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S U M M A R Y

Using a numerical approach, we explore wave-induced fluid flow effects in partially saturated

porous rocks in which the gas–water saturation patterns are governed by mesoscopic hetero-

geneities associated with the dry frame properties. The link between the dry frame properties

and the gas saturation is defined by the assumption of capillary pressure equilibrium, which

in the presence of heterogeneity implies that neighbouring regions can exhibit different levels

of saturation. To determine the equivalent attenuation and phase velocity of the synthetic rock

samples considered in this study, we apply a numerical upscaling procedure, which permits to

take into account mesoscopic heterogeneities associated with the dry frame properties as well

as spatially continuous variations of the pore fluid properties. The multiscale nature of the fluid

saturation is taken into account by locally computing the physical properties of an effective

fluid, which are then used for the larger-scale simulations. We consider two sets of numerical

experiments to analyse such effects in heterogeneous partially saturated porous media, where

the saturation field is determined by variations in porosity and clay content, respectively. In

both cases we also evaluate the seismic responses of corresponding binary, patchy-type satu-

ration patterns. Our results indicate that significant attenuation and modest velocity dispersion

effects take place in this kind of media for both binary patchy-type and spatially continuous

gas saturation patterns and in particular in the presence of relatively small amounts of gas.

The numerical experiments also show that the nature of the gas distribution patterns is a

critical parameter controlling the seismic responses of these environments, since attenuation

and velocity dispersion effects are much more significant and occur over a broader saturation

range for binary patchy-type gas–water distributions. This analysis therefore suggests that the

physical mechanisms governing partial saturation should be accounted for when analysing

seismic data in a poroelastic framework. In this context, heterogeneities associated with the

dry frame properties, which do not play important roles in wave-induced fluid flow processes

per se, should be taken into account since they may determine the kind of gas distribution

pattern taking place in the porous rock.

Key words: Permeability and porosity; Seismic attenuation; Computational seismology;

Theoretical seismology; Wave propagation; Acoustic properties.

1 I N T RO D U C T I O N

The classical version of the theory of poro-elasticity (Biot 1956a,b)

assumes that wave-induced fluid movements at the macroscopic

scale, as defined by the prevailing wavelengths, are the only causes

of seismic velocity dispersion and attenuation in porous media. Cor-

respondingly, the probed material is supposed to be homogeneous

at submacroscopic scales and all elastic moduli are real-valued and

independent of frequency. However, there is consistent evidence

to demonstrate that, on its own, this physical mechanism is un-

able to fully account for the intrinsic attenuation behaviour inferred

from seismic observations in sedimentary environments and that

other energy loss mechanisms play crucial roles (Pride et al. 2004).

Notably, there is increasing evidence indicating that the presence

of heterogeneity in the mesoscopic scale range, that is, inhomo-

geneities larger than the pore size but smaller than the prevailing

wavelengths, may be capable of explaining the observed attenuation

levels at seismic frequencies (e.g. Pride et al. 2004; Müller et al.

2010). These mesoscopic heterogeneities may be associated with

the nature and composition of the pore fluids and/or the dry frame

properties of the rock. The corresponding loss mechanism is then

governed by fluid pressure equilibration taking place between the

different mesoscopic regions composing the heterogeneous porous

medium. For this reason, this loss mechanism is sensitive to physical
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Mesoscopic effects and partial saturation 1089

parameters of great interest, such as porosity (Gurevich &

Lopatnikov 1995; Pride et al. 2004), permeability (Müller et al.

2007; Rubino et al. 2009), type of pore fluids, degree of saturation

and fluid spatial distribution (Müller et al. 2008; Rubino et al. 2009;

Toms-Stewart et al. 2009; Rubino et al. 2011).

The presence of so-called patchy gas-water saturation, that is, spa-

tially variable gas–water distributions in the form of local patches

fully saturated with gas embedded in regions fully saturated with

water, can produce very significant attenuation and velocity disper-

sion effects (e.g. Rubino et al. 2009). This is due to the very high

compressibility of gas as compared with that of water, which in

the presence of favourable gas patch geometries and seismic fre-

quencies can lead to significant fluid pressure gradients and thus

to the enhancement of corresponding mesoscopic effects. That is

why binary patchy-type saturation received great interest from the

researchers during the last decades, who aimed at linking these

potentially observable effects with various pertinent petrophysical

parameters, such as saturation, porosity and permeability. In fact,

White and coauthors (White 1975; White et al. 1975) were the first

to propose the presence of mesoscopic heterogeneities as an impor-

tant seismic attenuation mechanism and analysed the case of plane

porous layers alternately saturated with gas and water (White et al.

1975) as well as of spherical gas pockets in a water-saturated porous

rock (White 1975). After these pioneering works, a number of au-

thors have made important contributions to a better understanding

of this subject using a variety of methods. For instance, Dutta & Odé

(1979) analysed mesoscopic effects related to porous rocks contain-

ing spherical gas pockets, as defined in White’s (1975) model, in

the framework of Biot’s (1956a) theory. Norris (1993) developed

a theory for low-frequency attenuation and dispersion of compres-

sional waves in heterogeneous fluid-saturated layered materials and

focused on the case of patchy saturation. The case of gas patches of

arbitrary geometries was analysed by Johnson (2001), who proposed

the simplest function for the dynamic bulk modulus that ensured

causality of the solution to describe the crossover from Gassmann-

Wood’s bound at low frequencies to the Gassmann-Hill bound at

high frequencies. Müller & Gurevich (2005) developed a theory

for estimating wave attenuation and dispersion in a porous medium

containing a random distribution of 3D heterogeneities character-

ized by small contrasts in their physical properties. Later, Toms

et al. (2006) extended the model proposed by Müller & Gurevich

(2005) to the case of partial saturation in conjunction with arbitrary

contrasts of the fluid bulk modulus and a homogeneous rock frame.

Recently, Masson & Pride (2011) analysed seismic attenuation pro-

duced by patchy saturation in homogeneous dry frames considering

numerically generated fluid distribution patterns obtained using the

invasion-percolation model.These authors also studied the effects of

spatial fluctuations in the fluid saturation over multiple scales, con-

sidering voxels locally saturated with either water or gas (Masson

& Pride 2011).

Most researchers analysing seismic attenuation and velocity dis-

persion due to the presence of gas–water distributions consider

mesoscopic zones fully saturated with gas surrounded by regions

fully saturated with water and do not consider potential physical rea-

sons for the existence of such patchy saturation. However, depending

on how partial saturation is obtained, there are physical reasons that

render the existence of binary gas–water distributions unlikely. For

instance, during drainage experiments, where a gaseous phase dis-

places a liquid one, there is always some residual water saturation

present in the pore space (e.g. Dvorkin et al. 1999). In addition, as

stated by Toms et al. (2006), in real rocks gas patches are expected to

be characterized by a broad distribution of shapes and sizes. Given

that the effects of very small patches can be properly described by

Gassmann-Wood model, partially saturated media should therefore

be considered as a porous frame saturated with a composite fluid

with smoothly varying physical properties (Toms et al. 2006). The

available evidence from laboratory experiments also rather point

to spatially continuous variations of the gas saturation in partially

saturated porous media (Cadoret et al. 1995; Cadoret et al. 1998;

Toms-Stewart et al. 2009). Moreover, as stated by Knight et al.

(1998) and Dvorkin & Nur (1998), non-uniform saturation patterns

may result from textural and/or mineralogical heterogeneities un-

der conditions of capillary pressure equilibrium. Because within a

given lithological unit rock frame heterogeneities are expected to

be spatially continuous, gas saturation fields are expected to be spa-

tially continuous as well. To our knowledge, however, little work

has so far been done to study in detail the role of smoothly spatially

varying properties of the fluid phase in partially saturated porous

media with regard to the attenuation and dispersion behaviour of

seismic wavefields. The corresponding analysis is quite complex as

both heterogeneities associated with the dry matrix properties as

well as with spatially continuous variations of gas saturation need

to be simultaneously accounted for. A recent effort in this direction

was presented by Toms et al. (2006) who modelled the influence on

acoustic properties of fluid distribution patterns having continuous

spatial variations of the bulk modulus. These authors considered

a homogeneous rock frame partially saturated with water and gas.

The corresponding fluid distributions were determined by submil-

limetre resolution X-ray tomographic images obtained during gas

injection laboratory experiments.

In this work, we analyse wave-induced fluid flow effects in nu-

merical porous rock samples partially saturated with gas and water,

where the saturation patterns are governed by mesoscopic hetero-

geneities associated with the dry frame properties. To this end, we

consider the model by Knight et al. (1998) to obtain the corre-

sponding gas saturation fields from the distributions of dry frame

properties and capillary pressure. Through an upscaling procedure

based on numerical compressibility tests (Rubino et al. 2009) we

then compute the attenuation and velocity dispersion behaviour

associated with the considered mesoscopic heterogeneities in the

seismic range of frequencies. This methodological framework thus

allows us to systematically explore wave-induced fluid flow effects

in heterogeneous partially saturated media, where the saturation

field is governed by heterogeneous distributions of the porosity and

clay content, respectively.

2 P H Y S I C A L M O D E L F O R P O RO U S

RO C K S PA RT I A L LY S AT U R AT E D

W I T H G A S A N D WAT E R

The spatial characteristics of gas–water saturation patterns depend

on rock heterogeneities, the prior history of fluid movement, and

viscous effects, such as viscous fingering (Homsy 1987). Several

authors have used X-ray tomography to visualize the fluid distri-

butions in porous rocks and have found that the shape and distri-

bution of the fluid phases depends on the overall saturation, that

is, on the fraction of the total pore volume occupied by gas in

the sample as well as on the process of fluid saturation (Cadoret

et al. 1995; Cadoret et al. 1998; Toms-Stewart et al. 2009). Cadoret

et al. (1998) show that imbibition experiments within an 8 cm di-

ameter rock sample, where the liquid phase displaces the gaseous

one, produce fluid distributions which are homogeneous at the mil-

limetre scale. Conversely, drainage experiments, where the opposite

procedure is performed, produce gas clusters or patches and satu-
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1090 J. G. Rubino and K. Holliger

ration can be considered heterogeneous at the corresponding meso-

scopic scales. Cadoret et al. (1995) repeated drainage experiments

on a given slice of rock to obtain a certain overall gas saturation.

They were able to observe the same patterns of gas bearing regions

invading the water-saturated sample showing the reproducibility of

the saturation fields obtained with this technique. Moreover, these

experiments show that saturation patterns resulting from drainage

experiments are mainly controlled by the intrinsic textural proper-

ties of the considered rock samples.

Knight et al. (1998) and Dvorkin & Nur (1998) demonstrated

that the heterogeneous nature of porous rocks often results in corre-

spondingly heterogeneous saturation distributions on scales greater

than the pore size. Thus, if we are interested in a detailed analy-

sis of wave-induced fluid flow effects in partially saturated porous

media, such heterogeneities associated with the dry frame proper-

ties should be considered in conjunction with the corresponding

spatially continuous gas saturation field. Following Knight et al.

(1998), we determine the gas–water distribution of heterogeneous

rock samples by assuming a state of capillary equilibrium ignoring

gravitational forces. We therefore assume that capillary pressure

everywhere is constant, which in turn implies that neighbouring re-

gions with different textural and/or mineralogical properties exhibit

different levels of saturation. To do so, we link the level of water

saturation Sw to the capillary pressure Pc using the relationship of

Brooks & Corey (1964)

Sw = Sr + (1 − Sr)

(

Pt

Pc

)λ

, (1)

where Sr is the irreducible water saturation, λ is a constant for each

lithology and Pt is the threshold pressure, that is, the minimum

pressure needed to initiate the displacement of a wetting phase by

a non-wetting phase from a porous medium fully saturated with the

wetting phase (Thomas et al. 1968). Again following Knight et al.

(1998), we also link the threshold pressure to permeability through

the empirical relation proposed by Thomas et al. (1968)

Pt = 52κ−0.43, (2)

where the pressure Pt is in units of KPa and the permeability κ in

mD. Eqs (1) and (2) allow for obtaining the water saturation as a

function of permeability and capillary pressure at any given location

of our models.

To analyse wave-induced fluid flow effects associated with real-

istic partial gas–water distributions, we consider highly heteroge-

neous spatially continuous variations of the dry frame properties of

the rock samples. Then, we determine for different capillary pres-

sure values, the corresponding gas saturation fields using eqs (1) and

(2) and use the numerical upscaling procedure proposed by Rubino

et al. (2009) to quantify the corresponding attenuation and velocity

dispersion due to wave-induced fluid flow. For completeness, we

outline the key aspects of this approach in the Appendix. Please

note that, although we assume that capillary pressure determines

the fluid distributions in the considered rock samples, we do not

take into account this parameter when determining the response of

samples subjected to the compressibility test.

Even though gas and water are immiscible fluids, we must con-

sider at every computational cell composing the numerical rock

sample under study, a single-phase effective fluid. The reason for

this is that our upscaling procedure is based on Biot’s (1956a) the-

ory and thus does not support the presence of two pore fluids. The

density of the equivalent fluid is given by

ρf = Sgρg + Swρw, (3)

where Sg = (1 − Sw) is the gas saturation and ρg and ρw are the

densities of the gas and water, respectively. The compressibility of

the effective fluid is a critical parameter in the analysis of wave-

induced fluid flow effects. However, if the cell size is smaller than

the diffusion lengths involved in the analysis, as is indeed the case

for all models considered in this study, the characteristic sizes of

the gas patches that may exist within such cell will also be much

smaller than the diffusion lengths. Hence, there is enough time for

the fluid pressure to equilibrate and the fluid pressure is uniform.

Consequently, regardless of the geometry of the distribution of gas

and water within a particular cell, we can use Wood’s (1955) law to

obtain the bulk modulus of the equivalent fluid

1

k f

=
Sg

kg

+
Sw

kw

, (4)

where kg and kw are the bulk modulus of the gas and water, respec-

tively. Following Carcione et al. (2006) we then use the relation of

Teja & Rice (1981) to obtain the viscosity of the two-phase fluid

mixture

ηf = ηg

(

ηw

ηg

)Sw

, (5)

where ηg and ηw denote the viscosities of gas and water, respec-

tively.

3 PA RT I A L S AT U R AT I O N I N D U C E D

B Y P O RO S I T Y VA R I AT I O N S

Spatial variations in porosity affect the corresponding permeabil-

ity field, and thus, in the framework of the physical model outlined

above, generate heterogeneous gas–water saturation patterns, which

in turn can produce significant seismic attenuation and velocity dis-

persion effects. We assume that the rock frame is composed of

quartz grains with the physical properties given in Table 1 and con-

sider heterogeneous porosity distributions. In addition to changes

in permeability, variations in porosity also imply changes in other

Table 1. Material properties for the models considered in this study.

Solid phase

Density (g cm−3) Bulk modulus (GPa) Shear modulus (GPa) Mean grain diameter (m)

Quartz ρq = 2.65 a kq = 37 a μq = 44 a dq = 8 × 10−5 b

Clay ρc = 2.55 a kc = 25 a μc = 9 a

Fluid phase

Density (g cm−3) Bulk modulus (GPa) Viscosity (P)

Water ρw = 1.04 a kw = 2.25 a ηw = 0.03 a

Gas ρg = 0.078 a kg = 0.012 a ηg = 0.0015 a

The parameters were taken from aMavko et al. (2009) and bRubino et al. (2009).

C© 2011 The Authors, GJI, 188, 1088–1102
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Mesoscopic effects and partial saturation 1091

physical parameters, such as frame moduli and bulk density. At each

computational cell, the bulk density is given by

ρb = (1 − φ)ρq + φρf , (6)

where φ denotes porosity and ρq is the density of quartz.

We use the Kozeny-Carman equation to relate the porosity φ and

the mean grain diameter dq of the rock sample to the permeability

κ (e.g. Mavko et al. 2009)

κ = B
φ3

(1 − φ)2
d2

q , (7)

where B is a geometric factor that depends on the tortuosity of the

porous sample.

To link the porosity φ and the solid grain properties with the

elastic moduli of the dry frame we use the model of Krief et al.

(1990)

km = ks(1 − φ)4/(1−φ), (8)

μm = kmμs/ks, (9)

where ks and μs are the bulk and shear moduli of the solid grains,

respectively, and km and μm are the corresponding parameters of

the solid frame.

3.1 Effective single-phase fluid

Before analysing heterogeneous porosity distributions and associ-

ated partial gas saturation patterns, we study the response of rock

samples containing patches fully saturated with gas in contact with

regions fully saturated with water. In doing so, we assume that

the corresponding gas patches are much smaller than the diffusion

lengths involved in these experiments. We do this to verify the basic

validity of considering an effective fluid in general and the applica-

bility of eqs (3)–(5) to represent the regions of the model containing

the heterogeneous gas–water distributions in particular.

In this sense, we consider a rectangular rock sample that is 0.5 m

high and 0.1 m wide and composed of three layers with thicknesses

of 0.1 m, 0.05 m and 0.35 m (Fig. 1). The thickest layer is fully

saturated with water, while the thinnest one is partially saturated

with gas and water. In the latter, the two immiscible fluids are

present in very small patches, fully saturated with gas or water, with

an overall gas saturation of 0.21. The remaining layer also contains

very small patches fully saturated with gas in contact with regions

fully saturated with water and has an overall gas saturation of 0.55.

For the physical properties of gas and water we take the values

shown in Table 1.

We use eq. (7) with B = 0.003 (Carcione & Picotti 2006) to

compute the permeability of the rock samples and, in all experiments

presented in this paper, we assume λ = 0.9 and Sr = 0.05 to obtain

the gas saturation as function of permeability according to eqs (1)

and (2). For this particular experiment we also assume that the

dry frames of each one of the three layers are homogeneous and,

after selecting a value for the capillary pressure, we determine the

corresponding porosity φ according to the partial saturation model

detailed in the previous section. Thus, we consider φ = 0.33 for

the region containing the highest overall gas saturation, φ = 0.15

for the fully saturated layer, and φ = 0.21 for the remaining zone.

Finally, we use the eqs (8) and (9) to calculate the elastic moduli of

the dry frame of the different regions.

The diffusion length for the different media composing the rock

sample is given by

Ld =
√

D/ω, (10)

Figure 1. Layered model containing heterogeneous patchy gas–water dis-

tributions considered to analyse the validity of our effective single-phase

fluid approximation. White regions are fully saturated with gas, while black

ones are fully saturated with water.

where ω is the angular frequency and D is the diffusivity defined as

(e.g. Pride 2005)

D =
κ

ηf

(

Mckav − α2k2
av

Mc

)

. (11)

The parameters Mc, kav and α can be computed in terms of the

physical properties of the fluid-saturated porous media as follows

(Rubino et al. 2009):

α = 1 −
km

ks

, (12)

kav =

(

α − φ

ks

+
φ

kf

)−1

, (13)

Mc = km + α2kav +
4

3
μ, (14)

where μ is the shear modulus of the fluid-saturated porous rock

taken to be equal to the shear modulus of the dry frame.

We have calculated the diffusion lengths for the different regions

composing the three layers considered in the model shown in Fig. 1

using eqs (10) and (11) and verified that the smallest diffusion length

Ld = 1.35 cm occurs for φ = 0.21 at the regions fully saturated with

C© 2011 The Authors, GJI, 188, 1088–1102
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1092 J. G. Rubino and K. Holliger

Figure 2. (a) Equivalent phase velocity and (b) inverse quality factor as

functions of frequency obtained using the numerical upscaling procedure

outlined in the Appendix and considering heterogeneous patchy gas–water

distributions (red lines). This plot also shows the corresponding response

obtained using the same procedure but replacing the horizontal regions by

homogeneous porous layers containing an effective single-phase fluid (blue

lines).

gas and for the highest frequency considered in this work (100 Hz).

In addition, in the layer with φ = 0.33, the diffusion length turned out

to be smallest (Ld = 2.4 cm) for zones fully saturated with gas and

for a frequency of 100 Hz. We thus observe that the fluid patches

in the different layers have characteristic sizes smaller than the

corresponding diffusion lengths. Please note that the grid spacing

used for the corresponding numerical simulations is 0.17 cm.

Figs 2(a) and (b) show the equivalent phase velocity and the in-

verse quality factor as functions of frequency obtained using the

numerical upscaling procedure. These plots also show the corre-

sponding responses when replacing the layers containing the het-

erogeneous patchy gas–water distributions by homogeneous porous

layers containing corresponding effective single-phase fluids with

properties given by eqs (3)–(5) computed according to the corre-

sponding overall gas saturation of the layer. We observe excellent

agreement between the two responses, which in turn suggests that

the effective single-phase fluid with average properties can be used

to adequately represent heterogeneous patchy gas–water distribu-

tions as long as the characteristic size of the patches is smaller than

the involved diffusion lengths. Since in the experiments considered

in this paper the grid spacing was chosen on the order of or smaller

than the involved diffusion lengths, the characteristic sizes of the

gas patches that could be located within a given computational cell

are expected to be smaller than such lengths. An effective single

phase fluid characterized by the eqs (3)–(5) can therefore be con-

sidered to adequately represent the behaviour of the two immiscible

fluids located within the pore space of such region.

3.2 Partial gas saturation associated with heterogeneous

porosity distributions

In the following, we shall explore the effects of partial saturation

due to realistic, heterogeneous porosity distributions. To do so, we

consider a von-Karman-type spectral density function of the form

Sd(kx , ky) = S0

(

1 + k2
x a2

x + k2
ya2

y

)−(H+E/2)
, (15)

where kx and ky are the horizontal and vertical wavenumbers, ax

and ay are the horizontal and vertical correlation lengths, S0 is a

normalization constant and E is the Euclidean dimension. The ex-

ponent H varies between 0 and 1 and determines the roughness

and complexity of the considered stochastic process (e.g. Tronicke

& Holliger 2005). This expression corresponds to a band-limited

scale-invariant stochastic process with a Hausdorff fractal dimen-

sion DH = E + 1 − H .

To generate heterogeneous porosity fields with corresponding

characteristics, we first partition the computational domain into a

finite number of grid cells 	j and assign to each of these cells a

pseudo-random number drawn from a uniform distribution. Then,

we Fourier transform this field to the spatial wavenumber domain

and filter its amplitude spectrum using the eq. (15). Finally, we

transform back the result to the spatial domain to obtain the hetero-

geneous field.

Fig. 3 shows the particular porosity field employed in the analy-

sis, which has a mean of 0.3 and standard deviation of 0.029, and

was obtained considering a spatially isotropic correlation length

of 0.1 m and H = 0.1. Please note that this choice of H emu-

lates the ubiquitous and seemingly universal flicker noise character

observed for porosity log data (e.g. Kelkar & Perez 2002). The

grid spacing considered in this case is of 0.005 m, which is much

smaller than the involved diffusion lengths. This can be verified

in Fig. 4, where we show the diffusion length as a function of

porosity for a frequency of 100 Hz. To compute this parameter, we

consider the model presented in this section for the two limiting fluid

Figure 3. Heterogeneous porosity field considered to analyze seismic at-

tenuation and velocity dispersion associated with corresponding partial

gas–water saturation. This field has a mean of 0.3 and a standard devia-

tion of 0.029.

C© 2011 The Authors, GJI, 188, 1088–1102
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Mesoscopic effects and partial saturation 1093

Figure 4. Diffusion length as a function of porosity for a frequency of

100 Hz considering full water and full gas saturation.

cases: full water and full gas saturation. The corresponding results

show that the diffusion length increases with porosity and can be

as small as about 1 cm in these environments, mainly for very low

porosity. We also see that the diffusion length is smaller when the

rock sample is fully saturated with gas. Moreover, eq. (10) suggests

that the diffusion length is expected to increase with decreasing

frequency.

Fig. 5 shows, for different capillary pressure values, gas saturation

fields for the porosity model shown in Fig. 3 as predicted by eqs (1)

and (2). The overall gas saturations of these samples, defined as

Sg =

∑

j Sg(	 j )φ(	 j )
∑

j φ(	 j )
, (16)

with 	j denoting the jth cell in the grid, are (a) 0.00023, (b) 0.002,

(c) 0.0085 and (d) 0.023.

We observe that when capillary pressure is relatively low only

the most permeable regions of the sample contain some gas within

the pore spaces (Fig. 5). In fact, it is important to note here that in

the extreme case shown in Fig. 5(a) the fluid distribution does not

seem to be statistically representative. This is due to the fact that

in this case the capillary pressure is very low and, correspondingly,

the amount of gas in the sample is extremely small (Sg = 0.00023)

and therefore only a very small region characterized by very high

porosity contains some gas. As capillary pressure increases, the low

permeability regions start to contain some gas and, thus, the fields

shown in Figs 5(b)–(d) become increasingly statistically represen-

tative.

Figs 6 and 7 show the equivalent inverse quality factor and com-

pressional phase velocity as functions of frequency for the porosity

distribution shown in Fig. 3 and the corresponding saturation pat-

terns displayed in Fig. 5. We observe that significant attenuation

can take place, mainly in cases (c) and (d), with Q-values below

50 for certain frequencies. In case (a) attenuation is negligible with

Q-values above 400 for the frequencies considered in this analysis.

In case (b), Q takes values below 100 for frequencies above 30 Hz.

On the other hand, we observe that velocity dispersion is not signifi-

cant with relative changes of less than 1.5 per cent in the considered

frequency range.

To analyse the role played by the spatially continuous nature

of gas–water distributions, we also include in this analysis the

responses of patchy-type binary gas–water distributions obtained

from the saturation fields shown in Fig. 5. To do so, we assume a

certain threshold saturation value St, and for each cell we modify

the saturation so that for those having Sg ≤ St we change the gas

saturation to zero, and on the contrary, if Sg > St we consider that

the corresponding cell is fully saturated with gas. We choose the

threshold value according to the behaviour of the bulk modulus of

the mixture of gas and water, since this physical property is a key

parameter controlling wave-induced fluid flow in this kind of me-

dia. In the numerical experiments, we choose for the threshold value

Figure 5. Gas saturation fields obtained from the porosity distribution shown in Fig. 3. The different panels show the saturation patterns corresponding to

capillary pressure values of (a) 1.8 KPa, (b) 2 KPa, (c) 2.2 KPa and (d) 2.4 KPa.
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1094 J. G. Rubino and K. Holliger

Figure 6. Inverse quality factor as a function of frequency for the porosity field shown in Fig. 3 and the saturation distributions shown in Fig. 5. Red and blue

lines denote heterogeneous and homogeneous porosity fields, respectively. The corresponding solid and dashed line patterns refer to spatially continuous and

patchy-type binary saturation patterns, respectively.

St = 0.05, because around this value we observe a rapid change in

the behaviour of the bulk modulus of the mixture of gas and water

as a function of gas saturation. For both spatially continuous and

patchy-type binary gas–water distributions, we also consider two

subcases: heterogeneous and homogeneous distributions of poros-

ity and all associated physical parameters of the dry frame. In the

latter case, we take a constant porosity value equal to the average

porosity of the field shown in Fig. 3.

For most cases shown in Figs 6 and 7, we observe that seis-

mic attenuation and velocity dispersion effects for binary patchy

gas–water distributions are much more significant than those ob-

tained considering the physically based continuous saturation pat-

terns. These effects are particularly dramatic in cases (b) and (c),

with Q-values below 20 for certain frequencies and velocity in-

creases of up to about 5 per cent in the considered frequency range.

Very significant discrepancies between the responses considering

the two fluid distributions can also take place in the case (a), where

for the binary distributions Q-values can be below 50 for certain

frequencies. These differences are likely to be due to the fact that

in the case considering spatially continuous variations of gas satu-

ration the smoothly spatially varying fluid compressibility produce

wave-induced fluid pressure gradients less significant than those

taking place in rocks characterized by very abrupt changes in the

compressibility of the pore fluid.

As expected, the inferred velocities in the low frequency limit

depend strongly on the characteristics of the fluid distributions.

However, this parameter also depends on the characteristics of the

dry frame, particularly in the case of the continuous fluid distri-

butions, as can be seen in Fig. 7. Moreover, the rate of change of

the phase velocity with respect to frequency depends mainly on the

characteristics of fluid distributions.

It is also interesting to note that for the binary fluid distribu-

tions the attenuation and phase velocity curves obtained considering

the heterogeneous porosity field are quite similar to those for the

homogeneous solid frame. The similarities between the responses

considering heterogeneous and homogeneous dry frames also ex-

ist for the spatially continuous gas–water distributions, particularly

in the case of seismic attenuation. These observations suggest that

mesoscopic effects in such environments are more sensitive to the

heterogeneities associated with the fluid properties than to solid

frame heterogeneities. Correspondingly, these results also point to

the importance of accounting for the spatially continuous nature of

gas–water distributions, if a detailed analysis of seismic attenuation

behaviour is required.

To analyse the levels of attenuation and velocity dispersion for

different amounts of gas within the rock sample, Fig. 8 shows the

phase velocity and inverse quality factor as functions of overall gas

saturation for different frequencies and for continuous and binary

gas–water distributions. We observe that in the case of spatially con-

tinuous saturation patterns the attenuation levels are significant for

frequencies of 50 and 100 Hz and mainly for overall gas saturations

around 0.01. Moreover, in these cases Q-values are below 100 for

C© 2011 The Authors, GJI, 188, 1088–1102
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Mesoscopic effects and partial saturation 1095

Figure 7. Compressional phase velocity as a function of frequency for the porosity field shown in Fig. 3 and the saturation distributions shown in Fig. 5.

Red and blue lines denote heterogeneous and homogeneous porosity fields, respectively. The corresponding solid and dashed line patterns refer to spatially

continuous and patchy-type binary saturation patterns, respectively.

overall saturations below ∼0.05. As expected, we also see that, for

a given frequency, the phase velocity decreases with overall satura-

tion for the saturation values shown in Fig. 8. In addition, velocity

dispersion prevails for overall gas saturations below ∼0.06, albeit

at a not very significant level.

The situation for binary patchy-type saturation patterns is dif-

ferent. We observe much more significant attenuation levels with

Q-values even below 20 for overall saturations between 0.01 and

0.05 and frequencies of 50 Hz and between 0.01 and 0.08 for a

frequency of 100 Hz. Q-values below 100 are found for the en-

tire saturation range considered and velocity dispersion effects are

more significant in this case. It is interesting to note that the phase

velocity obtained for a frequency of 1 Hz turned out to be similar

to that corresponding to the spatially continuous fluid distributions,

which can be explained by the fact that dispersion effects are neg-

ligible for such a low frequency together with the fact that the total

amount of gas present in the rock sample as well as the dry frame

characteristics are similar in both cases.

For overall saturation values higher than those considered in the

panels shown in Fig. 8, attenuation and velocity dispersion effects

become less significant with increasing overall saturation. However,

while such effects turned out to be negligible for the continuous

gas–water distributions, they can be very significant for the binary

distributions. We obtained Q-values below 100 for saturations up to

Sg = 0.25 for a frequency of 50 Hz and up to Sg = 0.32 for 100 Hz.

The available evidence therefore suggests that attenuation and

velocity dispersion effects produced by wave-induced fluid flow

seem to occur mainly for very low overall gas saturation levels.

Moreover, these effects are much more significant and occur over

a broader range of saturation level when patchy-type binary, rather

than continuous, saturation patterns prevail.

4 PA RT I A L S AT U R AT I O N R E L AT E D

T O H E T E RO G E N E O U S C L AY C O N T E N T

D I S T R I B U T I O N S

The presence of clay affects the mechanical properties of shaly

sandstones (e.g. Han et al. 1986). Indeed, the distribution of clay

minerals in certain parts of the pore structure influences their effects

on the dry elastic properties and stress sensitivity of the geological

formations (Han et al. 1986; MacBeth & Riberio 2007; Mavko et al.

2009). Moreover, the presence of clay also has a significant impact

on the porosity and permeability of sandstones (e.g. Yin 1993;

Han et al. 1986) and heterogeneous clay content distributions are

therefore expected to result in complex partial gas–water saturation

patterns as well as mesoscopic heterogeneities associated with the

dry frame properties. In the following, we study wave-induced fluid

flow effects in partially saturated shaly sandstones.

To account for the dependency between clay content and poros-

ity, permeability and dry frame elastic moduli, we consider the

corresponding laboratory data presented by Yin (1993) and later

employed by Knight et al. (1998). Fig. 9 shows the porosity, per-

meability, and dry frame moduli as functions of clay content mea-

sured by Yin (1993) for a set of shaly sandstones as well as the

C© 2011 The Authors, GJI, 188, 1088–1102
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1096 J. G. Rubino and K. Holliger

Figure 8. (a) Equivalent phase velocity and (b) inverse quality factor as

functions of overall gas saturation obtained using the numerical upscaling

procedure and considering the model proposed in this section. The different

colours indicate different frequencies, while solid and dashed line patterns

refer to spatially continuous and patchy-type binary saturation patterns. In

all cases the dry frame properties are determined by the porosity field shown

in Fig. 3.

corresponding linear interpolations between the measured values

used for our numerical experiments. We observe that there is no

significant change of the dry frame elastic moduli with clay con-

tent, while the porosity and permeability show significant variations.

The latter is particularly important in the context of this work, since

permeability fluctuations produced by heterogeneous clay content

distributions will produce different gas saturation patterns and there-

fore different seismic responses.

Since we use Biot’s (1956a) model to obtain the response of the

rock samples subjected to the compressibility test (Appendix), we

treat the mixture of quartz and clay at each computational cell as

a single effective medium. The corresponding bulk density of the

solid grains of such an effective medium is given by

ρs = γρc + (1 − γ )ρq, (17)

where γ is the clay content and ρc is the density of the clay grains.

To compute the elastic moduli of the solid grains we employ the

Voigt-Reuss-Hill average (e.g. Mavko et al. 2009),

ks =
1

2

[

γ kc + (1 − γ )kq +
(

γ /kc + (1 − γ )/kq

)−1
]

,

μs =
1

2

[

γμc + (1 − γ )μq +
(

γ /μc + (1 − γ )/μq

)−1
]

,

(18)

Figure 9. (a) Porosity and permeability as well as (b) dry frame elastic

moduli of shaly sandstones as functions of the clay content as measured by

Yin (1993) (points) and corresponding linear interpolations (lines) employed

to study attenuation and velocity dispersion effects in such media.

where kc and μc are the bulk and shear moduli of the clay

particles.

Fig. 10 shows the diffusion length as a function of clay content

for a frequency of 100 Hz and considering full gas and full water

saturation. To compute this physical parameter, we use eqs (10)

and (11). To obtain the various physical properties involved in these

equations as functions of clay content, we use linear interpolations of

the corresponding laboratory measurements of Yin (1993) (Fig. 9)

and the eqs (17) and (18), in conjunction with the values shown in

Table 1 for the solid grain properties. We observe that the diffusion

length decreases with clay content and that it is smaller in the case

fully saturated with gas. It is interesting to note that, regardless of

the type of pore fluid, the diffusion lengths are smaller than 1 cm

for rocks having clay contents above ∼0.15.

To analyse the wave-induced fluid flow effects in these environ-

ments, we consider realistic distributions of clay content within a

sand and obtain the corresponding fluid distributions following the

model explained before. To obtain the clay content distributions,

we again consider stochastic processes governed by a von-Karman-

type spectral density function (eq. 15) and allow for volumetric

clay content values between 0 and 0.15, which is a reasonable

clay content range for most common siliciclastic reservoir rocks

(Vernik 1998). Fig. 11 shows the particular clay content field em-

ployed in the following analysis, which has a mean of 0.072 and

standard deviation of 0.024 and was obtained considering a

C© 2011 The Authors, GJI, 188, 1088–1102

Geophysical Journal International C© 2011 RAS

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/g
ji/a

rtic
le

/1
8
8
/3

/1
0
8
8
/6

8
4
9
5
6
 b

y
 g

u
e
s
t o

n
 2

0
 A

u
g
u
s
t 2

0
2
2



Mesoscopic effects and partial saturation 1097

Figure 10. Diffusion length as a function of clay content for the model

presented in this section. We consider full water and full gas saturation and

a frequency of 100 Hz.

Figure 11. Spatial distribution of the clay content fraction considered to

analyse seismic attenuation and velocity dispersion associated with corre-

sponding spatial variations in gas–water saturation. This field has a mean of

0.072 and standard deviation of 0.024.

spatially isotropic correlation length of 0.1 m and H = 0.1. The

grid spacing considered in this case is of 0.005 m, which is smaller

than the diffusion length for clay contents below ∼0.10 (Fig. 10). It

is important to note here that we have performed a 1-D convergence

analysis to ensure that this grid spacing is indeed small enough

to properly represent the pore pressure diffusion processes taking

place at the different discontinuities of the media under considera-

tion, and thus, to allow us to observe the corresponding mesoscopic

effects.

Fig. 12 shows the saturation patterns obtained considering the

clay content distribution shown in Fig. 11 and different capillary

pressure values. The overall gas saturations of these samples are

(a) 0.004, (b) 0.024, (c) 0.0685 and (d) 0.137. We observe that for

low capillary pressure, only the regions with very little clay contain

some gas in the pore space (Fig. 12a), while for higher capillary

pressures gas also invades the more clay-rich regions.

Fig. 13 shows the inverse quality factor as a function of fre-

quency for the clay content field shown in Fig. 11 and the different

gas–water distributions shown in Fig. 12. We see that mesoscopic

loss can be significant in these environments, particularly in case

(b), where Q-values below 50 can take place in the seismic fre-

quency range. The loss levels are not so significant for the other

capillary pressure values considered in this analysis. However, Q-

values below 100 occur for frequencies above 10 Hz in cases (a)

and (c), and above ∼35 Hz for the case (d). Fig. 14 shows the

corresponding phase velocity as a function of frequency, where we

observe velocity dispersion effects, mainly in cases (b) and (c).

However, in all cases the relative changes are below 2.1 per cent in

the considered frequency range thus indicating that these effects are

negligible.

As in the previous section, we also include in Figs 13 and 14 the

responses involving spatially continuous and binary patchy-type

gas–water distributions with heterogeneous and homogeneous clay

content distributions for the rock frame. In the latter case, we take

a constant clay content value equal to the average clay content of

the field shown in Fig. 11. We observe that also in this case the

mesoscopic effects are more significant when considering binary

gas–water distributions. This can be clearly observed in Fig. 13(a),

where Q-values below 25 are found for the binary distributions.

In case (b), attenuation is also more significant in the patchy case

for frequencies above ∼20 Hz. Conversely, it is interesting to note

that attenuation is slightly less significant for most of the consid-

ered frequency range in cases (c) and (d), if binary fluid distribu-

tions are considered. We also observe that the velocities in the low

frequency limit as well as the rate of change with respect to fre-

quency depend mainly on the characteristics of fluid distributions

(Fig. 14).

For binary fluid distributions the attenuation and phase veloc-

ity responses obtained considering the heterogeneous clay content

distribution are quite similar to those for the homogeneous solid

frame. These similarities between the responses considering het-

erogeneous and homogeneous dry frame properties also occur for

the spatially continuous gas–water distributions and suggest that

mesoscopic effects in partially saturated shaly sandstones are again

more sensitive to the heterogeneities associated with the prop-

erties of the pore fluid than to those associated with the solid

frame.

Fig. 15 shows the phase velocity and inverse quality factor as

functions of overall gas saturation for different frequencies and for

continuous and binary gas–water distributions obtained modifying

the capillary pressure. We observe that for spatially continuous

saturation, the attenuation levels are significant for frequencies of 50

and 100 Hz and for overall gas saturations around 0.03. In addition,

in these cases Q-values are below 100 for overall saturations below

∼0.15. The phase velocity decreases with overall saturation, and

velocity dispersion effects in the saturation range considered in this

analysis turned out to be largely negligible.

The situation for binary saturation patterns is again different.

We observe much more significant attenuation levels with Q-values

even below 25 for certain overall saturations and frequencies of

50 and 100 Hz. Indeed, for such frequencies, Q-values below 100

are observed for the entire saturation range considered, except for

overall saturations close to zero. In the case of a frequency of 1 Hz,

we obtained Q-values below 100 for saturations around 0.025. We

also note significant velocity dispersion effects within the satura-

tion range considered. As expected, we see that also in this case

the phase velocity obtained for a frequency of 1 Hz turned out to

be similar to that corresponding to the spatially continuous fluid

distributions.

For saturations higher than those considered in Fig. 15, attenu-

ation and velocity dispersion effects become less significant with

increasing overall saturation for both types of fluid distributions.

However, while such effects turned out to be negligible for the con-

tinuous gas–water distributions, they can be very significant for

C© 2011 The Authors, GJI, 188, 1088–1102
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1098 J. G. Rubino and K. Holliger

Figure 12. Gas saturation fields obtained from the clay content distribution shown in Fig. 11. The different panels show the saturation patterns corresponding

to capillary pressure values of (a) 2.75 KPa, (b) 3.25 KPa, (c) 4 KPa and (d) 5 KPa.

Figure 13. Inverse quality factor as a function of frequency for the clay content field shown in Fig. 11 and the saturation distributions shown in Fig. 12. Red and

blue lines denote heterogeneous and homogeneous clay content distributions, respectively. The corresponding solid and dashed line patterns refer to spatially

continuous and patchy-type binary saturation patterns, respectively.
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Mesoscopic effects and partial saturation 1099

Figure 14. Compressional phase velocity as a function of frequency for the clay content field shown in Fig. 11 and the saturation distributions shown in Fig. 12.

Red and blue lines denote heterogeneous and homogeneous clay content distributions, respectively. The corresponding solid and dashed line patterns refer to

spatially continuous and patchy-type binary saturation patterns, respectively.

the binary distributions, where we observe Q-values below 100

for saturations up to Sg = 0.5 at 50 Hz, and up to Sg = 0.6

at 100 Hz.

5 C O N C LU S I O N S

We have analysed wave-induced fluid flow effects in porous rocks

partially saturated with gas and water. In doing so, we have assumed

that the saturation patterns are governed by mesoscopic hetero-

geneities associated with the dry frame properties due to capillary

pressure equilibrium. The multiscale nature of the gas–water distri-

bution was taken into account by determining locally an effective

fluid which in turn was then used for the larger-scale simulations.

To estimate the seismic attenuation and velocity dispersion of these

media we applied a numerical compressibility test, which is a conve-

nient way of accounting for mesoscopic heterogeneities associated

with dry frame properties as well as for spatial variations of the

physical properties of the pore fluid.

We have performed two sets of numerical experiments, in which

the saturation field was determined by realistic variations in poros-

ity and clay content distributions, respectively, and we considered

both spatially continuous and binary gas–water distributions as well

as heterogeneous and homogeneous rock frames. These numerical

examples, which are in many ways representative of our overall find-

ings, let us observe that partial saturation, for both binary patchy-

type and spatially continuous gas saturation patterns, may produce

significant attenuation and modest velocity dispersion effects, in

particular when relatively small amounts of gas are present in the

rock sample. In addition, we found that the seismic responses with

regard to attenuation and, to a lesser extent also with regards to

phase velocity, are more sensitive to the heterogeneities associated

with the fluid properties than to solid frame heterogeneities. These

experiments also show that, in most cases, attenuation and veloc-

ity dispersion effects are much more significant and occur over a

broader saturation range for binary patchy-type gas–water distribu-

tions.

The results obtained in this study thus indicate that the na-

ture of gas saturation patterns is a critical parameter controlling

the seismic behaviour of porous rocks partially saturated with gas

and water. Therefore, rock frame heterogeneities, which do not

significantly affect the seismic responses per se, should still be

taken into account, since they may determine the characteristics

of gas–water distributions of the probed formations. Finally, the

methodological framework developed in this work may have the

potential for improving our understanding of time-lapse seismic

data associated with hydrocarbon production or CO2 injection pro-

cesses due to the associated capillary pressure changes, which do

not only affect the effective stress but also the characteristics of fluid

distributions.
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Figure 15. (a) Equivalent phase velocity and (b) inverse quality factor as

functions of overall gas saturation obtained using the numerical upscaling

procedure and considering the model proposed in this section. The different

colours indicate different frequencies, while solid and dashed line patterns

refer to spatially continuous and patchy-type binary saturation patterns,

respectively. In all cases the dry frame properties are determined by the clay

content distribution shown in Fig. 11.
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A P P E N D I X : N U M E R I C A L

O S C I L L AT O RY C O M P R E S S I B I L I T Y

T E S T

Studying wave-induced fluid flow effects is a difficult task. This is

mainly due to the fact that, in the low frequency range, the diffusion

process associated with the fluid pressure equilibration is a critical

issue because the corresponding diffusion lengths are very small

as compared with the seismic wavelengths. Rubino et al. (2009)

proposed a numerical upscaling procedure by simulating oscillatory

compressibility tests on representative rock samples to obtain their

equivalent complex undrained plane wave modulus, which contains

the information on attenuation and velocity dispersion due to the

presence of the mesoscopic heterogeneities. Given the importance

of this method for the work presented in this paper, we briefly outline

its key aspects in the following.

Following the work by Biot (1956a), the elastic stress-strain re-

lations can be written in the form

σi j (u) = 2μ ǫi j (u
s) + δi j (λc ∇ · us + αkav ∇ · uf ), (A1)

pf (u) = −αkav ∇ · us − kav∇ · uf , (A2)

where us denotes the average displacement vector of the solid phase,

uf the average relative fluid displacement per unit volume of bulk

material, ǫij(u
s) the strain tensor of the solid phase, and σ ij and pf the

stress tensor of the bulk material and the fluid pressure, respectively.

The coefficient μ is the shear modulus of the bulk material and is

considered to be equal to the shear modulus of the dry matrix. The

remaining parameters, which we consider to be real and frequency-

independent, can be computed in terms of the physical proper-

ties of the fluid-saturated porous rock as follows (Rubino et al.

2009)

α = 1 −
km

ks

, (A3)

kav =

(

α − φ

ks

+
φ

kf

)−1

, (A4)

kc = km + α2kav, (A5)

λc = kc − 2
3
μ. (A6)

In the absence of body forces, Biot’s (1956a) equations of mo-

tion stated in the space-frequency domain can be written in the

form

−ω2ρbus − ω2ρf u
f = ∇ · σ, (A7)

−ω2ρf u
s − ω2guf + iωbuf = −∇ pf , (A8)

where ρb is the bulk density of the fluid saturated porous material

and ω is the angular frequency. The mass coupling coefficient g

represents the inertial effects associated with dynamic interactions

between the solid and fluid phases, while the coefficient b includes

the viscous coupling effects between such phases. In the low fre-

quency range, they can be computed as

b =
η

κ
, g =

Sρf

φ
, S =

1

2

(

1 +
1

φ

)

, (A9)

where η is the fluid viscosity and κ the absolute permeability. The

coefficient S is known as the structure or tortuosity factor and com-

puted according to Berryman (1982).

To compute wave-induced fluid flow effects, we consider a repre-

sentative rectangular rock sample containing mesoscopic-scale het-

erogeneities. An essential prerequisite of this procedure is that the

dimensions of the probed sample are much smaller than the consid-

ered wavelengths (Rubino et al. 2009). Moreover, the properties of

the sample need to be statistically stationary, which implies that the

correlation length of the heterogeneities also need to be significantly

smaller than the sample size. The rock sample is then subjected to

a time-harmonic compression with constant amplitude of the form

�Peiωt on its upper boundary and no tangential forces are acting on

the boundaries of the sample. The solid is neither allowed to move

on the lower boundary nor have horizontal displacements on the lat-

eral boundaries and the fluid is not allowed to flow into or out of the

sample.

Denoting by V the original volume of the sample, its complex

oscillatory volume change �V (ω) allows us to define the equivalent

undrained complex plane-wave modulus Mc(ω) by using the relation

�V (ω)

V
= −

�P

Mc(ω)
, (A10)

which is valid for a viscoelastic homogeneous solid in the quasistatic

case.

To estimate this volume change, Biot’s equations of motion

(eqs A7 and A8) are solved under proper boundary conditions.

In this sense, let 	 = (0, Lx) × (0, Ly) be a domain in the (x, y)-

plane representing the rock sample to be compressed in the test. Set

Ŵ the boundary of 	, given by Ŵ = ŴL ∪ ŴB ∪ ŴR ∪ ŴT, where

ŴL = {(x, y) ∈ Ŵ : x = 0}, ŴR = {(x, y) ∈ Ŵ : x = L x },

ŴB = {(x, y) ∈ Ŵ : y = 0}, ŴT = {(x, y) ∈ Ŵ : y = L y}.

Also, denote by ν the unit outer normal on Ŵ and let χ be a unit

tangent on Ŵ so that {ν, χ} is an orthonormal system on Ŵ. Then,

to estimate the volume change �V (ω), we consider the solution of

eqs (A7) and (A8) under the following boundary conditions

σ (u)ν = (0, −�P), (x, y) ∈ ŴT, (A11)

σ (u)ν · χ = 0, (x, y) ∈ ŴL ∪ ŴR, (A12)

us · ν = 0, (x, y) ∈ ŴL ∪ ŴR, (A13)

us = 0, (x, y) ∈ ŴB, (A14)

uf · ν = 0, (x, y) ∈ Ŵ. (A15)
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The vertical displacements us
2(x, L y, ω) on ŴT allow us to

obtain an average vertical displacement u
s,T
2 (ω) experienced by

the boundary ŴT. Then, for each frequency ω, the volume

change produced by the compressibility test can be approxi-

mated by �V (ω) ≈ L x u
s,T
2 (ω), which enables us to compute the

equivalent complex plane-wave modulus Mc(ω) through relation

(A10). The corresponding complex compressional velocity is given

by

Vpc(ω) =

√

Mc(ω)

ρb

, (A16)

where ρb is the average bulk density of the rock sample. The equiv-

alent compressional phase velocity V p(ω) and inverse quality factor

Qp(ω) are then given as

Vp(ω) =

[

Re

(

1

Vpc(ω)

)]−1

, (A17)

1

Q p(ω)
=

Im(Vpc(ω)2)

Re(Vpc(ω)2)
. (A18)

To estimate the equivalent complex moduli, we employ a finite

element procedure to approximate the solution of eqs (A7) and (A8)

under the corresponding boundary conditions (eqs A11 to A15). We

use bilinear functions to approximate the solid displacement vector

and a closed subspace of the vector part of the Raviart-Thomas-

Nedelec space of zero order for the fluid displacement.
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