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�is paper presents a design procedure to evaluate the mechanical characteristics of hysteretic Energy Dissipation Bracing (EDB)
systems for seismic retro	tting of existing reinforced concrete framed buildings.�e proposed procedure, aiming at controlling the
maximum interstorey dri
s, imposes a maximum top displacement as function of the seismic demand and, if needed, regularizes
the sti�ness and strength of the building along its elevation. In order to explain the application of the proposed procedure and
its capacity to involve most of the devices in the energy dissipation with similar level of ductility demand, a simple benchmark
structure has been studied and nonlinear dynamic analyses have been performed. A further goal of this work is to propose a
simpli	ed approach for designing dissipating systems based on linear analysis with the application of a suitable behaviour factor, in
order to achieve a widespread adoption of the passive control techniques. At this goal, the increasing of the structural performances
due to the addition of an EDB system designed with the above-mentioned procedure has been estimated considering one thousand
case studies designed with di�erent combinations of the main design parameters. An analytical formulation of the behaviour factor
for braced buildings has been proposed.

1. Introduction

�e capacity of the structural systems to withstand seismic
actions beyond the elastic range, by exploiting the intrinsic
structural ductility, generally permits their design for seismic
forces smaller than those corresponding to a linear elastic
response. While attempting to minimise the e�ects of the
seismic action, the use of a ductile behaviour o
en causes
the development of excessive displacements that might lead
to excessive structural and nonstructural damage [1].

In recent years, several innovative low-damage strategies
for controlling the seismic response of buildings have been
developed and put into practice. One of these considers the
adoption of passive control approach, consisting in the use of
Energy Dissipative Bracing (EDB) systems inserted into the
structural frame. �ese systems are characterized by special
devices able to dissipate large amounts of energy during a
seismic event and signi	cantly reduce the interstorey dri
s of

the braced structures [2–6]. �e number of real applications
of these techniques on new and existing buildings is rapidly
increasing, mainly due to their e�ectiveness in reducing
seismic e�ects, as demonstrated in the past studies carried out
also by [7–11]. However, extensive studies are still required in
order to providemore reliable analysis methods and practical
design criteria, as the adoption of equivalent linear analysis
[12–15].

Several seismic codes adopt simpli	ed linear and nonlin-
ear analysis methods for the design and seismic assessment
of structures with supplemental dampers [16–20]. Elastic
methods currently implemented in seismic codes take into
account the nonlinear behaviour of conventional building
structures using a behaviour factor �.�e � factor is an empir-
ical quantity adopted to reduce the seismic force provided
by the elastic response spectrum, allowing for performing
linear elastic analysis for design of buildings. �is approach
focuses on determining the reduction factor starting from
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both the actual ductility capacity and the overstrength of the
structure [21–23]. Typically, for reinforced concrete buildings,
di�erent values of � factor are de	ned by codes as function
of structural type and regularity criteria [24, 25]. Currently,
for concrete framed buildings with EDB systems, the codes
refer to approved methods, which typically account for
the plasticization of both structure and EDBs, but speci	c
behaviour factors for braced structures are not provided
yet.

For these reasons the main goals of this study were (i) to
de	ne a simpli	ed design procedure to sizing the EDBs based
on Hysteretic Damper (HD) valid for the seismic retro	tting
of existing reinforced concrete framed buildings; (ii) to de	ne
an estimation of behaviour factor due to the addition of
hysteretic EDBs to existing frame.

To reach these goals, in Section 2 the paper provides
an overview of the proposed design procedure based on
nonlinear static analysis (NLSA), as de	ned by codes [24, 25].
Section 3 shows an application of the design procedure to
a benchmark structure and the nonlinear dynamic analysis
(NLDA) carried out in order to explain the simplicity of the
procedure. Section 4 brie�y summarizes the main outcomes
of a parametric analysis carried out to evaluate the behaviour
factor �B of the braced building as function of the behaviour
factor � of the bare structure and of the main characteristics
of the EDB system. Twenty concrete framed buildings, rep-
resenting 1960s–1980s Italian reinforced concrete structures
designed without speci	c seismic rules, have been investi-
gated considering several combinations of design parameters
of the EDBs. �e results of about 1000 case studies have
been examined through linear regression analysis in order
to provide a formulation for the behaviour factor of braced
structures.

2. Design Procedure of
Dissipative Bracing Systems

�e design procedure for retro	tting framed buildings
with EDBs proposed in this paper is based on NLSA
method, as described in the Italian and European seis-
mic codes [20, 24]. �is method combines the pushover
analysis of a multi-degree-of-freedom (MDOF) model with
the response spectrum analysis of an equivalent single-
degree-of-freedom (SDOF) system to provide an estimation
of the global nonlinear displacement response exhibited
by the structure under strong earthquakes [16, 20, 24–
26]. �e procedure imposes a maximum top displacement
as function of the considered seismic input and regular-
izes the sti�ness and strength along the height of the
braced building by following the regularity criteria pro-
vided by seismic codes, achieving a quite uniform distri-
bution of storey displacements and controlling the maxi-
mum interstorey dri
s which must remain under the target
limit.

�e procedure, synthesized in Figure 1(a), evaluates the
mechanical characteristics of the dissipative bracing system
	rst for the equivalent SDOF system and then determines the
characteristics of the braces along the building elevation.�e

distribution of dissipative braces inside the structural frames
is function of the real geometry and positionwith the purpose
to involve most of the devices in the energy dissipation
with the same ductility demand. �e optimal ranges for
the design parameters are determined by referring to the
results of experimental tests [27–32] and applications to real
buildings [33, 34]. As explained in the following, the symbols
reported in Figure 1(b) refer to equivalent SDOF systems
of elastoplastic structure (S); elastoplastic bracing system
(DB); elastic braced structure (E(S + DB)); elastoplastic
braced structure (EP(S + DB)). A full list of symbols and
abbreviations considered below is reported at the end of the
paper.

Step 1 (evaluation of the equivalent SDOF system of the
bare structure). �e 	rst step of the procedure is aimed at
determining the mechanical characteristics of the equivalent
SDOF system of the bare structure. �e capacity curves can
be determined through NLSA for both main directions of
the building. At least two lateral load distributions should
be applied (both uniform and modal pattern), in both
the positive and negative direction, considering also 5%
accidental eccentricity of the centre of mass of each storey.
�e idealized elastoplastic force-displacement relationship
of the structure (S) is de	ned by the transformation factorΓ, the equivalent mass �∗, the yield force �y∗, the yield

displacement �y∗ (or the elastic sti�ness ��∗ = �y∗/�y∗),
and the ultimate displacement�u∗ (or themaximumductility��∗ = �u∗/�y∗), as described in Annex-B of [24].

Step 2 (evaluation of the equivalent SDOF system of the
dissipative bracing). �e characteristics of the equivalent
SDOF of the bracing system are determined by an iterative
subroutine, applied separately for each main direction. �e
damped bracing (DB) system has been idealized as an
elastoplastic system de	ned by the yield force �DB, the elastic
sti�ness �DB, and the design ductility �DB.
(2.1) Assuming a maximum displacement �Bm∗ of the

equivalent SDOF system of the braced structure EP(S
+ DB), evaluated in correspondence of the Basic
Design Earthquake (BDE), the target ductility �∗ of
the existing structure (S) is de	ned by

�∗ = �Bm∗�y∗ ≤ ��∗. (1)

If the aim of the design is that the structure remains in
elastic range (�∗ = 1), then �Bm∗ ≤ �y∗. Otherwise, a
limited inelastic capacity of the existing structure can
be exploited, in that case 1 < �∗ ≤ 1.5 ÷ 3, for brittle
or ductile mechanism, respectively, and then �y∗ <�Bm∗ ≤ �u∗.

(2.2) Assuming a design ductility �DB of the equivalent
SDOF of the bracing system (DB), the optimal duc-
tility values range between 4 and 12, consistently with
the properties of the considered hysteretic device and
the Serviceability Design Earthquake (SDE) [7, 8, 28,
29]. �ose values refer to the in series composition
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Figure 1: (a) Design procedure; (b) Step 2 for (A) short-period range; (B) medium/long-period range.

of the Hysteretic Damper (HD) and the rigid bracing
truss (R). �ey allow the devices for responding
elastically at the Serviceability Design Earthquake
(SDE) and with a nonlinear behaviour at BDE.

�e ultimate displacement of the equivalent bracing�DBu is assumed to be equal to themaximumdisplace-
ment �Bm∗, and then the yield displacement of the
equivalent SDOF of the bracing system (DB) �DBy is
given by

�DBy = �Bm∗�DB . (2)

(2.3) �e yield force �DB� of the equivalent SDOF of
damped bracing (DB) system at the jth step is the
unknown of the procedure.�e elastic sti�ness of the

DB system �DB� is determined by

�DB� = �DB��DBy . (3)

�e trilinear curve S + DB is obtained by summing in
parallel the equivalent structure (S) and bracing sys-

tem (DB). �e equivalent period 
B∗� and the elastic

displacement �Be∗� of the equivalent SDOF system of
the braced structure (EP(S +DB)) are evaluated by (4)

(see Figure 1(b)), where the elastic sti�ness �B∗� and
yield force �By∗� of the equivalent (EP(S + DB)) are
determined by the idealized elastoplastic of the braced
structure (S + DB).


B∗� = 2�√ �∗
�B∗� ;

�Be∗� = e (
B∗�) ⋅ [
B∗�2� ]2 .
(4)

(2.4) At the �th step, the target displacement �Bt∗� for
the equivalent (EP(S + DB)) of the Basic Design
Earthquake (BDE) is determinate as function of the
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period of the braced structure 
B∗� and 
� the
upper limit of the period of the constant spectral
acceleration branch [24, 25], as follows:

(1) If 
B∗� < 
� short-period range, then �Bt∗�
is determined from the equal energy criteria
between the elastic (E(S +DB)) and elastoplastic
SDOF of the braced structure (EP(S + DB)).
�en, �Bt∗� can be expressed as the equality of
the area underlying the elastic and elastoplastic
oscillator curves; see Figure 1(b)(A).

Generally, the target displacement evaluated by
equal energy criteria results more conservative
than the displacement evaluated by NLSA [24,
25]; see Step 5.�is conservative design assump-
tion is due to the sti�ening e�ect of bracing into
the structural frames.

(2) If 
B∗� ≥ 
� medium/long-period range, then�Bt∗� is determined from the equal displacement
criteria between the elastic (E(S + DB)) and
elastoplastic (EP(S + DB)) oscillators of the

braced structure; that is, �Bt∗� = �Be∗�; see
Figure 1(b)(B).

If the target displacement �Bt∗� is much di�erent from
the maximum displacement �Bm∗, bigger than an imposed

tolerance value |�Bt∗� − �Bm∗| > �, the iterative subroutine
is applied. An updated value of the yielding force �DB�+1 of
the equivalent DB system is evaluated and Substeps (2.3) and(2.4) are repeated. Usually the procedure converges in a few

iterations.

Step 3 (determination of the characteristics of the equiv-
alent dissipative bracing at storey �). �e characteristics
of the equivalent SDOF dissipating system, determined in
the previous step, are distributed along the height of the
building achieving the substantial satisfaction of the criteria
of regularization in elevation for the braced structure, as
de	ned by [25]. �e distribution maximizes the e�ciency of
the bracing system and no single �oor will exhibit excessive
interstorey displacements.�is should always be avoided in a
regular building, as being connected to damage of structural
and nonstructural elements and to the activation of weak or
so
 storey mechanism.

�e sti�ness �BD,� of the equivalent bracing of the storey� is determined hypothesizing that the ratio between the
sti�ness at each storey of the bare frame ��,� and that of the
relative bracing �DB,� is proportional to the ratio �� between
the elastic sti�ness of the equivalent bare structure ��∗ and
the elastic sti�ness of the bracing systems �DB, as shown
by (5). �e sti�ness of the storey � of the original structure��,� can be calculated from the interstorey displacementΔ�� generated by linear static analysis (LSA) applying a

distribution of horizontal seismic forces �� to each storey.

�DB,� = �� ⋅ ��,�;

�� = �DB��∗ ;

��,� = 1Δ�� ⋅
��∑
�
��.

(5)

In the case of irregular distribution in elevation of the
sti�ness of the retro	tted building at the end of the design
procedure, the contribution of the bracing system in terms of
sti�ness has to be modi	ed with the aim of regularizing the
braced structure. To this end, reference is made to the criteria
for regularity in elevation of the building set out in the codes
[24, 25]. �e sti�ness of equivalent bracing �DB,� at the storey� can be modi	ed following the iterative procedure, valid for
building having a number of storeys �s ≥ 2, as reported in the
following.

For � = �s, . . . , 2
if Δ�tot,�� > 0.3, �DB,�� = �� ⋅ �tot,�−1�−1 − ��,�
if Δ�tot,�� < −0.1, �DB,�−1� = �tot,��−1�� − ��,�−1
if − 0.1 ≤ Δ�tot,�� ≤ 0.3,

�DB,�� = �DB,��−1, �DB,�−1� = �DB,�−1�−1,

(6)

where Δ�tot,� = (�tot,�−1 − �tot,�)/�tot,�−1 is the variation of the
sti�ness of the reinforced structure at the �th storey respect
lower �oor; �tot,� = ��,� + �DB,� is the sti�ness of the �th storey
of the braced structure;�� and�� are the sti�ness correction
factors to be taken in the following range of values 0.7 ≤ �� <1 and 1.1 ≥ �� > 1; � = 1, . . . , �s is the step of iteration.

In the same way, the yield force �DB,� of the equivalent
bracing at the ith storey is determined in the hypothesis
that the ratio between the yield force at each �oor of the
bare frame �y,� and that of relative bracing �DB,� is dis-
tributed proportionally to the ratio �� between the strength of
equivalent bare structure �y∗ and the strength of equivalent
bracing �DB systems (see (7)). �e yield force �y,� of the �th
storey of the bare structure can be calculated in a simpli	ed
manner starting from the displacements at the elastic limits�y,� determined by redistributing the displacement at elastic

limit of the original structure �y∗ as a function of the ratio
between the interstorey displacement Δ�� and the total elastic
displacement �TOT calculated by means of LSA.

�DB,� = �� ⋅ �y,�;
�� = �DB�y∗ ;
�y,� = ��,� ⋅ �y,�;
�y,� = Δ���TOT ⋅ �y∗.

(7)

When the ratio among the actual storey resistance of the
bare frame and the resistance required by the analysis of
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the reinforced building varies nonproportionally (more than
20%) between adjacent storeys, the yield force �DB,� of storey� of equivalent bracing system could be modi	ed following
the iterative procedure, valid for building having a number of
storeys �s ≥ 3, reported in the following.

For � = 2, . . . , �s − 1
if Δ��� < 0.8,

�DB,�� = �� ⋅ (�y,�−1 + �DB,�−1�−1) ⋅ �Ed,��Ed,�−1
− �y,�

if Δ��� > 1.2,
�DB,�� = �� ⋅ (�y,�−1 + �DB,�−1�−1) ⋅ �Ed,��Ed,�−1

− �y,�
if 0.8 ≤ Δ��� ≤ 1.2, �DB,�� = �DB,��−1,

(8)

where Δ�� = (��/��−1) is the variation of the ratio � at the �th
�oor respect lower �oor; �� = (�y,�+�DB,�/�Ed,�) > 1 is the ratio
between storey resistance of the bare frame and resistance
required by the analysis of the reinforced structure at the �th
�oor;�Ed,� is the design shear force of storey � required by
the analysis of the reinforced structure;�� and �� are the
strength correction factors to be taken in the following range
of values 0.8 ≤ �� < 1 and 1.2 ≥ �� > 1, from small to
large irregularities in elevation of the original structure; � =1, . . . , �s is the step of iteration.

In framed buildings, the sti�ness and strength variations
should not vary disproportionately between adjacent storeys.
In the design of the dissipative bracing system, the corrections
factors have been adopted in order to reduce the irregularities
in elevation of the original structure and to contain the
variation of sti�ness and strength of the braced structure in
the following range of values −10% < Δ�tot,� < 30% and−20% < Δ�� < 20%, respectively.

Step 4 (determination of the single energy dissipation
device). �e characteristics of the single dissipating brace(�DB,�,	, �DB,�,	, �DB) are 	nally de	ned starting from the
equivalent dissipative bracing system of �th storey, as function
of the number and slope of the braces [20], as in the following:

�DB,�,	 = �DB,��DB,� ⋅
1

cos2�	 ;
�DB,�,	 = �DB,��DB,� ⋅

1
cos�	 ,

(9)

where �DB,� is the number of damped braces in the �oor;�	 is
the angle between the single brace and the horizontal.

�e preliminary design of the bracing elements is based
on the yielding forces of the dissipative damper. Increased
reliability is required for the dissipative bracing system. �is
shall be a�ected by applying a magni	cation factor  
 =1.2 on the yielding forces of each dissipative damper unit
to avoiding either any buckling phenomena for compression
condition or yielding in tension under the Maximum Con-
sidered Earthquake (MCE) loading, as de	ned by codes [24].

�e sti�ness and ductility characteristics of the single
Hysteretic Damper (HD) depend on the sti�ness �R,�,	 of the
single rigid bracing truss (R) at the storey �, as de	ned in

�DB,�,	 = �HD,�,	;
!DB,�,	 = �HD,�,	 ⋅ �R,�,	�HD,�,	 + �R,�,	 ;
�DB = �HD,�,	 + �R,�,	 ⋅ �HD�HD,�,	 + �R,�,	 ,

(10)

where �HD,�,	, �HD,�,	 �HD are the sti�ness, the yield force, and
the ductility of each Hysteretic Damper (HD).

Typically, the ductility of devices �HD based on steel
yielding can reach values greater than 20, displaying stable
behaviour for an adequate number of cycles [35]. In order
to dissipate a good amount of energy reaching adequate
values of ductility demanded to dissipating devices, the
rigid support will be chosen considering a sti�ness ratio�R,�,	/�HD,�,	 ≥ 2.
Step 5 (veri	cation of the braced structure). �e design
procedure ends with the veri	cation of the braced structure
for the BDE. NLSA have been performed considering the
MDOFmodel, which includes the nonlinear behaviour of the
dissipative brace elements.�e iterative procedure stops if the
target displacement �Bt∗ of the braced structure, modi	ed
considering a transformation factor ΓB and the equivalent
mass�B

∗, satis	es the condition of

�Bt∗ ≤ min (�Bm∗; �Bu∗) , (11)

where

�Bt∗ = �Be∗�B∗ [1 + (�B∗ − 1) ⋅ 
�
B∗ ] ≥ �Be∗
if 
B∗ < 
�

�Bt∗ = �Be∗ if 
B∗ ≥ 
�.
(12)

�B∗ = e(
B∗)⋅�B
∗/�By∗ is the ratio between the acceleration

in the braced structure with unlimited elastic behaviour and
with limited strength [24, 25]; �By∗, �Bu∗ are the yield and

the ultimate displacements of the braced structure; �∗B =
min(�Bm∗; �Bu∗)/�By∗ is the ductile capacity of the braced
structure.

If (11) is not satis	ed, the iterative procedure of Step 2
is applied increasing the design ductility of the dissipative
bracing �DB in Substep (2.2) and/or assuming a maximum
displacement equal to the target displacement �Bt∗ deter-
mined in Step 5, instead of �Bm∗ assumed in Substep (2.1).

Moreover, in case of veri	cation not satis	ed, speci	c
intervention to the structural elements (beams, columns,
and/or beam to column joints) could be required in order
to increase the capacity of the bare frame and the procedure
restart from Step 1.

It is worth noting that the application of the NLSA is
allowed in the hypothesis that the requirements laid out in
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Figure 2: Benchmark structure: (a) plan view and (b) numerical model; (c) elastic response spectra.

Table 1: Details of cross section of the main structural elements.

Element
Cross section Longitudinal rebar Transversal rebar

cm × cm 1st �oor 2nd–4th �oor End of elem. Middle of elem.

Column 30 × 30 4�16 + 2�14 4�16 �6/15 �6/15
1st–4th �oor

End Middle

Top Bottom Top Bottom

Beam 30 × 50 4�14 2�14 2�14 4�14 �6/15 �6/20

the codes for the use of this analysis method are respected
(regularity criteria). As shown in the following, a correct
positioning of the dissipating braces usually determines the
achievement of regularity conditions. Otherwise, it should be
necessary to perform a nonlinear dynamic analysis for the
safety veri	cation of the braced structure (Step 5).

3. Application of the Design Procedure

�is section shows an example of application of the design
procedure to a simple benchmark structure retro	tted with
hysteretic EDBs. �e example considers two di�erent con-
	gurations of dissipative bracing shapes, namely, diagonal D
and inverted V, comparing the design performances with the
results of NLDA.

3.1. Benchmark Structure. �e benchmark structure consid-
ered in this simple example is a four-storey (�	 = 4) re-
inforced concrete framed building, with a rectangular plan,
as showed in Figure 2(a).�e structure represents an existing
building located in the city of Potenza (Italy), classi	ed
as medium/high seismic area. �e structure is founded on
a soil type B and a topographic factor T1 [25] has been
considered to evaluate the PGA (0.25 g for the Basic Design
Earthquake (BDE)). �e structure consists of three frames
along the longitudinal direction (&) and four frames in
transverse direction ('). �e interstorey height ℎ� of all
storeys is 3.0m. �e cross sections of the main structural

elements are described in Table 1. Structural elements have
been designed by assuming the mechanical characteristics
of materials coherently with a concrete type -�� 25 and
reinforcing steel FeB38k.

�e benchmark structure has been modelled by using
nonlinear 	nite element program CDS-Opensees [36].
Beams and columns have been modelled with elastic frame
elements having nonlinear elastoplastic hinges concentrated
at the ends.�e hinges behaviour is based on the Takeda hys-
teretic model for the beams, for the columns it is axial load-
dependent.�e ultimate rotation depends on the amount and
quality of the reinforcement rebar. �e numerical models of
the benchmark structure are shown in Figure 2(b).�e elastic
response spectra at di�erent limit states for equivalent viscous
damping ratio 9 = 5% are shown in Figure 2(c): Frequent
Design Earthquake (FDE); Serviceability Design Earthquake
(SDE); Basic Design Earthquake (BDE); Maximum Consid-
ered Earthquake (MCE).

�e main characteristics of each storey of the bare
structure, obtained by using LSA, are reported for both main
directions in Table 2 in terms of seismic mass ��, elastic
sti�ness ��,�, yield force �y,�, and 	rst normalized modal
displacement :�. It is possible to observe that the bare frames
satisfy the criteria of structural regularity (sti�ness and mass
variation).

3.2. Design of the Hysteretic EDB Systems. �e benchmark
structure has been retro	tted by means of hysteretic EDB
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Table 2: Main characteristics of each storey of the bare structure.

Storey
Interstorey
height ℎ�

(m)

Seismic mass��
(t)

Direction& Direction '�y,�
(kN)

��,�
(kN/mm)

Δ��,�
%

:� �y,�
(kN)

��,�
(kN/mm)

Δ��,�
%

:�
1st 3.1 115 325 44 20 0.31 360 49 18 0.31

2nd 6.2 115 287 35 0 0.64 317 40 3 0.64

3rd 9.3 115 206 35 6 0.88 228 39 8 0.88

4th 12.4 86 95 33 1.00 105 36 1.00

Table 3: Main properties of equivalent bare structure and equivalent braced system.

Direction
Step 1 Step 2�∗

(t)

∗
(sec)

e(
∗)
(a/g)

�y∗
(kN)

��∗
(kN/mm)

��∗ �Bm
∗

(mm)
�∗ �DB �DB

(kN)
�DB

(kN/mm)

& 296 0.92 0.31 324 14 1.9 36 1.5 4 357 39

' 296 0.87 0.33 360 15 1.8 37 1.5 4 320 34

(a) (b)

Figure 3: Numerical models of the braced structure, con	guration: (a) inverted V and (b) diagonal D.

systems considering both inverted V (Figure 3(a)) and diago-
nal D (Figure 3(b)) con	gurations, suitably designed by using
the design procedure described above.

�e idealized SDOF systems of the bare structure (with-
out retro	t) evaluated at the Step 1 are reported in Table 3
for both main directions (see also Figure 2(c)). �e capacity
curves of the bare structure are shown in Figures 4(a) and
4(c).

With the aim to limit the maximum interstorey dri
 of
the braced structure at 0.5% under the BDE, a maximum
displacement �Bm∗ was established at Step 2, corresponding
to a structure ductility equal to �∗ = 1.5, as considered by
Italian code [25] for existing buildings. �e design ductility
of the equivalent dissipative bracing system was assumed�DB = 4. �e characteristics of the equivalent SDOF of the
DB systems are reported in Table 3.

�e sti�ness �DB,� and the yield force �DB,� of the
equivalent bracing systems at storey � evaluated at Step 3
are reported in Table 4. Moreover, Table 4 shows the

sti�ness �HD,�,	 and yield force �HD,�,	 of the single Hysteretic
Damper HD obtained at Step 4. �e HDs were evaluated
assuming a ductility capacity of the dissipating devices
(�HD = 20) and a rigid steel bracing trusses (�R,�,	/�HD,�,	 ≈2).

�e Step 5 has been applied separately for both main
directions considering the numerical models of the bench-
mark structure equipped with both con	gurations of non-
linear dissipative bracing con	gurations (D and inverted
V) as shown in Figures 4(b) and 4(d). �e 	nite element
so
ware considered in this study uses speci	c elements to
simulate the elastoplastic behaviour of the dissipative bracing
systems.

Diagrams of Figure 4 clearly show the e�ectiveness of the
retro	tting technique in reducing the target displacement of
the centre of mass of the top �oor. �e values of the overall
ductile capacity �B∗ of the braced structure obtained with the
considered intervention are equal to 2.8 and 2.5 in direction& and ', respectively.
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Figure 4: Comparison between pushover curves of the building with and without seismic retro	t: (a) direction & and (c) direction ';
veri	cation of upgraded structure using NTC08: (b) direction& and (d) direction '.

Table 4: Characteristics of the dissipative braces.

Direction Storey

Step 3 Step 4

�DB,�
(kN)

�DB,�
(kN/mm)

Con	guration inverted V Con	guration D

Rigid
truss

�HD,�,	
(kN)

�HD,�,	
(kN/mm)

Rigid
truss

�HD,�,	
(kN)

�HD,�,	
(kN/mm)

&
1st 358 130 HE 180A 165 165 HE 140A 115 80

2nd 316 103 HE 160A 150 125 HE 120A 100 60

3rd 227 101 HE 160A 100 120 HE 120A 70 60

4th 104 98 HE 140A 50 130 HE 120A 40 60

'
1st 320 111 HE 180A 150 130 HE 120A 100 60

2nd 282 91 HE 160A 130 110 HE 100A 90 45

3rd 203 89 HE 160A 100 100 HE 100A 65 45

4th 94 81 HE 140A 50 100 Tube 114.3x5 30 40
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Figure 5: Sets of 7 accelerograms considered for the analysis in (a) direction& and (b) direction '.

3.3. Results of Nonlinear Dynamic Analyses. In order to es-
timate the maximum displacement of the braced structure
(Step 5), bidirectional NLDA have been carried out consid-
ering a set of 7 arti	cial spectrum-compatible accelerograms
matching, on average, the spectrum at the BDE adopted in
the design procedure (see Figure 5).�e 30 sec accelerograms
have been generated by CDS-Opensees [36].�ey are charac-
terized by a stationary part of 20 sec. In the range of periods
between 0.15 and 2 seconds [25] no value of the mean 5%
viscous damping ratio, calculated from all time histories, is
less than 90% of the corresponding value of the 5% viscous
damping ratio of response spectrum.

�e seismic response of the braced building has been
evaluated by means of NLDA carried out with CDS-
Opensees, applying the accelerograms simultaneously in both
directions.

Figure 6 shows the numerical results in terms of storey
acceleration, interstorey dri
s, and force-displacement cyclic
behaviours of the HDs at all storeys. �e diagrams refer to
both bracing con	gurations (D and inverted V) subjected to
earthquakes no. 1 and 8.

Time histories of dri
s exhibit maximum value less
than 0.4%, which is comparable with the target dri
 (0.5%)
considered in the design procedure. Moreover, both con	gu-
rations D and inverted V of bracing systems show analogous
responses in terms of interstorey dri
s and �oor acceleration.
�e cyclic behaviour of devices, shown in Figure 6, highlights
the activation of the energy dissipation braces at all storeys of
the model with similar values of ductility demand (of about
3.5).

�e NLDA averaged results in terms of maximum inter-
storey dri
s of the benchmark structure, obtained consid-
ering all acceleration pro	les, with and without EDB, are
compared in Figure 7.Dri
 is commonly considered themain
parameter to evaluate the performance of framed structures
and the e�ectiveness of the retro	tting technique. As clearly

shown by Figure 7, the seismic response of the structure
drastically decreases in amplitude when the EDBs are used;
in fact a reduction of the maximum dri
 at all storeys of the
braced model, corresponding to about 2-3 times with respect
to that of the bare frame, has been observed. Referring to the
diagrams of Figure 7 it should be highlighted that the values
of the maximum interstorey dri
 could occur not at the same
time step of the analysis.

In Figure 8 the capacity curves of the reinforced structures
obtained by NLSA are compared with the results of NLDA.
�e curves have been generated for both principal directions
using both uniform (mass) and modal (mode) distributions
of horizontal forces �� at each storey. �e output of NLDA,
carried out considering all accelerograms, is expressed in
terms of maximum top displacement versus the correspon-
dent base shear. Figure 8 shows a good agreement between
themean value of themaximum displacements of theMDOF
system and the maximum displacement (�Bm∗ ⋅ ΓB) of the
control node, coinciding with the centre of mass of the top
�oor, considered in the design procedure.

4. Estimation of Behaviour Factor of
Braced Buildings

It is worth noting that NLDA are not always simple to
apply, especially for existing buildings, for several reasons:
(i) di�culties in correctlymodelling the actual characteristics
of cyclic load-deformation of structural members (geometry
and material uncertainties, cumulative damage, fatigue); (ii)
the need to de	ne a set of ground motions that would
properly represent the seismic input at a given construction
site; (iii) the longer computational time and other hindrances
(complexity and accuracy).

For conventional reinforced concrete buildings the codes
consider also the possibility of using linear analysis, in which
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Figure 6: Comparison of NLDA results considering earthquakes number 1 and number 8 for both directions of dri
, acceleration, and
force-displacement of the elastoplastic braces on both con	gurations of EDB (D and inverted V).
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Figure 8: Comparison between the results of NLSA and the maximum top displacements versus base shears by NLDA.

the seismic demand (elastic spectrum) is suitably reduced by
a behaviour factor � [37], de	ned by codes [24, 25], as follows:

� = �0 ⋅ !� ≥ 1.5, (13)

where �0 is the basic value of the behaviour factor �, depend-
ing on structural type and on the ratio @u/@1 between the
collapse load multiplier (@u) and the multiplier for �exural
yield (@1); !� is the factor re�ecting the regular criteria in
elevation of the building. It should reduce the behaviour
factor � by 20% for building which is not regular in elevation.

Following the guidance provided by the codes, NLSAmay
be applied in order to estimate the behaviour factor � [38, 39],
as follows:

� = 1 + (� − 1) ⋅ 
1
C if 
1 < 
�
� = � if 
1 ≥ 
�,

(14)

where 
1 is the fundamental period of the building; � is the
displacement ductility factor.

Several NLSA have been carried out considering all case
studies in order to propose an analytical formulation of the
behaviour factor �B valid for braced buildings.�e study aims
to estimate a correction factor A to increase the behaviour
factor of the bare building � (see (15)).�e values of �(
∗, �∗)
and �B(
B∗, �B∗) are evaluated by considering in (14) the
values of 
∗ and �∗ of the bare structure estimated by Step 1
of the design procedure and the values of 
B∗ and �B∗ of the
braced structure evaluated by Step 5 of the design procedure.

A = �B (
B∗, �B∗)� (
∗, �∗) . (15)

4.1. Case Studies. Twenty buildings representing the
1960s–1980s standard Italian constructions, designed for
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Figure 9: Numerical model of the bare structures: (a) 3 storey structural types and (b) di�erent number of storeys of structural type 4.

vertical loads only, without considering seismic detailed
rules, have been used for the statistical analysis.�e buildings
consisted of four di�erent plans (two rectangles, one L shaped
and one cruciform) with 	ve values of number of storeys
(3, 4, 5, 6, and 8). �e beam and column dimensions and
detailing were kept the same for all four types of structural
plan. -�� 25 concrete and FeB38k reinforcement steel were
assumed as construction materials. �e selected structures,
without staircases, could represent individual units of
complex buildings structures consisting of more than one
dynamically independent unit, separated by structural joints.
�e structures have beenmodelled with CDS-Opensees [36].
�e �exural and shear sti�ness of the beam elements was
reduced to 50% of the sti�ness of the uncracked elements in
order to account for cracking in concrete [24, 25]. On the
contrary, the sti�ness of the columns was not reduced due to
the in�uence of permanent axial loading [40]. In	ll panels
were accounted only in terms of their weight [15, 31]. In this
study, brittle failures of structural elements (shear failure
of beams and columns and failure of beam-column joints)
or global mechanisms (so
 storey due to a concentration
of plastic hinges in columns of a single storey) have been
accounted as prescribed the codes [24, 25].

Figure 9 shows the numerical models of the di�erent
types of bare structures considered in the study. �e seismic
action relating to the di�erent limit states has been de	ned

using the same elastic spectra considered for the benchmark
structure (ID 2 4s, see Figure 5).

�e design of the bracing systems has been performed
for both directions of each bare structure. In Figure 10 the
results of NLSA (Step 1) of all bare structures are compared
with the BDE. �e braces were designed considering two
di�erent arrangements, inverted V and diagonal (D) sys-
tems, for 40 di�erent case studies. In each case study the
procedure was applied considering di�erent design targets:
(i) four values of target ductility �∗ of the existing structure
(Substep (2.1)) corresponding to 1.0, 1.15, 1.3, and 1.5; (ii)
three values of design ductility �DB of dissipative bracing
system (Substep (2.2)) equal to 4, 8, and 12, for a total of 960
analyses.

�e numerical models of all type 3-storey (�s = 3) struc-
tures, considering both reinforcing bracing arrangements (V
and D), are shown in Figure 11.

Several studies evaluated the optimum placement of vari-
ous types of passive dampers in asymmetric buildings,mainly
consisting of counterbalancing the eccentricity between the
centre of mass and centre of sti�ness of the braced structure.
Most optimal distributions involved the incorporation of
supplemental damping along the perimeter of the buildings
[6, 41, 42]. According to this approach, the dissipating bracing
systems have been deployed around the perimeter of the
building and sized in a way that their centre of shear force
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Figure 10: Pushover curves of the bare structures compared with the seismic demand (BDE).
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Figure 11: Numerical models of di�erent 3 storey structures braced with di�erent con	gurations of EDBs (V and D).

has an equal but opposite eccentricity with respect to the
centre of mass of the building. �e number of braced frames
is function of the yield force of the hysteretic dampers and
the resistance of the structural elements and joints. In the
cases studied the maximum yield force of HDs was assumed
as �HD,�,	 ≤ 600 kN. �e speci	c e�ects of the regularization
of an irregular real building with staircase, obtained by
introducing supplemental bracing systems designed applying
the proposed procedure, have been evidenced in [43].

�e outcomes resulting from Step 5 for all case studied
are summarized for both directions in Table 5 in terms of
satisfaction of (11) (y = veri	ed items; n =not veri	ed;—=not
considered). As can be seen, almost all structures have at least
one case veri	ed. It is possible to note that the solution for

both con	gurations could be found reducing the ductility�DB
of the bracing system.�e cases not considered in the Table 5
are those in which local reinforcements are required in order
to lead to convergence of the procedure due to the limited
strength of the structures compared to the reference seismic
action. In order to uniform the results of the parametric
analysis, this study did not consider any speci	c interventions
to the structure elements (beams and/or columns) of the
frames in which the bracing was applied. Moreover, the
comparison between the results obtained considering two
bracing con	gurations (D and inverted V) shows that almost
the same results have been obtained. In any case, a proper
strengthening of the structural elements would allow 	nding
at least one solution of the design procedure.



14 Shock and Vibration

Table 5: Results of analysis on reinforced structures designed considering all cases Dir.&/Dir. '.
Number of

levels
3 4 5 6 8

ID1 1 3s 1 4s 1 5s 1 6s 1 8s

�∗ 1 1.15 1.3 1.5 1 1.15 1.3 1.5 1 1.15 1.3 1.5 1 1.15 1.3 1.5 1 1.15 1.3 1.5

V �DB
4 n/y n/y n/— —/— n/y y/y y/y y/y n/y n/y n/y y/y y/y y/y y/y y/y y/y y/y y/y y/y

8 n/y n/y n/— —/— n/n y/n y/n y/n n/n n/n n/n n/n n/n y/n y/n n/n n/n n/n n/n n/n

12 n/n n/n n/— —/— y/n n/n n/n n/n n/n n/n n/n n/n n/n n/n n/n n/n n/n n/n n/n n/n

D �DB
4 n/— n/— n/— —/— n/— y/— y/— y/— n/— n/— n/— y/— y/— y/— y/— y/— y/— y/— y/— y/—

8 n/— n/— n/— —/— y/— n/— y/— n/— n/— n/— n/— n/— n/— n/— n/— n/— n/— n/— n/— n/—

12 n/— n/— n/— —/— y/— n/— n/— n/— n/— n/— n/— n/— n/— n/— n/— n/— n/— n/— n/— n/—

ID2 2 3s 2 4s 2 5s 2 6s 2 8s

�∗ 1 1.15 1.3 1.5 1 1.15 1.3 1.5 1 1.15 1.3 1.5 1 1.15 1.3 1.5 1 1.15 1.3 1.5

V �DB
4 n/y n/y n/y y/y n/y n/y y/y y/y n/y y/y y/y y/y y/y y/n y/y y/n y/y y/y y/y y/y

8 n/y n/n n/n y/n y/n y/n y/n y/y y/y y/y y/y y/y n/n n/n n/n n/n n/n y/n n/n n/n

12 n/n n/n n/n n/n n/n y/n y/n y/n y/n y/n y/y y/n n/n n/n n/n n/n n/n n/n n/n n/n

D �DB
4 n/y n/y y/y y/y n/y n/y n/y y/y n/y n/y y/y y/y y/y y/y y/y y/y y/y y/y y/y y/y

8 n/n n/n y/y y/y y/n y/n y/n y/y n/n y/y y/y y/y n/n n/n n/n n/n y/n n/n n/n n/n

12 n/n n/n n/n n/n y/n y/n y/n y/n y/n y/n y/n y/n n/n n/n n/n n/n n/n n/n n/n n/n

ID3 3 3s 3 4s 3 5s 3 6s 3 8s

�∗ 1 1.15 1.3 1.5 1 1.15 1.3 1.5 1 1.15 1.3 1.5 1 1.15 1.3 1.5 1 1.15 1.3 1.5

V �DB
4 n/y n/y n/y y/y n/y y/y y/y y/y n/y y/n y/n n/y —/— —/— —/— —/— —/— —/— —/— —/—

8 n/y n/n y/n y/n y/n y/n y/n n/y n/n y/n y/n y/n —/— —/— —/— —/— —/— —/— —/— —/—

12 y/n n/n n/n n/n n/n n/n n/n n/n n/— n/— n/— y/n —/— —/— —/— —/— —/— —/— —/— —/—

D �DB
4 n/y n/y n/y y/y n/y n/y y/y y/y n/n y/n y/n y/n —/— —/— —/— —/— —/— —/— —/— —/—

8 n/n n/n n/y y/y y/n y/n y/n n/y y/n y/n y/n y/n —/— —/— —/— —/— —/— —/— —/— —/—

12 n/n n/n n/n n/n y/n y/n y/n n/n y/— y/— y/— y/n —/— —/— —/— —/— —/— —/— —/— —/—

ID4 4 3s 4 4s 4 5s 4 6s 4 8s

�∗ 1 1.15 1.3 1.5 1 1.15 1.3 1.5 1 1.15 1.3 1.5 1 1.15 1.3 1.5 1 1.15 1.3 1.5

V �DB
4 n/y n/y n/y y/y n/y n/y y/y y/y n/y n/y y/y y/y n/n y/n y/y y/y y/y y/y y/y y/y

8 n/n n/n n/n y/y y/n y/n n/n n/n n/n n/n y/n y/n n/n n/n n/n n/n —/— —/— n/n n/n

12 y/n n/n n/n n/n n/n n/n n/n n/n n/n n/n n/n n/n —/— —/n n/n n/n —/— —/— —/— —/—

D �DB
4 n/y n/y n/y n/y n/y n/y y/y y/y n/y n/y y/y y/y n/y y/y y/y y/y y/y y/y y/y y/y

8 n/y n/y n/y y/y n/n n/n n/n n/n n/n y/n y/y y/y n/n n/n n/n n/n —/— n/y y/y y/y

12 n/n n/n n/n n/n n/n n/n n/n n/n n/n n/n y/n y/n n/n n/n n/n n/n —/— —/— —/— —/—

4.2. In	uence of the Design Parameters. �e correction factorA of (15) has been evaluated for all cases, being veri	ed or
not, as shown in Figures 12 and 13. A
er that, a correlation
between A and the main structural parameters was sought,
namely, �∗, 
B∗/
∗, �DB/�y∗, �s, and �DB.

�e outcomes of Figures 12 and 13 lead to the following
considerations about the correction factor A:

(i) it grows with the reduction of the ratio between the
bilinear equivalent period of the braced structure 
B∗
and that of the bare structure 
∗ (in the range of 0.2÷0.9);

(ii) it grows with the growth of the ratio between the yield
force �DB of the equivalent dissipative bracing system
and the yield force�y∗ of the equivalent bare structure
(in the range of 0.2 ÷ 1.4);

(iii) there is no correlation with the value of number of
storeys �s, almost for considered range (3 ÷ 8 story);

(iv) it seems almost independent from the value of design
ductility �DB of equivalent bracing system (in the
range of 4 ÷ 12);

(v) it grows with decreasing of the target ductility �∗ of
the bare structure (in the range of 1 ÷ 1.5);

(vi) it ranges from 1 to 4 for all combinations of the main
design parameters.

4.3. Estimation of the Behaviour Factor. Based on the out-
comes showed in the previous paragraph and with the aim
of proposing a formulation to calculate the correction factorAcal, a multiparameter linear regression analysis has been
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Figure 12: Continued.
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Figure 12: Correlation between A and the ductility demand on the bracing �DB, the number of storeys �s, the ratio between periods 
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and the ratio between resistances �DB/�y∗.
Dir. X Dir. Y

ns ns1D-�DB12

2D-�DB12

3D-�DB12

4D-�DB12

1V-�DB12

2V-�DB12

3V-�DB12

4V-�DB12

1D-�DB8

2D-�DB8

3D-�DB8

4D-�DB8

1V-�DB8

2V-�DB8

3V-�DB8

4V-�DB8

1D-�DB4

2D-�DB4

3D-�DB4

4D-�DB4

1V-�DB4

2V-�DB4

3V-�DB4

4V-�DB4

3

4

5

6

8

0

1

2

C

3

4

5

0

1

2

3

4

5

C

1.05 1.15 1.25 1.35 1.45 1.550.95

�∗

1.05 1.15 1.25 1.35 1.45 1.550.95

�∗

Figure 13: Correlation between A and design structural ductility �∗.
performed considering the 	ve above-mentioned structural
parameters (see (16)).�e values of the linear regression coef-

	cients, which obtain the best 	tting correlation �2 betweenA, have been evaluated by applying the design procedure
and the correction factor Acal has been calculated through
linear regression analysis (reported in Table 6 as regres-
sion (a)). �e linear regression analysis carried out on the
results of all case studies produced the diagrams showed in
Figure 14.

Acal = �1 ⋅ �∗ + �2 ⋅ 
B∗
∗ + �3 ⋅ �DB�y∗ + �4 ⋅ �s + �5
⋅ �DB,

(16)

where �1, . . . , �5 are the linear regression coe�cients of the
considered parameters.

As indicated by Table 6 and Figure 14(a), the coe�cients
m4 andm5 are negligible in determining the correction factorA. �e lateral bar of each diagram shows the weight of

the single parameters. A similar 	tting correlation r2 can
be found by considering only the three main parameters
associated with m1, m2, and m3, named regression (b) (see
Table 6 and Figure 14).

5. Conclusions

Fast sizing and veri	cations of the performance of EBDs
could simplify the adoption of this particular strategy for
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Figure 14: Regression analysis between the correction factors A and Acal with the weight of the design parameters.

Table 6: Linear regression coe�cients.

Dir. Regression �1 �2 �3 �4 �5 �2
& (a) −0.98 1.28 2.43 0.01 0.05 0.97

(b) −0.78 1.40 2.54 — — 0.97

' (a) −0.87 1.57 2.33 0.02 0.02 0.97

(b) −0.79 1.45 2.32 — — 0.97

structural retro	tting of existing buildings. Contemporarily
the use of more simple linear analysis could allow for an
increasing of the applications to real existing buildings. �e
design procedure proposed in this paper to evaluate the
mechanical characteristics of the hysteretic EDBs showed
their e�ectiveness in achieving the performance objective.
�e application of the procedure to a simple benchmark
structure also con	rmed a good agreement between numeri-
cal response obtained by NLSA and NLDA.

�e outcomes of statistical analyses performed on about
1000 case studies have highlighted the e�ciency of the design
procedure in providing at least one solution satisfying the
veri	cation in most of cases studied. Only few of considered
cases require speci	c local reinforcement to the structure
elements despite the fact that the bracing is applied.

A correction factor A representing the increasing of
the behaviour factor of the braced building compared to

that of the bare structure has been estimated. �e analyses
performed on all cases studies have shown that the correction
factor A varies from 1 to 4, depending on the combinations
of the three main design parameters: the target ductility�∗ of the bare structure; the ratio between the equivalent
period of the braced structure and the period of the bare
structure 
B∗/
∗; the ratio between the yield force of the
equivalent dissipative bracing system and the yield force of
the equivalent bare structure �DB/�y∗.

Finally, it can be observed that in order to avoid the
overloading of the structural elements (beams, columns, and
joints) it is recommended that the target ductility of the bare
structure should be 1 < �∗ < 1.5; the strength of the bracing
system should not be too high with respect to the yield force
of the bare structure�BD/�y∗ < 1.3; the sti�ness of the braced
structure should not be too high with respect to the sti�ness
of the original structure 
B∗/
∗ > 0.3.
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Symbols and Abbreviations

Seismic Analysis

MDOF: Multi-degree-of-freedom
SDOF: Single-degree-of-freedom
S: Elastoplastic SDOF of bare structure
DB: Elastoplastic SDOF of dissipative bracing
S + DB: Trilinear curve of the braced structure
E(S + DB): Equivalent elastic system of S + DB
EP(S + DB): Equivalent elastoplastic system of S + DB
LSA: Linear static analysis
NLDA: Nonlinear dynamic analysis
NLSA: Nonlinear static analysis
FDE: Frequent Design Earthquake
SDE: Serviceability Design Earthquake
BDE: Basic Design Earthquake
MCE: Maximum Considered Earthquake
�: Upper limit of the period of the constant

spectral acceleration branch9: Viscous damping ratio
T1: Topographic factor
PGA: Peak ground acceleration.

Bare Structure (S)

�s: Number of storeys
1: Fundamental period of vibration of a building��: Mass of storey �ℎ�: Interstorey height of storey ���: Displacement of storey � from LSAΔ��: Interstorey displacement from LSA�TOT: Maximum top displacement form LSA��: Horizontal seismic force at storey �Γ: Transformation factor of S�∗: Equivalent mass of S
∗: Equivalent period of S�y∗: Yield force of S�y∗: Yield displacement of S��∗: Elastic sti�ness of S�u∗: Ultimate displacement of S��∗: Maximum ductility of S�∗: Target ductility of S�y,�: Yield force of storey � of S�y,�: Yield displacement of storey � of S��,�: Elastic sti�ness of storey � of S:�: Normalized modal displacement of storey � of S�: Behaviour factor of the bare structure�0: Basic value of the behaviour factor �
Dissipative Bracing (DB) System

EDB: Energy Dissipation Bracing�DB: Yield force of DB�DBy: Yield displacement of DB�DB: Elastic sti�ness of DB�DBu: Ultimate displacement of DB�DB: Design ductility of DB�DB,�: Elastic sti�ness of storey � of DB�DB,�: Yield force of storey � of DB.

Braced Structure (EP(S + DB))

ΓB: Transformation factor of EP(S + DB)�B
∗: Equivalent mass of EP(S + DB)
B∗: Equivalent period of EP(S + DB)�B∗: Elastic sti�ness of EP(S + DB)�tot,�: Total sti�ness of storey � of S + DB�By∗: Yield force of the EP(S + DB)�By∗: Yield displacement of the braced structure�Bu∗: Ultimate displacement of the braced structure�B∗: Ductile capacity of the braced structure�Be∗: Elastic displacement of E(S + DB) at BDE�Bm∗: Maximum displacement of EP(S + DB) at BDE�Bt∗: Target displacement of EP(S + DB)�Ed,�: Design shear force of storey � required by LSA��,��: Sti�ness correction factors��,��: Strength correction factors�B: Behaviour factor of the braced structureA: Correction coe�cient of the behaviour factor �.

Dissipative Braces

HD: Hysteretic Damper
R: Rigid bracing truss�DB,�,	: Sti�ness of the single BD of storey ��DB,�,	,: Yield strength of the single DB of storey ��DB,�: Number of DBs of storey ��	: Angle between the brace and the horizontal�HD,�,	: Elastic sti�ness of single HD of storey ��HD,�,	: Yield force of single HD of storey ��HD: Design ductility of single HD of storey ��R,�,	: Elastic sti�ness of the single R of storey �.
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