. (2.5) and (2.6) yield

p-R) =0, (2.16)

p- R(l) = 0, (2.17)

P R +Q Rp =0, (2.18)

apRY) =0, (2.19)

Ap R + ppe DPRY) =0, (2.20)

4p R + S DPRY) + 4(TYRY + SRy ) = 0. (2.21)

In the following, we look for Rf’o), Ré‘l) and R?‘Q) that satisfy egs. (2.13)—(2.21).

First, let us solve the zeroth and first-order parts. Equations (2.13) and (2.16) imply

R?o) = 218 (p*)p" f0) » (2.22)

where f(q) is a scalar function that satisfies ¢ (p?)p? f(0) = 0. From eq. (2.19), we can check

that there does not appear any other term in R,(LO). Equation (2.4) in the zeroth order,

DHR’ZO) = 0, gives the collisionless Boltzmann equation,
216 (p*) (P'V i+ L0, 0P8y ) froy = 0. (2.23)

Higher-order terms give quantum corrections to the Boltzmann equation.
From eq. (2.14) and the above R{;, we find

PRy =0. (2.24)



This does not necessarily mean that 73’(‘1) itself vanishes for arbitrary p,. Indeed if R’é) in-
volves 6(p?), it fulfils eq. (2.24). Therefore, the first-order correction is generally written as

Ré‘l) = 2775(p2)7€‘(‘1) :

Here the undetermined part 7%,(}) satisfies §(p? )pzﬁ’(‘l) = 0 so that eq. (2.24) holds. Plugging

(2.25)

this R’(‘l) and Rl{o) into eq. (2.20), we obtain

5(p?) [am,pappDa fo) - 4p[u7€§)} =0. (2.26)
We contract this with n”/(2p - n), where n#(x) is a vector field independent of p,. Then
we get

RW5(p2) = 8( 2)[ n- R " sm,pgppn"DVf ] . (2.27)
1 0(p PP, % 0)

Thus the first-order correction is given by

Rl = 2m6(0%) [P oy + S Dufo)) (2.28)
where we define _

foy == RE T i Ly (2.29)

p-n 2p-n

In the above Ré)? an arbitrary vector n* emerges through £¥. This ambiguity is related
to the (local) Lorentz transformation [25], and thus 3#" is regarded as the spin tensor
defined in the frame n* [26]. In particular, at n* = (1,0), we have f) = ﬁgl)/Po, ie.,
the charge density divided by the particle energy. In this sense, f(;) can be regarded as
the quantum correction to the distribution function. Note that the solution R’é) fulfils
eqs. (2.14) and (2.17) as long as §(p®)p* f(1) = 0 holds.

Now we solve the second-order correction. By plugging the above R’(LO) and Ré) into
eq. (2.15), we obtain

P*RE =21 (=puQ - p+ 0" Dy )5(0*) o) (2.30)
where the derivative operator D,,, is defined as
1
Dy = 2(Tup) + Seguwp™) + 38uwpa DPE7 D (2.31)
The general form of the second-order correction then reads
~ 2m v
Ry = 2md(*)RY + 25 [‘W pHD DW} 50*)fo)- (2.32)
Here we again introduced the undetermined part 7%&2), which satisfies 5(p2)p27€€2) = 0.
Plugging R\, R\, and R{? into eq. (2.21), we obtain
0= 42?[“73,(,? + (27)e v po DP (p"fa) + EZADAf(o))MP?) + 4(2m) (T[#Py] + Soa/uxpa> f0)6(0%)

_ 4
- {4;)[#73,(}? + upe D7 1) + Fp[up”Du]pfm) + 2D f (m} 5(p”)

- 1
=27 [4}9[#725? — EupeP’ D f1) — pzswp(,ppaaﬁwpal)g,yf(o)] 5(p?). (2.33)



Similarly to eq. (2.26), we solve the above equation by introducing a vector u* (this is in
general different from n*), as follows:

1
RA3(p?) = 6% [pufio) + S D fry| + 2= Epa D (0) fo

u v 5(])2) u 1 pafy, « v
= 5(p2)[Puf(2) + 35, D f(l)] ~ Zhy [QR BvepPp0l +p- DXV D, | fo)
(2.34)
where we defined Raﬁw = Rop" € popr/2 and
= . 2.
foy=—7, (2.35)
In the second line of eq. (2.34), we utilized
1 1 1 ;
[A/upu] = ﬂRuuy [B/upu] = _ﬂRuu + 2% (Rpuua + Rpa;w)ppap > (2'36)
which yield
1~
2" po (Tspy + Saap?) = =5 B*7pypadl (2.37)

Therefore, the second-order correction reads

1
R =2m5(p?) {pu fo)+5u, D" f(l)} +27r1§ [—qu-erzp” (T[Mpy] +8Wp°“)] 5(p°) f(o)

S(p2)T1 1 -~
+2m ;pz)[Qawap”DPEZADA—EZV(23“5”ppppaa§+P‘DEZ” Dp)]f(O)- (2.38)

We mention that eq. (2.15) is still fulfilled for the above R;(?) as long as
5(p*)p° f(2y =0 (2.39)
holds. Indeed we can check

_ 1.
5(p2)p2R(2) — _5(;02)22” |:2R04,3Vppppaag +p.DEZPDp:| f(O)

1~ 1 1 2

— _5(p2)2luw [Raﬁuppppaag + D, (E;/l/\pp + *EVAPUPU _ 7€u>\po pn") Dp:| f(())
2 2 2 p-n

= —6(p*)Sh, DaXi p- D fg) =0. (2.40)

In the second line, we utilized

1 1 p2nﬁ
Eg[upy] = —52211]004 - Zgul/ocﬁ <pﬂ - - 7’L> > (241)
which follows from the Schouten identity: pue,por+Du€poru +PpEoruw +Po€ruwp +PAEwpo = 0.
Also the last line follows from [D,,D,|f = —Ragwpaag f, and the classical kinetic equa-
tion (2.4), i.e., 6(p?)p-Dfio)=0. We stress that eq. (2.39) is a crucial constraint to f(),
especially when we determine the equilibrium distribution function (see section 3).



Eventually, the Wigner function up to O(h?) is derived as
Ryu=278(p%) [P F0) + (1) + 2 F(2) ) +h3, DY o)+ 255, DY fa)|

1
+2wh2p {—pMQ‘ p+20" (Tyupy +SWp°‘)] 3(p*) fo) (2.42)

5(p*)

1 v 1~ v v

As the above R* is a fermion propagator, performing the momentum integration involving
it we evaluate a corresponding quantity of Weyl fermions under a gravitational field. In
particular, the charge current and the symmetric energy-momentum tensor are given by

ih 1+9°
T () = /tr[gv(“ﬁ”)?w(ﬂc,p)} = 2/19(“73”)(33717) +O(R’),
p p

where we define [ = [ Mﬁ, Xmyv) = (XPYY 4+ XYYH)/2 and ﬁu(wbwa) =
VoD ytha — @Zbg,ﬂ/}a. Here we used the expansion of the derivative; D, (z,y) = 0fv(z,y) +
O(h?) (see appendix C in ref. [34]). In section 4, we derive the equilibrium Wigner function
and show that it yields the gravity-induced parts of J# and T#”. We also demonstrate that
the different approaches in appendix D lead to the same J* [see eq. (4.10) and egs. (D.21)

and (D.38)].

3 Frame dependence and equilibrium

In the evaluation of physical quantities such as eq. (2.43), it is necessary to identify the
explicit form of f() (1),(2)- For this purpose, the frame (i.e., n* and u*) dependences of R
are a crucial concept; as shown below, we derive a constraint on the distribution function
from the proper transformation law under the shift of the frames. Combined this with
the kinetic equation, we determine f(g) (1),(2) at equilibrium, which are utilized to evaluate
equilibrium transport phenomena induced by external gravity in section 4. This section is
devoted to the analysis of the frame dependence and the equilibrium solution found from it.

In the above derivation of R¥, the frame vectors n* and u* are algebraically intro-
duced. It is valid to expect that the frame-dependence disappears in R*, which generates
physical quantities. Indeed, as is well-known in the O(h) CKT, the choice of the frame
vector n* corresponds to the Lorentz transformation, and the frame-dependence is totally
compensated in physical quantities, due to the shift of f(;). Hence we may plausibly require
that the same is true in the O(h?) CKT. That is, we determine the transformation law of
f(2) under n* — n* and u* — u'* so that the frame dependence vanishes in R*.

Let us first take the Lorentz transformation in terms of n*, namely, (z#,p') —
(P, p*) = (Ap)t, (z¥,p") and u* — u'* = (Ap)* u”, where (A,)*

resentation of the local Lorentz transformation. This transformation is equivalent to the

is the matrix rep-

v v

~10 -



one of the frame vector n* as

nt — ' = (AN nY . (3.1)

n

We also parametrize the transformation of f as

f(map) — f’(iﬂ,,p,) = f(‘rvp) + hénf(l)(map) + h26nf(2)(zap) . (32)
Due to the Lorentz covariance of R*, we have
0 = (A'gl)ul}RZ/(w,ap,) —Ru(x,p)

= 270(p?) [pu (8 ) +h0n iy )+ (S50, =S5, ) D oy 0, D80 i (3.3)

+h?<1€ P D (257 =55 ) Dafio)— S p- D (Z4 =24 ) D,y fo )}
p2 9 Qv po n n (0) v n n P (0)

Contracting eq. (3.3) with n# and picking up only the O(h) terms, we find
a n v
onfay=———%.D"fo)- (3.4)
Similarly, contracting eq. (3.3) with u*, we obtain
L s pufywr vp
onf2) = PE;WD (En/ -2y )Dpf(o) . (3.5)

The above 6, f(1),(2) fulfills 6(p2)p25nf(1),(2) = 0. Also, we can show that they satisfy
eq. (3.3).
Let us also perform the Lorentz transformation with

' — ut = (A (3.6)

for which the Lorentz covariance of R, requires

0= (A R 1) = Ryul,p)

2 2 2 u’ u v 2vu v
= 2r(p )[pu (héu fay + h23, f@)) +h (ZW - EW)D foy + PELD"ufy 3

h? 1~
- (2, - 58 (ﬁaﬂwp,,paag +p- ngﬁpp) f(o)} .

From the O(h) part, we readily find

oufy =0. (3.8)
By contracting eq. (3.7) with u*, we find

ut u’ v 1 /1 pafy v
Sufiy = =St [0y = 5 (3R mpadh + - DED, ) o) (39)

We can check that the above 4y, f(2) fulfills (p?)p?dy, fi2) = 0 and eq. (3.7).
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In the Wigner function (2.42), the frame vectors n* and w* are in general chosen
independently. As long as f(1) and f(2) obey the transformation laws (3.4), (3.5), (3.8)
and (3.9), however, we can always set u¥ = n# by redefining f5). Then, eq. (2.42) is
simplified as

2

h
R,u =2 5(]?2)(]9“ + hEZI/DV) + ?{_qu -p+2p” (T[,upu] + Soc,ul/pa) }5(172)
ber o (3.10)
h (5(]) ) VPN _ vy (pafrp vp
+ 2p2 EuvpoP D En D)\ EMI/(R pppaaé7 + 2]9 : Dzn Dp) fv
where we define
f=Ffo)+0fa)+ R fo. (3.11)

The transformation laws under the change of the frames n* and u* are helpful to iden-
tify the equilibrium distribution function. Let us first start from the classical distribution
f(0), which is defined as a function of the collisional conserved quantities:

foy = foy(g0) = —Bur+6-p), (3.12)
ViuBr) =0, V.8, +V.,B,=0. (3.13)

For this f(g), the transformation law (3.4) yields

M
p-n

= _f M _1 vp ,u_lupuo )
f<0>p.n< 520 P = 7€ e |V (3.14)

dnfy = —Floy =S 0"V,

= f(’o)%@ff ~ ) VB,

where we use eq. (2.41) and define f(lo) = df(0)(9(0))/dg(0)- Although the above relation
identifies the frame-dependent part involved in f(;) at equilibrium, the frame-independent
part is still undetermined. If we set such an ambiguous part in f(;) to be zero, however,
we identify

1

This is a plausible form in the sense that the spin-vorticity coupling term is correctly
reproduced: f(oy + Af1y = fo)(900) + gzgvvuﬁy) + O(R?). In this case, the first order
Wigner function (2.28) is written as

1 vpo
(1)eq — 27T5(p2)f(/0) (_4)€,u P puvp/@cr . (3.16)

- 12 —



This R’{l) fulfills the kinetic equation at O(h) [34]. Subsequently, with the above fq) and

f(1), the transformation laws (3.5) and (3.9) lead to

1 v o
nfe) = S D" o (% —Enp)p Vo
Zu DH f Yol 2. nl)\ o ﬂ
= ()E p-n’ p n pFo|

S 1
bufy =~ =1 | D" Fly p"vpﬂg—( R p,paBafly + b+ DSl S0V n )|

Ul/)\
/ eP

— (EZ;/ - EZV)D“ (f(o) ip-n pﬁa) ) (3,17)

where we employ eq. (2.41). Therefore we find

szpa)\

m”pvoﬂ)\> + ¢(2) : (3.18)

/
fioy = B D" (f (0)
Here, unlike the first-order correction f(;), we explicitly keep the frame-independent ambi-
guity ¢(2). Importantly, this ambiguous part should be taken into account for the realization
of equilibrium, as we elaborate later. As shown in appendix A, inserting the above distri-
bution functions f(g) (1),2) into eq. (2.38), we reduce the second-order correction part to

)

= 2m6(p?)

(2)eq

1 o 1 2
¢(2)pﬂ +f(0)< 2p 2RM Do — 12p2RpM 3(p2)2

Tl (—R Bt s B .
(3.19)

1
+ £y (5B Wpaﬂgm rogp Rano 0580

L Glp gul, v P Gl e
_Zv pHp v[pﬁu]"’_@puv Bp v[pﬁo] :

The frame-dependence here vanishes totally, as it should. Plugging this into the chiral
kinetic equation (2.4), and after a straightforward calculation in appendix B, we finally

arrive at
0=[D-R)+P R /27
1 1

=8 D o+ 103 (1) (~gB VRt 55- VR pas )

1 (6% 1 (63 4
+10)30%) (= g0 VB Bt R po5,5 (3.20)

///52 1 VR RV, P R0 52 1R,u04 D

+f(0) (p ) _ﬂﬂ pouvpP BYp’ B |+ (p ) _ﬁ Pa uf((])

1 1 1
+80%) (1578 ) Dl +3(6) (- g R pap, ~ 9755 V,8, ) Dy

~13 -



which is the equation to determine ¢,). However, there is in general no solution, as is
obvious from the constraint (2.39); ¢(2) cannot have §(p?)/p* terms. In other words, the
collisionless CK'T has no global equilibrium solution in general background curved geome-
try. We note that an equilibrium distribution function with ¢(3) = 0 is realized in the flat
spacetime limit g, = 71,,; the Killing equation 0,3, + 9,8, = 0 leads to

1 1
5(p?) <—43”6"p” pﬁu) 0t (o) = 6(p°) <—4apﬁﬂ> 0p0uflpy =0. (3.21)

4 Stationary weak gravity

Although the general curved spacetime does not realize an equilibrium, there may exist a
special geometry having a solution for eq. (3.20). One of the simplest cases is the stationary
and weak background gravitational field, where the metric tensor is given by

gul/ = 77;w + hull 9 8Ohul/ = 0) ‘h;u/| << 1 . (41)

In this case, the time-like Killing vector * || £&* := &} is admitted. Then, the kinetic
equation (3.20) is drastically reduced as

1

5(p°)p- D <¢(2) 51

R*80505(p)) = 0. (42)
Therefore, for the metric tensor (4.1), we identify

f//
b2y = %Raﬂﬁaﬁﬂ- (4.3)

Hereafter, we call f = fo) + hfq) + hzf@) with eqgs. (3.12), (3.15), (3.18) and (4.3) an
equilibrium distribution function. In this section, we focus on the geometry described by

eq. (4.1).
Let us evaluate the charge current and the symmetric energy-momentum tensor for the
equilibrium distribution function. We employ the classical equilibrium state described by

05-p) 05 p)
90 +1 e 90 417

where 8 is a time-like Killing vector g* = B¢ with 3 = /B - B/goo. Also 3 and ji are the
global inverse temperature and chemical potential. In the flat spacetime limit, the classical

fo) =

90) = —Bu+B-p, (4.4)

charge density becomes

1
J(%)eq - 2/pRl(l0)eq = /p["F(P\ — ) —np(pl+ M)} » nr(z) = 1 (4.5)
with [, = [d®p/(2m)3.
From eq. (2.43), the equilibrium Wigner function Rﬁ)eq yields the CVE [26]:
Tiyeq = Cr*s - TS = 200600, (4.6)

~ 14 -



where the vorticity vector is introduced as wh = e"?7¢,V ,{, /2. Here the coefficients are
defined as

Coim gz [ doe [l — 1) = (“1"nep+ )] (4.7

and thus we find C7 = p?/(47?) + T%/12 and Cy = p?/6(7?) + uT?/6 (see appendix C).
The above charge current is conserved, namely, V#J(Mneq = 0. This reflects the absence of
the gravitational contribution to the U(1) anomaly in the CKT up to O(h). Besides, the
energy-momentum conservation holds, as we check V MT(“Seq = 0.

From eq. (3.19) and (4.3), the second order equilibrium Wigner function reads

1. 1 2

_ 2
.= 2m6(p7)

/ 1 a 1 af
+f(0) (_24RM Ba—i_TpQR Vﬂpaﬁﬁpv (48)

1 1 1
n o _ — pobyn _ LY 3B R0 L — paB
+f(0)< 24R paﬁﬁﬁ’y 12p2Ra575p pp' 7B +24R ﬁaﬁﬁ)]a
where R = g"” R,,,, is the Ricci scalar. Here we dropped the terms including V,3, because
they are of order O(hfw). In the momentum integral, the 1/p? terms can be rewritten as

5(p? 1
[P = [ Ls0h0u ), (49)
p P P
which follows from &'(x) = —d(x)/x. The integral with 1/(p?)? is also computed in a

similar manner with 6”(z) = 26(z)/x?. With the help of several formulas in appendix C,
we eventually derive

1 . 1 1 N
Jé)eq = CO |:12RM04§ - ﬂfuR + gfuRagf 5’8:| s

1 1 1
Tlye, = C1 |- R" — —REHEY + — Ry 41
(2)eq Cl[ 12R 12R£ 5 + 24R77 ( O)
1 1 1
_ gRa(“fy)fa + gRaﬁfafﬂ(Zlf“fy — ") + aRyowﬁfafﬁ

with Cy = u1/(27?). Therefore, based on the CKT, we reveal that the nonvanishing fermion
transport is induced by the background gravitational field even in equilibrium. This implies
that these phenomena are nondissipative, as so are the CME, and CVE. This is one of

the main findings of this paper. We can also derive the same current J/,, from the

diagrammatic computation (see appendix D.1) and with the Riemann norrr(gleqcoordinate
expansion (see appendix D.2). It is worthwhile to mention that go; enters in egs. (4.6)
and (4.10) only through the field strength f;; = 0;go; — 0jgo;. This is a consequence of the
Kaluza-Klein gauge symmetry [48].

For the left-handed Weyl fermion, J/, and T/ are written as the same form, while

(2)eq (2)eq
the sign of Jf|,  and T7}7 flipped; the former does not involve e#*#” while the latter does.

(1eq (Deq
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As a result, the vector and axial parts are written as

1 a 1 1 o
J(é)qu/A - C’07V/A ER“af - ﬂguR + gfuRagf gﬁ )

y VR TR N
T(l;)qu/A = Cl,V/A |:_12R'u - ER@uf + ﬂRnM (4.11)
1 1 1

— RO+ S RUEL(AENE — ") + CRIE

where Co vya = pyja/m, Crv = (13 + p%) /27 +T?/6 and Oy a = pypa/7?, with py
and p4 being the vector and chiral chemical potential, respectively. In section 7, we argue
the novelty and some implications of eq. (4.10) and (4.11).

5 Dynamical weak gravity

While so far we have focused on the equilibrium state, this section is dedicated to discuss
the dynamical response from the time-dependent gravity. Specifically, we consider a plane-
wave weak background gravitational field:

G = Ny + Py s oy ~ etk |huw| < 1, (5.1)

where k* = (ko, k) is the momentum of the gravitational field. Let us look for the pertur-
bative distribution function represented as the following form:

0(po) 0(—po)

J=faat +f, flar= oB(po—n) 1 o—B(po—h) 17

f=Ffoy+hfay+ 1 fe. (52)

Here 8 and p are constant, and thus fga; is the static and homogeneous solution of the

collisionless Boltzmann equation (2.23) for h,,, = 0. We define f as the fluctuation around

—ik-x —ik-x

fat. For hy, ~ e , we may employ the anzatz f ~ e . For simplicity, we further

assume J,n" = 0.
We first compute the classical and leading order parts. Plugging the general form of
Rﬁ)) (1) In egs. (2.22) and (2.28) into eq. (2.4), we write down the kinetic equation as

h
5(p?) {p D+ h(D,2t")D, — QEg”RQBWp"‘ag] f=0. (5.3)
Expanding the above equation in terms of h,, and utilizing 0, faat = 0, we obtain
= h
pOF + Db, = SE8 Rappan" 8y =0, (5.4)

where we denote S# = B¢H = 36, Note that after the weak gravitational field expansion,
all indices are raised and lowered by 7,, and the inner products are defined as A- B =
NuwAFBY and A? = NuAFAY. Especially, to get the above equation, we have taken the
following replacement:

Pt = g"'p, ~pt — Wp,, (5.5)

1
5(p°) = 8(9" pupv) ~ 6(p?) (1 + p2h”Vpupy> , (5.6)
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which follow from g* ~ n* — h* and ¢'(z) = —§(z)/z. For hy,, ~ e~ the fluctuations

f(O),(l) ~ e~ are found to be

~ 1 Y

f(O) = ’Lk) . prﬁupuppﬁ féat ) (57)
f L % apB gl

f(l) = %k - pzn Raﬂ;tl/p B fﬂat ) (58)

with the linearized Christoffel symbol and Riemann tensor being

I, ~ %Z(kuhf{ + kARL — kPhy),

(—i)2 (5'9)
Rp/\W ~ T(k,,k,\hz — kykPhyy — Kk kbl + k kP hyy)
Plugging the above distribution functions into eqgs. (2.22) and (2.28), we get the Wigner
function. It is here informative to decompose the Wigner function into the terms that
involve the k-dependent pole in the denominator, and the others. As we show in section 6,
the momentum integrals of the former vanishes in the static limit ko/|k| — 0, while those
of the latter survives. In this sense, we denote such a (non)static part as R?non)st. We note
that the static part R% reproduces the equilibrium Wigner function RE, in the previous
section, as we show later.

For the classical O(hY) part, eq. (5.7) leads to R‘(‘O) = R?O)st + R?O)nonst with
1 ., Y
RI(JO)st = 27T(5(p2) |:p,u (1 + ?h ﬁPaPB) fﬂat — h¥ pl/fﬂat 5 (5.10)
1 12
72l(LO)nonst = 27T(5(p2)mr’l))\yp'up)\ppﬁ ff{lat ) (511)

where we use g"” =~ n"* — ¥ and 6(g*?papg) =~ §(p?)(1+h*Ppaps/p?). Similarly, eqs. (5.7)
and (5.8) yield to the O(h) part as

Ry = 208" (9" foay + 24 Do (fa + F0))

B _27r(5(p2) 1
N 4 ik-p

(5.12)
€W7V>\pn Rpa/\uppﬁa ffllat >

where we used eq. (2.41) to remove ¥#”. We again stress that while f(l) is the frame-
dependent, the Wigner function R’(‘l) is irrelevant to the frame. Then, the Wigner function

is represented as R’{l) = Rt‘l)st + Ré‘l)nonst with
278 (p? )
R?l)st == 4(p )EHVPUPV<_ka)ha/\B)\féat’ (5.13)
216(0%) oo, . KB
R!(Ll)nonst = Teﬂ r pl/(ilkp)mho)\p ff,lat' (5'14)

I

We observe that the above Rl(‘l)st is consistent with the equilibrium Wigner function R(l)eq

in eq. (3.16).
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Applying the totally same manner to the O(h?) parts, we obtain f2 and eventually the
Wigner function as R’é) = Rlé)st + R’é) with

nonst

R?Q)St:27r5(p2) {Raﬂ pra/B fﬂautJr Rﬁ p pl//B fﬂatifRﬁ‘uﬁ fﬂat
(5.15)

1
+5 4p“Ra/3ﬁ°‘65 fﬂat] 2 [—p“Q‘er 2p, (T1Hp”! +So‘“”pa)} 5(p?) faat »

kB
k-p

"

1
—p"'p"’B" B Rponu fhiat | »

n
R 24
(5.16)

(2)nonst

1
=2m8(p?) { —5 Ra"pl'pup fﬂat+ Ra P fhar+

for which the precise derivation is shown in appendix F. Again Ré)st is the same as Ré)eq

in eq. (3.19) up to O(hu).

6 Dynamical response

In the following discussion, we evaluate the charge current J* and the energy-momentum
tensor TH" in eq. (2.43) with egs. (5.15), and (5.16). As the Wigner function R* is de-
composed into the static (k-independent) and nonstatic (k-dependent) part, so are J* and
T that is, JK = J4 + Jho . and TH = TR + Th> . The static part is calculated in

the same manner as before. For instance, using the integral formulas in appendix C, the
momentum integrals of the classical contribution (5.10) yield

Joyst = 025“(1 — 2% hap),
Tl = Cal 566" — g + (gt — 486 + S g,

with Cy = p*/247% + p?T?/12. Here we use (—g) /2 ~ 1 — ht;/2, and perform the
integration by part.

For the nonstatic part, it is helpful to additionally prepare the following tensor (scalar
for n = 0) function:
dQ pjl ce e pin

A )

Pvin(g) =g
@ = [T

(6.2)
where we define = := ko/|k| and the integral is over the solid angle of p. The evaluations
of I71In(z)’s are summarized in appendix G. Here  in the denominators is understood to
involve the positive infinitesimal imaginary part +in. The nonstatic part of the classical
charge current is from eq. (5.11) evaluated as

1
2 by
Tlrnonst = =k + Bl / 2m80) PP F

3

(6.3)
=30 {gﬂ (hOOI + hjp % + 2hgjlj) + o (hooﬁ + hjpI9% + 2h0j1ij)} .
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To obtain the above second line, we utilized I/"Jn(—x) = (—1)"I/t"J»(z) and

2% - 5/@02 5(p ) jm
(6.4)
n— L m n+m - m
= Blp|" 2| " (Ip| — ) + (~1) T (|p| + )
r—k-p+in —z—k-p—in

with np(y) = (e%¥ +1)~! and n%m) (y) :=d™np(y)/dy™. Besides, the nonstatic part of the
classical energy-momentum tensor is computed as

’ 1
T(M 0)nonst —k - Bhpx / 216 (p Tpp“p P’ p)‘fﬁat
=20, {gﬂgv (PooT + 2o 7 + by %) + 26057 (hooI* + 2ho; I'7 + hjx %) (6.5)

+ 55‘5; (hoo[ij + 2h0kfijk + hkllijkl):| .

It is worthwhile to notice several properties of the above I;,...;, (z). First we find the
following relations:

kol + ki I* = ko, (6.6)
kolk + k‘j]jk = 0,
ik ijk &%
kol’" + k; 1" = ]{70? , (68)
ko IP* 4 ey 1M = 0 (6.9)

From these, we can show the charge current and energy-momentum conservation for arbi-
trary k*:

VMJ(NE)) = v#(‘]( 0)st + J(O)nonst) 0,

K(0) T ,u,( (0)st + (0)nonst) - Y-
Second, we check that 717 (z) fulfills another type of relations:
I+1;=0, (6.11)
I*+ ;7% =0, (6.12)
M4 1M =0, (6.13)
These bring the dilatation current conservation for arbitrary k*:
g'uVT(%g = g‘u‘l/( (O)St + T(I:)I;nonst) O . (614)
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As a particular case, we consider the dynamical limit x = ko/|k| > 1. We expand
Jg))nonst and T(‘g)’nonst in terms of 1/x, with the asymptotic forms of [j,...;, ()’s, which are
derived in egs. (G.9)—(G.13). For later convenience, we here define the total charge current

and energy-momentum tensor in the dynamical limit, as follows:

ngn = Jslé + J#onst‘a;_>oo ’ T(l;yyn = Ts/éy + T#oynst|x_>oo . (615)
Their classical contributions hence become
T = yler(1— I 6Hhe
(O)dyn—2§ TotAa) %o
THY =C 14#1/ nz 3uau,8 2 wv, af 6.16
(O)dyn—gg(éﬁ—n )+ S0 4 et (6.16)

12 4 2 16
peveaeB  F afepev aef pv a(per) ¢B
PO — LI — e = D o

Let us also calculate quantum corrections. At O(h), the Wigner function (5.14) leads to

1 .
Tiynonst = ~Cret'I = SCret™ (—iky)hy [(@5’; + 0560 ) Ik + 555’;@4 :
y 3C2 0w )7 302 [ (uvympors ‘
TH oy = — 2T = 22 {5@5 07 (—ik )y (5 + 03€n) Ik + 6305 L) (6.17)

+ e (—ik, ) h) <€n§AIi + (08 Ex + 6XEn) L + 5%6];\]@1@)} :
where the vorticity is linearized as
1 vpo 1 vpo . A
wh = 56‘“ PIEN peo 55“ Lo, (—ikp)har§™ . (6.18)

In particular, taking the dynamical limit, we find

J(Hl)nonst’x_mo = _Clwu,
e () 4 ©2 i _)oim_q \1k (6.19)
T(].)nonst’xﬁoo = —20%8V'w” + ?5k € (—’Lkl)hm .

These results, combined with the static parts (4.6), yield the O(h) contributions of
eq. (6.15), as follows:

JM

0
fgm =05 T(ian =0 (6.20)

Therefore we conclude that the CVE vanishes in the dynamical limit. This is consistent
with the diagrammatic calculation in ref. [40].
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At O(Rh?), from the Wigner function (5.16), the nonstatic parts are evaluated as
Coll v vk 1 k
Tonons =~ 2[5 (€7 + 041%) — LR (g1 + 511%)
+ Rao (é“g”‘[ + (&1 + €2 TF + 5;%5,31%) + Rjoko (gﬂfjk + 5¢Iif’f)] ,
T (o) |~ LR (enert 4 26 1 4 syt
(2)nonst (—2C1) |- 16 §HENT +2¢ k + Jk
3 V) o | ZEVeY V) SQ VeoN T
+ g Rua(€1€7€T + (EVS)E + e o)+ (201€5E + 50
+ 555;5,31”’“) + %kao <§“§”I’“’ +260g) R 555;[@7“)] . (6.21)
In the dynamical limit * — oo, we obtain

1 1
J(MZ)nonst|xﬁoo =Co |:—6£/JR00 + = <—2R0'u + £“R>:| ,

60
y L1324 T o
Té)non5t|x—>oo =0 [5“5 (MOR - 35R00> + %f(“Ro ) (6.22)
11 16 2
| T p T _R,U,OI/O:| )
K (420R 105R°°> 15

Here we used

1 A k; 1 PPN 1 1 ky.

—Rojork® = L Roo — Rjo, —Rojork’k* = (1—)R —~R, R=2Ryp+2—~Ry",

mROJOk g 00 505 3 Tojok 2 Ao — 5 00 + ko 10
(6.23)

which follow from the second Bianchi identity. Combining these with the static contribu-

tion (4.10), we write the O(h?) contributions of eq. (6.15) as

Co 1
M _ [
Toyamn = 50 [Rﬂag 25#3} :

1 1 13 1
ThY = C1| =R + ——REME + —— Ry + —RWgg, 6.24
(2)dyn 1{ R T gs T Tt e (6.24)
2 1 1
_ aBe ¢ cpev L pap w1 puovs .

=R bsEE — SR + oS R
We note that egs. (6.6)—(6.9) and egs. (6.11)—(6.13) again result in the conservation laws
VMJ(“U = VMJ(“Q) =0, VMT(% = VMT(’% =0 and T*,q) = T* 2y = 0 for arbitrary k*. In

the next section, we discuss some implications of (6.24) in the fluid frame [see eq. (7.5)].

7 Fluid frame

The fermionic system under a background fluid is pedagogical and informative to show the
novelty of the gravity-induced transport phenomena given by egs. (4.10) and (6.24). In
general, the effect of the fluid can be translated to that of an effective curved geometry
with the following metric [48]:

goo =1+ hoo(t,x), goi =hoi(t,x), gij =nij- (7.1)
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Adopting this metric, we represent the temperature gradient [49] and the fluid vorticity as
r 1 i L oijk
oT|T = —50igo0, w'=-—ge 70 gx0 (7.2)

with T being the global temperature. Alternatively, the present coordinate describes the
system under the gravitoelectromagnetic fields £ = —%Biggo and B! = —%aijkﬁjgkg. The
nonvanishing components of the curvature tensors read

0:0;T 1. VT :
Rgo = §R = T - 806]'] ,  Roi= (V X w)i’ (7'3)

Ripjo = Rij =

with €ij = %(8¢h0j + 8jh0i).

Inserting eq. (7.3) into egs. (4.10) and (6.24), we readily obtain the transport phenom-
ena under the temperature gradient and inhomogeneous vorticity. In the static limit (or
equivalently, for the stationary metric dph,, = 0), eq. (4.10) is written explicitly as

CoV2T . Co
J(OQ)eq = 6 T (2)eq = (V X w)
C, V2T . C g C
00 _ Yl 0i  __ 1 % 1 7 i 2
@ea= G 7 0 L@ea= 5 (VX W), TJeq = —57 0 & +nIVvAHT, (7.4)

with Cp = p/27% and Cy = p?/4n?+T?/12. Similarly, from the expression in the dynamical
limit (6.24), we find

J(O?)dyn =0, J(iQ)dyn = gg(v x w)’,
T =00 /T4y = 01 SHY X W), Ty = %[ (W . 177”V2>T . 800”},
(7.5)
where we introduce the shear tensor:
oV = e’ - %n"j " (7.6)

The corresponding vector and axial-vector currents are obtained by replacing Cy with
Covia = Mv/A/ﬂ'Q, and Cy with Cry = (ud + p4)/27% + T?/6 and Cy a4 = pypa/m
respectively, as we have done to get eq. (4.11). Several comments are in order.

We again emphasize that eq. (7.4) represents equilibrium transport phenomena, like
the CME and CVE. It is also intriguing to notice the difference between these and Fourier’s
law. For the former, the currents in eq. (7.4) come from the vorticity, namely, the magnetic
part B of the gravity. This background source supplies no energy to particles, and thus the
currents become finite even in equilibrium. On the other hand, the latter is the current gen-
eration by the temperature gradient. This electric part £ of the gravitational field gives an
energy to particles. Therefore the Fourier’s law is dissipative and prohibited in equilibrium.

For an static and spatially inhomogeneous Vorticity w(x), there emerges the nonvan-
ishing charge current J(Zé) and the energy current T (2) , on top of the contributions from
the CVE (4.6). Unlike the vector part of the CVE, the curvature—induced currents (4.11)
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or (7.4) does not require g # 0. In the system without the chiral imbalance, hence, J(iQ) eq
and T(OQi) oq AT€ the leading vortical contributions. In the dynamical limit, such second-order
contributions become more important, since the CVE is washed out as shown in eq. (6.20)
while the currents in eq. (7.5) are not.

Under the correspondence between magnetic field and vorticity, one would think that
the charge current J(iQ)eq Jdyn is the gravitational analogue of Ampére’s law: V x B =
V x w = J. The situation is however not so trivial since J(ZQ) eq/dyn is opposite-signed
eq/dyn (for 1 > 0). Namely, eqs. (7.4) and (7.5) cannot be

explained based on the naive picture that a particle’s momentum carries both charge and

against the energy current T (02i)

energy. This curious flow dynamics essentially comes from the quantum effects through
the spin-curvature coupling. We should emphasize that such an antiparallel charge-energy
flow is not restricted in the present coordinate, but more generally admitted in a lot of
curved spacetime; this phenomenon always takes place as long as Ry' # 0, as shown in
egs. (4.10) and (6.24).

It is worthwhile to mention the feedback to the gravitational field from eq. (4.10). In our
sign convention, the Einstein field equation is given by R, — % guwR = —8nGT),, with the
gravitational constant G [50]. Following this, the induced Ricci tensor reads R ~ a Ry,
with a positive coefficient o« > 0. Hence, the initial gravitational field is enhanced, which
evokes the possibility of instability. We will revisit and analyze more precisely the above
brief argument in the future, including the existence of a novel collective dynamics [51] in
a gravitational plasma [52, 53].

One might think that eq. (7.4) is unrelated to an anomaly. Indeed, eq. (7.4) would
be irrelevant to the chiral anomaly, according to the analysis of discrete symmetry [54].
Nevertheless, this fact is not sufficient to conclude the irrelevance to anomaly at all, as for
the temperature dependent part of the CVE [55-58]. We also mention that the transport
coefficients Cy and (4 are time-reversal even quantities, which could be associated with
their nondissipative nature similarly to those of the CME and CVE [54]. It should be
required to clarify the anomalous aspect of eq. (7.4) from different approaches, such as
hydrodynamics. In the sense that they are of the higher-order of the derivative counting,
usual hydrodynamics can neglect eqgs. (7.4) and (7.5). This would not be the case, however,
if these phenomena originate from quantum anomaly like the CME and CVE.

These novel contributions (7.4) lead to several implications in relativistic many-body
systems where an inhomogeneous fluid vorticity is experimentally generated. In rotating
quark-gluon plasma, there emerges the quadrupole configuration of the vorticity along the
beam direction [59-62]. Thus, on the transverse plane to the beam direction, the inhomo-
geneous vorticities generate the charge current J, and the energy current J¢, as depicted
in figure 1. As a brief argument, we may estimate the scale of the vorticity gradient to be
the inverse of the hot matter size. Indeed, at the collision energy /s = 19.6 GeV, the gradi-
ent of the vorticity is estimated to be (V X w)/w =~ 0.2 fm—-0.5 fm ~ 40 MeV—-100 MeV [61].
Although the whole magnitudes of J, and J{ are dependent on the scale of w, hence, these
are nonnegligible compared with the CVE.

On top of the charge and energy currents, the stress tensor Tg)eq is also induced. Let us
consider a cylindrical system along the z direction with a spatially inhomogeneous temper-
ature T'(z). From the vector part of the energy-momentum tensor in eq. (7.4), the tempera-
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Figure 1. Flow directions of J; (left) and J§ (right). The horizontal axis corresponds to the reac-
tion plane of heavy-ion collisions. The quadrupole vorticity structure is based on the measurement
by STAR collaboration [59].

Civ

LVT"(2)/T. When

ture gradient yields the correction to the transverse pressure P, (z) =

the temperature takes a Gaussian form T'(z) = Te *"/27" we get P (z) = 011—2‘/6_22/2”2 (22—
02)/(30?), which has the minima P, (0) = —0112"0 < 0 and maxima P (o) = 0117,2\/6_3/2

=2 > 0. Such a pressure correction is detectable in Weyl/Dirac semimetal experiments,
similarly to the usual thermoelectric transport phenomena [63, 64].

In table-top experiments, an inhomogeneous and dynamical vorticity can be generated
by an acoustic surface wave. We consider a transverse wave propagating on the zy sur-
face [65-67] of Weyl/Dirac semimetals. Also we prepare the wave propagating along the
direction, and its amplitude is normal to the surface, i.e., its displacement vector is given by
u = (0,0,u) with u = we~"ot+#2=rz Here ¢=#% reflects unpenetrating into the material.
Now the response to this surface wave can be evaluated in the coordinate space described
by 9w = M + by with ho, = =0 = ikou, hy, = —0,u = —iku, h,, = —0,u = Ku
and other components of h,, vanishing. From eq. (7.5) together with the Wick rotation

03 — K, we get the charge and energy currentS' Jé)dyn = 20 2k:gk/w J( 2)dyn = gg %zk k%u
and T(09§ 5ydyn = 40 2kolmu T( Sdyn = — 40 22k0k2u The flows normal to the fluid velocity

@ are induced by the gravitational curvature via quantum effects. We note that the flows
parallel to the fluid velocity are induced from classical contributions.
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A Equilibrium Wigner function (3.19)

In this appendix, we show the concrete expression of R’(‘Q) at equilibrium defined by
egs. (3.12), (3.15), (3.18) and (4.3). We decompose R‘é) in eq. (2.38) into the frame-
(in)dependent and the ¢(9) part:

Rio) = Riyindep T Ri2)dep + 218 (p®)p" o) - (A1)
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The first term reads

2T
RI(LQ)indep pf |:_qu p+2py, (T[Mp } Sa'ul/pa):| 5(p2)f(0)

2 Pt 5
= ﬂ |:5Raﬂag — Ro‘ﬁwipaagag — ? (QR + ﬁRaﬁpO{@g + 2Ra575pap7350p)

6 o
- ]?R B’y“pap’yag} 5(172)f(0)

1 1 2
2 a
= 27‘(5(]0 ) [f(O) <_22R'u Pa — 1272Rpu 3(p2)2 pupap,8>
+ f(o) ( aﬁa Raﬁ’wpaﬁﬁpw 4

1 1 5
+ f{o) (—MRO‘B ey — 1257 —— Rapy a0 B°B )]
The frame-dependent part is further decomposed as

Ré)dep = 27’[‘(5(1)2) (Tél + ’I"g + réL) 5

where we define

Mo 14 €p0)\n ]' 14 g

ry = pht¥y,D (f(0)4 ngvmﬁ) + 22# D, (f(o)zp vpgo),
1

rh = o =" p, D, EOAD)‘f

Mo uv 1~ 0436 n PP

Ty = —ZTZ 2R045Vpp P —|—p DZ D f(o)

For the equilibrium distribution f(g) in eq. (3.12), we reduce r4 and 7§ to

1
% = 522 P DS,V 8

1 o T 1 a n
= 2 DDtV Bl + G DD prer B

8p?
and

1 (1=
i = = 3B G Rasuapp B flo) + p - DELpAVIB )

1 n” A
_E(QZg[VpU] —|— Eﬁapy)gp)\yTDa—f(lo)nva

1 n A
=11+ g g Do fio) VOB
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where the p? term is dropped, and we utilize V,V, 8, = —B)‘R,\Wp and eq. (2.41). The
frame-dependent part hence becomes

_2m p? - .
Rlé)dep 8152 )5WP PvDpexnorp VA ,0

1
= 2m6(p?) [f(/o) (WpaﬂﬁpvRaﬁw R’“’ﬁu + R“ﬁpaﬁg> (A.7)
1
+ f(/,0)<_4VﬂIBMvapﬁV 4 2pyvpﬁu v/ ﬁg’):| .

In the above equation, the frame dependence totally vanishes, as it should. Eventually,
R{y) is written as eq. (3.19).

B Equilibrium kinetic equation (3.20)

In this appendix, we derive the kinetic equation (3.20). In later use, we recall the second
Bianchi identity for the Riemann tensor:

VaRuwpy +VeRura + VyRuas =0, (B.1)
which implies
1
VR = §V”R, V,RPH = VPR — V7R . (B.2)
Using V.8, = —VuBu, Rajuwp = —%RQBW and eq. (B.2), we evaluate each term in the

kinetic equation (2.4) as follows:
L\ R 0200 0y 517
_g AV Op Op P f(O) (p)
1 1
= fo) <—25/(p2)p'VR—25"(p2)p'VRaﬁpapﬁ>
3 1 1
+ /(o) <—166<p2)5-VR— 10 ") VR paffs— 46’(p2>6-v1%‘*ﬁpapﬁ)
1
+f(0) <—85(P2)5'VRaﬁpaﬁﬁ> ;
1 Aayao, p. 2
_ﬂv)\Rpauuapapapp p f(O)(s(p )

1 1
— f0 (G0 6P VR 58" 0P VR pay

1 1 1
+ 5l (350078 R+ 50 0P TR s 1

50 BV R oy

1 1 1
+£5) <65(P2)5‘VRQBP0455_125 ()Y Rap 67 = 50" (07 )pV Ry 605 U)

1" 1 v loa
4500 (= 510075V R 8057 ). (B.4)
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1 vao
8R cr,w/8 0 Dppuf(O)(S(pQ)
3 o
— floy (18P R 2B 5 ) (1.5)
Lo 2\ pap L& 2\ poww / 1
+ —§5(p )R 504"‘15 (P°) R pufups | Dpfioy+1 g

)

S0P R 0,5, ) Dol

1. 1 2
Pufo (‘WRM Pa™ 1o TP 50y

(B.6)
1 2 1
Zf(o)<— 327 VR+ 32 2? VR papﬁ>+<—2pQR“ pa)Duf(O)
1
Dy f{o) (—R’%ﬁ mRaﬁ ”“paﬁzam)
1
fio(~ 358"V R~ g5 VR DB+ 13058 VR pass (B.7)

0)
+< 24R#a6a p Raﬁ'wpaﬁﬁpv) uf(lo)

1 1
Duuf(o) (‘Raﬁ "pelpt 5 aﬁwap"pap”ﬁﬁ‘@)
Q 1 (6%
— fiy (g7 R BuBla— 516- VB palla— oV Ry 57

1 1
Raﬁwjpaﬂﬁvltﬁl/> <6p2 Raﬁ’wpap’yﬁﬁ) Duf(/()) + (—MRaﬁ’WpaﬁﬁﬂV> Duf(/()) )

16
(B.8)
1 v
_ZDMv[pﬁu}p V[pﬂu]f(lf))
" 1 o pBy7lk gv] 1 as / L Clpgul v /" (B:9)
= (0) _gRa,Bqu /B \Y 6 + ZR Ba Dﬁf(o)"— _Zv /3 p V[pﬁu] D,uf(()):
and
DL n VBV Bty = (s B paBion, ) Dty (B0)
Hap? [pPa]J (0) 2p2 2 )
Collecting them, we obtain eq. (3.20).
C Integration formulas
Here, we present several Integration formulas. We first define
Coi= 55 [ Ao (oo =) — (CD"nrlp+ )], nrG) = . (C)
n'_2ﬂ_2 0 PP NE(P — [ np\p—+ ), nFZ'_e,BZ+1' .

_97 —



In particular, the first four C),’s are

ch:é%, (C.2)
cg_zzdeCNW__g;+ﬁgﬂ, (C.4)
03:3[fdyaxm::£i-+“?ﬁ. (C.5)

Also in the integral of angular degrees of freedom, we can replace the product of p,’s in
the integral, as follows:

Pa — Poéas

2
p
Paps — (P0)*Eals+ ?Aaﬁa

pop?

PaPsDy — (P0)>Eabply+ 3 (€l +Es A0 +8 M),

PaPBPyPs — (p0>4§a§[3§7§6

2,2
(p0)3 £ (gafﬁA'yé+fa§7AB6+§aféAﬁv+§5§VA0¢5+€5£5A°‘7+§7§5Aa’5)

4
+|T5(Aa6A75+AavA65+Aa6Aﬂv)v

PaPaPDsPA — (D0)°EalaéyEsén

(pO?;pQ (Aap&r€séatAarEpEsint+DasEpérEntDanéplpéy + Ay Eadséa
+As€a&rér+Asalady s+ Ays6absn+ ArEalpls+ AsrEapy)
+ %po\PVl {fa(A67A6A+A66AvA +Aps2As)
+Ea(Aay Asa+Aas Aa+ A0 A4s) +E& (AnplAsr+Aas Apr+AarAgs)
+€5(AapAirtBay Apr+AarAsy) T3 (Bapas+ Doy Aps+8asAsy)]
(C.6)

_l’_

_|_

where &£# := (1,0) and AHY := gHEY — .

D Alternative derivation of J(ﬂz)eq

In this appendix, we derive the curvature-induced charge current J é‘ a(2) in eq. (4.10), from
the thermodynamics of Weyl fermions in a curved spacetime. At the same time, such
alternative derivations leading to the same ng(z) ensures the correctness of the Wigner
function Ré) in eq. (2.42) and the equilibrium distribution function f(,) given by eqgs. (3.18)
and (4.3).
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D.1 Diagrammatic computation

First, we derive the current of a chiral fluid under a gravitational field, based on the linear
response theory. We consider a Weyl fermion, and the corresponding action is given by

S = %/d4xenT (Uaeua(vu +iA,) — (%M - iAu)Uaeua)n’ (D.1)

where we introduce 0 = (1,0%) with the Pauli matrices o (i = 1,2,3). Here e, (er)

ab — eu"“e,}’g“" with the spacetime

denotes (inverse) vierbein satisfying g,, = eua'eybnab, n
curved metric gy, and Minkowski metric 7y, = diag(1,—1, -1, 1), and e := dete,’. The

left and right covariant derivatives are defined as

Vun = 0um —iAum, nTgﬂ = BMnT + inT.AL,

1 ab ab i —a b —-b _a (D2)
AM::?A# Yab, s Z:Z(UO' —a’c%)
with 7% := (1, —0¢"), which satisfies %" + %% = 0%G° + 0%6* = 21?. Furthermore,
employing the torsionless condition, we can express the spin connection wlﬂb = —wuba as
1
w,® = =" (C,,, — Coyp — C ,
w 9 ( vpp Py MVP) (D3)

Cuvp = €, (Ovepe — Opeue).

The energy-momentum tensor T#” and U(1) covariant charge current J* are defined as

1465 ' R 1
T = ey = ol (T = oty + {9, (05 + g — L,
L (D.4)
(L _lﬁ - UTU“U
edA,

Note that T*¥ is not symmetric, so we introduce the symmetric energy-momentum tensor
defined as T§" := (T" +T"")/2. In the following, we consider fluctuation around the flat
metric g, = Ny + Ry
In the linear response theory, the current in momentum space can be expressed as
1
(Jt(k)) = _gGHVp(k)hup(k) (D'5)
with

G (i e (T T (@) TE(0)) (D.6)

where we define k# = (0, k) and TT denotes the imaginary time ordering. The two point
correlator is computed with the Feynman rule in flat spacetime:

o
g -~n D7)

P’
)-—‘]i po= (D-8)

p'
>£pw = 2008 + ) + K+ p*) — 20" (pa + 1) (D.9)
p
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In momentum space, at one-loop order, we get

0= (VTS [ 2 ofpeoroor
hup V(. p /p PV /v vp !
XT(éA(p + ')+ 0\(p" +p") — 20" (px +p,\)> (D.10)

_ am(k) {nuﬁ(ma _ ncwhz) _ nﬂa(huv _ nwhz)
P (WP — TR et (h] 5§hg)],

where we denote [, = [ %, P =p+kand p" = (irT(2n + 1) + p, p), and the antisym-

metric tensor e#7P? is normalized as %123 = +1. Also we introduced
pal3(py + 1)
Top~y (K —TZ/#. (D.11)
P

In order to compute the liner response to the gravitational field, we expand Z,s,(k) in
terms of k and define Ic(v%)v(k) to be the O(k™) contribution of Z,s,(k). In particular,
we find

T () =TS /p o (papaks + 2paksp, — 2papﬂpyp2> ,
Iégy(k) = TZ/p _papﬂk’ypT - 2pak3p»yp72 (D.12)

2 p-k)?
+pak35k'y - 2papﬁp’yp72 + 8pﬁp7p0¢((pQ)g :

There are two steps to compute the momentum integrals. First, the radial integral is
systematically evaluated with the following formulas:

’p’2n 2mp2m+1 2F(m—i— 1/2)
=T L B U E—— D.13
Z/ 2)n+2 Tm—n—1/2T(n+2)’ (D-13)
!p!2” ™ (p = I'(m —1/2)
—T =F D.14
Z/ n+1 OT(m—n—1/2)T(n+1) (D-14)
with
1
F070 - _871'2 My (D15)
N 1 2
Fro=5 5 (,ﬂ n 7;T2> : (D.16)
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The above formulas are proved in appendix E. Second, for the angle integrals in eq. (D.12),
we replace the momentum products py, - -+ py;, as shown in eq. (C.6). Then we obtain

Fyq Fyq
Iéﬁ)w <F1 1+4>£a€5k + <2F1 1+4>€a§vk‘/3+

F Fyy Fio Fhy
+< ;0 5 >Aa5k37+< 3 )Aavkg—}—ll 20/{3 AAW

F
= %(_gag'ykﬁ +§ﬁ§7ka _Aafykﬁ‘FA»yﬁka) s
70 _

3=
o

F
= 200 (€ liphy + Eshaky 26 Kaks —KEabsy 260 gy H s A+ )

2 16 F: 4 16 F:
2’0>€akﬁkv+<3F1,0+ 152’0>§Bkak7+<3F10+ 120>§’Yk ks

2 8F:
>k2€a§B§7 < Iy 0+ 1;70) k2 (gaAB'y +§BA7a +€7Aa5)

(D.17)
where we denote Ay, = £,& — . As a result, the O(k) contribution in eq. (D.10) is
written as

G’(‘ ”)p (k)hwp

= _§F0,0(—§oc§wkﬂ + fﬁkaa - Aavkﬁ + Avﬁka)
X (P (R — n®ThG) — P (WY — Y RE) P (RPY — P hE) + it (B — 5Yh5))

= —2Z'€Oujkﬁb7oh2kj y (D.18)
which reproduces the CVE:
1 2 , 1 2
<J€Ll)> = @ (,MQ + 7;T2>€0“]kajh2 = 477‘_2 <M2 + 7;T2> w“ (Dlg)

with wt = e“""”f,ﬂphp,\f/\/z Similarly, the O(k?) parts are computed as

1
G%%@mp:_g%d—W%JW+M%F+@Mka¢+%mH—h%%y (D.20)

For the stationary gravitational field (Jgh,, = 0), we eventually derive

(7)) = %zpwwMywu@@aqu%+%Wﬂ
0 ) (D.21)
= 242 {RM FE R+ 28MRT
T
where we employ
1
Ry 2 5 (000l = 0y0 by — 00,1, + 0,0 ) (D.22)

R~ 0*h — 910 hyy .

The above current (J(’”;)) is consistent with J%, in eq. (4.10).

(2)eq
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D.2 Riemann normal coordinate expansion

We reproduce the fermionic current in eq. (4.10), by employing the Riemann normal coor-
dinate (RNC) expansion [68]. We first look for the propagator that satisfies

VLS (z, ') = | - g(2)|"Y265(x — o), (D.23)

where we denote g = det(g,,) and Su(w,3") = —i(Ta(z)Yp(2)). Here Vi, is the diffeo-
morphic and local Lorentz covariant derivative with respect to x, and the spin connection
is defined as

1 )
v;ﬂ/) = <au - 4Wuab0ab>¢ y Uab = ih/aa 'yb] s Wpab = 6Va(aﬂeyb + FZ,LLepb) : (D24)

Further we introduce the following bispinor (not scalar) propagator:
MVEG(z, ") = S(x,2') . (D.25)
From egs. (D.23) and (D.25), we find
—]—g@ﬂL”(V“VH+1R)G@;f):6@r—ﬂ). (D.26)
Let us now introduce the RNC. We define the normal coordinate y and the origin is

at o, that is, we replace x — y and 2’ — 0. In order to evaluate above Green’s function,
we perform the RNC expansion, as follows:

G (T) = Ny + %Ruawy"yﬁ e (D.27)
[~ 9@ =1+ g Ragy™ + (D.28)
Iy, (z) = gRP(W)ay“ 4+ (D.29)
() = ey (5,5 + éRAwpy”y’3> e (D.30)
i) = Rl + 0.31)

where - - - denotes the O(R?) or O(OR) contribution. Note that all of the above curvature
tensors are evaluated at y = 0. We thus reduce eq. (D.26), as follows:

1 1 1
5(3/) = —Uuya;yﬂg - ZR - 6Raﬁyay’86§ + gRuauﬁyayﬂagljaZ
5 ; (D.32)
- gRaﬁyaag - 4Ruya50a5y“8ﬂ G(z,z')+ -
Now we perform the Fourier transformation:
G@w@:/JMG@) (D.33)
p
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with [, = f( . Then G(p) obeys

1 1 1
1= [n“”pup,, — ZR — éRawgaﬁﬁ + gRua,,gag‘aﬁp“p”

2 (0%
+ 3 Ras f—

= (P +D)G),

L [T 034

where we denote p? = n*’p,p, and D is the derivative operators of O(R). The above
equation is solved sequentially, as follows:

1 1
G(p) = —2[1—DG( )+ = 2[1—92} T
p1 . ) p b (D.35)
== R Ragp®p® + -
T RGP e T
Thus we obtain
S(z,2) = it (2)V, / PIG(p
/ zpy( L 1 R,u/yp " D R— 2’7~pRaﬂpapﬁ>+”_
P P2 2R 12(p 2 30?)?
(D.36)
Performing the Wick rotation, we obtain the vector current as
JH = —tr {S(x,x)’y“}
8pupo¢p,8 (D37)

apt o 2p” o, Pt

- — - R+
[ PP )P 3002 3(p?)? 7

with p# = (inT'(2n + 1) + u,p). The above current is evaluated with eq. (C.6). The first
term in the above integrand gives the ordinary charge density. The other terms are linear

n YD

in the curvature tensor, and thus the curvature-induced current J¥ . is calculated as

curv

16
Jbww = —2RFoFy 0 — *§“RF00 + f“RooFl 1+ f“ RooFi0 — ?RHOFI 0— *f“RF1 0

RO — §“R+2§“R°O . (D.38)

=2
242

This is again the same as eq. (4.10) up to the factor 2, which comes from the right- and

left-handed contributions.

E Evaluation of F,, ,, and ﬁ’n,m

In this appendix, we derive the formulas of the momentum integrals in Euclidean spacetime,
which are applied in appendix D. We first compute the following integral:

m.2m-+1

2n—2
pory [ =
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This obeys the recursion relation £, ,, = Fy,—1,m—1+Fy m—1, and the solutions are given by

- m)!
Fn,m:Z%Fn 7,0 - (E2)
= M m =)

We calculate F), o as

|2n

TZ/ lp T

. dep 1 n+1/2 1 < 8 )n Po
TZ/ (n+1)! \op? (p?)?

(E.3)
_ (= )nrn+3/2 Z/deP 1 2y1/2 Po
 (n+1)IT(3/2) 2m)3 2 (p?)?
(=1)"I'(n +3/2)
= Fop .
I'3/2)(n+ 1)!
Therefore, we obtain
(-U"‘jf(n —j+3/2)
n m — FO ,0 Z ‘ . 1
i — J!(m I'3/2)(n—j+1)! (E.4)
_ .z 2F(m +1/2)
0T(m—n—1/2T(n+2)
One can check that this solution satisfies the recursion relation:
Fn—l,m—l + Fn,m—l - Fn,m
m—1 m—1 m
(m—1)! (m—1)! m!
= 10+ —————Fu—jo — ——Fhjo
gl m— 1= )T i — 1= ) ;)]( -
(E.5)
in: m! I n ml m! m—j i m
= 0 - 0~ - 0
S lm = tm” T gl m = ) me T g m — )
=0.
The overall factor Fp in eq. (E.4) is computed as
1 9 po
Foo =T | oo
Z 2|p| 9lp| (p?)
Po
- ——TZ / dlp|%s
1 1
N / d < + > (E.6)
w2 )y P T e
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Also we evaluate

- (P*)" ™ (po)*™
Fom =T /—, E.7
wm = T2 | e (E.7)
which obeys the same recursion relation Fn,m = Nn_l’m_l + Fn,m_l. In the same manner
for F,, y,, we get
m
Z | Fr 7,05 (ES)
J=0 i
= (= 1)”F n+ 3/2)
F o= E.9
- S - m!  T'(n—j54+3/2)
Fym = F -1
nan OOZ =D TG0 )
- I'(m—1/2)
= F . E.10
0T(m—n—1/2)T(n+1) (E-10)
The overall factor Fo,o is calculated as
Ipl
TZ / | P
Ipl ( 1 1
TZ d|p| = —
~ o2 / Pl po+|p
~lpl m+lpl -

_ 1 d 1 1 1
= ﬁ/ PPN s 1 T e 11

1
) (,u + 3 T2> +(const).

Here, (const) denotes the divergent term that is independent of T" and u.

F Wigner function under the dynamical gravity (5.15) and (5.16)

In this appendix, we derive the Wigner function under a time-dependent gravitational field,
egs. (5.15) and (5.16). Plugging R* and P, given by eqgs. (2.42) and (2.7), we write down
the kinetic equation (2.4) as

0= 8(p?) [p D+ hDuzg"Dy} f+ () R2D, (S — S8)D, fy
hQ

+ D" [=PuQ - p+ 29" (Tupu) + Sapd®) | 6(*) f
h 6( ) m V)PSO u (paBrp 4 vp (Fl)
+ 2?2 D \eupop” DPE; Dy — X, (R pppaaﬁ + 2p - DY) Dp) f

1 1
( —V R0, 0} — ﬁvARPWa;a;e—ygpp + SRPWa;agD,,) Po(p?)f .
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Here f(o) and f(l) involved in f have already been obtained in egs. (5.7) and (5.8). After
some computation keeping O(hy,,) together with h?p- Df ~ O(h®) and D,,.f ~ O(hy,), we
reduce the kinetic equation (F.1) to

1 1
5(p?) [(1 + th“”p“p,,)p -0 = hW"pu0y, + 1, 0" pp0, + h(—2EZ”Ra5WpQ85>

1 1
+ R —=p-VR, 80‘35—*1)”;0’)0”808 - VRpow — S, A HReBA, P f =0,
24 n 3

2p -
(F.2)
which yields the second order fluctuation as
~ T\ kH v k - /8 v
f(2) = u 2p nk- pRaB Apaﬁﬂfﬂat + Raﬂﬂaﬁﬁfﬂat 24k - p ppﬁ BURpcr,uu é/;t'

(F.3)

Collecting egs. (5.7) and (5.8), the above f(0)7(1)7(2) and the general form of the Wigner
function (2.38), we find

Rl /(27)
_ 2 u T kn pafrA / i a B k-B 1.0 RV Q0 1n )
- 5(]? ) |: (Enu 2p k —R paﬁﬁfﬂat + 24 Raﬂﬁ B f flat 2k P B B Rpanl/ flat

. 1 . .
M SRS (ko) Rapanp® B fia 35 P EgsDp D (frae+ o)
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Eu
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o B ! ). [ov] auy 2
2p_nRa,3Wp B fﬂat:|+p2{ P'Q-p+2py (TVp1 4+ 8% po) | 5 (9°) faas- (F.4)

In the above equation, there are the four frame-dependent terms. However, the dependence
is totally cancelled out, as shown in the following. These are rewritten as
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where we use eq. (2.41), D,Dyf ~ (—ikp)(—ikx)f(o) + (—ik,)T'3,.pr 8" f. and the second
Bianchi identity (B.1) for R,g,zk. Hence, the four frame-dependent terms in eq. (F.4)
are recast into

) kn A 1 A n’ ~
(pﬂzny 9 k—pROﬂBV paﬂﬁ + % .ngyznnk’/Raﬁ)\npaﬁ’B _ 251/ % nRaﬁuapaﬁ’B ff/iat

1 ~
+ @a“”p"pyEn,\D p DM faar + fl0))

k, =~
4p? P py TZ) Rapnop® ° flat

1 1 1
= =7 Rad” Ypup® B fhas + fpgRﬁ”p“puﬁﬁ Fias — 3 16" B° fhas

11<; 6 1k-8

Ro" D" Dup® fiay + Ro"p® ffat - (F.9)

Inserting this into eq. (F.4), we finally derive egs. (5.15) and (5.16).

G Angle integrals

In this appendix, we derive the integral formulas in terms of the momentum angle valuables.
We introduce the following function for the angular integral:

. . 1. n
piein gy — g [ 42

; G.1
e (G.1)

where x involves the positive infinitesimal imaginary part +in and we define x = ky/|k|. By
definition, we can readily show egs. (6.6)—(6.9) and eqs. (6.11)—(6.13). Let us now evaluate
the angle integrals. We define 6 and ¢ as the polar and azimuthal angles when the polar
axis is along k. First, we compute

= —1In = —1In
-1 =Y 2 x-—1 2

2

1
I(CC)::E/ dy v, x+1l x

“1' —x%reu— 1)) (G.2)

r—1

with y = cos 6. In order to evaluate the other integrals, we prepare the following formulas:
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where we introduce Aij = 0;5 — /;:ZI%J (we note A, = £,€ — nuw). We prepare the following

integrals:
x(I—1) (n=1)
1 n 22(I - 1) (n=2)
f/ dy—— — . (G.4)
2)J1 Txz—y
24231 —-1) (n=3)
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In particular, the asymptotic forms of I, ...;, in the dynamical limit z > 1 are
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Z

On the other hand, in the static limit < 1, we find I}, ...;, ~ O(x).
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