1.
Then

SELBERG’S ORTHOGONALITY CONJECTURE FOR
AUTOMORPHIC L-FUNCTIONS

JIANYA LIU' anp YANGBO YE?

ABSTRACT. Let m and 7’ be automorphic irreducible unitary cuspidal representa-
tions of GL,,(Qa) and GL,,,/(Qa), respectively. Assume that 7w and 7’ are self contra-
gredient. Under the Ramanujan conjecture on 7 and 7/, we deduce a prime number
theorem for L(s,m x 7’'), which can be used to asymptotically describe whether
' 2 or 7' 2| det(-)|"™ for some non-zero 79 € R, or 7’ ¥ 7 ®@ | det(-)|** for any
t € R. As a consequence, we prove the Selberg orthogonality conjecture, in a more
precise form, for automorphic L-functions L(s,7) and L(s, "), under the Ramanujan
conjecture. When m = m’ = 2 and 7 and 7’ are representations corresponding to

holomorphic cusp forms, our results are unconditional.

Introduction. Let 7 be an irreducible unitary cuspidal representation of GL,,,(Q4).

the global L-function attached to 7 is given by products of local factors for Re s > 1

(Godement and Jacquet [3]):

where

and

L(s,m) = HLp(s,Wp),
D (s,7) = Loo(8, Moo ) L(s, ),

m
p(s,m) =[] (1 = anp,g)p~) "
Jj=1

Loo(8,To0) = H T (s + pr(4))-

Here T'r(s) = 7~%/?T(s/2), and a,(p,j) and px(j), 7 = 1,... ,m, are complex numbers

associ

ated with 7, and 7., respectively, according to the Langlands correspondence. De-
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note

(1.1) aﬂ(pk): Z O‘W(paj)k-

1<j<m
Then for Re s > 1, we have
d - A(n)ax(n)
(1.2) T log L(s, m) = _;T’

where A(n) = logp if n = p* and = 0 otherwise. If 7’ is an automorphic irreducible cuspidal
representation of GL,,/(Qy), we define L(s, '), ap (p,i), (i), and ar (p*) likewise, for

i=1,...,m.

If 7 and 7" are equivalent, then m = m’ and {a,(p,j)} = {an (p,i)} for
any p. Hence a,(n) = a/(n) for any n = p*, when 7 = 7’
The Selberg orthogonality conjecture for automorphic L-functions L(s, ) was proposed

in 1989 (Selberg [19]). See also Ram Murty [15] [16].

CONJECTURE 1.1. (i) For any automorphic irreducible cuspidal representation m of
GLm(QA)

(1.3) Z % = loglogxz + O(1).

(ii) For any automorphic irreducible cuspidal representations m and ©’ of GLyp, (Qa) and

GLy, (Qp), respectively,

(1.4) 3 an(P)an () oy

p<z p

if ™ is not equivalent to 7'.

The asymptotic formula in (1.3) was proved by Rudnick and Sarnak [17] under a con-
jecture on the convergence of a series on prime powers (Hypothesis H below), and uncon-

ditionally for m < 4.

HypoTHESIS H. For k > 2,

This Hypothesis H is trivial for m = 1, and follows from bounds toward the Ramanujan
conjecture for m = 2. For m = 3 it was proved by Rudnick and Sarnak [17], while the
case of m = 4 was proved by Kim and Sarnak [9]. For m > 4, Hypothesis H is an easy
consequence of the Ramanujan conjecture. In this paper, we will assume the Ramanujan

conjecture for primes p:



CONJECTURE 1.2. Let w be an irreducible unitary cuspidal representation of GL,(Qa).

For any unramified p, we have

(1.5) lax(p,j)| = 1.

Note that in Conjecture 1.2 we do not include the Archimedean Ramanujan conjecture,
Re 1 (j) = 0.

What we will prove as a consequence of Conjecture 1.2 is the following orthogonality.
Denote a(g) = | det(g)|.

THEOREM 1.3. Let 7 and 7" be irreducible unitary cuspidal representations of GL,,(Qa)
and GL,, (Qyp), respectively, such that at least one of m and 7' is self contragredient: m = 7

or ' =2 7', Assume the Ramanujan Conjecture 1.2 for both m and w’'. Then

:1;1"1‘7;70 xl—‘ri‘l’o

log z — Axin)? + O{x exp(—cy/logz)}

Z (logn)A(n)ar(n)a- (n)

n<x

_1+i70
if T 2r®a'™ for some 1o € R;

=0O{x exp(—cy/logz)}

if T 21®a for any t€R,

where ¢ is a positive constant.

Note that for m = m’ = 2 and 7 and 7’ being representations corresponding to holo-
morphic cusp forms, i.e., when their Archimedean local components are discrete series or
limits of discrete series, the Ramanujan conjecture was proved by Deligne. Therefore in

this case, Theorem 1.3 is an unconditional result.

Theorem 1.3 is indeed a version of prime number theorem for the the Rankin-Selberg
L-function L(s, 7w x ’). It is stronger than the following Mertens theorem on orthogonality
with a weight (logn)A(n)/n:

COROLLARY 1.4. Let m and w' be given as in Theorem 1.3. Assume either (i) Ra-

manujan Congecture 1.2 for both w and 7', or (ii) that m = m' = 2 and © and 7' are
3



representations corresponding to holomorphic cusp forms. Then

Z (logn)A(n)ax(n)ar (n) :% log? = 4 ¢1 + O{exp(—cy/log )}

n<x n
(1.6) if © 2,
) $iT0 -1
= logx + — + co + O{exp(—cy/log z)}
0 0

if ™ 21T®a™ for some 19 € R™;

=c3 + O{exp(—cy/logx)}

if T 21T®a® for any t€R,

where ¢, ¢y, ...,c3 are positive constants.

A remarkable feature of this corollary is that it describes the orthogonality of a,(n) and
an (n) in three cases with different main terms. As we are assuming Ramanujan and hence
the Hypothesis H, we can control sums over prime powers and easily get an orthogonality
over primes. Selberg’s orthogonality conjecture 1.1 is then a consequence of Corollary 1.4

by partial summation.

COROLLARY 1.5 (SELBERG’S ORTHOGONALITY). Let m and ' be given as in Theorem
1.8. Assume either (i) Ramanujan Conjecture 1.2 for both m and 7', or (ii) m = m/ = 2

and that w and © are representations corresponding to holomorphic cusp forms. Then

(1.7) Z W =loglogx + c4 + O{exp(—cy/logx)}

p<z
if ™=
=c5 + Ei(itp log z) + O{exp(—cy/log z)}
if ™ 27®a™ for some T € RX;

=cg + O{exp(—cy/logx)}

if T 21®@a for any te€R.

Here Ei is the exponential integral, and c,cy, ...,cg are positive constants.

Recall that

Ei(itg logz) =

xi7o ( 2 k!

—n—2
170 log x ’f) + O((log z) )

prs (i19 log )

Our Corollary 1.5 is thus in a more precise form than Selberg’s Conjecture 1.1.
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The error terms in our theorem and corollaries are in a form that reflects very much our
presesnt knowledge of zero free regions for our Rankin-Selberg L-functions (see §4). The
proofs of Corollaries 1.4 and 1.5 proceed along standard arguments, based on variations
of Abel summation. We will thus not give these proofs here, but only point out that in
the proof of Corollary 1.5, Hypothesis H is used to control sums over prime powers in the
expression on the left side of (1.6). This way we can obtain a sum taken over primes as in
(1.7).

We would like to express our heartfelt thanks to F. Shahidi for information on zero-free
regions of automorphic L-functions, to the referee for detailed, in depth comments and

suggestions, and to P. Sarnak for constructive remarks on an early draft of this paper.

2. Rankin-Selberg L-functions. We will use the Rankin-Selberg L-functions
L(s,m x ') as developed by Jacquet, Piatetski-Shapiro, and Shalika [4], Shahidi [20],
and Moeglin and Waldspurger [12], where 7 and 7’ are automorphic irreducible cuspidal
representations of GL,, and GL,,, respectively, over Q with unitary central characters.

This L-function is given by local factors:

(2.1) L(s,m x &) = [[ Lp(s,mp x 7))

where

Lp(s Tp X 7[' H H 1 - Qr p,])o?ﬂ/(p, k)pis)_l'

The Archimedean local factor Ly (s, oo X L) is defined by

Loo(syﬂ'oo Xﬁ' HH 5+,Uf7r><7r (jvk))

where the complex numbers fi,x 7 (j, k) satisfy the trivial bound
(2.2) Re prxa (4, k) > —1.

Denote

D(s,m X 7)) = Loo(8, Moo X T ) L(s, 7 X 7).

We will need the following properties of the L-functions L(s, 7 x ©’) and ®(s, 7 x 7).

RS1. The Euler product for L(s,m x 7’) in (2.1) converges absolutely for Re s > 1
(Jacquet and Shalika [5]).



RS2. The complete L-function ®(s,7m x 7’') has an analytic continuation to the entire

complex plane and satisfies a functional equation
O(s,mx ') =e(s,m x 7T)P(1 — 5,7 x 1),

with
—s

6(377[- X 7~T/) = T(ﬂ— X ﬁ-,) X!

where Q7 > 0 and (7 x #/) = £Q/2., (Shahidi [20], [21], [22], and [23)).

X!

RS3. Denote a(g) = |det(g)]. When 7/ % 7 ® o for any t € R, ®(s,7 x 7') is
holomorphic. When m = m’ and 7’ = 7© ® a'™ for some 79 € R, the only poles of
(s, x ') are simple poles at s = i7p and 1 + i1y coming from L(s, 7 x 7’) (Jacquet and
Shalika [5], [6], Moeglin and Waldspurger [12]). We will only consider the latter case in

the proof of Theorem 1.3.

RS4. ®(s,7m x ') is meromorphic of order one away from its poles, and bounded in
vertical strips (Gelbart and Shahidi [2]).

RS5. ®(s,m x ') and L(s,m x ©’) are non-zero in Re s > 1. (Shahidi [20])

3. Estimation of logarithmic derivatives. Let C(m) be the complex plane with

the discs

1
s —2n+ X! ‘7k < 55 TLSO, 1S7k§m7
| paxi (7)< o j
excluded. Here we give a remark about the structure of C(m). For j,k = 1,--- ,m, denote

by 3(j, k) the fractional part of Re(rx# (7,k)). In addition we let 5(0,0) = 0 and B(m +
1,m+1) = 1. Then all 5(j,k) € [0, 1], and hence there exist 3(j1, k1), 5(j2, k2) such that
B(j2, ko) — B(j1, k1) > 1/(3m?) and there is no 3(j, k) lying between 3(j1, k1) and B(jz2, k2).
It follows that the strip So = {s : B(j1, k1) + 1/(8m?) < Re s < B(j2, k2) — 1/(8m?)} is
contained in C(m). Consequently, for all n =0,—1,—2,--- , the strips

(3.1) S, ={s:n+ P01, ki) +1/(8m*) <Re s < n + B(j2, k2) — 1/(8m?)}

are subsets of C(m). This structure of C(m) will be used later.

In Liu and Ye [10] and [11], we proved the following lemmas. It is believed that a much
sharper result than Lemma 3.1 could be obtained using Selberg’s explicit formula. This

and generalization to a wider class of L-functions will be studied in a subsequent paper.

~

LEMMA 3.1. Assume m = m’' and 7 = 7 ® o™ for some nonzero 79 € R. (a) Let
T > 2. The number N(T) of zeros of L(s,m x @) in the region 0 < Re s < 1,|Im s| < T
satisfies

N(T +1) = N(T) < 1og(QrxrT)
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and
N(T) < Tlog(Qrx#T).

(b) For any |T| > 2, we have

1
Z m < log(Qrx#|T)-

|T—Im p|>1

(c) Let s =0 + it with —2 < o < 2,|t| > 2. If s € C(m) is not a zero of L(s,m x 7'), then

d
— logL(s,m x @)

ds
— Z LI 1 R + O(log(Qrx#]t]))-

s — s—1—at S — Ty
j—tm pl<1 ° P 0 0

(d) For |T| > 2, there exists T with T <7 <T + 1 such that when —2 < o <2

d
T log L(o +it,m x ©') < log*(Qrxs 7).

(e) For |T| > 2, there exists T with T <7 <T + 1 such that when —2 < o <2

2
@ log L(o +ir,m x ') < log®(Qrx7|7])-

ds?
LEMMA 3.2. Assume m =m' and 7’ = 7 ® o' for some nonzero 7o € R as before. If
s is in some strip S, as in (3.1) with n < —2, then
i log L(s,m x ') <pm 1
—log L(s,m x 7 m L.
ds? 8
4. Zero free regions.  We need a zero free region for the Rankin-Selberg L-function
L(s,mx@") which was proved by Moreno [13] and [14]. See also Gelbart, Lapid, and Sarnak
[1], and Sarnak [18]. In order for later usage, we formulate the theorem for automorphic
L-functions attached to cuspidal representations of GL.,, over an algebraic number field F'.
Similar formulation can also be made to Moreno’s zero free region near the possible pole.
As in [13] and [14], the constant ¢’ in (4.1) below can be made more precise in terms of

the infinite types of the representations.

Denote by ¢, the number of elements in the residue field of F, at a non Archimedean
place v of F. Let m and 7’ be any automorphic irreducible cuspidal representations of
GL,,(Fp) and GLy,/ (Fy), respectively. Then their Rankin-Selberg L-function is defined
by

L(s,m x &) = [[ Lo(s,m x 7))

v<o0
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where

Ly(s,my x 7)) = HH (1= (v, j)ar (v, k), ® )71
j=1k=1

for Re s > 1 and by analytic continuation to C. We define its Archimedean local factors
in the standard way. This Rankin-Selberg L-function satisfies the same properties RS1
through RS5, and the lemmas in §3 also hold.

THEOREM 4.1. Let w (resp. @) be any automorphic irreducible cuspidal representation
of GL,(Fy) (resp. GLyy (Fy)). Assume that at least one of m and 7" is self-contragredient:
T =27 orm’ &2 7'. Then there is an effectively computable constant ¢’ such that there is no
zero of L(s,m x ') in the region

cl

o>1-——"
log(Qlt| + 1)

Here Q is the largest of Qrxz, Qrxit = Quixz, and Qr/xz.

(4.1) It > 1.

5. Proof of Theorem 1.3. We now prove Theorem 1.3 when 7’ = 7® a’™ for some
To € R. The proof for case of m and 7’ being not twisted equivalent, in particular, when
m # m/, is the same with all terms related to 79 removed. By RS1, we have for Re s > 1

that
A(n)ax(n)ay (n)

ns

NE

d
ElogL(s,w x7')=—

Y

Il
—

n

and therefore

2

2logLs7T><7T (logn)A aw( )a ﬂ(n)

K(s) :=

HM8

ds

By RS3 and RS5, K (s) is holomorphic in Re s > 1. On Re s =1, L(s,m x ©’) is nonzero
(RS5) and has only a simple pole at s = 1 + 7. Thus

1

(5.1) K(s) = o1

+ G(s)

has only a double pole in Re s > 1, where G(s) is analytic for Re s > 1. On C, K (s) also

has a double pole at each of the pole at i1g, trivial zeros, and nontrivial zeros of L(s, 7 x 7).

By Conjecture 1.2 and (1.1), we have
lax (") < m, - Jan (7)) < .
Therefore,

|(log n)A(n)ar (n)ax (n)| < mm'log?n,
8



and for o > 1,

$° ltogmA etz ()] SR
n=1

Let T' = exp(y/logx) and set b = 1 4+ 1/logz. By Perron’s summation formula (see e.g.

Theorem 5.1 in [7]), we have

3" (log n)A(n)ax (n)ax (n)

n<x
. b+iT ) o
z® T xrlog” x
- K(s)—— v
2m'/ (S)sd8+O<T(b—1)2>+O< T )
b—iT
. b+iT o
_ b a;_s xlog” x
(5.2) — /K(s)s ds + 0T,
b—iT

Here we used the Ramanujan Conjecture 1.2 to control the size of error terms in (5.2).

Choose a with —2 < a < —1 such that the line Re s = a is contained in the strip
S_o C C(m); this is guaranteed by the structure of C(m). Let T' be the 7 such that
Lemma 3.1(e) holds, by adding a constant d with 0 < d < 1 to our T' = exp(y/log ) if

necessary. Now we consider the contour

Note that the two poles, some trivial zeros, and certain nontrivial zeros of L(s,m x 7'),
as well as the pole at s = 0 are passed by the shifting of the contour. The trivial zeros
can be determined by the functional equation in RS2: s = —p,x7/(j, k) with a < —1 —

Re(prx#(J,k)) < 0. Here we used the facts that Re(purxz/(j,k)) > —1 and =2 < a < —1.
9



Then we have

b+iT
1 x5
53 | KX 4
(5-3) o () ds
b—1T

(5.4) :ﬁ(/+/+/>K(s)%§ ds

Ci Cy (3

S

x
(5.5) + l}ng(s)?
xS
5.6 R K(s)=—
( ) * SZiTO%SJriTO (S) S
(5.7) + Z B Res K(s)x_
a+1<—Re(#ﬂXﬁ,(j7k))<1S*_#ﬂxﬁ’(],k) S
xS
(5.8) + ¥ Res K (5)
[Im p|<T
By Lemma 3.1(e), we get
| log*(Qn x5 T)
3 ~ ﬁ Z log X!
(59) /<< /log (QTK’XT( T) T do <K Tlogl,
Cl a

and the same upper bound also holds for the integral on C3. By Lemma 3.2, then

T
x® logT
1 ——dt .
(5.10) /<</\t\+1 <—
Cy -T

Obviously, (5.5) is

(5.11) I;{ZegK(s)%s = K(1).

Since the poles at s = i1y and s = 1 + i7g are double poles, the residues in (5.6) give

. d . 2 . d . 2 X
sl—l}}lo E(s —i79) K(s)? + S—Hr-&l-li‘ro E(S —1—1im) K(s)?

For the second term, we have, by (5.1),

. d . 2 x®
s—}i&li‘ro E(S -1 ZTO) K(S)?
. d . 2 x®
= S_Hrfim s (1 + (S —1—1i7p) G(s))?
_ g 27
© s—ltito ds s
x1+iT0 $1+iT0
5.12 = 1 _—
(5:12) Ttin 2% (U tin)

10



The first term can be estimated similarly, and we get

S S

lim i(s - ZT())QK(S):E— = lim —% « log z.

S-)ZTO ds S S—>Z7'0 ds
Consequently (5.6) is
xl—‘ri‘l’o $1+i7’0

1 -
1+i’7’0 0BT (1+i7’0)2

(5.13) + O(log x).

Near a trivial zero s = —firx7(j, k) of order [ in (5.7), we can express K (s) as —l/(s +
taxz (4, k))? plus an analytic function, like in (5.1). The residues in (5.7) can therefore
computed similar to what we did in (5.12). By (2.2), we know that Re(prxz/(j,k)) > d—1
for some § > 0. Consequently (5.7) is bounded

(5.14) Z Res K(S)m_<<$17510g$'
0<—1—Re(iipy s (k) <0 *= Hxw 0H) s

To compute the residues corresponding to nontrivial zeros in (5.8), we note that ®(s, 7 x

7') is of order 1 (RS4), and ®(1,7 x 7’) # 0 (RS5). Using a standard argument, we see
that

> B ‘<<logT

ly|<T
Consequently, (5.8) becomes

Z PiesK Z Re 22

[Im p|<T [Im p|<T

zP log x
< > ( & (
Im p|<T

Using Moreno’s zero free region in Theorem 4.1, we get

log
logT

(5.15) < T exp (—c’ > (log x)log* T

By taking T' = exp(y/log z) + d for some d with 0 < d < 1, we can bound (5.9), (5.10),
(5.15), and the error term in (5.2) by O{z exp(—%,\/@)} for the ¢/ in Theorem 4.1.
Using the main term from (5.13) and other error terms from (5.10), (5.11), (5.14), and
(5.15), we get a proof of Theorem 1.3. [
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