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Abstract—In fields ranging from radio astronomy to magnetic
resonance imaging, Fourier inversion of data not falling on a
Cartesian grid has been a problem. As a result, multiple algo-
rithms have been created for reconstructing images from non-
uniform frequency samples. In the technique known as grid-
ding, the data samples are weighted for sampling density and
convolved with a finite kernel, then resampled on a grid pre-
paratory to a fast Fourier transform, This paper compares the
utility of several convolution functions, including one that out-
performs the “*optimal’’ prolate spheroidal wave function in
some situations.

[. INTRODUCTION

N FIELDS ranging from radio astronomy to comput-

erized tomography and magnetic resonance imaging,
spatial frequency data is used 1o generate images. In order
to take advantage of the great computational speed af-
forded by the fast Fourier transform [1], the data must lie
on a Cartesian grid. However, because of hardware con-
straints or practical considerations, this is not always fea-
sible. Accordingly, many algorithms have been devel-
oped for reconstruction from nonuniform samples. Some
methods use various interpolation schemes, such as near-
est-neighbor, bilinear interpolation, and truncated sine
function finite impulse responsc interpolators [2]-[4].
Other techniques include gradient descent methods [3], or
reconstruction using coordinate transformation [6]. For
data on a polar grid, such as may be encountered in com-
puterized tomography or diffraction tomography, filtered
back-projection [7] may be used for reconstruction.

In this paper we consider the algorithm known as
“gridding.”’ In its earliest form, as first used by radio
astronomers, the spatial frequency plane was divided into
a grid, and the point in the center of each “‘cell”” was then
assigned a value equal to the sum of all of the data points
falling within the grid [8]. Later improvements included
the use of the average value of the data within the ccll [9],
or weighting the sampling points based on the distance
from array points, such as with a Gaussian function [10].
To account for variations in the spectral sampling density,
a further modification of the Gaussian weighting method
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normalizes the sum of the coefficients to be applied to the
sampling points to unity, These cell summing, cell aver-
aging, and Gaussian methods have been compared by
Thompson and Bracewell {11].

An overview of the gridding operation is given by
O’Sullivan [12], who shows that the optimal gridding
method is convolution with a sinc (sin mx /#x) function
of infinite extent, followed by sampling onto a Cartesian
grid. Practical considerations require that the infinite sinc
function be replaced with a finite convolving function,
This paper compares the artifact introduced into the image
for various convolving functions of different sizes, in-
cluding the Kaiser-Bessel window and the zero-order pro-
late spheroidal wave function (PSWF). We also show a
convolving function that improves upon the PSWF in
SONIC Circumstances.

1I. GRIDDING ALGORITHM

Consider a two-dimensional function m (x, ¥) with Fou-
rier transform M (u, ¢) given by

M(u, v) = S mix, ¥y exp [—2mi(ux + vy)] dx dy,

(H

and a sampling function S consisting of P two-dimen-
sional delta functions at positions u;, v;,

P
Stu, v) = __ZI B —u, v~ v). 2)

The sampled Fourier data is given by
My(u, v) = M(u, v) * S{u, ). (3)

In gridding, the sampled data is convolved with a function
C(u, 1) |such as a Gaussian, a sinc, or a small finite win-
dow] and sampled onto a unit spaced grid,

Mecs(u, v) = [Ms(u, ) * Clu, )] » Wiu, v)
{[M-S]+C} -1 @)

il

where * denotes two-dimensional convolution, and the
shah or comb function M (&, v) is defined as a sum of
equally spaced two-dimensional delta functions:

M, v) = 25 2 8@ — i, v — j). 5
t A
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The corresponding reconstructed image msgcs is given by
the inverse Fourier transform of Mg,

mges(x, ¥) = {[mlx, ¥) * s(x, ¥)] - clx, P} * Wx, y).
(6)

Here we can observe the effect of S(u, ¢} on the recon-
structed image. First, the inverse Fourier transform of the
original sampling function 5{u, v}, which we refer to as
5 (x, ¥}, affects the aliasing of m (x, ¥) at a level that cannot
be recovered. Thus, as expected, if the function M (u, v)
is not sufficiently sampled, the aliasing cannot be cor-
rected via postprocessing. We can, however, make a cor-
rection for a nonuniform sampling density in S(u, ©) by
introducing an area density function p(u, v). By defining

plu, vy = S, v) * Clu, v), (7)

areas that are oversampled will have a large area density,
while areas that are undersampled will have a small area
density. As discussed by Bracewell and Thompson [13],
the principal transfer function (PTF) is given by S{u,
©)/p{u, v), and the principal response pattern by the two-
dimensional Fourier transform of the PTF. Introducing
the area density function into the reconstruction, we gen-
erate the sampled, weighted, convolved, and sampled M,
( [Ms(li, v)

Mgwcs(u, v) = 4
o, v)

{

=QM'[S§CB*C)'“I- 8

Note that the weighted and convolved M can be consid-
ered a moving weighted average where the sum of the
weighting coeflicients as determined by C(u, ) has been
normalized to one. The corresponding image is given by
A} o+l
(9

N
} * Clu, v) t - Min, v),

—

mgwes(x, ¥) = (fm@x, y) * Is + 7' (s -

where * ' refers to a deconvolution.

We now consider the effect of C(u, v) on the recon-
structed image. As noted by O’Sullivan [12], the optimal
convolution function is an infinite sinc, but this function
is computationally impractical. A finite convolving func-
tion will contribute sidelobes, which will be aliased back
into the image by the shah function. Also, any rolloff in
the central lobe of ¢(x, ¥) will show up as an attenuation
towards the sides of the image. This rolloff can be cor-
rected by dividing by ¢(x, ¥). This flattens the response
across the central lobe, but amplifies the effective ampli-
tude of the aliasing sidclobes, as shown in Fig. | for a
Hamming window. As is usually done, we will also limit
the image to a finite region of interest containing only one
*‘replication’’ of the object. This is represented mathe-
matically by multiplying by a two-dimensional rect or
boxcar function mi{x, y) where

R 1 if |3} < 0.5and |y| < 0.5
ix, y) = . . (1
0 otherwise
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Fig. 1. {a) The log-scale inverse Fourier transform of @ Hamming win-
dow. The dotted lines represent the edges of the image, with energy in the
inverse Fourier transform outside of the dotted lines aliasing back into the
image. (b) The convolution rolloff correction for the image. (¢) The effec-
tive inverse Fourier transform after multiplying by the rolloff correction.
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We call the generated image m*,
‘e ) ERLC))

m*{x, ¥) = Mgwes © —————
b WES T T )

2

= [({mGx, ») * s+ (s + O} + &) = 1] - E

N}

(11}

and we refer to the method of generating this image as the
gridding algorithm. The process is illustrated in Fig, 2.

1. ConvoruTion FunNcTion COMPARISON

The utility of any convolution function is determined
by the amplitude and placement of the aliasing sidelobes
after the image has been corrected for rolloff near the
edges. For example, gridding using a m(x) function will
suffer from large aliased sidelobes in the image, but none
of the sidetobes will alias into the center of the image. If
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Signal

II(u,v)

Fourier
Transform

Fig. 2. The gridding algorithm. The signal is sampled by a function 5{u,
©). The resulting datu samples are convolved by the function Ciw. ), which
is also used o generate the area sampling density weighting. The con-
vilved data are sampled onto a Cantesian grid by multiplying by I (s, ).
Finally, the inverse Fourier transformed data are divided by ¢ (x, ¥ 10 com-
pensate for tollefl in the inverse Fourier transform of Clu, ).

c(x,y)

Image

the inverse Fourier transform of the convolution function
rolls off too much within the bounds of the image, the
aliasing into the sides of the image will be greatly ampli-
fied when the rolloff is compensated.

We will compare one-dimensional inverse Fourier
transforms from separable functions, so C{u, v) =
C(u)C(p), and cix, y) = c¢(x)c(y). For convenience in
working with scale factors. we define the width of the
desired image to be 1 unit. The inverse of this, 1 unit of
spatial frequency, is the spacing between sampling points
in the shah function.

The performance measure that we will use is the rela-
tive amount of aliasing energy, including the effect of the
rolloff correction, The corresponding functional to be
minimized is

-l
)

J = - —, (12}

T

and this s the measure that we will use for comparison.

If all regions within the image are not of equal interest,
the performance measure can include a spatially varying
weight function, such as Schwab’s w(x, v) = [1 -
(2071 — (2¥)*)® (where « is a design parameter) [14],
which is included in the functional

I
o

E \A le(x, Mz, ¥) dx dy

(13)
letx, v >wix. y) dy dy

where A is the region of interest. Our equation (12) is
similar to {13) where all regions within the image are of
equal interest (so wix, ¥) == 1), except that {12) includes
the rolloff correction effect on the image. and we are con-
sidering separable convolving functions, which simplifies
the problem to one dimension.
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We will consider the following convolving functions:

1) two-term &.()Sine,
o + {1 — {I) (_
1 cos ul,
: N

23 three-term cosine.

T 4
o + 8 cos (%R) + (1 — a — 3} cos (%u),

3) Gaussian,
2
_1(5)\
"""L 2\a) |’

4) Kaiser-Bessel,
1 —_—
ﬁ_} I(][fg\f 1 - (21{/”’]‘- I. al'ld

5) prolate spheroidal wave function, see [15]-[17].

All functions are defined over |#| < W/2, giving each a
width W, with «. 3, and o as free design parameters. The
well-known Hamming and Hanning windows are exam-
ples of the two-term cosine function (with e = 0.54 and

= .50, respectively), and the Blackman window is an
example of the three-term cosine function (with « = 0.42
and 3 = 0.50) {18]. For a given window width and de-
sired bandwidth 8 the truncated zero-order PSWF of the
first kind contains the least amount of energy outside of
the desired passband, i.e., it minimizes

| tewr a
lxj= 8

E_ e dx

The PSWF is quite difficult to compute, but the Kaiser-
Bessel function [19] is a good approximation, and both it
and its inverse transform are easily calcuiated. The func-
tion itself is based on [, the zero-order modified Bessel
function of the first kind, and the inverse transform is
given by

{14)

A T T
sin VWS — @

X)) = =
(( ) ,‘T_uﬂxc . ﬁ_

(15)

For each of the functions. the parameters «, 8, and o
were varied to determine the best possible performance,
as measured by J in (12), at each function width. The
resulting values of J are shown in Fig. 3 for the parameter
values given in Table 1. The relatively poor results are
because of the difficulty in generating a finite function
whose inverse Fourier transform goes immediately from
a near unity passband to a very low amplitude stopband,
without allowing for a transition band. The consequence
is relatively large errors from the aliasing sidelobes that
appear near the edges of the image where the division by
¢{x), to make the passbund uniform, also amplifies the
corresponding portions of the sidelobes.
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Fig. 3. A comparison of several convolving functions of varying widths,
showing the relative amount of unwanted sidelobe energy that will alias
mto the image if that convelving function is used in the gridding algorithm.,
Note that when the two-term cosine function reaches a width of four, or
when the three-term cosine function reaches a width of six, the first side-
lube of the function’s inverse Fourler transform occors within the image.

TABLE I
THE PARAMETER VALUES FOR EacH FUNCTION Tyrr THAT PROVIDE THE
LeasT RELATIVE ALIASED ENERGY WHEN GRIDIANG ONTO A REGULAR GRID

Three-Term cos

Window Two-Term cos — Gaunssian  Kaiser-Bessel

Width o o 8 a
1.5 0.7600 0.8701 0.2311  0.4241 1.9980
2.0 D.7146 08099 03108 04927 2.3934
25 0.6185 1.6932 04176  1.4839 3.3800
ER1) 0.5534 L5995 0.4675 0.5063 4.2054
35 0.5185 0.5383 0.4831 0.5516 4.9107
4.0 0.4998 04891  0.5695 577567
4.5 0.4633  (.4977 1.5682 R4yl

04985  0.5914

5.0 0.4463

T.4302

A simple solution to this problem, alluded to by
O'Sullivan [12], is to increase the image field-of-view by
sampling onto a smaller grid, and then ignore the outer
portion of the image. By doubling the image field-of-view,
the central lobe of c¢(x) can be three times as wide (since
it can partially alias around both sides of the image and
still not enter the region of interest), which makes possi-
bie much smaller amplitude sidelobes {16]. Additionally,
c(x) does not taper as much within the region of interest,
so less rolloft correction is needed. Conversely, if the for-
mer method required Fourier transformation of an N X N
image, subsampling the data in the manner proposed will
require transformation of a 2N x 2N image. in addition
to computing Mgweg at four times as many points. The
computation of Mgwcs at each point may be somewhat
easier, however, since the subsampling method permits
the use of a smaller convolving function for any given
error bound.

In addition to the functions previously discussed, we
have added a convolving function of our own design. The
function was generated in an iterative manner. Starting
with any even function, the function was inverse Fourier

:——“r“——:‘s—:i}—a 7?‘,5 B
il |
e — |
_1

(b}
Fig. 4. Auathors' width 2.5 convolving function (a) and the corresponding
inverse Fourier transform (b). Note the suppression of the portions of the
trangform that will alias into the center region of the image.
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Fig. 5. A comparison of several convolving functions of varying widths,

showing the relative amount of unwanted sidelobe energy that will alias

into the center region of an image. This center region contains the entire

region of interest if the sampled data was gridded onto a 2% sobsampled

grid.

transformed and those portions of the transformed func-
tion that would alias into the region of interest were sct
to zero. The function was then Fourier transformed back
to the original domain and spatially bounded. This pro-
cess was then repeated many times. This is similar to the
method used to generate the PSWF where an even func-
tion is repeatedly low-pass filtered and spatially bounded.
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TABLE IT
THE PARAMETER YaLueys ok Bach Fosorns Ty 1baT PROVIDE THE
LAsT RELATIVE ALIastn EXpRGY WHEN GRIDDING ONTE 2 23
SURsAMPLED GRID

Three Term cos

— Gaussian  Kaiser-Bessel

Window  Two-Term cos ————

Width I Ity
1.5 0.5273 04713
2.0 0.5125 1.4149
2.5 (L3176 .40
30 ). 5068 (135054
s (15051 3847
4.0 11,3850
4.5 {5823
5.0 (.3822

o T i
04917 0.2120 6.6875
04990 02432 91375
(4998 (L2691 11.5250
0.4567  (.2420 13 Q086

0,4999 03145 14,277
18,5547

05000 0.3363
(5000 (L3557
05000 th 3737

)

Fig. . Reconstructed imag
tion has on the resulting im
subsamphing. Image hy is

D ORATE a% ir

seiled the same as image (b hnage (dy was
subsampled grid. and s also scaled the same as

The desired PSWF is the eigenfunction of this operation
that has the fargest eigenvaiue, so ali undesired portions
of the function will gradually decay away relative to the
desired function. In Fig. 4 our width 2.5 function is
shown. For wider convolving functions, the sidelobes will
be increasingly lower, and many more iterations will be

ages af g numericil phantomn consisting
S Image (o was reconstructed using
e otal, hut scaled from 010 3% o s
was reconstructed using a width three. two-term cosine window [0.5068 + 04937 cos fre

strueted using a width three., Kaser-Bessel window 1}

by

[
of four eblipses, showing the effect that the convoletion func
a width 1 iser-Bessel window (3 = 4 20547, without
¢ the error in the reconstruction. Image 109
Sab o a subsamipled gred. and s
1390681 on a

required to gencrate the function. The function shown is
the result after 1 000 000 iterations.

As seen in Fig. 5. the reduction in aliased energy is
rather dramatic when the gridding is performed on a sub-
sampled grid. The parameters o, 3, and o for each of the
function widths are given in Table I1.
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Fig. 6 shows the effect that the convolving function has
on a reconstructed image. Reconstructions were done
using a width three Kaiser-Bessel window on a regular
grid, a width three two-term cosine window on a subsam-
pled grid, and a width three Kaiser—Bessel window on a
subsampled grid. Improvements in the reconstruction er-
ror can be seen with each successive technigue.

IV. CoNCLUSION

The gridding algorithm can be implemented with vir-
tually no adverse effects from aliasing sidelobes of the
convolving function. This requires that the convolved data
is sampled finely enough to yield an image field-of-view
that is larger than the actual region of interest. We have
found that oversampling by a factor of two in each direc-
tion is sufficient to yield excellent sidelobe suppression.

The selection of a convolving function requires two pri-
mary considerations. First, the performance of the func-
tion, and second, the computation time required to gen-
erate the function. Although a (discretized) version of a
convolving function needs to be computed only onee, this
can still be a limiting consideration if the generating com-
putation time js extremely long, as is the case with the
PSWF and the authors’ function. Only slightly poorer re-
sults are achieved with the easily computable Kaiser-Bes-
sel window. Use of the Kaiser—Bessel window requires
selecting the free parameter, . The best choice of 3, in
the sense of minimizing (12), is given in Table 11 for sev-
eral window widths.
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