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Based on the gauge invariant variables proposed in our previous paper [K. Nakamura,
Prog. Theor. Phys. 110 (2003), 723], some formulae for the perturbative curvatures of
each order are derived. We follow the general framework of the second-order gauge invariant
perturbation theory on an arbitrary background spacetime to derive these formulae. It is
found that these perturbative curvatures have the same form as those given in the definitions
of gauge invariant variables for arbitrary perturbative fields, which were proposed in the
above paper. As a result, we explicitly see that any perturbative Einstein equation can be
given in terms of a gauge invariant form. We briefly discuss physical situations to which this
framework should be applied.

§1. Introduction

In many theories of physics, realistic situations are often difficult to describe by
an exact solution of a theory, because theories in physics and their exact solutions are
often too idealized to properly represent natural phenomena. Given this situation, we
have to consider perturbative approaches to investigate realistic situations. General
relativity is one theory in which the construction of exact solutions is not so easy.
Though there are many exact solutions to the Einstein equation,1) these are often
too idealized. For this reason, general relativistic perturbation theory is a useful
technique to investigate natural phenomena.2),3)

In addition to this technical problem, general relativity is based on the concept
of general covariance. Intuitively, the principle of general covariance states that
there is no preferred coordinate system in nature, though the notion of general
covariance is mathematically included in the definition of a spacetime manifold in a
trivial way. This is based on the philosophy that coordinate systems are originally
chosen by us, and natural phenomena have nothing to do with our coordinate system.
Due to this general covariance, the gauge degree of freedom, which is an unphysical
degree of freedom of perturbations, arises in general relativistic perturbations. To
obtain physically meaningful results, we have to fix this gauge degrees of freedom
or to extract the gauge invariant part of perturbations. A similar situation has been
found in recent investigations of the oscillatory behavior of a gravitating Nambu-
Goto membrane,4),5) which concern the dynamical degrees of freedom of extended
gravitating objects.

On the other hand, higher-order multi-parameter perturbations, in which there
are two or more small parameters, can be applied to many physical situations. One
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482 K. Nakamura

well-known application of two-parameter perturbation theory is perturbations of
a spherical star,6) in which we choose the gravitational field of the spherical star
as the background spacetime for the perturbations, one of the parameters for the
perturbations corresponds to the rotation of the star, and the other is its pulsation
amplitude. The effects due to the rotation-pulsation coupling are described at higher
orders. A similar perturbation theory on the Minkowski background spacetime was
developed by the present author to study the comparison of the oscillatory behav-
ior of a gravitating string with that of a test string.5) Even in the one-parameter
case, it is interesting to consider higher-order perturbations. In particular, Gleiser
et al.7) reported that second-order perturbations yield accurate wave forms of grav-
itational waves. Hence, it is worthwhile to investigate higher-order multi-parameter
perturbation theory from a general point of view.

Motivated by these physical applications, the general relativistic gauge invari-
ant multi-parameter perturbation theory has been developed in a number of pa-
pers.5),8),9) In particular, the procedure to find gauge invariant variables for higher-
order perturbations on a generic background spacetime was proposed by the present
author8) assuming that we have already known the procedure to find gauge invari-
ant variables for a linear-order metric perturbations. The contents of this paper are
based on this proposal. The main purpose of this paper is to present some formulae
of the second-order perturbative curvatures within the two-parameter perturbation
theory that are useful in some physical applications. When we derive these formulae,
we follow the general framework of the second-order gauge invariant perturbation
theory on an arbitrary background spacetime. This framework is originally proposed
by Stewart et al.10) and developed by Bruni et al.,9),11) and the present author.8)

These perturbative curvatures have the same form as those given in the definitions
of gauge invariant variables for arbitrary perturbative fields which are proposed in
a previous paper.8) As in that paper, we do not make any specific assumption re-
garding the background spacetime and the physical meaning of the two-parameter
family. Because we make no assumption concerning the background spacetime, this
framework has a wide area of applications.

The organization of this paper is as follows. In §2, we review the general frame-
work of the second order gauge invariant perturbation theory. We mainly review
the one-parameter perturbation theory. We emphasize that the review in §2 of this
paper is based on the idea of Stewart et al.10) and the development carried out by
Bruni et al.9),11) In §3, we present some formulae for the second-order perturbative
curvatures within the two-parameter perturbation theory. We also give a derivation
of these formulae. The final section, §4, is devoted to a summary and brief discussion
of physical situations to which this framework of higher-order perturbation theory
should be applied. We employ the notation of our previous paper8) and use the
abstract index notation.12)

§2. Gauge degree of freedom in perturbation theory

In this section, we briefly review the gauge degree of freedom in general rela-
tivistic perturbations. This was originally discussed by Stewart et al.10) To explain
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Second-Order Gauge Invariant Perturbation Theory 483

the gauge degree of freedom in perturbation theories, we have to keep in mind what
we are doing when we consider perturbations. We first comment on the intuitive ex-
planation of the gauge degree of freedom in §2.1. Next, in §2.2, we review the more
precise mathematical formulation of the perturbations in the theories with general
covariance. The explanation given here is based on the works of Bruni et al.,11) which
represent extensions of the idea of Stewart et al. When we consider the perturba-
tions in the theory with general covariance, we have to exclude these gauge degrees
of freedom in perturbations. To accomplish this, gauge invariant quantities of the
perturbations are useful, and these are regarded as physically meaningful quantities.
In §2.3, based on the mathematical preparation given in §2.2, we review the proce-
dure to find gauge invariant quantities of perturbations, which was developed by the
present author.8)

2.1. What is “gauge”?

εN
“p”

Mε

Q

p

q

M0

Q0 δQ

Φε = X−1
ε ◦ Yε

Xε
Yε

Fig. 1. “Gauge choice” in one-parameter per-

turbation.

In perturbation theory, we always
treat two spacetime manifolds. One is
the physical spacetime, which we at-
tempt to describe by perturbations, and
the other is the background spacetime,
which we prepare for perturbative anal-
yses. Let us denote the physical space-
time by (M, ḡab) and the background
spacetime by (M0, gab). Keeping in
mind these two spacetime manifolds, let
us formally denote the spacetime metric
and the other physical tensor fields on
the physical spacetime M by Q. As the perturbation of the physical variable Q, we
always write equations of the form

Q(“p”) = Q0(p) + δQ(p). (2.1)

Usually, this equation is regarded as the relation between the physical variable Q
and its background value Q0 of the same field, or simply as the definition of the
deviation δQ of Q from its background value, Q0. In fact, through Eq. (2.1), we
have implicitly assigned a correspondence between points of the physical and the
background spacetime, since this equation gives a relation between field variables Q,
Q0 and δQ. More specifically, Q(“p”) in the left-hand side of Eq. (2.1) is a field on
the physical spacetime M, and “p” ∈ M. On the other hand, we should regard the
background value Q0(p) of Q(“p”) and its deviation δQ(p) from Q0(p), which are
on the right-hand side of Eq. (2.1), as fields on the background spacetime M0 and
p ∈ M0. Because Eq. (2.1) is for field variables, it implicitly states that the points
“p” ∈ M and p ∈ M0 are same. This is an implicit assumption of the existence of
a map M0 → M : p ∈ M0 �→ “p” ∈ M, which is usually called a “gauge choice” in
perturbation theory.10) Clearly, this is more than the usual assignment of coordinate
labels to points within the single spacetime.

It is important to note that the correspondence between points on each Mε,
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484 K. Nakamura

which is established by such a relation as Eq. (2.1), is not unique to the theory
in which general covariance is imposed. Rather, Eq. (2.1) involves the degree of
freedom corresponding to the choice of the map X : M0 → M (the choice of the
point identification map M0 → M). This is called the gauge degree of freedom.
Further, such a degree of freedom always exists in the perturbations of a theory in
which we impose general covariance, unless, there is a preferred coordinate system
in the theory and we naturally introduce this coordinate system onto both M0 and
M. Then, we can choose the identification map X using this coordinate system.
However, there is no such coordinate system, due to general covariance, and we
have no guiding principle to choose the identification map X . Therefore, we may
identify “p” ∈ M with q ∈ M0 (q �= p) instead of p ∈ M0. (See Fig. 1.) A gauge
transformation is simply a change of the map X .

2.2. More precise formulation of perturbations

In this section, we review the more precise formulation concerning “gauge degree
of freedom” based on the above understanding of “gauges”.10),11) We mainly review
the one-parameter perturbation theory in §2.2.1 and comment on the results in two-
parameter perturbation theory in §2.2.2. The essential part of the multi-parameter
perturbations is completely similar to the one-parameter case.8),11) Details can be
seen in the papers by Bruni et al.11) and by the present author.8)

2.2.1. One-parameter perturbation theory
We denote the perturbation parameter by ε, and we consider the m + 1-

dimensional manifold N = M × R, where m = dimM and ε ∈ R, as depicted
in Fig. 1. By this construction, the manifold N is foliated by m-dimensional sub-
manifolds Mε that are diffeomorphic to the physical spacetime M. The background
M0 = N|ε=0 and the physical spacetime M = Mε = N|

R=ε are also submanifolds
embedded in N . Each point on N is identified by a pair (p, ε), where p ∈ Mε,
and each point on the background spacetime M0 in N is identified by ε = 0. The
manifold N has a natural differentiable structure consisting of the direct product
of M and R. By this construction, the perturbed spacetimes Mε for each ε must
have the same differential structure. In other words, we require that perturbations
be continuous in the sense that (M, ḡab) and (M0, gab) are connected by a continu-
ous curve within the extended spacetime N . Hence, the changes of the differential
structure resulting from the perturbation, for example the formation of singularities
and singular perturbations in the sense of fluid mechanics, are excluded from the
study carried out in this paper.

Let us consider the set of field equations

E [Qε] = 0 (2.2)

on the physical spacetime Mε for the physical variables Qε on Mε. The field equa-
tion (2.2) formally represents the Einstein equation for the metric on Mε and the
equations for matter fields on Mε. If a tensor field Qε is given on each Mε, Qε is
automatically extended to a tensor field on N by Q(p, ε) := Qε(p), where p ∈ Mε. In
this extension, the field equation (2.2) is regarded as the equation on the extended
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Second-Order Gauge Invariant Perturbation Theory 485

manifold N . Thus, we have extended an arbitrary tensor field and field equations
(2.2) on each Mε to those on the extended manifold N .

Tensor fields on N obtained by the above construction are necessarily “tangent”
to each Mε, i.e., their normal component to each Mε identically vanishes. To con-
sider the basis of the tangent space of N , we introduce the normal form of each Mε

in N and its dual. These are denoted by (dε)a and (∂/∂ε)a, respectively, and they
satisfy

(dε)a

(
∂

∂ε

)a

= 1. (2.3)

The form (dε)a and its dual (∂/∂ε)a are normal to any tensor field that is extended
from the tangent space on each Mε by the above construction. The set consisting
of (dε)a, (∂/∂ε)a and the basis of the tangent space on each Mε is regarded as the
basis of the tangent space of N .

To define the perturbation of an arbitrary tensor field Q, we compare Q on the
physical spacetime Mε with Q0 on the background spacetime, and it is necessary
to identify the points of Mε with those of M0. This point identification map is the
so-called gauge choice in the context of perturbation theories, as mentioned in §2.1.
The gauge choice is accomplished by assigning a diffeomorphism Xε : N → N such
that Xε : M0 → Mε. Following the paper of Bruni et al.,11) we introduce a gauge
choice Xε as one of the one-parameter groups of diffeomorphisms that satisfy the
property

Xε1+ε2 = Xε1 ◦ Xε2 = Xε2 ◦ Xε1 . (2.4)

This one-parameter group of diffeomorphisms is generated by the vector field Xηa
(ε).

This vector field Xηa
(ε), which we call a generator, is defined by the action of the

corresponding pull-back X ∗
ε for a generic tensor field Q on M× R:

£Xη(ε)
Q := lim

ε→0

X ∗
ε Q − Q

ε
, (2.5)

and it is decomposed as

Xηa
(ε) =:

(
∂

∂ε

)a

+ θa, θa(dε)a = 0, £ ∂
∂ε

θa = 0. (2.6)

The third condition in (2.6) is imposed merely for simplicity. Except for the condi-
tions in (2.6), we may regard θa as an arbitrary vector field on Mε (not on N ); i.e.,
the arbitrariness of the gauge choice is given by that of the vector field θa.

The Taylor expansion of the pull-back X ∗
ε Q is given by

X ∗
ε Q =

∞∑
k=0

εk

k!

[
∂k

∂εk
X ∗

ε Q

]
ε=0

=
∞∑

k=0

εk

k!
£k

Xη(ε)
Q. (2.7)

Once the definition of the pull-back of the gauge choice Xε is given, the perturbation
∆XQε of a tensor field Q under the gauge choice Xε is simply defined as

∆XQε := X ∗
ε Q|M0

− Q0. (2.8)
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486 K. Nakamura

We note that all the variables in this definition are defined on M0. The first term
on the right-hand side of (2.8) can be Taylor-expanded as

X ∗
ε Qε|M0

=
∞∑

k=0

εk

k!
(k)
XQ. (2.9)

Equations (2.8) and (2.9) define the perturbation of O(k) of a physical variable Qε

under the gauge choice X and its background value (0)
XQ = Q0. Through Eqs. (2.7)

and (2.9), each order perturbation (k)
XQ under the gauge choice Xε is given by

(k)
XQ = £k

XηQ
∣∣∣
M0

. (2.10)

The above understanding of the gauge choice and perturbations naturally leads
to the gauge transformation rules between different gauge choices and the concept
of gauge invariance as follows.

Suppose that Xε and Yε are two one-parameter groups of diffeomorphisms with
the generators X ηa and Yηa on N , respectively, i.e., Xε and Yε are two gauge choices.
These generators are decomposed in the same manner as Eq. (2.6):

Xηa =
(

∂

∂ε

)a

+ θa, Yηa =
(

∂

∂ε

)a

+ ιa. (2.11)

The integral curves of each Xηa and Yηa in N are the orbit of the action of the gauge
choices Xε and Yε, respectively. Since the generators Xηa and Yηa are transverse to
each Mε everywhere on N , the integral curves of these vector field intersect with
each Mε. Therefore, points lying on the same integral curve of either of the two are
to be regarded as the same point within the respective gauges (see Fig. 1). Hence, Xε

and Yε are both point identification maps. When θa �= ιa, these point identification
maps are regarded as two different gauge choices.

Suppose that Xε and Yε are two different gauge choices which are generated by
the vector fields Xηa and Yηa, respectively. These gauge choices also pull back a
generic tensor field Q on N to two other tensor fields, X ∗

ε Q and Y∗
ε Q, for any given

value of ε. In particular, on M0, we now have three tensor fields associated with a
tensor field Q; i.e., one is the background value Q0 of Q, and the other two are the
pulled back variables of Q from Mε to M0 by the two different gauge choices,

XQε := X ∗
ε Q|M0

=
∞∑

k=0

εk

k!
(k)
XQ = Q0 + ∆XQε, (2.12)

YQε := Y∗
ε Q|M0

=
∞∑

k=0

εk

k!
(k)
Y Q = Q0 + ∆YQε. (2.13)

Here, we have used Eqs. (2.8) and (2.9). Because Xε and Yε are gauge choices that
map the background spacetime M0 into the physical spacetime Mε, XQε and YQε

are the representations on M0 of the perturbed tensor field Q in the two different
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Second-Order Gauge Invariant Perturbation Theory 487

gauges. The quantities (k)
XQ and (k)

YQ in Eqs. (2.12) and (2.13) are the perturbations
of O(k) in the gauges X and Y , respectively.

Now, we consider the concept of gauge invariance. Following the paper of Bruni
et al.,9) we consider the concept of gauge invariance up to order n. We say that Q
is gauge invariant up to order n iff for any two gauges X and Y

(k)
XQ = (k)

YQ ∀k, with k < n. (2.14)

From this definition, we can prove that the nth-order perturbation of a tensor field
Q is gauge invariant up to order n iff in a given gauge X we have £ξ

(k)
XQ = 0 for any

vector field ξa defined on M0 and for any k < n. As a consequence, the nth-order
perturbation of a tensor field Q is gauge invariant up to order n iff Q0 and all its
perturbations of lower than nth order are, in any gauge, either vanishing or constant
scalars, or a combination of Kronecker deltas with constant coefficients.9)–11)

In general, the representation XQε on M0 of the perturbed variable Q on Mε

depends on the gauge choice Xε. If we apply a different gauge choice, the repre-
sentation of Qε on M0 may change. Recalling that the gauge choice X is a point
identification map from M0 to Mε (see Fig. 1), the change of the gauge choice from
Xε to Yε is represented by the diffeomorphism

Φε := (Xε)−1 ◦ Yε. (2.15)

This diffeomorphism Φε is the map Φε : M0 → M0 for each value of ε ∈ R. As shown
in Fig. 1, the diffeomorphism Φε changes the point identification, as expected from the
understanding of the gauge choice discussed in §2.1. Therefore, the diffeomorphism
Φε is regarded as the gauge transformation Φε : Xε → Yε.

The gauge transformation Φε induces a pull-back from the representation XQε

of the perturbed tensor field in the gauge choice Xε to the representation YQε in the
gauge choice Yε. Actually, the tensor fields XQε and YQε, which are defined on M0,
are connected by the linear map Φ∗

ε as

YQε = Y∗
ε Q|M0

=
(
Y∗

ε

(
XεX−1

ε

)∗
Q

)∣∣∣
M0

=
(
X−1

ε Yε

)∗ (X ∗
ε Q)

∣∣∣
M0

= Φ∗
ε
XQε. (2.16)

According to generic arguments concerning the Taylor expansion of the pull-back of
a tensor field on the same manifold,8),11) the gauge transformation Φ∗

ε
XQε should be

given by the form

Φ∗
ε
XQ = XQ + ε£ξ1

XQ +
ε2

2
{
£ξ2 + £2

ξ1

} XQ + O(ε3), (2.17)

where the vector fields ξa
1 and ξa

2 are the generators of the gauge transformation Φε.
Comparing the representation (2.17) of the expansion in terms of the generators

ξa
p of the pull-back Φ∗

ε
XQ and that in terms of the generators X ηa

(ε) and Yηa
(ε) of

the pull-back Y∗
ε ◦

(
X−1

ε

)∗
Q (= Φ∗

ε
XQ), we easily find explicit expressions for the

generators ξa
p of the gauge transformation Φ = X−1 ◦ Y in terms of the generators
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488 K. Nakamura

X ηa
(ε) and Yηa

(ε) of the gauge choices. Further, because the gauge transformation Φε

is a map within the background spacetime M0, the generator should be given as
vector fields on M0. The explicit expression of the generators ξa

p in terms of the
components of the generators of the gauge choices is given in some papers.8),11)

We can now derive the relation between the perturbations in the two different
gauges. Up to second order, these relations are derived by substituting (2.12) and
(2.13) into (2.17):

(1)
YQ − (1)

XQ = £ξ1Q0, (2.18)
(2)
YQ − (2)

XQ = 2£ξ(1)
(1)
XQ +

{
£ξ(2) + £2

ξ(1)

}
Q0. (2.19)

These results are, of course, consistent with the concept of gauge invariance up to
order n, as introduced above. Inspecting these gauge transformation rules, we can
define the gauge invariant variables.

2.2.2. Two-parameter perturbation theory
Here, we briefly review the two-parameter case. We denote the two parameters

for the perturbation by ε and λ. In this case, we have to consider the extended
manifold N = M × R

2, instead of N = M × R used in the one-parameter case,
where (ε, λ) ∈ R

2. As in the one-parameter case, the gauge choice Xε,λ is a point
identification map Xε,λ : M0 → M on N . This gauge choice Xε,λ has the property

Xε1,λ1 ◦ Xε2,λ2 = Xε1+ε2,λ1+λ2 λ1, λ2, ε1, ε2 ∈ R. (2.20)

This property implies that

Xε,λ = Xε,0 ◦ X0,λ = X0,λ ◦ Xε,0, (2.21)

where Xε,0 and X0,λ are two one-parameter groups of diffeomorphisms defined by the
property Eq. (2.4).

We denote the generators of Xε,0 and X0,λ by X ηa
(ε) and X ηa

(λ), respectively. We
also introduce the basis (∂/∂ε)a, (dε)a, (∂/∂λ)a, (dλ)a as vector fields on N , which
satisfy conditions similar to those in (2.3).8) Using these bases, the generators X ηa

(ε)

(X ηa
(λ)) of the one-parameter group of diffeomorphisms Xε,0 (X0,λ) are decomposed

in the same manner as in Eq. (2.6). The property (2.21) is expressed by

[Xη(ε),
X η(λ)]

a = 0 (2.22)

in terms of these generators. The Taylor expansion of the pull-back X ∗
ε,λQ is given

by

X ∗
ε,λQ =

∞∑
k,k′=0

λkεk′

k!k′!

[
∂k+k′

∂λk∂εk′ X ∗
ε,λQ

]
λ=ε=0

(2.23)

=
∞∑

k,k′=0

λkεk′

k!k′!
£k

X η(λ)
£k′

X η(ε)
Q. (2.24)
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Second-Order Gauge Invariant Perturbation Theory 489

The perturbation ∆X
0 Qε,λ of an arbitrary tensor field Q in terms of the gauge choice

Xε,λ is given by

∆X
0 Qε,λ := X ∗

ε,λQ
∣∣
M0

− Q0, X ∗
ε,λQ

∣∣
M0

=
∞∑

k,k′=0

λkεk′

k!k′!
(k,k′)

X Q, (2.25)

where (k,k′)
X Q is the perturbation of order (k, k′) and (0,0)

XQ = Q0. Together with the
expansion given in (2.24) and (2.25), each order perturbation (k,k′)

X Q with the gauge
choice Xε,λ is given by

(k,k′)
X Q = £k

X η(λ)
£k′

X η(ε)
Q

∣∣∣
M0

. (2.26)

The concept of different gauges, a gauge transformation, gauge invariance, and
the definition of gauge transformation rules in the two-parameter case are similar to
those in the one-parameter case. For this reason, we can derive the following gauge
transformation rules:8)

(p,q)
YQ − (p,q)

XQ = £ξ(p,q)
Q0 for (p, q) = (1, 0), (0, 1), (2.27)

(p,q)
YQ − (p,q)

XQ = 2£ξ( p
2 ,

q
2 )

( p
2
, q
2
)

X Q +
{

£ξ(p,q)
+ £2

ξ( p
2 ,

q
2 )

}
Q0,

for (p, q) = (2, 0), (0, 2), (2.28)
(1,1)

YQ − (1,1)
XQ = £ξ(1,0)

(0,1)
XQ + £ξ(0,1)

(1,0)
XQ

+
{

£ξ(1,1)
+

1
2
£ξ(1,0)

£ξ(0,1)
+

1
2
£ξ(0,1)

£ξ(1,0)

}
Q0, (2.29)

where the ξa
(p,q) are the generators for gauge transformation Φε,λ := (Xε,λ)−1 ◦ Yε,λ.

In this paper, we treat these gauge transformation rules of two-parameter per-
turbation theory as mentioned in the introduction (§1), because the one-parameter
case considered above can be treated as a special case of this two-parameter case.

2.3. Gauge invariant variables

Inspecting the gauge transformation rules (2.27)–(2.29), we can define the gauge
invariant variables for a metric perturbation and for arbitrary matter fields. Em-
ploying the idea of gauge invariance up to order n for nth-order perturbations,11)

we proposed the procedure to construct gauge invariant variables of higher-order
perturbations.8) This proposal is as follows. First, we construct gauge invariant
variables for the metric perturbation. Then, we define the gauge invariant variables
for perturbations of an arbitrary field, excluding perturbations of the metric. The
procedure to find the gauge invariant part of a higher-order perturbation is a simple
extension of that for linear-order perturbations.

To consider the metric perturbation, we expand the metric on the physical space-
time M, which is pulled back to the background spacetime M0 using a gauge choice
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in the form given in (2.25):

X ∗
ε,λḡab =

∞∑
k′,k=0

εkλk′

k!k′!
(k,k′)

X hab (2.30)

= gab + ε
(1,0)

Xhab + λ
(0,1)

Xhab

+
ε2

2
(2,0)

Xhab + ελ
(1,1)

Xhab +
λ2

2
(0,2)

Xhab + O3(ε, λ), (2.31)

where (0,0)hab = gab is the metric on the background spacetime M0. Of course, the
expansion (2.31) of the metric depends entierly on the gauge choice X . Nevertheless,
we do not explicitly express the index of the gauge choice X in an expression if there
is no possibility of confusion.

Our starting point to construct gauge invariant variables is the assumption that
we already know the procedure to find gauge invariant variables for the linear metric
perturbations. Then, linear metric perturbations (1,0)hab ((0,1)hab) are decomposed
as

(p,q)hab =: (p,q)Hab + 2∇(a
(p,q)Xb), (p, q) = (1, 0), (0, 1), (2.32)

where (p,q)Hab and (p,q)Xa are the gauge invariant and variant parts of the linear-
order metric perturbations.8) Hence, under the gauge transformation (2.27), these
are transformed as (p,q)

YHab − (p,q)
XHab = 0 and (p,q)

YXa − (p,q)
XXa = ξa

(p,q).

As emphasized in a previous paper,8) the above assumption is quite strong and
it is not trivial to carry out the systematic decomposition (2.32) on an arbitrary
background spacetime, as this procedure depends completely on the background
spacetime (M0, gab). However, this procedure is known in the perturbation theory
on some simple background spacetimes, for example the cosmological perturbations
of homogeneous and isotropic universes2) or perturbations of spherically symmetric
spacetimes.3) Further, from a general point of view, knowledge of linear perturbation
theory is always necessary to carry out the second-order perturbations. For these
reasons, we start from this assumption in spite of the fact that it is quite strong.

Once we accept this assumption, we can always find gauge invariant variables
for higher-order perturbations.8) As shown in a previous paper,8) at second-order,
the metric perturbations are decomposed as

(p,q)hab =: (p,q)Hab + 2£(
p
2 ,

q
2 )X

( p
2
, q
2
)hab

+
(
£(p,q)X − £2

(
p
2 ,

q
2 )X

)
gab, (p, q) = (2, 0), (0, 2); (2.33)

(1,1)hab =: (1,1)Hab + £(0,1)X
(1,0)hab + £(1,0)X

(0,1)hab

+
{

£(1,1)X − 1
2
£(1,0)X£(0,1)X − 1

2
£(0,1)X£(1,0)X

}
gab, (2.34)

where (p,q)Hab and (p,q)Xa are the gauge invariant and variant parts of the metric
perturbations under the gauge transformation rules (2.27)–(2.29).
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Second-Order Gauge Invariant Perturbation Theory 491

Furthermore, using the gauge variant parts (p,q)Xa of metric perturbations,8)

gauge invariant variables for an arbitrary field Q excluding the metric are given by8)

(p,q)Q := (p,q)Q − £(p,q)XQ0, (p, q) = (1, 0), (0, 1), (2.35)
(p,q)Q := (p,q)Q − 2£(

p
2 ,

q
2 )X

( p
2
, q
2
)Q

−
{
£(p,q)X − £2

(
p
2 ,

q
2 )X

}
Q0, (p, q) = (2, 0), (0, 2), (2.36)

(1,1)Q := (1,1)Q − £(1,0)X
(0,1)Q − £(0,1)X

(1,0)Q

−
{

£(1,1)X − 1
2
£(1,0)X£(0,1)X − 1

2
£(0,1)X£(1,0)X

}
Q0. (2.37)

It is straightforward to confirm that the variables (p,q)Q defined by (2.35)–(2.37) are
gauge invariant under the gauge transformation rules (2.27)–(2.29). In this paper,
we derive some formulae for second-order perturbations of curvatures from the ex-
pansion of the metric perturbation on a generic spacetime. The starting point of this
derivation is the decomposition (2.32)–(2.34) of the metric perturbations in terms of
the gauge invariant and variant variables. As a result, we find that all formulae have
forms which are similar to those given in the definitions (2.35)–(2.37) of the gauge
invariant variables for arbitrary matter fields.

§3. Formulae of perturbative curvatures

Now, we derive the formulae for the perturbative curvatures at each order in two
parameter perturbation theory, following the standard derivation of the perturbative
curvature.12)

The starting point of the derivation is simply the definition of the curvature
R̄ d

abc on the physical spacetime (M, ḡab)(
∇̄a∇̄b − ∇̄b∇̄a

)
ω̄c = ω̄dR̄

d
abc , (3.1)

where ∇̄a is the covariant derivative associated with the metric ḡab on the physical
spacetime M and ω̄c is an arbitrary one-form on the physical spacetime M. We
similarly define the curvature R d

abc on the background spacetime (M0, gab),

(∇a∇b −∇b∇a)ωc = ωdR
d

abc , (3.2)

where ∇a is the covariant derivative associated with the metric gab on the background
spacetime M0, and ωc is an arbitrary one-form on the background spacetime M0.
Our task is to compare R̄ d

abc and R d
abc . To accomplish this, we have to consider

the difference between the gauge choices for the physical spacetime M and the
background spacetime M0 as discussed above.

To compare the Riemann curvature (3.1) of the physical spacetime M and
that (3.2) of the background spacetime M0, we introduce the derivative operator
X ∗∇̄a

(
X−1

)∗ on the background spacetime M0. This derivative operator X ∗∇̄a

(
X−1

)∗
is the pull-back of the covariant derivative ∇̄a associated with the metric ḡab on the
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492 K. Nakamura

physical spacetime M. The property of the derivative operator X ∗∇̄a

(
X−1

)∗ as the
covariant derivative is given by

X ∗∇̄a

((
X−1

)∗X ∗ḡab

)
= 0, (3.3)

where X ∗ḡab is the pull-back of the metric on the physical spacetime M, which is
expanded as Eq. (2.31). Through the introduction of this operator X ∗∇̄a

(
X−1

)∗, we
can regard the definition of the Riemann curvature (3.1) on the physical spacetime
M as an equation on the background spacetime. Since the pull-back X ∗∇̄a

(
X−1

)∗
on the background spacetime M0 of the covariant derivative ∇̄a on the physical
spacetime M is linear, satisfies the Leibnitz rule, commutes with contraction, is
consistent with the concept of tangent vectors, and is torsion free,∗) we can regard
it as a derivative operator on the background spacetime M0.12) Of course, the
representation of this derivative operator X ∗∇̄a

(
X−1

)∗ on the background spacetime
M0 depends entirely on the gauge choice X . Though we should keep in mind that
we have already chosen a gauge when we regard Eq. (3.1) as an equation on the
background spacetime M0, we do not explicitly express the index of the gauge choice
X in any expression, again.

Since ∇̄a (= X ∗∇̄a

(
X−1

)∗) may be regarded as a derivative operator on the
background spacetime that satisfies ∇̄aḡbc = 0, there exists a tensor field Cc

ab on
the background spacetime M0 such that

∇̄aωb = ∇aωb − Cc
abωc, (3.4)

where ωc is an arbitrary one-form on the background spacetime M0. From the
property (3.3) of the covariant derivative operator ∇̄a on M, the tensor field Cc

ab
on M0 is given by

Cc
ab =

1
2
ḡcd (∇aḡdb + ∇bḡda −∇dḡab) . (3.5)

We note that the gauge dependence of the derivative ∇̄a as an operator on M0

is included only in this tensor field Cc
ab. From Eq. (3.1), the Riemann curvature

R̄ d
abc associated with the metric ḡab is given by the Riemann curvature R d

abc on
the background spacetime and the tensor field Cc

ab as follows:

R̄ d
abc = R d

abc − 2∇[aC
d
b]c + 2Ce

c[aC
d
b]e. (3.6)

To obtain a perturbative expression of the curvatures, we first calculate the expansion
of the inverse metric ḡab, and then the perturbative expression of the tensor Cc

ab by
using Eq. (3.5). Next, we derive an expression of the perturbative curvature.

In this paper, we present some formulae for the second-order perturbative curva-
ture in the two-parameter perturbation theory. To derive the second-order formulae,
we first calculate the O(ελ) formulae, since the other second-order formulae [O(ε2)
and O(λ2)] are easily derived from these for O(ελ) through a simple replacement of

∗) In this paper, we do not treat the torsion tensor. If we wish to consider a spacetime with

torsion, we have to extend the formulation to that including the torsion tensor.
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Second-Order Gauge Invariant Perturbation Theory 493

the perturbative variables. We also note that all variables on the physical spacetime
M are pulled-back to the background spacetime M0 using a gauge choice X . In
this sense, all variables treated below are tensor fields defined on the background
spacetime M0. We also denote the perturbative expansion of the pull-back of the
variable Q̄ on the physical spacetime M by

Q̄ =
∞∑

k′,k=0

εkλk′

k!k′!
(k,k′)Q̄, (3.7)

as in Eq. (2.25).
Once we have derived the formulae of the perturbative Riemann curvature (see

§3.1) of each order, it is straightforward to derive corresponding formulae of the Ricci
curvature (§3.2), scalar curvature (§3.3), Einstein tensor (§3.4), and Weyl curvature
(§3.5). We also derive the perturbative form of the divergence of an arbitrary tensor
field of the second rank to check the perturbative Bianchi identities.

3.1. Expansion of the inverse metric and the Riemann curvature

Following the outline of the calculations explained above, we first calculate the
perturbative expansion of the inverse metric. The expression for the inverse metric
can be readily derived from the expansion (2.31) of the metric ḡab and the definition
of the inverse metric

ḡabḡbc = δa
c. (3.8)

We also expand the inverse metric ḡab in the form (3.7). Then, each term of the
expansion of the inverse metric is given by

(p,q)ḡab = −(p,q)hab, (p, q) = (1, 0), (0, 1) (3.9)
(p,q)ḡab = 2( p

2
, q
2
)hac ( p

2
, q
2
)h b

c − (p,q)hab, (p, q) = (2, 0), (0, 2) (3.10)
(1,1)ḡab = (0,1)hca (1,0)h b

c + (0,1)hcb (1,0)h a
c − (1,1)hab. (3.11)

To derive the formulae for the perturbative expansion of the Riemann curvature,
we have to derive the formulae for the perturbative expansion of the tensor Cc

ab

defined in Eq. (3.5). The tensor Cc
ab is also expanded in the same form as Eq. (3.7).

The first-order perturbations of Cc
ab have the well-known form12)

(p,q)Cc
ab = ∇(a

(p,q)h c
b) − 1

2
∇c (p,q)hab =: H c

ab

[
(p,q)h

]
, (3.12)

where (p, q) = (1, 0), (0, 1), and (p,q)h in the brackets of the variable H c
ab

[
(p,q)h

]
indicates that H c

ab

[
(p,q)h

]
is constituted of three covariant derivatives of the per-

turbative metric (p,q)hab. In terms of the tensor field defined by Eq. (3.12), the
second-order perturbations of Cc

ab are given by

(p,q)Cc
ab = H c

ab

[
(p,q)h

]
− 2( p

2
, q
2
)hcd Habd

[
( p
2
, q
2
)h

]
, (3.13)

(1,1)Cc
ab = H c

ab

[
(1,1)h

]
− (1,0)hcd Habd

[
(0,1)h

]
− (0,1)hcd Habd

[
(1,0)h

]
, (3.14)
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494 K. Nakamura

where (p, q) = (2, 0), (0, 2) in Eq. (3.13).
The Riemann curvature (3.6) on the physical spacetime M can be expanded in

the form (3.7). The forms of the perturbative Riemann curvature up to second order
are given by

(p,q)R̄ d
abc = −2∇[a

(p,q)Cd
b]c, (p, q) = (1, 0), (0, 1), (3.15)

(p,q)R̄ d
abc = −2∇[a

(p,q)Cd
b]c + 4 ( p

2
, q
2
)Ce

c[a
( p
2
, q
2
)Cd

b]e, (p, q) = (2, 0), (0, 2),(3.16)
(1,1)R̄ d

abc = −2∇[a
(1,1)Cd

b]c + 2 (1,0)Ce
c[a

(0,1)Cd
b]e + 2 (0,1)Ce

c[a
(0,1)Cd

b]e. (3.17)

Substituting Eqs. (3.12)–(3.14) into Eqs. (3.15)–(3.17), we obtain the perturbative
form of the Riemann curvature in terms of the variables defined by Eq. (3.12). This
perturbative form of linear-order is simply given by the replacement

(p,q)Cc
ab → H c

ab

[
(p,q)h

]
(3.18)

in Eq. (3.15). On the other hand, the perturbative form of the O(ε2) and O(λ2)
Riemann curvatures are derived from the perturbative form of O(ελ). For these
reasons, we only present the derivation of the perturbative form of O(ελ) in terms
of the variables defined by Eq. (3.12),

(1,1)R̄ d
abc = −2∇[aH

d
b]c

[
(1,1)h

]
+2H de

[a

[
(1,0)h

]
Hb]ce

[
(0,1)h

]
+ 2H de

[a

[
(0,1)h

]
Hb]ce

[
(1,0)h

]
+2(1,0)hde∇[a Hb]ce

[
(0,1)h

]
+ 2(0,1)hde∇[a Hb]ce

[
(1,0)h

]
, (3.19)

as the second-order perturbative curvature.
To write down the perturbative curvatures (3.15) and (3.19) in terms of the

gauge invariant and variant variables defined by Eqs. (2.32)–(2.34), we first derive an
expression for the tensor field H c

ab

[
(p,q)h

]
in terms of the gauge invariant variables,

and then, we derive a perturbative expression for the Riemann curvature.
First, we consider the linear-order perturbation (3.15) of the Riemann curvature.

Using the decomposition (2.32) and the identity R d
[abc] = 0, we can easily derive

the relation

Habc

[
(p,q)h

]
= Habc

[
(p,q)H

]
+ ∇a∇b

(p,q)Xc + R d
bca

(p,q)Xd, (3.20)

where the variable Habc

[
(p,q)H

]
is defined by

Habc

[
(p,q)H

]
:= gcdH

d
ab

[
(p,q)H

]
, (3.21)

H c
ab

[
(p,q)H

]
:= ∇(a

(p,q)H c
b) − 1

2
∇c (p,q)Hab. (3.22)

Clearly, the variable H c
ab

[
(p,q)H

]
is gauge invariant. Taking the derivative of Habc

and using the Bianchi identity ∇[aRbc]de = 0, we obtain

(p,q)R̄ d
abc = −2∇[aH

d
b]c

[
(p,q)H

]
+ £(p,q)XR d

abc , (3.23)
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Second-Order Gauge Invariant Perturbation Theory 495

where (p, q) = (1, 0), (0, 1).
Next, we consider the second-order curvature perturbation. We first consider the

O(ελ) metric perturbation as mentioned above. Inspecting the definition (2.34) of
the gauge invariant variable of O(ελ) metric perturbation, we first define the variable

(1,1)Ĥab := (1,1)hab − £(0,1)X
(1,0)hab − £(1,0)X

(0,1)hab

+
1
2

(£(1,0)X£(0,1)X + £(0,1)X£(1,0)X) gab. (3.24)

As in the case of linear order, we evaluate the tensor H c
ab

[
(1,1)Ĥ

]
and obtain

2H c
ab

[
(1,1)Ĥ

]
= 2H c

ab

[
(1,1)h

]
−£(0,1)X

(
H c

ab

[
(1,0)h

]
+ H c

ab

[
(1,0)H

])
−£(1,0)X

(
H c

ab

[
(0,1)h

]
+ H c

ab

[
(0,1)H

])
+

(
Habd

[
(1,0)h

]
+ Habd

[
(1,0)H

])
£(0,1)Xgcd

+
(
H c

ab

[
(0,1)h

]
+ H c

ab

[
(0,1)H

])
£(1,0)Xgcd

−
(

(1,0)h e
d + (1,0)H e

d

) (
∇a∇b

(0,1)Xd − R d
eab

(0,1)Xe
)

−
(

(0,1)h e
d + (0,1)H e

d

) (
∇a∇b

(1,0)Xd − R d
eab

(1,0)Xe
)

. (3.25)

In the derivation of this expression, some formulae, which are summarized in Ap-
pendix A, are useful. After straightforward calculations, we obtain

(1,1)R̄ d
abc = −2∇[aH

d
b]c

[
(1,1)Ĥ

]
+2H de

[a

[
(1,0)H

]
Hb]ce

[
(0,1)H

]
+ 2H de

[a

[
(0,1)H

]
Hb]ce

[
(1,0)H

]
+(1,0)H d

e

(
£(0,1)XR e

abc − (0,1)R̄ e
abc

)
+(0,1)H d

e

(
£(1,0)XR e

abc − (1,0)R̄ e
abc

)
+£(0,1)X

(
(1,0)R̄ d

abc − 1
2
£(1,0)XR d

abc

)
+£(1,0)X

(
(0,1)R̄ d

abc − 1
2
£(0,1)XR d

abc

)
. (3.26)

The first term on the right-hand side, −2∇[aH
d

b]c

[
(1,1)Ĥ

]
, includes the gauge degree

of freedom, because the variable (1,1)Ĥab is transformed as a linear-order metric
perturbation. Since we have already assume that the linear metric perturbation is
decomposed as Eq. (2.32), we can also decomposed the variable (1,1)Ĥab as

(1,1)Ĥab =: (1,1)Hab + 2∇(a
(1,1)Xb), (3.27)
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as pointed out in a previous paper.8) The variables (1,1)Hab and (1,1)Xb are gauge
invariant and variant parts of O(ελ) metric perturbation. Then, as in the case of
linear order, we obtain

−2∇[aH
d

b]c

[
(1,1)Ĥ

]
= −2∇[aH

d
b]c

[
(1,1)H

]
+ £(1,1)XR d

abc . (3.28)

Further, using Eq. (3.23), we reach the final form of the perturbative Riemann
curvature of O(ελ):

(1,1)R̄ d
abc = −2∇[aH

d
b]c

[
(1,1)H

]
+2H de

[a

[
(1,0)H

]
Hb]ce

[
(0,1)H

]
+ 2H de

[a

[
(0,1)H

]
Hb]ce

[
(1,0)H

]
+2(1,0)H d

e ∇[aH
e

b]c

[
(0,1)H

]
+ 2(0,1)H d

e ∇[aH
e

b]c

[
(1,0)H

]
+£(0,1)X

(1,0)R̄ d
abc + £(1,0)X

(0,1)R̄ d
abc

+
(

£(1,1)X − 1
2
£(0,1)X£(1,0)X − 1

2
£(1,0)X£(0,1)X

)
R d

abc . (3.29)

The first three lines on the right-hand side of Eq. (3.29) are the gauge invariant part
and the remaining two lines are the gauge variant part of the perturbative Riemann
curvature of O(ελ).

The perturbative Riemann curvatures of O(ε2) and O(λ2) are simply obtained
through the replacement of the variables in Eq. (3.29) of O(ελ). To obtain the
Riemann curvature of O(ε2), we consider the replacements of the variables

(0,1)Xa → (1,0)Xa, (0,1)Hab → (1,0)Hab (3.30)

in Eq. (3.29). Similarly, to obtain the O(λ2) Riemann curvature, we consider the
replacements of the variables

(1,0)Xa → (0,1)Xa, (1,0)Hab → (0,1)Hab (3.31)

in Eq. (3.29). These replacements are consistent with the definitions (2.33) and
(2.34) of the gauge invariant variables of O(ε2) and O(λ2). Hence, we obtain the
perturbative forms of the Riemann curvatures of O(ε2) and O(λ2) as

(p,q)R̄ d
abc = −2∇[aH

d
b]c

[
(p,q)H

]
+4H de

[a

[
( p
2
, p
2
)H

]
Hb]ce

[
( p
2
, p
2
)H

]
+ 4( p

2
, p
2
)H d

e ∇[aH
e

b]c

[
( p
2
, p
2
)H

]
+2£(

p
2 ,

p
2 )X

( p
2
, p
2
)R̄ d

abc +
(
£(p,q)X − £2

(
p
2 ,

p
2 )X

)
R d

abc , (3.32)

where (p, q) = (2, 0), (0, 2).
Equations (3.23), (3.29) and (3.32) show that all variables defined by

(p,q)R d
abc := (p,q)R̄ d

abc − £(p,q)XR d
abc (3.33)
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for (p, q) = (1, 0), (0, 1),

(p,q)R d
abc := (p,q)R̄ d

abc − 2£(
p
2 ,

p
2 )X

( p
2
, p
2
)R̄ d

abc −
(
£(p,q)X − £2

(
p
2 ,

p
2 )X

)
R d

abc (3.34)

for (p, q) = (2, 0), (0, 2), and

(1,1)R d
abc := (1,1)R̄ d

abc − £(0,1)X
(1,0)R̄ d

abc − £(1,0)X
(0,1)R̄ d

abc

−
(

£(1,1)X − 1
2
£(0,1)X£(1,0)X − 1

2
£(1,0)X£(0,1)X

)
R d

abc (3.35)

are gauge invariant. These indeed do have the same forms as the definitions (2.35)–
(2.37) for each order gauge invariant variable for an arbitrary field.

Here, we derive the perturbative formulae of the Riemann curvature R̄abcd, which
are used in the derivation of the Weyl curvature C̄abcd. For this purpose, we first
expand the definition

R̄abcd = ḡedR̄
e

abc . (3.36)

The form of the perturbation of R̄abcd at each order is derived from the formulae

(p,q)R̄abcd = (p,q)ḡedR
e

abc + ged
(p,q)R̄ e

abc , (p, q) = (1, 0), (0, 1), (3.37)
(1,1)R̄abcd = (1,1)ḡedR

e
abc + (1,0)ḡed

(0,1)R̄ e
abc

+(0,1)ḡed
(1,0)R̄ e

abc + ged
(1,1)R̄ e

abc . (3.38)

The formulae for (p,q)R̄abcd with (p, q) = (2, 0), (0, 2) are derived using the replace-
ments (3.30) and (3.31) of the perturbative variables as in the case of the Riemann
curvature R̄ d

abc . The explicit form of each order (p,q)R̄abcd is as follows:

(p,q)R̄abcd = −2∇[aHb]cd

[
(p,q)H

]
+ (p,q)H e

d Rabce + £(p,q)XRabcd (3.39)

for (p, q) = (1, 0), (0, 1),

(p,q)R̄abcd = −2∇[aHb]cd

[
(p,q)H

]
+ Rabce

(p,q)H e
d + 4H e

d[a

[
(p,q)H

]
Hb]ce

[
(p,q)H

]
+2£(

p
2 ,

q
2 )X

( p
2
, q
2
)Rabcd +

(
£(p,q)X − £2

(
p
2 ,

q
2 )X

)
Rabcd (3.40)

for (p, q) = (2, 0), (0, 2), and

(1,1)R̄abcd = −2∇[aHb]cd

[
(1,1)H

]
+ Rabce

(1,1)H e
d

+2H e
d[a

[
(1,0)H

]
Hb]ce

[
(0,1)H

]
+ 2H e

d[a

[
(0,1)H

]
Hb]ce

[
(1,0)H

]
+£(1,0)X

(0,1)Rabcd + £(0,1)X
(1,0)Rabcd

+
(

£(1,1)X − 1
2
£(1,0)X£(0,1)X − 1

2
£(1,0)X£(0,1)X

)
Rabcd. (3.41)

The perturbative forms (3.39)–(3.41) also show that the variables defined by

(p,q)Rabcd := (p,q)R̄abcd − £(p,q)XRabcd, (p, q) = (1, 0), (0, 1), (3.42)
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(p,q)Rabcd := (p,q)R̄abcd − 2£(
p
2 ,

p
2 )X

( p
2
, p
2
)R̄abcd

−
(
£(p,q)X − £2

(
p
2 ,

p
2 )X

)
Rabcd, (p, q) = (2, 0), (0, 2), (3.43)

(1,1)Rabcd := (1,1)R̄abcd − £(0,1)X
(1,0)R̄abcd − £(1,0)X

(0,1)R̄abcd

−
(

£(1,1)X − 1
2
£(0,1)X£(1,0)X − 1

2
£(1,0)X£(0,1)X

)
Rabcd (3.44)

are gauge invariant.

3.2. Ricci curvature

Contracting the indices b and d in Eqs. (3.23), (3.29) and (3.32) of the pertur-
bative Riemann curvature, we can derive the formulae for the expansion of the Ricci
curvature,

(p,q)R̄ab = −2∇[aH
c

c]b

[
(p,q)H

]
+ £(p,q)XRab (3.45)

for first order and
(p,q)R̄ab = −2∇[aH

c
c]b

[
(p,q)H

]
+ 4H cd

[a

[
( p
2
, p
2
)H

]
Hc]bd

[
( p
2
, p
2
)H

]
+4( p

2
, p
2
)H c

d ∇[aH
d

b]c

[
( p
2
, p
2
)H

]
+2£(

p
2 ,

p
2 )X

( p
2
, p
2
)R̄ab +

(
£(p,q)X − £2

(
p
2 ,

p
2 )X

)
Rab, (3.46)

(1,1)R̄ab = −2∇[aH
c

c]b

[
(1,1)H

]
+2H cd

[a

[
(1,0)H

]
Hc]bd

[
(0,1)H

]
+ 2H cd

[a

[
(0,1)H

]
Hc]bd

[
(1,0)H

]
+2(1,0)H c

d ∇[aH
d

c]b

[
(0,1)H

]
+ 2(0,1)H c

d ∇[aH
d

c]b

[
(1,0)H

]
+£(0,1)X

(1,0)R̄ab + £(1,0)X
(0,1)R̄ab

+
(

£(1,1)X − 1
2
£(0,1)X£(1,0)X − 1

2
£(1,0)X£(0,1)X

)
Rab, (3.47)

for second order, where (p, q) = (1, 0), (0, 1) in Eq. (3.45) and (p, q) = (2, 0), (0, 2) in
Eq. (3.46).

It is trivial from the derivation that Eqs. (3.45), (3.46) and (3.47) show that the
variables defined by

(p,q)Rab = (p,q)R̄ab − £(p,q)XRab (3.48)

for (p, q) = (1, 0), (0, 1),

(p,q)Rab = (p,q)R̄ab − 2£(
p
2 ,

p
2 )X

( p
2
, p
2
)R̄ab −

(
£(p,q)X − £2

(
p
2 ,

p
2 )X

)
Rab (3.49)

for (p, q) = (2, 0), (0, 2), and
(1,1)Rab = (1,1)R̄ab − £(0,1)X

(1,0)R̄ab − £(1,0)X
(0,1)R̄ab

−
(

£(1,1)X − 1
2
£(0,1)X£(1,0)X − 1

2
£(1,0)X£(0,1)X

)
Rab (3.50)
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are gauge invariant. These also have the same forms as those in the definitions (2.35)–
(2.37) of each order gauge invariant variable for the perturbation of an arbitrary field.

3.3. Scalar curvature

The scalar curvature on the physical spacetime M is given by

R̄ := ḡabR̄ab. (3.51)

To obtain the perturbative form of the scalar curvature, the left-hand side of Eq. (3.51)
is expanded in the form (3.7) and the right-hand side is expanded by using the Leib-
niz rule. Then, the perturbative formula for the scalar curvature at each order is
derived from perturbative form of the inverse metric (3.9)–(3.11) and the Ricci cur-
vature (3.45)–(3.47). Straightforward calculations lead to the expansion of the scalar
curvature.

Using (3.9) and (3.45), we obtain the first-order perturbative form of the scalar
curvature as

(p,q)R̄ = −2∇[aH
ab

b]

[
(p,q)H

]
− Rab

(p,q)Hab + £(p,q)XR, (3.52)

where (p, q) = (0, 1), (1, 0). Then, using (3.9), (3.11), (3.45) and (3.47), the pertur-
bative scalar curvature of O(ελ) is found to be given by

(1,1)R̄ = −2∇[aH
ab

b]

[
(1,1)H

]
+ Rab

(
2(1,0)Hc(a

(0,1)H c
b) − (1,1)Hab

)
+2H cd

[a

[
(0,1)H

]
H a

c] d

[
(1,0)H

]
+ 2H cd

[a

[
(1,0)H

]
H a

c] d

[
(0,1)H

]
+2(1,0)H b

c ∇[aH
ac

b]

[
(0,1)H

]
+ 2(0,1)H b

c ∇[aH
ac

b]

[
(1,0)H

]
+2(1,0)Hab∇[aH

d
d]b

[
(0,1)H

]
+ 2(0,1)Hab∇[aH

d
d]b

[
(1,0)H

]
+£(0,1)X

(1,0)R̄ + £(1,0)X
(0,1)R̄

+
(

£(1,1)X − 1
2
£(0,1)X£(1,0)X − 1

2
£(1,0)X£(0,1)X

)
R. (3.53)

To derive the perturbative scalar curvature of O(ε2), the replacement (3.30) of
the variables is applied to Eq. (3.53). Similarly, the replacement (3.31) is applied
to Eq. (3.53) when we derive the perturbative scalar curvature of O(λ2). Then we
obtain the perturbative form of the scalar curvatures of O(ε2) and O(λ2):

(p,q)R̄ = −2∇[aH
ab

b]

[
(p,q)H

]
+ Rab

(
2( p

2
, p
2
)Hca

( p
2
, p
2
)H c

b − (p,q)Hab

)
+4H cd

[a

[
( p
2
, p
2
)H

]
H a

c] d

[
( p
2
, p
2
)H

]
+ 4( p

2
, p
2
)H b

c ∇[aH
ac

b]

[
( p
2
, p
2
)H

]
+4( p

2
, p
2
)Hab∇[aH

d
d]b

[
( p
2
, p
2
)H

]
+2£(

p
2 ,

p
2 )X

( p
2
, p
2
)R̄ +

(
£(p,q)X − £2

(
p
2 ,

p
2 )X

)
R, (3.54)

where (p, q) = (2, 0), (0, 2).
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It is also trivial from the derivation that Eqs. (3.52)–(3.54) show that the vari-
ables defined by

(p,q)R = (p,q)R̄ − £(p,q)XR (3.55)

for (p, q) = (1, 0), (0, 1),

(p,q)R = (p,q)R̄ − 2£(
p
2 ,

p
2 )X

( p
2
, p
2
)R̄ −

(
£(p,q)X − £2

(
p
2 ,

p
2 )X

)
R (3.56)

for (p, q) = (2, 0), (0, 2), and

(1,1)R = (1,1)R̄ − £(0,1)X
(1,0)R̄ − £(1,0)X

(0,1)R̄

−
(

£(1,1)X − 1
2
£(0,1)X£(1,0)X − 1

2
£(1,0)X£(0,1)X

)
R (3.57)

are gauge invariant. These too have the same forms as those given in the defini-
tions (2.35)–(2.37) of each order gauge invariant variable for the perturbations of an
arbitrary field.

3.4. Einstein tensor

Next, we consider the perturbative form of the Einstein tensor. The Einstein
tensor on the physical spacetime M is defined by

Ḡab := R̄ab −
1
2
ḡabR̄. (3.58)

As in the case of the scalar curvature, the left-hand side of Eq. (3.58) is expanded
in the form (3.7), and the second term on right-hand side of Eq. (3.58) is expanded
by using the Leibniz rule. Then, the perturbative formula for the Einstein tensor at
each order is derived from the perturbative form of the metric (2.32)–(2.34), those
of the Ricci curvature (3.45)–(3.47), and those of the Ricci scalar (3.52)–(3.54).

The linear order Einstein tensor is given by

(p,q)Ḡab = −2∇[aH d
d]b

[
(p,q)H

]
+ gab∇[cH cd

d]

[
(p,q)H

]
− 1

2
R (p,q)Hab +

1
2
gabRcd

(p,q)Hcd

+£(p,q)XGab, (3.59)

where (p, q) = (1, 0), (0, 1). Next, using Eqs. (2.32)–(2.34), (3.47), (3.52) and (3.53),
the Einstein tensor of O(ελ) is found to be given by

(1,1)Ḡab = −2∇[aH
c

c]b

[
(1,1)H

]
+2H de

[a

[
(1,0)H

]
Hd]be

[
(0,1)H

]
+ 2H de

[a

[
(0,1)H

]
Hd]be

[
(1,0)H

]
+2(1,0)H d

e ∇[aH
e

d]b

[
(0,1)H

]
+ 2(0,1)H d

e ∇[aH
e

d]b

[
(1,0)H

]
−1

2
gab

(
−2∇[cH

cd
d]

[
(1,1)H

]
+ Rde

(
2(0,1)H d

c
(1,0)Hec − (1,1)Hde

)
+2H de

[c

[
(1,0)H

]
H c

d] e

[
(0,1)H

]
+ 2H de

[c

[
(0,1)H

]
H c

d] e

[
(1,0)H

]
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+2(1,0)H d
e ∇[cH

ce
d]

[
(0,1)H

]
+ 2(0,1)H d

e ∇[cH
ce

d]

[
(1,0)H

]
+2(1,0)Hce∇[cH

d
d]e

[
(0,1)H

]
+ 2(0,1)Hce∇[cH

d
d]e

[
(1,0)H

])
+(0,1)Hab

(
∇[cH

cd
d]

[
(1,0)H

]
+

1
2
Rcd

(0,1)Hcd

)
+(1,0)Hab

(
∇[cH

cd
d]

[
(0,1)H

]
+

1
2
Rcd

(1,0)Hcd

)
−1

2
R (1,1)Hab

+£(0,1)X
(1,0)Ḡab + £(1,0)X

(0,1)Ḡab

+
(

£(1,1)X − 1
2
£(0,1)X£(1,0)X − 1

2
£(1,0)X£(0,1)X

)
Gab. (3.60)

Then, through the replacements (3.30) and (3.31), the perturbative forms of the
Einstein tensor of O(ε2) and O(λ2) are given by

(p,q)Ḡab = −2∇[aH
c

c]b

[
(p,q)H

]
+4H cd

[a

[
( p
2
, q
2
)H

]
Hc]bd

[
( p
2
, q
2
)H

]
+ 4(p,q)H d

c ∇[aH
c

d]b

[
( p
2
, q
2
)H

]
−1

2
gab

(
−2∇[cH

cd
d]

[
(p,q)H

]
+ Rde

(
2( p

2
, q
2
)H d

c
( p
2
, q
2
)Hec − (p,q)Hde

)
+4H de

[c

[
( p
2
, q
2
)H

]
H c

d] e

[
( p
2
, q
2
)H

]
+4( p

2
, q
2
)H d

e ∇[cH
ce

d]

[
( p
2
, q
2
)H

]
+ 4( p

2
, q
2
)Hce∇[cH

d
d]e

[
( p
2
, q
2
)H

])
+2( p

2
, q
2
)Hab∇[cH

cd
d]

[
( p
2
, q
2
)H

]
+ ( p

2
, q
2
)HabRcd

( p
2
, q
2
)Hcd − 1

2
R (p,q)Hab

+2£(
p
2 ,

q
2 )X

( p
2
, q
2
)Ḡab +

(
£(p,q)X − £2

(
p
2 ,

q
2 )X

)
Gab, (3.61)

where (p, q) = (2, 0), (0, 2).
Further, we also derive the formulae for the perturbation of the Einstein tensor

Ḡ b
a := ḡbcḠac (3.62)

on M. Because the derivation of these formulae is similar to the above perturbative
curvatures, we only present the final results:

(p,q)Ḡ b
a = (1)G b

a

[
(p,q)H

]
+ £(p,q)X

G b
a (3.63)

for (p, q) = (0, 1), (1, 0),

(p,q)Ḡ b
a = (1)G b

a

[
(p,q)H

]
+ (2)G b

a

[
(p,q)H, (p,q)H

]
+2£( p

2
, q
2
)X

( p
2
, q
2
)Ḡ b

a +
{
£(p,q)X

− £2
( p
2
, q
2
)X

}
G b

a (3.64)
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for (p, q) = (0, 2), (2, 0), and

(1,1)Ḡ b
a = (1)G b

a

[
(1,1)H

]
+ (2)G b

a

[
(1,0)H, (0,1)H

]
+£(1,0)X

(0,1)Ḡ b
a + £(0,1)X

(1,0)Ḡ b
a

+
{

£(1,1)X
− 1

2
£(1,0)X

£(0,1)X
− 1

2
£(0,1)X

£(1,0)X

}
G b

a , (3.65)

where

(1)G b
a [A] := −2∇[aH

bd
d] [A] − AcbRac

+
1
2
δ b
a

(
2∇[eH

ed
d] [A] + RedA

ed
)

, (3.66)

(2)G b
a [A, B] := 2RadB

(b
c Ad)c + 2H de

[a [A] H b
d] e [B] + 2H de

[a [B] H b
d] e [A]

+2A d
e ∇[aH

be
d] [B] + 2B d

e ∇[aH
be

d] [A]

+2A b
c ∇[aH

cd
d] [B] + 2B b

c ∇[aH
cd

d] [A]

−δ b
a

(
RdeB

(d
f Ae)f + H de

[f [A] H f
d] e [B] + H de

[f [B] H f
d] e [A]

+2A d
e ∇[fH

[fe]
d] [B] + 2B d

e ∇[fH
[fe]

d] [A]
)

. (3.67)

We note that (1)G b
a [∗] and (2)G b

a [∗, ∗] in Eqs. (3.63)–(3.65) are the gauge invariant
parts of the perturbative Einstein tensors, and each expression (3.63)–(3.65) has a
form similar to Eqs. (2.35)–(2.37), respectively.

3.5. Weyl curvature

Here, we consider a perturbation of the Weyl curvature, which is useful to study
some physical situations. In m-dimensional spacetime, the Weyl curvature is defined
by

C̄abcd := R̄abcd −
2

m − 2
(
ḡa[cR̄d]b − ḡb[cR̄d]a

)
+

2
(m − 1)(m − 2)

R̄ḡa[cḡd]b. (3.68)

Using the perturbative formulae for each order perturbation of the Riemann curva-
ture (3.39)–(3.41), of the Ricci curvature (3.48)–(3.50), of scalar curvature (3.55)–
(3.57), and of the metric perturbation (2.32)–(2.34), we can explicitly confirm that
the perturbative forms of the Weyl curvature at each order are given by

(p,q)C̄abcd = (p,q)Cabcd + £(p,q)XCabcd for (p, q) = (0, 1), (1, 0), (3.69)
(p,q)C̄abcd = (p,q)Cabcd + 2£(

p
2 ,

q
2 )X

( p
2
, q
2
)C̄abcd +

(
£(p,q)X − £2

(
p
2 ,

q
2 )X

)
Cabcd

for (p, q) = (0, 2), (2, 0), (3.70)
(1,1)C̄abcd = (1,1)Cabcd + £(0,1)X

(1,0)C̄abcd + £(1,0)X
(0,1)C̄abcd

+
(

£(1,1)X − 1
2
£(1,0)X£(0,1)X − 1

2
£(0,1)X£(1,0)X

)
Cabcd, (3.71)
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where

(p,q)Cabcd = (p,q)Rabcd −
2

m − 2

{
(p,q)Ha[cRd]b − (p,q)Hb[cRd]a

+ga[c
(p,q)Rd]b − gb[c

(p,q)Rd]a

}
+

2
(m − 1)(m − 2)

{
(p,q)Rga[cgd]b + R (p,q)Ha[cgd]b

+R ga[c
(p,q)Hd]b

}
(3.72)

for (p, q) = (0, 1), (1, 0),

(p,q)Cabcd = (p,q)Rabcd −
2

m − 2

[
(p,q)Ha[cRd]b − (p,q)Hb[cRd]a

+ga[c
(p,q)Rd]b − gb[c

(p,q)Rd]a

+2( p
2
, q
2
)Ha[c

( p
2
, q
2
)Rd]b − 2( p

2
, q
2
)Hb[c

( p
2
, q
2
)Rd]b

]
+

2
(m − 1)(m − 2)

[
(p,q)Rga[cgd]b + R (p,q)Ha[cgd]b + Rga[c

(p,q)Hd]b

+2( p
2
, q
2
)Rga[c

( p
2
, q
2
)Hd]b + 2( p

2
, q
2
)R ( p

2
, q
2
)Ha[cgd]b

+2R ( p
2
, q
2
)Ha[c

( p
2
, q
2
)Hd]b

]
(3.73)

for (p, q) = (0, 2), (2, 0), and

(1,1)Cabcd = (1,1)Rabcd −
2

m − 2

[
(1,1)Ha[cRd]b − (1,1)Hb[cRd]a

+ga[c
(1,1)Rd]b − gb[c

(1,1)Rd]a

+(0,1)Ha[c
(1,0)Rd]b + (1,0)Ha[c

(0,1)Rd]b

−(0,1)Hb[c
(1,0)Rd]a − (1,0)Hb[c

(0,1)Rd]a

]
+

2
(m − 1)(m − 2)

[
(1,1)Rga[cgd]b + R (1,1)Ha[cgd]b + Rga[c

(1,1)Hd]b

+(0,1)R ga[c
(1,0)Hd]b + (0,1)R (1,0)Ha[c gd]b

+(1,0)R (0,1)Ha[c gd]b + (1,0)R ga[c
(0,1)Hd]b

+R (1,0)Ha[c
(0,1)Hd]b + R (0,1)Ha[c

(1,0)Hd]b

]
.(3.74)

We also derive the formulae for the perturbative expansion of C d
abc from

C̄ d
abc = ḡedC̄abce. (3.75)

Since the Weyl curvature is traceless, i.e., C̄ d
adc = 0, we can also verify the formulae

derived here by confirming this traceless property.
Actually, we explicitly confirm this traceless property with the following formulae

for the perturbative Weyl tensor at each order:
(p,q)C̄ d

abc = (p,q)C d
abc + £(p,q)XC d

abc for (p, q) = (0, 1), (1, 0), (3.76)
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(p,q)C̄ d
abc = (p,q)C d

abc + 2£(
p
2 ,

q
2 )X

( p
2
, q
2
)C̄ d

abc +
(
£(p,q)X − £2

(
p
2 ,

q
2 )X

)
C d

abc

for (p, q) = (0, 2), (2, 0), (3.77)
(1,1)C̄ d

abc = (1,1)C d
abc + £(0,1)X

(1,0)C̄ d
abc + £(1,0)X

(0,1)C̄ d
abc

+
(

£(1,1)X − 1
2
£(1,0)X£(0,1)X − 1

2
£(0,1)X£(1,0)X

)
C d

abc , (3.78)

where

(p,q)C d
abc := −(p,q)HdeCabce + gde(p,q)C̄abce, (3.79)

(p,q)C d
abc = −

(
(p,q)Hde − 2( p

2
, q
2
)H e

f
( p
2
, q
2
)Hdf

)
Cabce + gde (p,q)Cabce

−2( p
2
, q
2
)Hde ( p

2
, q
2
)Cabce, (3.80)

(1,1)C d
abc = −

(
(1,1)Hde − (1,0)H e

f
(0,1)Hdf − (1,0)H d

f
(0,1)Hef

)
Cabce

+gde (1,1)Cabce − (0,1)Hde (1,0)Cabce − (1,0)Hde (0,1)Cabce. (3.81)

By using the fact that C b
abc = 0 for the Weyl curvature on the background M0,

Eqs. (3.72), (3.45), (3.52) and (3.39), a straightforward calculation yields

(p,q)C b
abc = 0 (3.82)

for (p, q) = (0, 1), (1, 0). Further, with straightforward calculations using Eqs. (3.74),
(3.72), (3.57), (3.52), (3.50), (3.45), (3.41) and (3.39), we can explicitly confirm the
identity

(1,1)C b
abc = 0, (3.83)

and hence, we obtain

(p,q)C b
abc = 0 (3.84)

for (p, q) = (0, 2), (2, 0) through the replacements (3.30) and (3.31) of the perturba-
tive variables. The property (p,q)C b

abc = 0 is trivial from the definition of the gauge
invariant part of the Weyl curvature. However, this trivial result gives us great
confidence in the formulae derived here.

3.6. Divergence of an arbitrary tensor of second rank and the Bianchi identity

Here, we consider the perturbation of the Bianchi identity and the divergence
of the energy momentum tensor, which are derived from the divergence ∇̄aT̄

a
b of

an arbitrary tensor field T̄ a
b of second rank. The operator ∇̄a are the covariant

derivative associated with the metric ḡab on the physical spacetime M. As discussed
above, ∇̄a is pulled back to the background spacetime M0 as the derivative operator
X ∗∇̄a

(
X−1

)∗ by choosing a gauge X . Further, the operation of ∇̄a as an operator
on M0 is represented by the covariant derivative ∇a, which is associated with the
background metric gab on M0, and the tensor field Cc

ab defined by Eq. (3.5). Hence,
we may concentrate on the Taylor expansion of the equation

∇̄aT̄
a

b = ∇aT̄
a

b + Ca
caT̄

c
b − Cc

baT̄
a

c (3.85)
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to derive the perturbative form of the divergence of an arbitrary tensor field of second
rank. The tensor field T̄ b

a , which is pulled back from the physical spacetime Mε to
the background spacetime M0, is expanded as Eq. (3.7). Following the definitions
(2.35)–(2.37) of gauge invariant variables, the gauge invariant variables (p,q)T a

b for
each order perturbation (p,q)T̄ b

a are defined by

(p,q)T a
b := (p,q)T̄ a

b − £(p,q)XT a
b , (p, q) = (1, 0), (0, 1), (3.86)

(p,q)T a
b := (p,q)T̄ a

b − 2£(
p
2 ,

q
2 )X

( p
2
, q
2
)T̄ a

b

−
{
£(p,q)X − £2

(
p
2 ,

q
2 )X

}
T a

b , (p, q) = (2, 0), (0, 2), (3.87)

(1,1)T a
b := (1,1)T̄ a

b − £(1,0)X
(0,1)T̄ a

b − £(0,1)X
(1,0)T̄ a

b

−
{

£(1,1)X − 1
2
£(1,0)X£(0,1)X − 1

2
£(0,1)X£(1,0)X

}
T a

b . (3.88)

We also expand

∇̄aT̄
a

b =
∞∑

k′,k=0

εkλk′

k!k′!
(k,k′)(∇̄aT̄

a
b

)
. (3.89)

3.6.1. Linear order
A simple expansion of Eq. (3.85) yields

(p,q)
(
∇̄aT̄

a
b

)
= ∇a

(p,q)T̄ a
b +

(
H a

ca

[
(p,q)H

]
+ ∇c∇a

(p,q)Xa
)

T c
b

−
(
Hbac

[
(p,q)H

]
+ ∇b∇a

(p,q)Xc + R e
acb

(p,q)Xe

)
T ca (3.90)

for (p, q) = (0, 1), (1, 0). Then, using the gauge invariant variable defined by Eq. (3.86),
we obtain

(p,q)
(
∇̄aT̄

a
b

)
= ∇a

(p,q)T a
b + H a

ca

[
(p,q)H

]
T c

b − H c
ba

[
(p,q)H

]
T a

c

+£(p,q)X∇aT
a

b (3.91)

for linear order [(p, q) = (1, 0), (0, 1)], where we have used the formula (A.4).
Now, we check the linear-order perturbation of the Bianchi identity by using

Eq. (3.91). To do this, we regard T b
a as the Einstein tensor G b

a . Further, the gauge
invariant part of the tensor T b

a is regarded as the gauge invariant part of the linear
order Einstein tensor:

T b
a → G b

a , (3.92)
(p,q)T b

a → (1)G b
a

[
(p,q)H

]
. (3.93)

Through these replacements, we obtain

(p,q)
(
∇̄aḠ

a
b

)
= ∇a

(1)G b
a

[
(p,q)H

]
+ H a

ca

[
(p,q)H

]
G c

b − H c
ba

[
(p,q)H

]
G a

c

+£(p,q)X∇aG
a

b . (3.94)

D
ow

nloaded from
 https://academ

ic.oup.com
/ptp/article/113/3/481/1927055 by U

.S. D
epartm

ent of Justice user on 17 August 2022



506 K. Nakamura

On the other hand, a direct calculation using Eq. (3.66) yields

∇a
(1)G b

a

[
(p,q)H

]
= −H a

ca

[
(p,q)H

]
G c

b + H c
ba

[
(p,q)H

]
G a

c (3.95)

as an identity. Therefore, the linear-order expansion of the divergence of the Einstein
tensor is given by

(p,q)
(
∇̄aḠ

a
b

)
= £(p,q)X∇aG

a
b , (p, q) = (1, 0), (0, 1). (3.96)

Because ∇aG
a

b = 0 for an arbitrary spacetime, we can easily see that (p,q)
(
∇̄aḠ

a
b

)
=

0, identically, at linear order.

3.6.2. Second order
Next, we consider the O(ελ) perturbation of ∇aT

a
b . A straightforward calcula-

tions yields

(1,1)
(
∇̄aT̄

a
b

)
= ∇a

(1,1)T a
b

−
(
Hcad

[
(0,1)H

]
(1,0)Hda + Hcad

[
(1,0)H

]
(0,1)Hda − H a

ca

[
(1,1)H

])
T c

b

+
(
Hbad

[
(0,1)H

]
(1,0)Hdc + Hbad

[
(1,0)H

]
(0,1)Hdc − H c

ba

[
(1,1)H

])
T a

c

−H c
ba

[
(1,0)H

]
(0,1)T a

c + H a
ca

[
(1,0)H

]
(0,1)T c

b

−H c
ba

[
(0,1)H

]
(1,0)T a

c + H a
ca

[
(0,1)H

]
(1,0)T c

b

+£(1,0)X
(0,1)

(
∇̄aT̄

a
b

)
+ £(0,1)X

(1,0)
(
∇̄aT̄

a
b

)
+

{
£(1,1)X − 1

2
£(0,1)X£(1,0)X − 1

2
£(1,0)X£(0,1)X

}
(∇aT

a
b ) . (3.97)

Applying the replacements (3.30) and (3.31) of the perturbative variables to Eq. (3.97),
the O(ε2) and O(λ2) perturbations of the divergence of a tensor T b

a are obtained as

(p,q)
(
∇̄aT̄

a
b

)
= ∇a

(p,q)T a
b

−
(
2Hcad

[
( p
2
, q
2
)H

]
( p
2
, q
2
)Hda − H a

ca

[
(p,q)H

])
T c

b

+
(
2Hbad

[
( p
2
, q
2
)H

]
( p
2
, q
2
)Hdc − H c

ba

[
(p,q)H

])
T a

c

−2H c
ba

[
( p
2
, q
2
)H

]
( p
2
, q
2
)T a

c + 2H a
ca

[
( p
2
, q
2
)H

]
( p
2
, q
2
)T c

b

+2£(
p
2 ,

q
2 )X

( p
2
, q
2
)
(
∇̄aT̄

a
b

)
+

{
£(p,q)X − £2

(
p
2 ,

q
2 )X

}
(∇aT

a
b ) ,(3.98)

where (p, q) = (2, 0), (0, 2).
As in the linear-order case, we can also check the Bianchi identities of the second

order perturbations using Eqs. (3.98) and (3.97). To do this, we regard T b
a as the

Einstein tensor G b
a and apply the following replacement:

T b
a → G b

a , (3.99)
(p,q)T b

a → (1)G b
a

[
(p,q)H

]
for (p, q) = (1, 0), (0, 1), (3.100)
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(p,q)T b
a → (1)G b

a

[
(p,q)H

]
+ (2)G b

a

[
( p
2
, q
2
)H, ( p

2
, q
2
)H

]
for (p, q) = (2, 0), (0, 2), (3.101)

(1,1)T b
a → (1)G b

a

[
(1,1)H

]
+ (2)G b

a

[
(1,0)H, (0,1)H

]
. (3.102)

First, we consider the perturbative Bianchi identity of O(ελ):

(1,1)
(
∇̄aḠ

a
b

)
= ∇a

(
(1)G a

b

[
(1,1)H

]
+ (2)G a

b

[
(1,0)H, (0,1)H

])
−

(
Hcad

[
(0,1)H

]
(1,0)Hda + Hcad

[
(1,0)H

]
(0,1)Hda − H a

ca

[
(1,1)H

])
G c

b

+
(
Hbad

[
(0,1)H

]
(1,0)Hdc + Hbad

[
(1,0)H

]
(0,1)Hdc − H c

ba

[
(1,1)H

])
G a

c

−H c
ba

[
(1,0)H

]
(1)G a

c

[
(0,1)H

]
+ H a

ca

[
(1,0)H

]
(1)G c

b

[
(0,1)H

]
−H c

ba

[
(0,1)H

]
(1)G a

c

[
(1,0)H

]
+ H a

ca

[
(0,1)H

]
(1)G c

b

[
(1,0)H

]
+£(1,0)X

(0,1)
(
∇̄aḠ

a
b

)
+ £(0,1)X

(1,0)
(
∇̄aḠ

a
b

)
+

{
£(1,1)X − 1

2
£(0,1)X£(1,0)X − 1

2
£(1,0)X£(0,1)X

}
(∇aG

a
b ) . (3.103)

Here, we note that the identity (3.95) implies

∇a
(1)G a

b

[
(1,1)H

]
= −H a

ca

[
(1,1)H

]
G c

b + H c
ba

[
(1,1)H

]
G a

c . (3.104)

Further, straightforward calculations lead to the following identity:

∇a
(2)G a

b

[
(1,0)H, (0,1)H

]
= −H a

ca

[
(1,0)H

]
(1)G c

b

[
(0,1)H

]
− H a

ca

[
(0,1)H

]
(1)G c

b

[
(1,0)H

]
+H e

ba

[
(1,0)H

]
(1)G a

e

[
(0,1)H

]
+ H e

ba

[
(0,1)H

]
(1)G a

e

[
(1,0)H

]
−

(
Hbad

[
(0,1)H

]
(1,0)Hdc + Hbad

[
(1,0)H

]
(0,1)Hdc

)
G a

c

+
(
Hcad

[
(0,1)H

]
(1,0)Had + Hcad

[
(1,0)H

]
(0,1)Had

)
G c

b . (3.105)

Using the identities (3.104) and (3.105) , we easily find

(1,1)
(
∇̄aḠ

a
b

)
= £(1,0)X

(0,1)
(
∇̄aḠ

a
b

)
+ £(0,1)X

(1,0)
(
∇̄aḠ

a
b

)
+

{
£(1,1)X − 1

2
£(0,1)X£(1,0)X − 1

2
£(1,0)X£(0,1)X

}
(∇aG

a
b ) .(3.106)

Since the Bianchi identities ∇aG
a

b = 0 on the background spacetime M0 and those
of the linear-order perturbations (p,q)(∇aG

a
b ) = 0 [for (p, q) = (1, 0), (0, 1)] have

already been confirmed, we have also confirmed the identity

(1,1)
(
∇̄aḠ

a
b

)
= 0. (3.107)

D
ow

nloaded from
 https://academ

ic.oup.com
/ptp/article/113/3/481/1927055 by U

.S. D
epartm

ent of Justice user on 17 August 2022



508 K. Nakamura

Applying the replacements (3.30) and (3.31) of the perturbative variables to
Eq. (3.103), we obtain the O(ε2) and O(λ2) Bianchi identities:

(p,q)
(
∇̄aḠ

a
b

)
= ∇a

(
(1)G a

b

[
(p,q)H

]
+ (2)G a

b

[
( p
2
, q
2
)H, ( p

2
, q
2
)H

])
−

(
2Hcad

[
( p
2
, q
2
)H

]
( p
2
, q
2
)Hda − H a

ca

[
(p,q)H

])
G c

b

+
(
2Hbad

[
( p
2
, q
2
)H

]
( p
2
, q
2
)Hdc − H c

ba

[
(p,q)H

])
G a

c

−2H c
ba

[
( p
2
, q
2
)H

]
(1)G a

c

[
( p
2
, q
2
)H

]
+ 2H a

ca

[
( p
2
, q
2
)H

]
(1)G c

b

[
( p
2
, q
2
)H

]
+2£(

p
2 ,

q
2 )X

( p
2
, q
2
)
(
∇̄aḠ

a
b

)
+

{
£(p,q)X − £2

(
p
2 ,

q
2 )X

}
(∇aG

a
b )

= 0, (3.108)

where (p, q) = (0, 2), (2, 0).

3.7. Einstein equations

Finally, we consider perturbations of the Einstein equation at each order. First,
we expand the energy momentum tensor as Eq. (3.7) and impose the perturbed
Einstein equation of each order,

(p,q)G b
a = 8πG (p,q)T b

a . (3.109)

Then, we define the gauge invariant variable (p,q)T b
a for the perturbative energy

momentum tensor at each order by Eqs. (3.86)–(3.88). In terms of the gauge invariant
variables, the perturbative Einstein equation at each order is given by

(1)G b
a

[
(p,q)H

]
= 8πG (p,q)T b

a (3.110)

for linear order [(p, q) = (0, 1), (1, 0)] and

(1)G b
a

[
(1,1)H

]
+ (2)G b

a

[
(1,0)H, (0,1)H

]
= 8πG (1,1)T b

a , (3.111)

(1)G b
a

[
(p,q)H

]
+ (2)G b

a

[
(p,q)H, (p,q)H

]
= 8πG (p,q)T b

a (3.112)

for second order [(p, q) = (0, 2), (2, 0)]. These explicitly show that, order by order,
the Einstein equations are necessarily obtained in terms of gauge invariant variables
only.

§4. Summary and discussion

In summary, we have derived some formulae for second-order gauge invariant
perturbations, namely those of the Riemann, Ricci, scalar, Einstein and Weyl curva-
ture tensors. We also derived the formulae for the divergence of an arbitrary tensor
field of second rank for perturbations at each order. These perturbative curvatures
have the same forms as those in the definitions (2.35)–(2.37) of the gauge invariant
variables for arbitrary perturbative fields which are proposed in a previous paper.8)

These are useful for investigating physical problems using perturbation theory.
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Through the derivation of these formulae, we have confirmed some facts. First,
if linear-order gauge invariant perturbation theory is well established, its extension
to higher orders and multi-parameter perturbations is straightforward. Second, the
perturbative Weyl curvature at each order preserves the property of the tracelessness
of the Weyl curvature. Third, the perturbative Einstein curvature of each order
satisfies the perturbative Bianchi identities at each order. Fourth, the perturbative
Einstein equations at each order necessarily take in gauge invariant forms. These
properties we have confirmed are trivial from their derivations. In particular, the
fourth result is trivial because of the following reason: Any equation can be written
in a form in which the right-hand side is equal to “zero” in any gauge. This “zero”
is gauge invariant. Hence, the left-hand side should be gauge invariant. However,
we emphasize that these trivial results imply that the formulae derived here and
the framework of higher-order perturbation theory applied here are mathematically
consistent at this level.

Further, we note that in our framework, we specify nothing about the back-
ground spacetime nor about the physical meaning of the parameters for the per-
turbations. Our framework is based only on general covariance. For this reason,
this framework is applicable to any theory in which general covariance is imposed,
and thus it has very many applications. Actually, we are planning to apply it to
some physical problems. The following are candidates of the physical situations to
which the second order perturbation theory should be applied: the radiation reac-
tion problem in gravitational wave emission;13) stationary axisymmetric ideal MHD
flow around a black hole or a star;14) the correspondence between observables in
experiment and gauge invariant variables; dynamics of gravitating membranes (for
example, topological defects,4) brane world,15) and so on); perturbations of a com-
pact star with rotation and pulsation;6) Post-Minkowski expansion alternative to
post-Newtonian expansion;16) higher-order cosmological perturbations and primor-
dial non-Gaussianity.17)

In particular, the gauge invariant form of the second-order perturbation of the
divergence of the energy momentum tensor should be useful in considering the gauge
problem in the radiation reaction of gravitational wave emission. In astrophysical
contexts, it is natural to consider the situation in which a solar mass object falls into
a supermassive black hole of mass ∼ 106M�. This is one of the target phenomena of
the observation of gravitational wave by LISA (laser interferometer space antenna for
gravitational wave measurements).18) In such a situation, the perturbation parame-
ter is the ratio of the mass of the compact object to that of the central supermassive
black hole. We may regard the second order perturbations as describing the radia-
tion reaction effect of gravitational wave emission. By applying the gauge invariant
formulation discussed here, we can exclude gauge freedom completely and thus there
is no gauge ambiguities in the results. It would be quite interesting to apply the for-
mulation discussed here to this radiation reaction problem. We leave this application
as a future work.

In addition to the radiation reaction problem of gravitational wave emission,
there are many applications, some of which are listed above. Indeed, because there
are few assumptions in our treatment, it is natural to expect that there are many
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applications that are not listed above. We also expect that the formulae derived here
will be found to be very powerful tools in many applications.
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Appendix A
Useful Formulae

In the calculations in the main text, the knowledge of the commutation relations
of the covariant derivative and Lie derivative are useful. Here, we summarize the
commutation relations which are used in the derivation in the main text:

∇a£Xtb = £X∇atb + XcR d
acb td + tc∇a∇bX

c, (A.1)
∇a£Xtbc = £X∇atbc + XdR e

adb tec + XdR e
adc tbe

+tdc∇a∇bX
d + tbd∇a∇cX

d, (A.2)
∇a£Xt c

b = £X∇at
c

b + XdR e
adb t c

e − XdR c
ade t e

b

+t c
d ∇a∇bX

d − t d
b ∇a∇dX

c, (A.3)

∇a£Xtbcd = £X∇atbcd + XeR f
aeb tfcd + XeR f

aec tbfd + XeR f
aed tbcf

+tecd∇a∇bX
e + tbed∇a∇cX

e + tbce∇a∇dX
e, (A.4)

∇a£Xt d
bc = £X∇at

d
bc + XeR f

aeb t d
fc + XeR f

aec t d
bf − XeR d

aef t f
bc

+t d
ec ∇a∇bX

e + t d
be ∇a∇cX

e − t e
bc ∇a∇eX

d. (A.5)
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