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Summary

Transference of the model-building unit from that of the gene to that of the
entire genotype permits the consequences of individual and group selection to be
given in terms of parent—offspring covariances. This, in turn, solves two basic
problems: (1) extending the genetic analysis to any arbitrary level of complexity;
and (2) formulating the prediction equations of genetic advance in terms of para-
meters which are directly estimable.

I. INTRODUOTION

In this series of studies, the genetic model usually used in selection theory is
extended to accommodate any form of interaction (cooperative or competitive)
between genotypes within small groups. When selection theory is applied to this
more complex genetic model, a consideration of two populations of groups is
necessary: (1) the parent population of groups in which selection operates, and (2)
the progeny population of groups in which the effects of selection are measured.

In the first paper of this serjes (Griffing 1967), the consequences of individual
and group selection were examined for the case in which group sizes for parent and
progeny populations are the same. In the second paper (Griffing 1968) the more
generalized situation was considered in which the group sizes in"the two populations
are different.

In both papers the consequences of selection were examined for genotypes
generated by an arbitrary number of alleles at a single locus. These results were
illuminating in that they showed the nature of response to selection in terms of
direct and associate additive genetic effects. However, two further extensions of
the theory are now necessary before the total response pattern can be seen clearly
and before the theory can be used practically. The first extension has to do with
generalizing the gene model to include more than one locus, in order to evaluate the
total response to selection. The other extension has to do with the practical problem
of stating the consequences of selection in terms of parameters that can be estimated
directly.
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Both of these problems can be solved by transferring the model-building unit
from that of the gene to that of the individual genotype. This permits the conse-
quences of selection to be formulated in terms of covariances among relatives.
These covariances are directly estimable and they can be interpreted in terms of gene
models of any degree of complexity.

In the following presentation, parent and progeny populations are constructed,
necessary parameters defined, and consequences of individual and group selection
derived.

IT. CONSEQUENCES OF SELECTION IN POPULATIONS OF GROUPS OF SIZE 7

In this section the groups in the parent and. progeny populations are assumed
to be of the same size (n).

(@) Parent Population Parameters
The parent base population is assumed to be in equilibrium under random
mating. In this population let
H; = dth parental genotype,
Ji = relative frequency of H,;, and, then,
> fill; = genotypic array of the parent base population.
Kl

The parent population of groups, each with » randomly associated genotypes,
is obtained from the n-way combinatorial product of the base population as follows:

(DAHIXIZAEIX . X[ZAHY =2 filHy, Hyyy oo Hy,),

In this representation a group of » randomly associated genotypes is given by
the n-tuple

(H,, Hy, ..., H,).

The genotypic value of H; in such a group is denoted as

and coded so that
Efilfig s fln(ilhiz ..... in) = O
The subscript in front of the symbol % identifies the genotype under consideration,
and the subscripts following 2 identify the remaining (n—1) associated genotypes
in the group.
(b) Progeny Population Parameters
The progeny population is derived in terms of a full-sib structure. To do

this let
> qin(H ;i) = full-sib array from the mating H; X H,.
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Then the progeny population of groups of size n are obtained by forming the n-way
combinatorial product using the array of full-sib families,

2 S if indHize),
as a base population in the following manner:

2 fif @inHip)1X o oo X2 fif @i Hijio)]
= 2 (fuf 1w - - - (finf 1:@ininen) Hisgiieys « -+ s Hingnen)-

The genotypic value of H,, in the group (H s, « - « » Hinjura) 18

il.‘flklhishkn, » infnlens

and coded so that
X (fufiQige) - - (f inf inQintaten) CiatatesPrigsakes,——, tninicn) = O-

(¢) Definitions of Parent-Offspring Parameters
‘When interaction between genotypes within groups is permitted, it is necessary
to distinguish between the direct genotypic effect of an individual and the associated
genotypic effects contributed by the other group members. Hence four different
kinds of covariances between parents and offspring need to be distinguished. These are

Cov (PeOg) = X fuli oo —, Wor o B —00)
or
= Zfir(irh o -)(-ir . h e ——y e )
Cov (Py0,) =X fulih . — W by — )
= etc.,
Cov (P04) = X ful- bip—, Ny . oL 1)
= ete., and
Cov (PaOa) = Efir(' hir. ) .)(. . hi, . e——y . .)
= ete.,
where ;b ., . = average direct genotypic value of H,, as expressed in the parent
population,
. hir, LT h iy ye T ete.
— average associate genotypic value of H; as expressed in the
parent population,
ir .h—— e T gy h—

= average direct genotypic value of the half-sib progeny of H,, as
expressed in the progeny group population, and

h; ..,——,...=...h.i,., ,...=..-h...,i,..,———....=et0.

= average associate genotypic value of the half-sib progeny of
H,, as expressed in the progeny group population.

For greater elaboration of the notions of “direct” and “associate” effects as
interpreted in terms of a gene model, see Griffing (1967).
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(d) Consequences of Individual Selection

The selection value for the parent genotype, H,,, is
wy, = 14-(3/0)ia. (b ., —, ),

where i — standardized selection differential, ¢ = phenotypic standard deviation,
and. the subscript “ind.” indicates that 7 and o relate to individual observations.

The mean of the progeny population of groups which is derived from full-sib
matings among selected parents can be given as follows:

w = 2 wi)(F1,05) @age)] - - - L(f 1225 )(S 3220 10)( Q1 nicn) ] X (iljlkxhig:igk,, , indnicn)
~ 3(fufn) - Fuf w0/ ma [ o — A —— )
Ak b O X - P —— inine)

=) ma 2 filoh o— Mo e oo by L
e R — )
= 2(2/0)na. {Cov(Py04)+(n—1) Cov(P;0,)}.

(e) Consequences of Group Selection

Let the selection value of the parent group (H,, H,, ..., H;) be

in = L4H(7/0)ge. (1/0) (i, 10s,, it Tl )

Wisty

where the subscript “gr.” indicates that 7 and & are group parameters.
It is clear then that the selection value of H;, following group selection is

s

w;, = 1-H(/0)gr.(1n) (30 ., ——, . by AR

The progeny mean in terms of groups of size # is then

, in]'n')

= 2o wi) -« o (F )i Pig,e,

= 2(fufs) - - - Fuf i) AH0/0)ee. AW Gh . — A b )+
Fluboo— A b I X (e Py o —, nin)-
This is equivalent to
(0)en. (L) (E Filigh o A1) o M b A B
Fo—D(. by A B )]}

= (/0)5.(2/m){COV(P,0,) +(n—1)Cov(Py0,) +(n—1)Cov(P,0,) +(n—1)2Cov(P,0,)}.

Since the progeny population not subject to selection is coded to zero, the
above quantity represents the increment change in mean due to selection.
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III. CONSEQUENCES OF SELECTION IN GRrROUPS OF ONE S1ZE WHEN EVALUATED IN
GrOUPS OF A DIFFERENT SIZE

Griffing (1968) develops the necessary argument for the single-locus case in which
selection operates with regard to groups of size n; and the effects of selection are
measured with regard to groups of size n,. The generalized results in terms of
parent-offspring covariances are given below.

For individual selection the change in the progeny mean is

m(Bp)n, = 2[ (7] &) 1na J[{Cov (P anOdnz)*l‘(”z_l)COV(P dnloanz)}'
For group selection the change in the progeny mean is

m(B)n, = [n(7[0)gr N2/n1) {CoV(P4, 04,,) (0 —1)Cov( Py, Os)
+(n,—1)Cov(Py,,04,) 4 (1 —1)(ny—1)Cov(Py, Oan,) }-

IV. INTERPRETATION OF THE PARENT-OFFSPRING COVARIANCES IN TERMS OF THE
Gexe MopeL For Two Lingep Loor

The obvious extension of the single-locus model used in the earlier studies is
to that of a two-locus model with the following characteristics. Let

Y p}(A}) = array of an arbitrary number of alleles at the first locus,

Y p2(A3}) = array of an arbitrary number of alleles at the second locus, and
y == recombination value exhibited by the two loci.

Assume any system of dominance and epistatic parameters, and also assume that
the population is in equilibrium with random mating. Then the genotypic value
for (A1A42)(A143) in the group
{(A1A7)(AFAD), (AT4EN4345), - . .}
is
WA o su,e o = [d“%"l’d“}"}‘ds%j'i—d“%’{_d“ + a8+ aale) it galo) it galoet) e
+ aa(2) 51+ aa(98) 1+ aa(@8) 11+ aa (5 ezt aa(80) 151+ 2a(88) 15.]
+[a°‘%+a“g+ 813+a°‘t+a°‘u+ 8tu aa{00) s aa(00) ry +aalet) o1

Faa(2) sutaa(®3)rtut aa(@8) stut aa(88) st T 0a(3%) rsu+ aa(80) szl
+ golo) ;- other direct—associate terms 4 .. ..

In this representation the usual gene model is used. To fully characterize all
main effects and interactions of the two genotypes listed above, a four-locus model
is needed. For a group of n genotypes, each of two loci, a 2n-locus model is required.
The subscript d in front of the elements in the model indicates that the elements are
“direct” effects; the subscript a indicates “associate” effects, eto.
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Interpretation of the various parent-—offspring covariances is now given in
terms of variances and covariances associated with the above model.

For the situation in which the group size is n for both parent and progeny
populations, the parent-offspring covariances are as follows:

Cov (P,0,) = %[ddai]‘i‘ﬂdd,dﬂiﬂ,
Cov (P30,) = #H@aroal+4aa,ca)7 a4,
Cov (P,0y) = lz“[(ad)UA]"]‘%[(aa,ad)‘TAA],

Cov (Paoa) = %[aaai]_i_%[aa.aag,%A]y

where
4295 = 2{ p}(,a})?+ Epﬁ(d“%)z},
aao'.% = 2{2 p}((la})z—l_ Epﬁ(aa%)z}’
@aa = 2{3 Plf(d“})(a“%)‘l‘szzc(d“%)(a“%)},
(ad)%4 = (da)T4s
dd,ddo',%A =4{% Z’%Z’%[dd(““)ik]z},
aa,aaa%A = 4{2 p%plzc[aa(a“)lk]z}s
(dd,aa)%44 = 4% p%plzc[dd(““)ik][aa(“a’)ik]};
{aa,dd)?44 = (dd,aa)0 A4+
Since
@d)?4 = (da)P A
and.
(aa,dd)%44 = (dd,aa)% 44>
then

Cov (P,0,) = Cov (P,0,).

Hence the estimation procedure is simplified in terms of the number of different
covariances needed to predict group selection.

For the situation in which selection occurs with regard to groups of size n, in
the parent population, and the effects of selection are measured with regard to groups
of size n, in the progeny population, the parent—offspring covariances are as follows:

Cov (P dnlodnz) = % [ (dn;dn,)0 Al %[(dnldnl,dnzdng)g 4als
COV (Pdnloanz) = %[ (dnyan, )O.A] + %[ (dn,dny, angany )0 A A]:
COV (Panlodnz) = %[ (anydn, )CA] + i—[ (an,any,dnydny ¥a A]:

Cov (Panloanz) = %[(anlang)a.‘l]+%[(an,an1.anganz)a'AA]:
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where
(dnydn, )04 — 2{% le(dn,“i)(d ai)+2 pk(dnlak (dn,“k)}
(anan)0a = 2{Z P} (a0 an 1)+ 2 PR am®%) an, %) 5
(nan)®4 = 2{ 20 PHan %) (an )+ 2 D7 an 28 (an,28) },
(ann)4 = 2{2 P} (a0, ) (4, 2) + 2 P7lan, 28 (02D},

(nydny,dnydn, )0 A4 — =4Z p:pk[dnldnl(“a) 1k][dn2dn2(a“

)zk] }
(dn,dny,anyan, )0 44 = 4{2 pipk[dnldnl(aa) ik] [a’ﬂ,zaﬂg (X.) Ik] }
(an,any,dnydn,)044 = 4{3 P}Pﬁ[an,an,(““) ix] [dnﬂdnz %)},

{an.an,,anyan, a4 = 4 {E ptpk[anlan,(““) tk] [anzana(a’a) ik]}

It should be noted that when n; 7 g, (4,4,,)04 a0d. (4, ¢,,)04 Deed not be equal.
AlSO (41,4n,,an,an,)0 4.4 DA 1O €QUAL (g, 00, dn,dny)Ta4- Hence the values for Cov (Py, 0,,)
and Cov (P,, 0,,) may be different and, therefore, it is necessary to estimate each
separately.

Finally, extensions to more complex gene models involving more loci are
obvious and can be derived from the fact that in general the parent—offspring
covariance for a random mating population in equilibrium has the following form
for » loci:

Cov (PO) = }¢ +% Sat O'AAA+ +(%)n0§m ce Ar

It is apparent that the parent-offspring covariances, as developed in the above
theory, are variations of this basic formula.

V. DISCUSSION

Transferring the basis of analyses from the gene to the individual has solved
the two remaining basic problems concerning prediction of individual and group
selection. The first problem is that of extending the theory to accommodate more
complex gene models. The second problem is a practical one of estimating genetic
advance. Both of these problems are solved by formulating the prediction equations
in terms of parent—offspring covariances. The reasons that these eovariances are
useful in solving these two basic problems are that the genetic eompositions of
these covariances are known for any level of genetic complexity, and because the
parent—offspring covariances are directly estimable from experimental data. A variety
of genetic experimental designs can be used for this estimation procedure. These
designs will be presented in a subsequent paper in this series.

One of the important features which the group theory analyses bring to light
is the possible importance of associate effects in changing the population genotypic
structure by selection. It is clear that as the effective number in the group increases,
the associate effects may take on an increasingly dominant role in determining
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the consequences of selection. This role is manifest through the parent—offspring
covariances involving cross-products of direct and associate effects as well as
covariances which are functions of only associate effects. Up to now these covariances
have been completely, or at least largely, ignored.
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