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Summary

A selection theory designed to accommodate interactions among genotypes is
presented. This involves defining unordered groups of genotypes among which inter-
actions may occur, and describing populations of groups generated as combinatorial
products of base populations. Gene models are developed which consist not only
of direct contributions of the genotypes they represent but also of associate effects
from other genotypes in the group.

With the use of group theory procedures, consequences of individual and
group selection are investigated. It is found that individual selection is unbalanced
in the sense that positive selection can result in a negative response of the population
mean. On the other hand, it is demonstrated that group selection is balanced and as
such invariably leads to desirable results. Thus positive group selection always
produces non-negative responses, and continued selection results in a realization
of the maximum potential of the population.

I. INTRODUCTION

Selection theory deals with changes in population structure due to differential
reproduction of genotypes that constitute the population. Past developments in
the theory have dealt with the consequences arising from extension of the gene
model to accommodate almost any known transmissional genetic phenomenon.
However, these developments have taken place within the framework of a single
population in which genotypes do not interact.

In the present series of studies an attempt is made to take into consideration
possible interactions among genotypes. If interactions are to be considered, the
conceptual biological model used in development of the selection theory must be
extended in two ways. First, groups of interacting genotypes must be defined and
the population of such groups described. Second, the usual gene model for a given
genotype must be extended to include not only direct effects of its own genes, but
also associate contributions from other genotypes in the group. The objective, then,
is to determine the consequences of selection operating on this more complicated,
but at the same time more realistic, biological model of the real world.

Since this is the first paper in a series dealing with selection as it pertains to
groups of interacting individuals, it is worth while to outline some of the problems
that can be attacked by group theory approach. These range from the simplest
problems having to do with competition within a single species to much more complex
problems of interspecific dynamics when two or more species are involved.
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As an example of one of the simplest, but as yet unsolved, problems involving
a single species, consider the practical situation of breeding for increased yield of a
densely planted crop. The greater the planting density the greater is the competition
among plants for limited environmental space (nutrients, water, and light). A
common manifestation of such competition is that the same genotype has different
expressions in populations having different genotypic structures, e.g. in populations
of mixed genotypes as contrasted with populations of pure stands. Obviously this
leads to a plant-breeding dilemma since selection necessarily operates on a mixed
population but has as a goal the production of the highest yielding pure stand.

An elegant analysis of this type of problem was made by Wiebe, Petr, and
Stevens (1963) in their study of interactions among certain barley genotypes.
Results of this analysis caused the authors to draw the following disturbing
conclusions:

“Significant reversals in relative yield were found to exist in comparisons between the
same genotype, VV or v, when grown in pure stand and in an advanced generation,
thus indicating that the poorest plants should be saved from an advanced hybrid popu-
lation rather than the good ones when yield is the criterion for selection. If this phenomenon
has a degree of universality, then it may explain why breeding for increased yield has
progressed so slowly.”

The problem of responses varying in accordance with the genetic milieu is of
immense importance, particularly in the breeding of small-grained cereals. This
difficulty has undoubtedly been the reason why past selection results have been
unpredictable and why breeding of small-grained crops has had the reputation of
being an “art” rather than a scientific procedure for which definite rules could be
formulated.

Another plant breeding problem at a higher level of complexity, but one which
still involves only one basic species, is that of breeding for high yields of simple
and complex mixtures. Studies of Suneson (1956) and Allard (1961) have caused a
resurgence of interest in this form of breeding, particularly for self-fertilized crops.
It has been repeatedly shown that mixtures exhibit greater phenotypic stability
than components taken separately [see Simmonds (1962) for review]. It has also been
suggested that use of mixtures may provide the answer to long-term adaptability to
disease problems. However, for economical utilization of mixtures, the main task
is to develop selection procedures which will integrate component parts of the
mixture in such a way as to maximize the potential of the environmental space.
This is a problem for which previously developed selection theory is inadequate.
It requires a new approach based on interacting groups of genotypes.

Still considering a single species, the possibility exists of studying interactions
among group elements which are not associated at random. An important example
of this class of problems is that in which the group members are relatives. Group
theory, then, provides the basis for a broad attack on problems due to interactions
among relatives. This is a subject of considerable interest to animal breeders.
As Hamilton (1964) has pointed out, a consideration of the interactions of relatives
is also important in understanding the evolution of social behaviour.
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Turning very briefly, now, to problems which encompass more than one
species, it is hoped that the group theory approach will be of some assistance in
analysis of the dynamios of a closely integrated system of interacting species, whether
or not interactions are of a competitive or symbiotic nature. An example concerning
artificial selection primarily is that of pasture breeding in which it is necessary to develop
simple and complex mixtures of different species. In this case the basic problem
is one of utilizing the symbiotic potential inherent in grass-legume combinations.

A more esoteric study, involving natural selection only, is that devoted to
elucidation of processes which contribute to the ascent, decline, and final extinction
of a species. This is a problem which must be studied within a framework of an
interacting system of species. According to Lewontin (1965) it is one which has not
received sufficient attention.

Finally, an interesting example involving both natural and artificial selection
is that of the sometimes spectacular evolution of weeds in association with the
development of crop plants. This evolution results as an interplay of natural and
artificial selection operating on components of the crop—weed complex.

In all of these areas the group approach should prove useful in representing
complicated biological situations more realistically, that is, in extending consider-
ation from that of non-interacting individuals to that of groups containing individuals
which may interact. By so doing, it is hoped to clarify some of the general problems
of selection theory. In the more specific area of plant and animal breeding, the
aim will be to identify selection procedures which will ensure that genetic change
is in the most desirable direction and that continued selection will culminate in
production of a population with the highest possible potential.

II. CONSEQUENCES OF SELECTION WITH REGARD TO UNORDERED GGROUPS

The subject matter of this first paper in the series concerns consequences of
selection applied to the simplest kind of group, e.g. the unordered group whose
members are randomly associated. The term ‘“‘unordered’ is used to indicate that
different spatial configurations of individuals within a group in no way alter their
genotypic values.

The following sections are concerned with construction of conceptual populations
of groups varying in size from one and two members to an arbitrary number of
members. Parameters in terms of a gene model and its associated variances are
defined and consequences of various forms of selection are considered.

The theoretical analyses deal with an arbitrary number of alleles at a single
autosomal locus. However, with groups of # individuals a complete description of
the genetic situation generated by this single locus as it occurs among all members
of the group requires an n-locus model. With regard to this model a separate arbitrary
system of dominance parameters is assumed for direct and associate effects. Also
separate arbitrary systems of epistatic effects are assumed for direct-associate and
for associate—associate combinations of genotypes. With such a model the interesting
sitnation occurs that the same allele may interact with itself as expressed in
different individuals!
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(@) Groups of Size One

Analysis of groups of size one are included in order to facilitate comparisons
of past selection theory which ignores interactions among genotypes with that
to be developed.

'(i) Population Parameters

The conceptual population of groups of size one is identical to the genotypic
array for the base population, i.e.

2 pipy(4,4)).
1.

Let the genotypic value of 4,4;, measured as a deviation from the population
mean, be d;;. This genotypic value is represented by the usual gene model

dy = ayt-a;+8yy,
where

o, = Y, pidy; = additive effect of the allele 4,,
j

and
8,; = dj;—a;—o,; = dominance effect which is defined to be the inter-
: action between alleles 4; and 4,.

The total genotypic variance may be partitioned as

2 _. 2.4 2
oG = 04105,
where

o% pypi{dy)? = total genotypic variance,

1.7

o =23 pfa,)? = additive variance, and
i

op = 2, pps(8y)? = dominance variance.

Y

(ii) Consequences of Individual Selection

Consequences of individual selection in a population of non-interacting genotypes
are well known. Hence only pertinent results are listed.

(1) The selective value of 4,4, is
wy; = 14-(4/0)ina dijs

where i = standardized selection differential which is assumed to have a positive
value, and o = phenotypic standard deviation, and the subscript “ind.” is used
to indicate that 7 and o relate to individual observations.

(2) The increment change in the frequency of 4, is
Ap; = (¥/o)na. -
(3) The increment change in the population mean due to one cycle of selection is

Ap = (3] )ina.O%-
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Since Ap is a function of quantities which are all non-negative, selection continuously
tncreases the population mean until the maximum value is attained.

(b) Groups of Size Two

(i) Population Parameters

Groups consisting of two genotypes are represented as the couplet (4,4,,
A A,). A population of such groups can be obtained as the two-way combinatorial
product involving the genotypic array of the base population, i.e.

[_2]; P4 4,)] X [Zj pip(Ai4)] = 2 P P,0:1 (4445, Ay A5,).

Because of the unordered property, groups having the same elements,
regardless of order, are identical. Thus only one array of genotypic values needs
to be considered.

The genotypic value of 4,4, as expressed in the group (4,4,, 4,4;) is
denoted as ;,d; ;, and coded so that

2 pi;pﬁphpf&(hhdiﬂz) =0.

Subscripts in front of the genotypic symbol ‘d’ indicate the genetic constitution of
the individual itself, whereas subscripts following ‘d’ indicate the genetic constitution
of the associated genotype in the group.

It is clear that the usual gene model, as given in the section for groups of
size one, must be extended to describe not only direct effects due to genes specified
by the genotype under consideration but also associate gene effects contributed by
the other member of the group. Use of such an extended model, then, permits the
accommodation of interactions between the two members of the group.

Although only alleles at one locus are considered, the genotypic value of
s, 18 best described with a two-locus model as follows:

i,jldi,jg = g0y, g0, +d8i,j1 Fa0y,+aay, +a8hh
+galaa)ys, ‘i‘da(‘w)m, +4a(a0) 3, Taal0a) g,
+da(a8)iliﬁ, _’_da(as)jligjg +da(3a)i,m, +da(3a)i,m,

+da(88)11/1i,j,»
‘where

oty = id.. =X P;,0405(0585)
== direct additive effect of allele 4, ,

duj = und..—a%,—a0y,
= direct dominance effect of 4, 4,,

oty = My =2 040,050 )
= associate additive effect of 4, as measured on 4,4,,

a8ilfa =. 'dixja “a%, " a%y,
= associate dominance effect of 4,4, as measured on
4,4,

Ja?
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da(‘m)ili, = h-dir_dail_aaiz
= additive x additive interaction effect between direct
allele 4, and associate allele 4,,

da(ag)iliu‘, = h-digfg"dail—aai,~a%—astzfz—da(aa)i,iz—da(aa)i.j,
= additive X dominance interaction effect between direct
allele 4; and associate genotype 4, 4

2y

da(Ba)ilhi, = ilj,di;- —a%, " a%y, ““dsim —a%y, —da(aa)ilig _da(aa)hi.
= dominance X additive interaction effect between direct
genotype 4; 4, and associate allele 4,, and

du(sa)imi.j, = iu’ldigig —a%y, %y, _d8i1j1 ali, ey, ‘asmz
—aza(lm)i.ig _da(aa)ilh _da(aa)hiz —da(fm)m _da(a‘a)ilhh
_da(as)hi;h—da(aa)idlig_da(Sa’)i,jxja
= dominance X dominance interaction effect between

direct genotype 4; A4, and associate genotype A, A, .

The total genotypic variance for ;;d;; may be partitioned symbolically as ‘

0% = 404+a0% +a0h +40B +ae0hata0%ip T 200D+ 00D s
where 0% = X P4,P5,P0 00 %1)%
0% = 2 2 pi,(a0,)%
b = 2 2,05,(a801)%
9% = 2 X p(a0,)%
a9 = 2 P,Ps(a811)%
40054 = 4 2 P, Plaa(aa)y;, 1%
4a%4p = 2 2 94,0, 05l 3a(08)1,1,1,1%,
4a9p4 = 2 2 94,05, P1[3a(80)1,0,1%,

1aDp = X pilpjxpiz.pjg[da(SS)iljlizjg]z'

The gene model and genotypic variance components for ,;d;,; are obtained
from those given above for ,,d,, by the interchange of subscripts ¢, — 4, and
J1—>Ja

For prediction purposes, the following covariance between direct and associate
effects must be defined:

(@a)0a =22 Pi (a0, (a0, )-

(i) Consequences of Individual Selection

The selection value for 4, 4, when summed over all groups is

Wyj, = 14(3/0)ma (,1,4..)-
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The expected gametic array produced by 4,4, is 1(d4;-+A4;). Therefore,
the expected gametic array from all selected individuals is

¥ 2 DiPs, Wi (A, +A45)
which equals
Z .pll1(A h) ’

pill = p,[1 +(7:/°')ind.(dail)]-

where

Hence the new group population mean is

= 2 PLP5LPLPR (s )]s

or more simply
1 = 2 PLPLPLPL 5 hs)
& 3 P05, PPl F(00)ina [(aos, +aas,) (a0, +a05) 15 s)
= (1/0)ma {a0% Haa0a}-

Since the original group population mean was coded to equal zero, the above value
represents the increment change in mean due to one cycle of individual selection.

The important way in which this result differs from that obtained for groups
of size one, is that when interactions among genotypes are taken into consideration
the increment change is no longer a function of quantities that are necessarily
non-negative. That is to say, if direct and associate effects for most genes are
negatively related, the covariance g0, can be negative. Under the situation in
which both members of the group are competing for the same environmental space,
it is logical to assume that such a negative relationship often exists. Thus a gene
which yields a positive direct advantage for the genotype containing it would
tend to yield a negative associate stimulus to the competing member of the group.

If the covariance, (4,0, is negative and its absolute value is greater than that
of ,0%, the very interesting situation occurs in which selection for individuals with
greatest genotypic values results in a decrease of the progeny mean. Furthermore,
since the increment change in group mean can be negative, continued positive
selection can result in a final population mean which is different from its mazimum
potential value. These results are contrary to those obtained earlier for the situation
in which associate effects are ignored (i.e. for groups of size one).

The suggestion may be made that selection for “‘general mixing ability”” can
solve the dilemma. In this case those genotypes which have highest yield when
grown in association with all other genotypes have greatest selection values. However,
again these selection values are a function of only direct gene effects and the results
are similar to those of individual selection.

The question naturally arises, can a selection procedure be specified which
ensures that positive selection will not lead to a deterioration of the population
structure. More exactly, is it possible to develop selection procedures in which
positive selection pressure invariably results in a non-negative increment change
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in the mean, irrespective of the genetic relationship between direct and associate
additive effects? The answer is unquestionably yes. In fact there are various selection
procedures available, the most obvious of which is discussed in the next section.
Other methods will be presented in subsequent papers of the series.

(iii) Consequences of Group Selection

This section considers consequences of selection based on group rather than
individual performance. That is to say, the entire group is accepted or rejected on
the basis of the average group mean. In this case, the selection value for (4,4;,

Ay A, ) is
Wi = 14(8/0)ee 305805 T inisn) ]
where the subseript “gr.” indicates that ¢ and o relate to group means.

Since the expected gametic array from such a group is (4, +4; -+4,;,+4,),
the total expected gametic array following selection is

1 X P24 PuPs, (Wi 1) Ay A, +A4,+A4,)

Z p}l(Ail)y

which equals

where
P = Pu[14+(5/0)gr Faai, +a0)]-
Hence the increment change in group mean is
Ap = X pipiPhonE G Fundi)]
= %(ila)gr.[dcﬁz‘l +24a04 %)

It is perhaps more obvious that this increment cannot be negative, irrespective
of the relationships existing between direct and associate additive effects, when it is
recast as the following sum of squares:

AI“ = (i/U)gr.[Z pik(daik+aaik)2]'

This result demonstrates that transferring selection from an individual to a
group basis automatically ensures that the population mean will not decrease due
to positive selection.

(iv) Numerical Example

It is worth while to illustrate the points made concerning individual and
group selection with a numerical example. For simplicity consider two equally
frequent alleles which combine to give genotypes having the following values:

udny = —2 nte = 0 1id22 =6

iy = —2 1t = 0 12022 = 6

22l = —6 iy = —4 s2las = 2
In this case,

do'?\ = 2 (da)04 = —4 aU?i =8

da?) = 1 (da)9D = -1 ,,,0'% =1
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The unselected population mean for groups of size two is zero. The increment
change in the frequency of 4, after one cycle of positive selection based on individual
merit is

Ap; = }(#/0)na.s

and the increment change in the population mean is negative, i.e.
Ap = —2(1/0)inq.-

Tt can be shown that continued individual selection results in the fixation of
the allele 4, and hence the population mean steadily decreases from zero to the
final value %(;,ds;+1d1;) which equals —2. This result is the worst of the two
possible conditions of gene fixation.

On the other hand, group selection results in a negative increment change
in the frequency of 4., i.e.

Ap, = _i(i/f’)gr.'

The increment change in the population mean is positive, i.e.

Ap = (1f0)gr 3[2+2(—4)+-8]
= (7/0)gr,
> 0.
Continued group selection results in fixation of 4,, and, hence, the population
becomes homogeneous for groups of the constitution (4,4, A,4,), with mean

130000+ 2o022), Which equals 2. This represents the maximum potential for the
random-mating population.

{¢) Groups of Size n
(i) Population Parameters

The population of groups of size n is obtained from the n-way combinatorial
product involving the base population genotypic array as follows:

X pip (A A)IX X pipAid)] X ... X X pips(4i4,)]
=2 PP, - - - PiaPinlAs Az, A4, .. A4,

The genotypic value of 4,4, as expressed in the n-tuple designated above,
is denoted as ;;d;;, and coded so that

..... injn

2 DDy« - - pinpfn(ixhdi:jx ..... injn) =0.

This value may be represented as an extension of the model for groups of
size two, i.e.

Wi, . .. inin = 4%, a5, a5 o, a0 T el - - -
+aa’in+aa]'n+a85'ni‘n+du(o’a‘)i11,+ see o
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The entire model can be generated by expanding the product
(Lt g0, + a0+ Su )L aty oy, + By )

where in the expanded form,

(1) put the term “1” equal to zero,

(2) leb 1-(g04) = 404, 1+ (ga,) = 40, and

(3) let (g04)(qa,) = da(a®t)y, (a24,)(ad4,5,) = aa(@8) 4, €C.

The total genotypic variance for , ,d;, . . 1n7n, M0&Y be partitioned in a manner
which extends naturally from that in groups of size two, i.e.

0% = da%_l_do%_‘_(’n’_l)(uci+da°’iA+dao%A)

+(n—l)(aa%+daaiD+daU%)D)+ e

. (n——l)’ 0'2 + 2
(k) (k) (n—F y—kp—1)I | S——27A——A D—D T da——a44—aD—>
4 D 4 D ‘LkaTEp ka kp ka+kp ka ko
+da ao%A———A D——D + vy

kp

——— —
ka+kp ka

where k, = number of A subscripts in the variance component notation due to
associate effects,

kp = number of D subscripts in the variance component notation due to
associate effects, and

n == number of individuals in the group.

Values of k, and k, can each range from zero to n—1, subject to the condition that
their sum must not exceed n—1.

The entire model can be obtained by expanding the product
‘(1+d0124+d0%))(1+a03+a0%)n-1’
where in the expansion
(1) put the term “1” equal to zero,

(2) let (40%)(a0%) = 4a0%4, and

(3) (ao',z‘l)(ao%) v (a0'424) = a ao',z‘lD——Ar etc,
N S/ e et e

t ¢

t terms
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(i) Consequences of Individual Selection

The selection value for 4, 4, when summed over all groups is
Wiy, = 1+(/0)na (5.8 .—...)-
The expected gametic array from selected individuals is X pj(4,), where
2}, = p,[1+(i/0)ina.(aas)]-
Hence the new group population mean is
= X Loy, - - PP s, 1nfn)

= (i/f’)md.[df’i A {n—L)gaoal;

which may be recast as

(t)o)ina {2 2 pil(dail)[da’il+(n_]—)aai1]}'

The critical elements to be considered in this sum of cross-products are those
represented by
[aas, +(n—1)qay,].

With groups of size one, the associate effect ,a; disappears and the sum of
cross-products becomes a sum of squares. This implies that the increment change
in mean is non-negative and positive selection results in positive advance of the
population mean.

It appears from the above formulation that as n increases associate effects
may take on an increasingly dominant role in determining consequences of selection.
For example, with groups of size two the increment change in population mean
due to individual selection is

AI"’ = (i/a)ind.{da,ZA_’_(da)aA}’

which for two alleles at the locus, can be recast as
Ap = (3/0)1na A2(01/P2)a01) (a1 o)}

Hence for Ap to be negative, ,a, must be of opposite sign to that of ja; and of greater
absolute magnitude, i.e.

laall > Idall'

With groups of size n, assuming two alleles at the locus, the increment change in
population mean due to individual selection can be given in the same symbols as

Ap = (i{0)ina {2(P1/P2) (a1 ) a01 +(—1) 4041},

where, for Au<<0, ,a, must be of opposite sign to that of ;a, but, in this instance, the
magnitude of ,a, need only be greater than 1/(n—1) times that of 4a,, ie.

1
lag| > ]

a1
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This implies that even for weakly competitive conditions a negative response to
positive individual selection can occur.

In these arguments it must be understood that additive effects in groups of
a given size need not be identical to those in groups of a different size. However,
it is clear that as the number of effective members in the group increases, the range
of possibilities increases in which a negative response to direct selection can occur.

(iii) Consequences of Group Selection

The selection value for the group (4,4, 4,4,,...,4,,4,) is
Wiges ..., indn = L (00)er [(L/M) 5, . . ipin T -+ - TininBuin, . inain )]

The gametic array from selected individuals is 3} Pi(dy), where
2}, = P {1 +(1/0)gr. (1 /)i, +(n—1) 00z, ]}
The population mean is then
pr = (Ln)(¥f0)gr {a0h+2(n—Dgoat(n—1)%0%}
This expression can be recast as a sum of squares as follows:
= (1/n)(i[0)gr {2 2 pylaos, +(n—1)q0:, 1%,

which demonstrates that it is a non-negative quantity. Thus, irrespective of the
effective group size, non-negative genetic advance can be ensured by transferring
the basis of selection from that of the individual to that of the group.

II1. Discussiox

In the most general terms, a study of the consequences of selection as it pertains
to interacting genotypes requires a consideration of two populations of groups.
That is to say, it is necessary to define not only the population of groups on which
selection operates but also the population on which the effects of selection are to
be measured. In the main part of this study these two populations are assumed to
be the same, but clearly this need not be the case. The reason for the importance
of distinguishing between the two populations is that the total effect of selection
is measured as a sum of cross-products between certain effects of the gene model
associated with the population in which selection takes place and the effects associated
with the population used for evaluation. It has been shown that the most desirable
selection procedures are those that convert this sum of cross-products, which can be
negative, to a sum of squares, which, of course, cannot be negative.

In the present study it was demonstrated that among the classes of effects in
the gene model (additive, dominance, and epistatic) only additive effects contribute
to selection response. Hence the question as to whether or not a given selection
procedure invariably produces desirable results depends on similarity of the additive
component of the gene models for the populations on which selection operates and is
evaluated. If selection utilizes and is evaluated with exactly the same additive
model, the sum of cross-products becomes a sum of squares and the change in mean
cannot be negative. Continuation of this balanced selection procedure results in the
most desirable final population.
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Tt is clear that if group selection operates on and is evaluated using the same
population, it satisfies the necessary requirements for balance. This is true because
group selection operates on both direct and associate components and hence on the
same total model as that with which it is evaluated. On the other hand, even if
individual selection operates on and is evaluated using the same population, it
cannot satisfy these requirements. This is true because it operates on only the direct
additive effects and is evaluated with direct and associate effects; hence it is an
unbalanced selection procedure. Likewise, a selection method which utilizes only
the associate additive component cannot be a balanced precedure. More importantly,
the same argument holds for situations in which selection of any sort operates on
groups of a given size and is evaluated for groups of a different size. For example,
in pasture breeding there is no guarantee that positive selection among spaced plants
will not elicit a negative response when evaluated under sward conditions.

Although it is not entirely appropriate to apply the unordered group model
to the barley studies of Wiebe, Petr, and Stevens (1963), it is sufficiently acecurate
to describe the basic problem in which a given genotype may express different values
when placed in groups of different genotypes. The numerical example given earlier
was constructed to illustrate this phenomenon. Hence, as with the barley studies,
positive selection in the numerical example results in a negative response, and
conversely, selection of the poorest genotypes results in an increase of the population
mean. This pattern of response is basically due to the fact that a negative relationship
between direct and associate effects was built into the example. However, in the real
world such negative relationships need not always exist and knowledge as to whether
or not they do exist is seldom available. Hence, even in strongly competitive
situations, negative individual selection cannot be seriously recommended as a suitable
procedure.

A solution to the dilemma is given in this study. It consists of developing a
theory which accommodates the phenomenon in question and then with the help of
this theory identifying those selection procedures which ensure non-negative
responses in the population mean. It is shown in the present study that group selection
satisfies the necessary requirements. In subsequent papers, other more specialized
selection methods will be discussed which also invariably satisfy the requirements
and which may be more efficient than group selection.
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