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Abstract. The paper presents recent results concerning the problem
of the existence of those selections, which preserve the properties of a
given set-valued mapping of one real variable taking on compact values
from a metric space. The properties considered are the boundedness of
Jordan, essential or generalized variation, Lipschitz or absolute continu-
ity. Selection theorems are obtained by virtue of a single compactness
argument, which is the exact generalization of the Helly selection prin-
ciple. For set-valued mappings with the above properties we obtain a
Castaing-type representation and prove the existence of multivalued se-
lections and selections which pass through the boundaries of the images
of the set-valued mapping and which are nearest in variation to a given
mapping. Multivalued Lipschitzian superposition operators acting on
mappings of bounded generalized variation are characterized, and so-
lutions of bounded generalized variation to functional inclusions and
embeddings, including variable set-valued operators in the right hand
side, are obtained.
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Introduction

The problem of the existence of selections is, for a given set-valued
mapping F from a nonempty set 7' into a nonempty set X (in symbols,
F : T = X), to find a single-valued mapping f : 7' — X satisfying the
condition: f(t) € F(t) for all ¢t € T. Here the set-valued mapping (or
multifunction) is a rule F' which assigns to each point ¢ € T' a nonempty
subset F'(t) C X, called the image of ¢t under F' or the value of F at t, and
the mapping f with the above property is called a selection (selector, sec-
tion, branch) of F. By the Axiom of Choice, any set-valued mapping with
nonempty images admits at least one selection. So, the problem reduces
to finding selections inheriting some (or all) properties of the set-valued
mapping. Usually these properties are connected with measurability, con-
tinuity, differentiability, etc., which is motivated by the specific problem in
question. In the present work the properties under consideration are bound-
edness of (generalized) variations of the set-valued mapping with respect to
the Hausdorff metric in the target space of images.

Let us briefly comment on the existing literature on selections (the refer-
ences chosen are representative but by no means tend to be exhausting on
the subject).

Fundamental results on the existence of measurable selections (for mea-
surable multifunctions) are contained in the works of Castaing [11], Castaing
and Valadier [12] and Kuratowski and Ryll-Nardzewski [65]. In [65] the main
theorem says that a measurable set-valued mapping F' from a measurable
space 1" into a complete separable metric space X, having closed images,
admits a measurable selection. Castaing [11] showed that F': T'= X with
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T and X as above is measurable if and only if it has a countable number of
its measurable selections which are pointwise dense in the images of F' (the
Castaing representation). A survey on measurable selections and a com-
plete bibliography on the subject (up to 1977) is the work of Wagner [109].
Selections with Baire property were obtained by Choban [35, 36]. The ex-
istence of measurable selections for maps whose values are compact subsets
of a regular Hausdorff space which need not be metrizable or satisfy any
restriction on its weight was proved by Graf [51].

The most known results on the existence of continuous selections are due
to Michael [79, 80]. One of his theorems claims that a lower semi-continuous
set-valued mapping on a paracompact space T with closed convex images
from a Banach space X admits a continuous selection. A detailed infor-
mation on the theory of continuous selections, its development and appli-
cations, is contained in the works of Repos and Semenov [94, 95]. The
influence of nonconvexity of images for a set-valued mapping to have con-
tinuous selections was studied by Bogatyrev [8], Hasumi [54], Moiseev [81]
and Semenov [101]. A universal approach to the existence of measurable
and continuous selections was found by Mégerl [67]. Selections of mappings
with decomposable values were treated by Bressan and Colombo [9] and
Tolstonogov [108].

The existence of Lipschitz continuous selections for set-valued mappings
with convex images was recently obtained by Aubin and Cellina [3], Dom-
misch [41], Polovinkin [89], Przestawski and Yost [90, 91] and Shvarts-
man [103], and differentiable selections — by Dencheva [40], Gautier and
Morchadi [47] and Rockafellar [98]. The basic facts about the way selec-
tions preserve the properties of measurability, Lipschitz continuity, etc., are
contained in the monograph of Aubin and Frankowska [4].

Continuous and Lipschitz continuous selections exist, as a rule, for set-
valued mappings with convex images. If the images are not convex, then in
the general case one cannot expect more than measurable selections ([65]) or
selections with the Baire property ([36]). In fact, many examples are known
to show that a continuous set-valued mapping on an interval T' = [a,b]
of the real line R with compact values from a ball in R? or a Lipschitz
continuous mapping from R? into compact subsets of a ball in X = R? need
not have a continuous selection (Aubin and Cellina [3], Chistyakov and
Galkin [31], Hermes [56], Kupka [64], Michael [80, Part I]). In this paper we
will show that set-valued mappings F' of bounded variation from a nonempty
subset 7" C R into nonempty compact subsets of a metric space X always
admit selections of bounded variation passing through a given point in the
graph Gr(F') of F, which is defined as usual by Gr(F) = {(t,z) € T x X |
x € F(t)}.
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Let ) # T C R and (X,d) be a metric space with metric d. A mapping
f: T — X is said to be Lipschitzian (in symbols, f € Lip(T; X)), if its
(least) Lipschitz constant is finite:

Ld<f7T) = Sup{ d(f(t)7f(5))/‘t - 5‘ it s € T: t 7é 5}'

A mapping f : T — X is called absolutely continuous (written f € AC(T; X))
if there exists a function 0 : (0,00) — (0,00) such that for any ¢ > 0,
any n € N and any finite collection of points {a;,b;}]"; C T such that
ar < b <ag < by <--- < a, < b, the condition > 7", (b; — a;) < d(e)
implies Y7 | d(f(b:), f(a;)) < e. More precisely, such f will be called §(-)-
absolutely continuous and since, in general, the function §(-) depends on f,
we will also write 0(-) = d7(-).

A mapping f: T — X is said to be of bounded (or finite) variation (in
symbols, f € BV(T; X)) if its total Jordan variation V(f,T) is finite:

V(fa T) = Vd(f7 T) = Sgpzd(f(ti)v f(tifl»
=1

where the supremum is taken over all partitions & = {¢;}]" of the set T,
ie, meN, {to,t1,...,tm} C T and t;—1 < t;, i = 1,...,m (Jordan [58],
Schwartz [100, Chapter 4, Section 9]). Single-valued functions and mappings
of bounded variation on arbitrary set T have already been treated in various
contexts (e.g., [5], [10], [13]-[15], [44], [99], [107]), which is quite natural
since the notion of (Jordan) variation depends only on the order relation on
T and the distance function(s) in the target space.

The Hausdorff distance D = D4 between two nonempty subsets A and B
of the metric space X is given by

D(A, B) = max{e(4, B),e(B, A)},

where e(A, B) = sup,¢4dist(z, B) and dist(z, B) = infyepd(x,y). It is
well known (e.g., [12, Chapter II]) that D is a metric on the set ¢(X) of
all nonempty compact subsets of X, called the Hausdorff metric (generated
by d).

In [57] Hermes proved that if 7' = [a,b] and X = R", then any set-
valued mapping F' € Lip(7T;¢c(X)) admits a selection f € Lip(T; X) such
that Lq(f,T) < Lp(F,T), and, moreover, that a continuous mapping F :
T — c(X) of bounded variation admits a continuous selection. Similar re-
sults for Lipschitzian and absolutely continuous mappings with convex and
nonconvex compact values were obtained by Gurican and Kostyrko [53],
Kikuchi and Tomita [60] and Qiji [92]. The results of Hermes were general-
ized by Mordukhovich [82, Section Supplement 1] for a Banach space X and
a mapping F with compact graph and by Slezak [104] to the general case
when X is an arbitrary metric space. Basing on a generalized Helly selection
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(compactness) principle for metric space valued mappings of bounded vari-
ation the author [14] proved that a set-valued mapping F' € BV(T;c(X))
admits a selection f € BV(T"; X) such that Vy(f,T) < Vp(F,T'). This result
was extended onto mappings of bounded generalized variation in the sense
of Riesz-Orlicz and some other classes of mappings in [15]-[23]. By revising
the selection principle, the author [24]-[28] in collaboration with Belov and
Rychlewicz [6, 7, 33] showed that the assumption that X is a Banach space
and the graph Gr(F') is compact, which was used in the earlier works of
the author, is superfluous: that X is a metric space suffices for most of the
results (note that Hermes and his successors made use of the Arzela-Ascoli
compactness theorem).

In this work we present the most general results on the existence of selec-
tions of bounded generalized variation and their development for solutions
to functional inclusions and embeddings. This is done under the assumption
that set-valued mappings F': T'= X are defined on a nonempty set T' C R
and assume compact values from a metric space (X, d). That the domain
T has no particular structure (except the linear order) is crucial for the
existence of selections of essentially bounded variation (Sections 2 and 5).

The paper is divided into three parts. In the first part (Sections
1-4) we develop the theory of mappings of bounded generalized variation
with values in a metric space which is needed for set-valued mappings. The
second part (Sections 5 through 10) contains existence theorems for se-
lections of bounded (generalized) variation. And the third part (Sections
11-14) is devoted to the existence of solutions to functional inclusions and
embeddings including variable set-valued operators in the right hand side.

1. Generalized Helly’s selection principle

In what follows, unless otherwise stated, 7' C R is a nonempty set, X
is a metric space with metric d and X7 is the set of all mappings from T
into X.

Let us recall the main properties of the variation V(f,T') of f € BV(T; X)
needed below. Setting f(T) = {f(t) | t € T} (the image of T under f) and
osc(f,T) = sup{d(f(t), f(s)) | t, s € T} (the diameter of f(T')), we have
(cf. [13], [14] or [15]): 1) if ¢t € T, then V(f,T) = V(f,T N (—o0,t]) +
V(f,T N [t,00)) (additivity); 2) osc(f,T) < V(f,T); 3) if a sequence of
mappings {f,,}52; C X7 converges pointwise on T in metric d to a mapping
feXT (ie, d(fa(t), f(t)) = 0 as n — oo for all t € T), then V(f,T) <
liminf, o V(fn,T) (lower semi-continuity); 4a) if s = sup7 € R U {oo}
and s ¢ T, then V(f,T) = limpsi—s V(f,T N (—00,t]); 4b) if i = infT €
RU{—oo} and i ¢ T, then V(f,T) = limpsi—; V(f, TN[t,00)); 4c) if s ¢ T
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and i ¢ T, then, in addition to 4a) and 4b), the value V(f,T) is also equal
to
o VETOlab) = lim  lim V(£,TN [0, 8)

= 1i li .
Toami Talgsv(f’ 70 a,8])

Lemma 1.1 ([15, Theorem 4.3]).

(a) The mapping f € BV(T; X) is continuous from the right at the point
to€T \ {supT} or from the left at to € T \ {inf T'} if and only if the
function ¢(t) =V (f, TN (—o0,t]), t €T, has this property at t.

(b) f € BV(T;X) is continuous on T apart, possibly, at most countable
subset of T.

We say that g : T — X is natural ([14], [15]) if V(9,7 N [a,b]) =b—a
for all a, b € T, a < b. Clearly, g € Lip(T; X) and Lg(g,T) = 1. Note also
that Lip(T; X) € AC(T; X) (e.g., with () = ¢/ max{1, Lq(f,T)}, € > 0),
Lip(T; X) ¢ BV(T; X) if T is bounded, and AC(T; X) C BV(T; X) if T is
compact.

Given two mappings ¢ : T'— J and g : J — X, the composite mapping
goy:T — X is given as usual by (g o ¢)(t) = g(p(t)) for all t € T

The following structural theorem (Lemma 1.2 below) provides a close re-
lation between mappings of bounded variation and Lipschitzian mappings
(with additional assumptions, such as the continuity of mappings or con-
nectedness of their domain, this theorem was employed in [1, I1.1.3], [13,
3.19], [42, 2.5.16], [83, Section 5] and [100, IV.9]):

Lemma 1.2 ([15, Theorem 3.1]). Given f : T — X, we have: f € BV(T; X)
if and only if there exist a nondecreasing bounded function ¢ : T — R and
a natural mapping g : J = o(T) — X such that f = goy on T. In the
necessity part ¢ can be defined by ¢(t) = V(f, T N (—o0,t]), t € T, so that
Ve, T)=VI(g,J) =V(f,T); moreover, if T is bounded and f € Lip(T; X),
then ¢ € Lip(T;R) and L(p,T) = Lq(f,T), and if T is compact and
f e AC(T; X), then ¢ € AC(T;R) and one can set 5,(-) = 0f(-).

The main tool providing the compactness of families of real functions
of bounded variation is the well known (pointwise) Helly selection princi-
ple [55]. In various contexts it was generalized in [84], [86, VIII.4.3], [102,
I1.4.5], [110] (and others) for real valued functions and in [1, I1.1.4], [6], [14],
[15], [27], [26], [31], [32], [45] and [46] for families of mappings.

Recall that a family of real functions on T is said to be bounded if there
exists a constant C' > 0 such that |¢(t)| < C for all ¢ € T and all functions
¢ from this family. A family F C X7 is called pointwise precompact if, for
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any t € T, the set F(t) = {f(t) | f € F} is precompact in X (i.e., the
closure F(t) of F(t) in X is compact).

Let ® : RT = [0,00) — RT be a continuous nondecreasing unbounded
function such that ®(p) = 0 if and only if p = 0. Given f: T — X, we set

Varg (f = supZ@( ti_ 1)))

where the supremum is over all partitions { = {t;}", (m € N) of T. The
value Varg(f,T') is called the total ®-th variation of f on T (in the sense
of Wiener [111] and Young [112]). Tt is clear that if ®(p) = p, p € R, then
Vare(f,T) =V(f,T).

The followmg properties are known to hold for Varg(f,T') (cf. [32] and
[84]): 1) if t € T, then Varg(f,T N (—oo,t]) + Varg(f,T N [t,0)) <
Varg(f,T) (semi-additivity); 2¢) if t,5 € T then @ (d(f(t),f(s)))
Vare(f,T); 3¢) under the conditions of 3) above we have: Varg(f,T')
liminf, . Vare(fn,T") (lower semi-continuity).

INIA

Theorem 1.3 (generalized Helly’s selection principle). An infinite point-
wise precompact family of mappings FCXT satisfying supfg_—Var@(f, T)<oo
contains a pointwise convergent (in metric d) sequence whose pointwise limit
f is such that Varg(f,T) < oo.

Proof. Proof of Theorem 1.3 will be divided into three steps.

1. Let us extend the classical Helly theorem [55] from an interval in R
to an arbitrary set T C R: an infinite bounded family of nondecreasing
functions from T into R contains a sequence which converges pointwise on
T to a nondecreasing bounded function.

First, let T' = R. Weset I, = [k, k], k € N, and make use of the standard
Cantor diagonal process. By Helly’s theorem (e.g., [86, VIII.4.2]), applied
to the restriction of our family to the interval I1, choose a sequence {p}}°°
in the family which converges pointwise on I; to a nondecreasing bounded
function. Similarly, denote by {¢2}2%; a subsequence of {¢L}°° | pointwise
convergent on the interval I» to a nondecreasing bounded function, and
inductively, for k € N, k& > 2, pick a subsequence {cpn >, of {gon
which converges pointwise on I;. Then the diagonal sequence {¢]
converges pointwise on R to a nondecreasing bounded function from R to
R.

If T is arbitrary, we extend each function ¢ from our family according to
Saks’ idea (cf. [99, Chapter 7, Section 4, Lemma (4.1)]) as follows: if ¢t € R,
we set:

S {Sup{cp(s)]seTﬂ(—oo,t]} if TN (—o0,t]
inf {¢(s) | s €T} if TN (—o0,t] =

n 1

0,
PCEY
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Clearly, ¢ : R — R extends ¢, is nondecreasing and bounded, osc(p,R) =
osc(p, T) and (R) C ¢(T) (i.e., the image ¢(R) is contained in the closure
of ¢(T)). It follows that the family of functions {¢} is bounded on R, and
so, by the above, it contains a sequence {@,, }°° ;, which converges pointwise
on R to a nondecreasing bounded function ¢ : R — R. Since the restriction
©nl|r of @, to T coincides with ¢y, the sequence {¢,}>° ; from the original
family converges pointwise on T to the function ¢ = @|r.

2. Let us show that if a family of mappings F C X7 is infinite and the
set F(t) is precompact in X for allt € T, then for each countable set J C T
there exists a sequence in F, which converges in X pointwise on J.

We again employ the diagonal method. In order to be specific, let J =
{tx}32,. Since the family {f(t1) | f € F} is precompact in X, it contains
a sequence denoted by {fl(¢1)}%,, which converges in X. In a similar
manner, let { f2(t2)}°° ; be a convergent subsequence of { f;} (t2)}5°;, and, by
induction, given k € N, k > 2, let {f¥(¢1)}°%, be a convergent subsequence
of {f*=1(#;)}22,. The diagonal sequence {f7}>2, C F converges in X
pointwise on the set J.

3. To prove the theorem, we set ¢s(t) = Varg(f,T N (—o0,t]), f € F,
t € T. The family {¢; : T — RT | f € F} of nondecreasing functions is
infinite and bounded, since ¢ ¢(t) < Vare(f,T),t € T. By step 1, there exist
a sequence { f,}°°; C F and a nondecreasing bounded function ¢ : T — R
such that lim, . ¢y, (t) = ¢(t) for allt € T. Denote by S at most countable
dense subset of T, so that S C T' C S (generally speaking, a separable set
need not have separable subsets as is shown, e.g., in [48, 12.8], but in the
usual topology of R this is correct: if k € Z, i.e. k is integer, and the
set Ty, = T'N [k, k + 1] is nonempty, then it is totally bounded, and hence,
separable, and so, there exists at most countable subset Sy C T} such that
Ty C Sk, and it remains to set S = |J, Sk and note that 7' = |J, Ty, where
the union (J;, is over those k € Z for which T}, # ). Note that any point
t € T, isolated for T', belongs to S: in fact, T'N(«a, §) = {t} for some interval
(a, B), so that SN(a, B) C TN(e, B) = {t} and t € S; for, otherwise, if t ¢ S,
then SN (a,8) =0 or S CR\ (o, ), whence t € T C S C R\ (a, 3), that
is, t ¢ («, 3), which contradicts the definition of («, 3). As ¢ is monotone,
the set of its discontinuity points is at most countable, and since the set
{fn(t)}>2 is precompact in X for all ¢ € T, by virtue of step 2 we may
assume without loss of generality (passing to a subsequence if necessary)
that f,,(s) converges in X at all points s € S and at all points s € T of
discontinuity of . If T is exhausted by these points s, the proof is complete.

It remains to show that f,(t) converges in X at any point t € T\ S,
which is a limit point for 7" and a point of continuity of ¢. The proof of
this part is close to the one in [84, Theorem 1.3]. Given £ > 0, by the
density of S in T and the continuity of ¢ at ¢, choose s € S such that
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lo(t) —p(s)] < (1/3)®(e). By virtue of the pointwise convergence of ¢y, to
¢, choose a number Ny(¢) € N such that

max{|ey, (t) — ()], [¢g, (s) —@(s)[} < (1/3)®(e), n = No(e).
Properties 23) and 1g) imply

®(Afa(), fa(5))) < Vara(fu, T 01 [5,8]) < |7, (£) = 01, (5)|
< g () — o)) + [@(t) — ()] + lo(s) — @5, (s)],

whence d(fy,(t), fn(s)) < e foralln > Ny(e). Since {f(s)}22, is convergent,
it is Cauchy, and so, there exists Ni(g) € N such that d(f,(s), fm(s)) < €
for all n, m > Nj(e). Then for all n, m > max{Ny(e), N1(e)} we have:

d(fn(t), fm () < d(fu(t), fn(5)) + d(fn(s), fm(s)) + d(fm(s), fm(t)) < 3e,

i.e., the sequence { fy(¢)}2 is Cauchy in X; moreover, since it is precom-

pact in X, it follows that it is convergent in X.
Setting f(t) = lim, o fn(t) in X, t € T, by property 3¢) we conclude
that

Varg (f,T) < liminf Vare(f,,T) < sup Varg(g,T) < oco.
n—00 gEF

0

Example 1.4. In Theorem 1.3 the precompactness of sets F () at all points
t € T cannot be replaced by closedness and boundedness even at a single
point. To see this, let T = [0,1] and X = ¢}(N) be the Banach space
of all summable sequences x = {z;}3°; € RY equipped with the norm
|zl = Y32, |z;]. For n € N define f, : [0,1] — ¢(N) by fu(t) = 0 if
0 <t<1and fp(l) = ey, where e, = {;}32; with z; = 0 if i # n and
z, = 1. Now, if F = {f,}°%,, we have: F(t) = {0} is compact in ¢}(N) if
0<t<1, F(1) ={en}>2, is closed and bounded, Varg(fy, |0, 1]) = ®(1)
for all n € N, and no subsequence of F(1) = {f,(1)}%, converges in ¢!(N).
Other examples see in [6] and [15].

2. Mappings of finite essential variation

The essential variation of a mapping f : T — X is the quantity
Veslf,T) = inf{V(9,T) | g € BV(T: X) and g = fa.c.on Tk (21)

here we use the convention that inf () = oo, and the term almost everywhere
(abbreviated a. e.) refers to the Lebesgue measure on R. If Viss(f,T') < o0,
we say that f is a mapping of finite (or bounded) essential variation and
write f € BVegs(T'; X).
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Let T' C R be measurable and its Lebesgue measure meas(7") be positive.
Recall (e.g., [86, IX.6]) that the density of the set T at a point t € R is
given by

dens(T,t) = lim meas(T' N[t —rt+7])/2r

r—+40
(if the limit exists). A point ¢ € R is said to be a point of density of T if
dens(7,t) = 1; note that such ¢ is a limit point from the left and from the
right for T'. A measurable set T is said to be density-open if each point of T
is a point of density of T’; if t = inf T' € T', we assume that the right density
defined by 2dens(7'N|[t, 00),t) should be equal to one, and if t =supT € T,
it holds for the left density: 2dens(T' N (—oo,t],t) = 1.
Throughout this section 7" is density-open and X is complete.

Theorem 2.1. If f € BV (T; X), then
Vess(f, T) =inf{V(f,T\E) | ECT and meas(E) = 0}. (2.2)

Proof. Let us denote the right hand side of (2.2) by v. By definition (2.1),
for any number o > Vg (f,T) we find a mapping g € BV(T'; X) such that
g=fae onT and V(g,T) < . Since the Lebesgue measure of the set
E={teT]| f(t) #g(t)} is equal to zero and f =g on T\ E, we have:

V(/, T\E)=V(9,T\E) <V(9,T) < cv.
It follows that v < V(f, T\ E) < a, and so, as a — Vegs(f, T'), we obtain
v < Vess(f, T)- (2.3)

Let us establish the reverse inequality. Let e > 0. By virtue of (2.3), v is
finite, so there exists a set £ C T, depending on ¢, such that meas(E) = 0
and

V(f,T\E)<wv+(g/2). (2.4)
Hence, f|lr, € BV(T1;X), where 77 = T\ E. Let us extend f from T}
to the whole real line. We set p(t) = V(f,71 N (—o0,t]), t € T1, and
J = ¢(T1). By Lemma 1.2, there exists a natural mapping g : J — X
such that f = go p on T;. We extend ¢ to a nondecreasing bounded
function ¢ : R — R according to (1.1) (with 7" there replaced by T7), so
that @ = ¢ on Ty and @(R) C J. Since g is uniformly continuous on .J
and X is complete, there exists a unique extension g € Lip(J; X) of g such
that Lq(g,J) = Lq(g,J) < 1: indeed, if t € J and {t,}°°; C J is such that
lim,, 00 t, = t, we set g(t) = lim,,—,o0 g(t5) in X. Defining f: gopon R,
we have f = f on T} and V(f,R) =V(f,T1), since

V(f,R) < Lyg(§, J)osc(@,R) < osc(@,R) = osc(p, T1) = V(p, T1)
=V(f,T)) = V(f.T1) < V(f,R).
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Let {t;}", be an arbitrary partition of 7". Taking into account the density
of ' =T\ E in T (in fact, any point ¢t € E, t # inf T and ¢t # supT, is a
point of density of T, and since meas(FE) = 0, ¢ is also a point of density of
T\ E, and so, it is a limit point from the left and from the right for 7"\ F)
and the definition of ¢, choose pomts {si}*, C T\ E in such a way that

;i <ti,i=1,...,m, sg<s1 <--- <5, and
0<@(t;) —p(si) <277 t/3, i=0,1,...,m
Then for ¢ =0,1,...,m we have:

a(f(t), f(s0) = d((@ o 21, (90 9)(s1)) = d(F(B(1), Gle(5:)))

<@(t) — @(si)] <277 1e/3,
which yields

> d(f(ti), f(tion) <D d(f si))+ > d(f(50), f(si-)
=1

=1 =1

Z (si-1), f(ti1)

(/) + VLT B) + (o/3)

We get V(ﬂT, T) <V(f,T\E)+ (¢/2) due to the arbitrariness of partition
{ti}iZ of T so that together with (2.4) we have V(f|r,T) < v+e. Since

flr € BV(T; X) and f|r = f a.e. on T, from the definition (2.1) and the
last inequality we find that Vess(f,T) < v + € for any ¢ > 0. O

Theorem 2.2. Suppose that f : T — X. Then we have:

(a) f € BVes(T;X) if and only if there exists a set E C T such that
meas(F) = 0 and f|T\E € BV(T'\ E; X); moreover, E can be chosen
such that V(f, T\ E) = Vess(f, T).

(b) If {fu}se, C BVeSS(T X) and d(fn(t), f(t)) — 0 as n — oo for al-
most all t € T, then Vess(f, T) < liminf,, o Vess(fn, T) (lower semi-
continuity).

(c¢) (Structural Theorem) f € BVess(T; X) if and only if there exists a
nondecreasing bounded function ¢ from T into R and a mapping g €
Lip(J; X), where J = o(T') and Lq(g,J) < 1, such that f = goy a.e.
onT.

(d) (Helly’s type Theorem) If F ={f,}5° | CBVess(T;X), sup,,en Vess(fn,T)
is finite and the set { f,,(t)}°2 is precompact in X for almost allt € T,
then F contains a subsequence which converges in metric d a.e. on T
to a mapping from BV (T; X).
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Proof. (a) Sufficiency is a consequence of Theorem 2.1. Suppose that f is
in BVess(7'; X ). By Theorem 2.1, we find E,, C T such that meas(E,) =0,
neN,and V(f,T\ E,) — Vess(f, T)asn — co. Theset E = J,2 | Ey is of
measure zero and T\ E C T\ E,, for all n € N, so applying Theorem 2.1 again
and taking into account the monotonicity of V(-,-) in the second variable,
we have

Vess(,T) <V (f,T\E) <V(f, T\ Ey) — Vess(f,T) as n — oo,

whence V(f, T\ E) = Vess(f, T).

(b) By the assumption there exists a set £ C T of Lebesgue measure zero
such that d(f,(t), f(t)) — 0asn — oo for all t € T'\ E. Given arbitrary set
G C T with meas(G) = 0, by the monotonicity and lower semi-continuity
of V(-,-), we have:

V(LT \(EUG) < minf V(£ T\ (EUG)) < minf V(£,. T\ ).

so that, by Theorem 2.1, we get
Vess(f, T) < liminf V(f,,T \ G) VG CT, meas(G)=0. (2.5)

By (a), choose G, CT' with meas(G,) =0 such that f,|7\q, € BV(T\Gp; X)
and V(fn, T\ Gpn) = Vess(fn, T), n € N. Then the set G = (J,, Gy, is of
Lebesgue measure zero and V(f,,, T\ G) < V(fn, T\ Gpn) = Vess(fn,T'), and
it remains to take into account (2.5).

(c) Since f € BVes(T; X), by (a) there exists E C T with meas(E) = 0
such that f|m\ g € BV(T'\ E; X), and since X is complete by the extension

procedure from the proof of Theorem 2.1 there exists fe BV(T'; X) such

that f]T\E = flr\g- It remains to note that, by Lemma 1.2, f = goy on
T, where ¢ : T'— R is a nondecreasing bounded function, g € Lip(J; X),
J = o(T) and Lg4(g,J) < 1. The sufficiency part is a straightforward
consequence of Lemma 1.2 and item (a).

(d) By the assumption, there exists a set Ey C T of Lebesgue measure
zero such that the sequence { f,, ()}, is precompact in X for all ¢ € T\ Ey.
By (a), for each n € N we can find G C T with meas(G,) = 0 such that
V(fn, T\Gn) = Vess(fn, T). Then Ty = EgUlJ,—; Gy is of Lebesgue measure
zero,

V(fnaT\TO) < V(fnyT\Gn) = Vess(fmT) < sup Vess(fkaT) <oo, mneEN,
keN

and { fr,(t)}°2 is precompact in X for all ¢ € T'\Ty. Theorem 1.3 implies the
existence of a subsequence of { f,,}>; which converges in metric d pointwise
on T\ Ty to a mapping f from BV(T \ Tp; X). Define f on the set Tj
arbitrarily and apply item (a). O
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In this section we have made an attempt to develop the preliminaries
of the theory of metric space valued mappings of finite essential variation
sufficient for the selections problem. If T' = [a,b] and X = R, the corre-
sponding theory is well known, e.g., [5], [50]. In particular, in [5] it was
proved that for continuous functions the notions of essential variation and
Jordan variation coincide. This result is also valid for continuous mappings
with values in a metric space.

3. The space GV (T; X)

Let N denote the set of all continuous convex functions ® : Rt — RT
such that ®(p) = 0 if and only if p = 0, and Ny — the set of all functions
® € N, for which the Orlicz condition holds: lim, .., ®(p)/p = co. In
the terminology of [68, § 2] functions from N are said to be p-functions; in
[62, Chapter 1, Section 2] functions from N, are called N-functions. Any
function ® € N is strictly increasing, and so, its inverse ®~! is continuous
and concave; besides, functions p — ®(p)/p and p — wa(p) = p®~1(1/p)
are nondecreasing for p > 0, so the following limits exist:

®(0) = lim &(p)/p € [0,00),  [®] = lim B(p)/p € (0,00]  (3.1)

and we(0) = lim,,yowa(p) = 1/[®]. Moreover, if ® € N, then
lim r® (c/r) =c lim p/®(p) =0, c€[0,00) (3.2)
r——+0 p—00

and, in particular, we(0) = 0; in this case the function wg : [0, 00) — [0, c0)

satisfies conditions: wg is nondecreasing (and concave), lim,_ o wa(p) =

we(0) = 0 and wa(p1 + p2) < wa(p1) + wa(p2) for pi, pa > 0.
Given ® € NV, f: T — X and a partition £ = {t;}7, of T', we set

Va(fi€l =) ‘I)(d(f(ti)’ f(til))) (ti — ti-1) (3.3)

= ti —ti—1

and
Vo(f,T) = Vo u(f,T) =sup{ Va[f,& | £ is a partition of T }.  (3.4)

The quantity (3.4) is said to be the total ®-variation (in the sense of Jordan,
Riesz and Orlicz). 1f it is finite, we say that f is a mapping of bounded (or
finite) ®-variation and write f € BVg(T; X). If ®(p) = p, the definition
(3.3)—(3.4) gives the classical notion of Jordan variation [58] (see also [86,
Chapter 8] and [100, Chapter 4, Section 9]). If ®(p) = p?, where ¢ > 1,
then (3.3) and (3.4) define the notion of g-variation in the sense of Riesz
[96] (or [97, Chapter 2, Section 3.36]). Real valued functions of bounded
d-variation with ® € N, were extensively studied, e. g., [21], [38], [69], [75]
(and references therein).
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Note that if ® € '\ N, so that the value [®] from (3.1), which is also
equal to sup,~ ®(p)/p, is finite, and 7' is bounded, then the sets BVg(7'; X)
and BV(T; X) consist of the same mappings. Thus, the set BVg(T; X) is
most interesting in the case ® € N.

Given ® € N, the quantity Va[f; £] does not decrease when we add points
to the partition &: Va[f;€] < Va[f; €U {t}] if & = {t;}]", is a partition of
T and t € T\ & This is clear if t < tg or t > t,, so let us suppose that
tp—1 <t <ty for some k € {1,...,m}. Putting, for the sake of brevity,

Ult,s) = Us(t, ) = @(d(f(2), £())/(t = ) ) (£ = 9),

t,seT, s<t,

(3.5)

we have:

£l = <§U(tiyti—l)) + U (tr, te-1) < > Ultitioa > (3.6)

i=k+1
where first sum is omitted if £k = 1 or the last sum is omitted if &k = m.

Applying the triangle inequality for d, monotonicity and convexity of ® and
the Jensen inequality for sums (e.g., [86, X.5.4]), we find

Uty ti—1) < Uty t) + U(t, te—1), (3.7)

which together with (3.6) proves our assertion. This fact implies that (3.4)
is the extension of (3.3), i.e. Va(f,&) = Va[f;&] for any partition £ of T,
and that the value Vg (f,T) does not change if the supremum in (3.4) is
taken only over those partitions of T', in which a finite number of points is
fixed.

The main properties of Vg are gathered in the following lemma (cf. also
Lemma 4.3 below).

Lemma 3.1 (]20, 23, 27]). Let ® € N and f : T — X. Then
(a’) ZfE CGC T, then Vfb(fa E) < V(I)(fa G),

) ift, s €T and s < t, then d(f(t), f(s)) < (t—s)® ' (Va(f, T)/(t—s));
(c; ift €T, then Vq;(f,Tﬂ( ) 4+ Vo (f, TN [t,0)) = Vq;(f, T);

if {fadozy € XT, {@n}p2, CN limy, oo d(fn(t), f(t)) = 0 fort € T
and hmnHOO <I>n(p) = ®(p) for p € [0,00), then

V.:p(f, T) S lim inf Vq;n (fn, T),

(e) Vo(f,T) =sup{ Va(f,TNa,b])|a, beT, a<b};
(f) if s=supT € (R\T)U{oco}, then

V<I>(f7 T) = T1911{1—1>s VcI)(f,T N (—OO,t]),
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(g) ifi=infT € (R\T)U{—oc}, then
Vo(f,T)= Alm Vo (f, T N[t 00));

(h) if s and i are as in (f) and (g), then also

= 1 T b = l‘nl I'Ill T b

Vel T) T23(z},1br)rl(i,s) Va(f, TN a,B]) Talb—nsTalaﬁiV(b(f? Nla,b)
= 1i li T .
Toamsi Tohos Vo (£, T 0 [a,2])

For ® € N and bounded T, we have the embeddings:

Lip(T; X) C BV (T; X) € BV(T; X), (3.8)

and, if |T'| = sup T — inf T', the following inequalities hold:
Vo(f,T) < ®(La(f,T))|T|, f € Lip(T; X), (3.9)
o(V(f.T)/|IT|) < Va(f,T)/ITI, f€BVa(T;X). (3.10)

Inequality (3.9) and the first embedding (3.8) follow from a straightforward
verification. Inequality (3.10), which is the Jensen inequality for variations,
is valid, since if £ is a partition of T" of the form {t;}!", and f € BVy(T; X),
then by (3.5) and Jensen’s inequality for sums, we have:

doimy d(f(t), f(ti-1)) >ic Ua(ti tiz1) Vo(f,T)
(I)< Dot (ti —tiz1) > = iy (ti —ti1) = Yo (ti —tiz1)’

whence
3 j ; - R -1 Vo (f,T)
S ae. ) < (S0 w0)o ! (i) G

The function p +— p®~1(c/p) is nondecreasing (p > 0, ¢ > 0), and
Yo (ti — tic1) = tm — to < |T|, and so, (3.11) implies the inequality,
equivalent to (3.10):

V(f,T) <|T|®~* (Va(f,T)/ITI). (3.12)
Moreover, if ® € N, and T' C R is arbitrary, then
BVs(T; X) C AC(T; X); (3.13)

in fact, if {ai,bi}f‘:l CTand ap < by <ag <by <---<a, < b, then
setting t; = b;, t;—1 = a; and m = n in (3.11), we find

ild(f(b», flay) < (i(bi —ap))! (M)

i=1
Taking into account that ® from N, satisfies (3.2), for any € > 0 we can
find §(¢) > 0 such that p@ =t (Ve(f,T)/p) < e for all 0 < p < §(¢), so that if
o (bi—a;) < d(e), then the last inequality yields -, d(f(b;), f(ai)) <e.
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Having Jensen’s inequality for variations at hand, we can supplement
Lemma 1.2 in the following way:

Lemma 3.2. Let T be bounded, f : T — X and ® € N. Then: f €
BVs(T; X) if and only if there exist a nondecreasing (bounded) function
¢ € BVg(T;R) and a natural mapping g : J = p(T) — X such that f = goyp
on T. In the necessity part one can set p(t) = V(f,T N (—o0,t]), t € T,
and then Vo (p,T) = Vo (f,T).

Proof. Sufficiency. Let ® € N, T be arbitrary, ¢ € BVg(T;R), J = ¢(T),
g € Lip(J; X), Ly(g,J) < 1land f = gop on T. Let us show that f €
BV (T; X) and Vo (f,T) < Va(p,T). Indeed, given a partition £ = {t;}7
of T', we have:

Volfié]=) @ (d(g(gp(t;)lifipl(ti_l)))> (ti — ti1)
d(9; )W(ti) — sD(ti_l)’)(tz‘ —ti-1)

i@(L J

IN

=1
P t;i —ti 1
< Va(Lalg, J)p, T) < Va(p,T).

Necessity. Since BVg(T; X) C BV(T; X), the function ¢ : T — RT given
by ¢(t) =V (f,TN(—00,t]),t € T, is well defined. Then the decomposition
f = g oy with natural g : J — X follows from Lemma 1.2. Let us show
that ¢ € BVg(T;R). If £ = {t;}" is a partition of T', by the additivity of
V(-,) and inequality (3.12) for i € {1,...,m}, we find

p(ti) = p(ti-1) = V(f, TN (=00, ti]) = V(f, TN (=00, ti1])
= V(TN [t ti])

< (ti—ti—1)®! (Vq)(fvT N [tio1, i)/ (L — ti—l)),

and so, the monotonicity of ® and Lemma 3.1(c), (a) imply

Valps€] < Y Va(f. TN [ticr, ti]) = Va(f. T N [to. t]) < Va(f, T).

i=1
Hence, Va(p,T) < Vo(f,T). From the decomposition f = g o ¢ and the
sufficiency part we get Vo (o, T)=Va(f,T). O

By virtue of Helly’s selection principle (Theorem 1.3 with ®(p) = p) and
inequality (3.12) one can obtain a variant of Helly’s selection principle in
the space BVg(T'; X); and also, if ® € N, the sequence, extracted from the
family F, may be chosen to converge even uniformly on 7" (if we take into
account Lemma 3.1(b), condition (3.2) and the Arzela-Ascoli Theorem).
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Let us consider briefly the case when T'= I = [a,b], |I| =b—a and X is
a linear normed space over K = R or C equipped with the norm || - ||.

Theorem 3.3 ([20, Theorem 7]). Let (X,||-||) be a reflexive Banach space,
® e N and f € BVg(I; X). Then f admits a strong derivative f'(t) € X
for almost all t € I which is strongly measurable and f:@(”f’(t)H)dt <
Vo (f,[a,b]). Moreover, if ® € N, then f is strongly differentiable a.e. on
I, its derivative f' is strongly measumble and Bochner integrable on I, f
is represented in the form f(t) = ) + f f'(s)ds for all t € I, and the
following integral formula for the CI> varmtwn holds
b

Valf.lat) = [ @(170)1)a. (3.14)

a

Corollary 3.4 ([20, Corollary 9]). Suppose that f : I — X and ® € Nu.
(a) If X is a reflexive Banach space, then f € BVg(I; X) if and only if
f 1 — X is absolutely continuous and [, ®(||f'(t)||)dt < oo.
(b) If X is a metric space and cp(t):V(f, [a,t]), t € I, then f € BVg(I; X)
if and only if ¢ € BVg(I;R), i.e., if and only if ¢ € AC(I;R) and
;@ |)dt is finite. Moreover

Vel D) =ValoD) = [#(I¢'0))dt = [ (1 5VIL It} (315)

For X = R the criterion in Corollary 3.4(a) is known from Riesz [96]
(cf. also [97, Chapter 2, Section 3.36]) if ®(p) = p? with ¢ > 1, and
Medvedev [75] and Cybertowicz and Matuszewska [38] if ® € No; in [38]
the integral formula (3.14) is established for X = R.

If ®(p) = p?, p >0, ¢ > 1, we denote the space BVg(I; X) by BV, (I; X),
and Vo — by V. Note that if (X, d) is a metric space and f € Lip(/; X),
then e

Lq(f,I) = lim (Vq(f, I)) = esssup‘ V(f,]a, t])‘

q—0oe tel
In fact, inequality (3.9) implies V,(f,I) < (La(f, I)) |I|, whence
limsup(Vy(f.1))"* < La(/.1).
q—00
and Lemma 3.1(b) for t,s € I, t # s, gives

d(f(t), f(s)) < |t — s D (V(f, 1)),
so that
A(F(E). S())/It = s| < timinf (V(£.1))"".
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The second equality follows from (3.15). In particular, if X is a reflexive
Banach space, then Lg(f,I) = esssup;c;||f'(¢)||. Thus, if X is a metric
space and ¢(t) = V(f,|a,t]), t € I, then f € Lip(I;X) if and only if
¢ € AC(I;R) and esssup,¢;|¢(t)| < 0o, and if X is a reflexive Banach space,
then f € Lip(I; X) if and only if f € AC(I; X) and esssup,¢;|| f'(t)]| < oo.

Example 3.5. (a) Let us show that there exists a function f € BV, ([0, 1];R)
for all ¢ > 1, which is not Lipschitzian. We set f(t) = t(1—logt)if0 <t <1
and f(0) = 0. Since f'(t) = —logt for 0 < ¢t <1, by (3.14) we have:

1 00
/ —logt)ddt = /sqesds =I'(¢g+1), ¢q=>1,
0 0

where I is the Euler gamma-function: T'(z) = [;°t*"'e~'dt, > 0. On the
other hand, supg;<; f(t)/t = oo, and so, f ¢ Lip([0,1];R). Note also, that
since the main term in the asymptotic expansion of I'(¢g+1) as ¢ — o is, by
Stirling’s formula, of the form /27q (¢/e)?, then lim, o (V,(f,[0,1]))"/7 =
limg 00 (T'(g + 1))/ = c0.

(b) This is an example of a function

f € AC([0,1/2];R) \ [\|BV,([0,1/2];R).

q>1
We set f(t) = —1/logtif 0 <t <1/2 and f(0) = 0. Formula (3.14) yields
1/2 1/2 00
Vy(£,00,1/2) = [ |f/(t)|dt = A g
g = [irema= [ o= [ Saas gz,
0 0 log 2

but the last integral converges if ¢ = 1 and diverges for all ¢ > 1.
(c) Let ®(p) =e” —1, p >0, and f(¢t) = t(1 —logt) if 0 < ¢ < 1 and
f(0) =0. Then for A > 0 we have:

1

1
dt
Vo (f/X, [0, 1)) t/}b |/A dt ]/thu_
0

0
=1 a1,
R ifo<\<1.

The importance of the sets BV (I; X) is given by

Theorem 3.6 ([20, Corollary 11]). Given a metric space (X, d), the follow-
ing equality holds: AC([a,b]; X) = Ugepr, BVa(la,b]; X).
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The sets BVg(T'; X) generated by different functions ® € N are related
as follows:

Lemma 3.7 ([27, 37, 66]). Let ®, W € N. If T C R is bounded, (X,d) is
a metric space and limsup,_,., ¥(p)/®(p) <oo, i.c.,

3C>0, po>0 such that V(p)<CP®(p) Vp=>po, (3.16)

then BV (T; X)) C BVy(T; X). Conversely, if I = [a,b], (X,]-]|) is a linear
normed space and BVe(I; X) C BVy(I; X), then condition (3.16) holds.
Recall that a function ® € N satisfies the Ag-condition near infinity or,
in short, AS°-condition, if limsup, ., ®(2p)/®(p) < oo ([62, Chapter 1,
Section 4] or [68, Section 3]), which is equivalent to
3 numbers C' > 0 and py > 0 such that

3.17
2(20) < CB(p) ¥p > po. (347
and this, in turn, as it is known, is equivalent to
YA>13dC(\) >0, A) > 0 such that
(A) po(A) (3.18)

®(p) < C(N)2(p/A) Vp = po(A).

For the sake of brevity we shall write BV instead of BVe(T'; X), Va(f)
instead of Vg (f,T) and L4(f) instead of Ly(f,T).

Lemma 3.8. Let X be a linear normed space and ® € N'. Then BVg(I; X)
is a linear space if and only if ® satisfies the AS°-condition.

Proof. First observe that the convexity of ® implies that the set BVg is
convex and f +— Vg(f) is a convex functional:

Vo(0f + (1 —0)g) <0Va(f)+ (1 —0)Va(g),
f,g€BVs, 0€]0,1].

To prove sufficiency (with I C R an arbitrary subset), let f, g € BV and
c € K. Then Va(cf) = Va(|c|f). If |¢| < 1, by (3.19), cf € BVg. If |¢| > 1,
by (3.18), there exist C' > 0 and pg > 0 such that ®(|c[p) < CP(p) for all
p > po. Setting U(p) = @(|c|p), p € [0,00), and applying Lemma 3.7, we
get: BVy C BVy, and so, Va(|c|f) = Vo (f) < oo, whence ¢f € BVg. This
and (3.19) yield f 4+ g € BVg, since

(3.19)

Vo(f+9)=Vs (;Qf + ;29> < %V@(Qf) + %V@(Zg) < 00.

Conversely, let BVg be a linear space. In particular, this means that if
f € BVg, then 2f € BVg, or BVg C BVy, where ¥(p) = ®(2p), p > 0. By
Lemma 3.7, there exist C' > 0 and py > 0 such that ®(2p) = ¥(p) < CP(p)
for all p > po, i.e., ¢ satisfies (3.17). O
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As Lemma 3.8 and Example 3.5(c) show, the set BV (7; X) with X a
linear normed space and ® € N, is not, in general, a linear space. On the
basis of this set we will define a new space GVg(T'; X') with better properties,
called the space of mappings of bounded generalized ®-variation.

Let (X,d) be a metric space and T C R. Given ® € N and X > 0,
we set Dy(p) = ®(p/N), p > 0. By Lemma 3.7, if T is bounded, we have
BVs, C BVy if 0 < A <1 and BV C BVg, if A > 1. By Example 3.5(c),
the latter embedding is, in general, strict. Lemma 3.7 and condition (3.18)
imply that for the reverse embedding BVy, C BV with A > 1 to hold,
it is sufficient, and when 7' = I and X is a linear normed space it is also
necessary, that the function ® satisfy the AS°-condition. Given arbitrary
® € NV, the space GVp = GVg(T; X) is defined by

GVa (T3 X) = | | BVe, (T; X) = | BVa, (T; X). (3.20)
A>0 A>1

From the above it follows that if T is bounded and ® € N satisfies the
Ag°-condition, then GVg(7T; X) = BVs(T; X). Conversely, if T = I, X is
a linear normed space and GV (I; X) = BVg([; X), then & satisfies the
AS°-condition: in fact, since BVg, (I; X) C BV (I; X), by Lemma 3.7 there
exist C' > 0 and pg > 0 such that ®(p) < C®(p/2), p > po.

If X is linear normed space, the set GVg(T'; X) coincides with the set of
those f € X, for which there exists a A > 0 (depending on f) such that
f/A € BVy(T; X); moreover, it is a linear space, for if f, g € GVg, then
there exist A > 0 and g > 0 such that f/A, g/u € BVg, and so, from (3.19),
we find

f+g) A p

Vol —= | < Vi A) + Vi < , 3.21
b(150) < U + Vel < o (21
which implies f + g € GVg. It is also clear that c¢f € GVg if ¢ € K and
f e GVg.

For T C R and a metric space X we define the following nonnegative
functional (of Luxemburg-Nakano-Orlicz type) on GVg(T'; X):
pa(f) =pad(f,T) = inf{A> 0] Ve, (f,T) <1},

[ e GV (T; X), (3:22)

which is called the precise ®-variation of f. The number pg(f) is well
defined, since Vg, (f) < Vao(f)/A if A > 1. For instance, if ®(p) = p?, ¢ > 1,
then po(f) = (V4(f, T))/4 for any f € BV, (T; X).

The main properties of pg are presented in the following

Lemma 3.9. Let ® € N and f € GVs(T; X). We have:
(a) d(f(t), f(5)) < wa (|t = s|)pa(f,T) for allt, s € T;
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(b) if A =pa(f,T) >0, then Vo, (f,T) <1 (and so, the infimum in (3.22)
is attained for such f);

(c) if A>0, then po(f,T) <X if and only if Vo, (f,T)<1;

(d) if A >0 and Vo, (f,T) =1, then ps(f,T) = A;

(e) if a sequence {fn}o>, C GVa(T;X) converges pointwise on T to
f:T—X asn — oo, then pe(f,T) < liminf,, o pa(fn, T);

(f) for bounded T the following inequalities hold:

¢_1(1/|T|)pq’(f7 T) < Ld(f) T)a fE€ Llp(TvX)v (323)
V(f,T) < we(|T|)pa(f,T), f € GVa(T; X); (3.24)

(h) if X is a linear normed space, then the functional ps(-,T) is a semi-
norm on the linear space GV (T; X).

Proof. (a) Given t, s € T, s < t, by (3.3), (3.4) and (3.22), we have:

o (1010

(t—s)A >(t_8)§V‘1’A(fvT)§1 it A>pa(f,T),

so that dividing by ¢ — s and taking the inverse function ®~!, we get:

d(f(t), f(s) < (t =)@ (1/(t—9)A,  A>palf.T).

(b) Set A = pa(f,T) > 0. Choose numbers A(n) > A, n € N, such that
A(n) — A as n — co. By definition (3.22), Vg, . (f,T) < 1 for all n € N,
and so, by Lemma 3.1(d), we find Vo, (f,T) < liminf, oo Vo, (f,T) < 1.

(c) If Vo, (f,T) < 1, then pa(f,T) < X by virtue of (3.22). Suppose
that pe(f,T) > 0 (otherwise, by (a), f is constant and Vg, (f,T)=0). If
pao(f,T) = A, then Vg, (f,T) < 1 thanks to item (b). It remains to show
that

if pa(f,T) <A, then Vg, (f,T)<1. (3.25)

Indeed, setting u = pe(f,T) and taking into account the convexity of ® and
the result of item (b), we have: Vg, (f,T) < (u/M)Va,(f,T) < /A < 1.

(d) In view of (c) and (3.25) the cases pa(f,T) > A and po(f,T) < A are
not possible.

(e) It suffices to suppose that A = liminf,, o ps(fn,T) is finite. Then
P&(fn,T) — X as k — oo for some subsequence {f,, }72; of {fn}oy,
so for any € > 0 we can find ko(¢) € N such that pe(fn,,T) < A+ ¢
for all k& > ko(e). The definition of pg(fn,,T) implies Vo, (fn,,T) <1
if K > ko(e), and since f,, converges to f pointwise on T' as k — oo,
Lemma 3.1(d) yields Vg, (f,7) < liminfy .o Vo, (fn,,T) < 1, whence
po(f,T)<A+e,e>0.
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(f) Set A=Lq(f, T)/®*(1/|T|). If Lg(f,T)=0, then ps(f,T)=0, and so,
let Ly(f,T)>0. Applying (3.9), we have: Vg, (f,T) <P\ (Lq(f,T))|T|=1,
and it follows from (c) that ps(f,7") < A, which proves (3.23).

To prove (3.24), we set A = V(f,T)/(|T|®~*(1/|T|)) and suppose that
A > 0. Then (3.10) gives Vo, (f,T) > |T|®x(V(f,T)/|T|) = 1. This and
(3.25) then imply pgs(f,T) > .

(g) Set A = pa(f, T N (—00,t]) and p = pa(f, T N [t,00)). If at least
one of the numbers A\ or pu is zero, then, by item (a), the inequality (ac-
tually, the equality) is obvious. Let A > 0 and pu > 0. By (b), we get
Vo, (f, TN (—o0,t]) <1and Vg, (f,TN[to0)) <1. In view of (c), inequal-
ity pe(f,T) < A+ p is equivalent to Vg, (f,7) < 1. In order to prove the
latter, let £ = {t;}~, be a partition of T" such that t;_; <t < t), for some
ke {l,...,m} (the cases t < ty or t > t,, are similar). Denote by U (t, s)
the expression U(t,s) from (3.5), corresponding to function ®,. For the
quantity Ve, [f;&] from (3.3) equality (3.6) holds, where U is replaced by
Urt+u- The convexity of ® and (3.7) imply

A
ti,ti—1) <
U)\+,“ ( 1) )\ + L

Untp(te the1) < Ungp(t, to—1) + Ungp(te, t)

U)\(ti,ti_l), i=1,....k—1,

i
< Un(t, ti_1) + ——U,(tg, ),
<37 s At 1) Nt u(test)
i ‘
Unyp(ti tizg) < mUM(tiati—l)a i=k+1,...,m,
which together with (3.6) give
. I
V<I>)\+u[fa§] < >\+,UV¢)\(f’Tﬂ (—OO,t]) + )\_i_MV‘PM(faTm [t,OO)) < 1.

(h) Clearly, pa(cf,T) = |c|pa(f,T), ¢ € K. The triangle inequality, which
is of the form ps(f + 9,7) < pa(f,T) + pa(g,T), holds if at least one of
the numbers at the right hand side is zero. Now if A = pg(f,T) > 0 and
= pa(g,T) > 0, then from (3.21) and (b) we get Vo ((f+9)/(A+n),T) <1,
and so, pe(f +¢,T) < XA+ p according to (3.22). O

One of the advantages to define the space GVg(T'; X) is that it is invariant
with respect to equivalent metrics on X: if d and dy are equivalent metrics
on X, i.e, Cid(x,y) < do(z,y) < Cad(z,y) for some constants C; > 0 and
Cy>0andall z,y € X, and f € GVy(T; X) with respect to metric d, then
f € GV (T'; X) with respect to metric dy and the following inequalities hold
C1po.a(f;T) < pa.dy(f,T) < Copoa(f,T), where pg a(f,T) is the quantity
(3.22), evaluated in metric d.

By Lemma 3.9(b), the structural lemma 3.2 holds for mappings f from
GVs(T; X) if we replace BVg by GVg, and the equality Vo (o, T) = Vo (f,T)
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— by pa(p,T) = pa(f,T). To see this, let us follow the notation and proof
of that Lemma, making the necessary changes. If ¢ € GV (T;R), without
loss of generality we suppose that A = pg (¢, T) > 0, and so, if f = gop, we
have: Vg, (f,T) < Va(p/A,T) < 1since Ly(g,J) <1, hence f € GVg(T; X)
and pa(f,T) < pa(p,T). To prove the necessity part, we note that if
fe€GVe(T;X), A\ =pa(f,T) > 0 and ¢(t) = V(f, TN (-o0,t]), t € T,
then, by Lemma 3.2, Vo (/N T) = Vo, (f,T) < 1, so that ¢ € GVg(T;R)
and p<1>(907T) < A= p@(fv T)

In order to establish the relations between spaces GVg (T'; X), generated
by different functions ® € N, let us recall certain definitions ([62, Sections
3, 13], [68, Theorem 3.4]). Given functions ®, ¥ € N, we write ¥ < ® and
say that ® dominates W near infinity if there exist constants C' > 0 and
po > 0 such that U(p) < ®(Cp) for all p > pg. For example, if &(p) = pP
and ¥ = p? with p,q > 1, then ¥ < & if and only if ¢ < p. Functions &,
¥ € N are said to be equivalent near infinity, in symbols ® ~ ¥, provided
U < ®and & < U. Clearly, ® ~ ¥ if and only if, for some constants C'; > 0,
Cy > 0 and py > 0, we have ®(C1p) < U(p) < &(Cqp) for all p > po. In
particular, if lim, .. ®(p)/¥(p) > 0 is finite, then & ~ V.

Theorem 3.10. Let &, ¥ € N. If T is bounded, (X,d) is a metric space
and U < &, then GVe(T;X) C GVy(T;X) and there exists a number
k= k(P,U,|T|) >0, depending only on ®, U and |T|, such that py(f,T) <
kpa(f,T) for all f € GVe(T;X). Conversely, if I = [a,b], (X,| -|) is a
linear normed space and GVg(I[; X) C GVy(I; X), then ¥ < ®. Thus, the
spaces GV (1; X) and GVy(I; X) consist of the same mappings if and only
if ® ~ W, and moreover, functionals pe(-,I) and py(-,I) are equivalent.

Proof. 1. If ¥ < @, then ¥(p) < ®(Cp) for some constants C' >0 and
po >0 and all p > po. Given f e GVg(T;X), there exists A >0 such that
Vo, (f, T) < oo, and so, if u=AC, we have: Vg, (f,T) <Y (po)|T|+Va,(f,T).

Now, let us prove the inequality. Let f € GVg(T;X) and A\ = pa(f,T).
If A =0, then f is constant by Lemma 3.9(a), and so, py(f,T) = 0. Assume
that A > 0 and set p; = ¥~1(1/(2|T])) and N = max{1,¥(pg)/®(Cp1)}.
Since ¥ < @, then ¥(p) < N®(Cp) for all p > p;: in fact, this is clear
if p1 > po or p1 < pg < p, so we suppose that p; < p < po, in which
case U(p) < U(pg) and ®(Cp1) < ®(Cp) by the monotonicity of ¢ and
U, and so, ¥(p) < ®(Cp)¥(py)/P(Cp1). Let & = {t;}]", be an arbitrary
partition of T'. Setting u = 2NC\ and denoting by {i} the set of all indices
i €{1,...,m}, for which d(f(t:), f(ti=1))/((t; — ti—))p) < p1, and by [i] —
the set of remaining indices, taking into account the convexity of ® and
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Lemma 3.9(b), we find

Vu,[f; €] = (Z +Z) < t_tz(tlgul)))(ti—ti_l)

e{i}  i€li]
) f(tz—l)) . .
Yeolt +N%:] < (ti—tiyzna )i~ ti)
1 1
-+ — <
<5t Va(nT) <1

Since ¢ is arbitrary, this implies Vi, (f,T) < 1, and so, py(f,T) < p =
2NCps(f,T), and it remains to set kK = 2NC.

2. Suppose now that condition ¥ < ® does not hold. Then there exists
a sequence {p,}>2; of positive numbers such that lim, . p, = 0o and
U (pn) > ®(n2"py,) for all n € N. Setting § = 1/2" and p = n2"p, in the
(convexity) inequality ®(0p) < 0P (p), we get ®(n2"p,,) > 2"®(npy,); thus,

U (pn) > 2"0(npy), n € N. (3.26)

We define the sequence of points {t,}°2, in I as follows: tp = a and
tn — th—1 = 27" |I|®(p1)/P(npy) if n € N. Put

f(t) o (npn(t — tn—l) + Sn_l).%' ift,_1 <t< tn, mn €N,
R if limy, ooty <t <D,

where Sy = 0, S = Zﬁ:l npp(ty — th—1), k € NU {0}, z € X, ||z]| = 1,
and note that Soo < 0o. Let us show that f € BVg(I; X), and at the same
time f ¢ GVg([; X). In fact,

) o)
I) = ZUq?(tnatn 1 Z(I) npn tn — tnfl) = |I|q)(p1) <0
= n=1

Now if A > 1, then for any m € N, m > A, by virtue of (3.26) we have:

WIS ShT (G (U TR

n=m

2m

> U (pn)(tn —tn—1) = m|I|®(p1).

n=

Therefore, Vi (f/A,I) = oo for all A > 0. O
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4. Metric semigroups of mappings

A triple (X,d,+) is said to be a metric semigroup if (X,d) is a metric
space with metric d, (X,+) is an additive commutative semigroup (i.e.,
r+(y+z2)=(x+y +zand z+y =y +x for all z,y,2 € X) and d
is translation invariant in the sense that d(z,y) = d(x + 2,y + z) for all
x,y,z € X. A metric semigroup (X,d,+) is called complete if (X,d) is a
complete metric space.

A simple example of a metric semigroup is any linear normed space
(X, || - ||) with induced metric d(z,y) = ||z — y||, ,y € X, and the ad-
dition operation + from X; this semigroup is complete if X is a Banach
space. If K C X is a convex cone (i.e., z + y,\x € K whenever z,y € K,
A > 0), then (K, d,+) is also a metric semigroup, which is complete if X is
a Banach space and K is closed in X. More examples of metric semigroups
relevant for our purposes are presented below in this section (for metric
semigroups cc(X) and cbe(X) see p. 47 and p. 60).

Note that if (X,d,+) is a metric semigroup, then, by the translation
invariance of d and the triangle inequality for d, given z,y,u,v € X, we
have:

d(x,y)
d(z +u,y +v)

d(x 4+ u,y +v) + d(u,v), (4.1)
d(z,y) + d(u,v). (4.2)

In particular, inequality (4.2) implies that the addition operation (z,y) +—
T + ¥y is a continuous mapping from X x X into X: =, +y, — z+yin X
as n — oo whenever x,, — x and y, — y in X as n — oo. More generally,
ifz, — x, yp — ¥y, up — uw and v, — v in X as n — oo, then

<
<

nh—>Holo d(Tpn + Yn, un + vn) = d( + y,u +v). (4.3)

4.1. The space GVg(T; X) as a metric semigroup. Let T C R, a €T
be a given point, (X,d,+) be a metric semigroup, ® € N and f, g €
GV (T; X).

The addition operation in GVg (T'; X)) is introduced pointwise: (f+g¢)(t) =
f(t)+g(t), t € T. It is well defined, i.e., f+g € GV (T; X); indeed, Vo, (f)
and Vg, (g) are finite for some constants A>0 and x>0 and, given ¢, s € T,
s < t, inequality (4.2) yields

d(f+9)).(f+9)(5) - A df®).1(s)  p dlg(t)g(s))

(t—s)( A+ p) A4 (t—s)A Ap (E—s)p
and so, by the monotonicity and convexity of ®, we get:
1
Vay,.(f +9) < AJFMV@A(f) + AJF/ULV%(Q) < 00.
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This inequality, Lemma 3.9(b) and (3.22) also imply pe(f + g) < pa(f) +

pa(9)-
We define the metric dp on GVg(T'; X) as follows ([19], [22]):
do(f,9) = d(f(a),g(a)) + As(f,9), (4.4)
where
As(f,9) = Aopa(f,9,T) =inf{A > 0| We,(f g) <1} (4.5)
and
W@(f?.g) = Wq),d(fvg7T) (46)
R (AU + g(tica), g(t) + ftm),,
—sgp;q)( —— )(tz_tzl)a

and the supremum is taken over all partitions { = {¢;}7*, (m € N) of the
set T'. In the significant particular case ®(p) =p, i.e., when GVg(T; X) =
BV(T; X), we denote do by di and Wo = Agp — by Ay = Ay 4. In the
context of the Hausdorff metric d on the space of all compact convex subsets
of a real linear normed space the metric dg was employed by Zawadzka [113]
(with ®(p) = p), Merentes and Nikodem [77] (with ®(p) = p? and ¢ > 1)
and Chistyakov [23] (in the general case ® € N).

It will be shown below that Ag is a semimetric and dg is a metric on
GVs(T; X), which are translation invariant. Now let us verify that the value
Ag(f,g) is finite. In fact, since Vi, (f) < oo and V3, (g) < oo (see above),
given t, s € T, s < t, (4.2) implies

d(f() +9(s),9() + f(5) _ A d(f(),f(s)  pn  dg(t),9(5))

(t—s)( A+ p) T A+ (t—s)A Ap (t—s)p
hence (again by the monotonicity and convexity of @)
u
W. < Ve
bu£0) € T2V (D) +
Again by the convexity of ®, for v > A + 1 we have:
A p
Wa, (f.g) < 20
and so, Ag(f,g) is well defined.

The main properties of Ag and Wg are gathered in Lemmas 4.1 and 4.3.
The following lemma is a counterpart of Lemma 3.9(a)—(e) for Ag.

Va,(g) < oco. (4.7)

We, ,(f,9) =0 as v— oo,

Lemma 4.1. Let T CR, (X,d,+) be a metric semigroup and f,g€ GV (T;X)
where ® e N'. Then we have:
(a) [d(f(t),9(t)) —d(f(s),g(s))| < d(f(t) + g(s),9(t) + f(s)) <
wa (|t — s|)As(f,g) whenevert, s € T,
(b) if A= Aqs(f,g) >0, then Wo,(f,g9) < 1;
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(c) given A>0, Ag(f,9) <X if and only if Wa, (f,9)<1;

(d) if X >0 and Wo,(f,g) =1, then As(f,g9) = X;

(e) if sequences {fn}oy, {gn}tozy C GVa(T;X) converge pointwise on T
to f and g as n — oo, respectively, then

A@(ﬁg) < hnni)loréf A‘P(fmgn);

() Ipa(f) — pa(9)| < As(f,9) < pa(f) + palg).

Proof. (a) By (4.5) and (4.6), we have, for ¢, s € T', s # t,

d(f(t)+g(s), g()+f(s))
(I)< |t — s|A

)It—SISW@(f,g)Sl A= Aslfg).

Dividing by |t — s| and applying ®~!, we get the second inequality in (a).
The first inequality in (a) is a consequence of (4.1).

(b) First, let us show that if conditions of (e) are satisfied and A(n) — A
as n — oo, where A(n) > 0 and A > 0, then

W (f.9) < limind W, (fusg0): (4.8)
The pointwise convergence of f,, to f and g, to g and property (4.3) imply
Tt d(fu(8)+9u(5), gu )+ Fa() = d(F () 9(5). g+ F()), t s ET.

Given & = {t;}/", a partition of T, by (4.6), for all n € N we have

< d(fn(ti)Fgn(tiz1), gn(ts) + fu(ti=1)
;q’< (t — L) A(n)

Passing to the limit inferior as n — co and making use of the continuity of
@, and then taking the supremum over all partitions £ of T at the left hand
side, we arrive at (4.8).

In order to prove (b), let A(n) > A = Ag(f,g), n € N, be such that
lim, .o A(n) = A. Since Wo,, (f,g) < 1 for all n € N, (4.8) yields
WCDA (f7g) S L.

(c) As in the proof of Lemma 3.9(c), by virtue of (a) and (b), it suf-
fices to show only that if 0 < Ag(f,9) < A, then Wa, (f,g) < 1. Setting
1 = As(f,g), by the convexity of ® and item (b), we have: Wg,(f,g) <
(/M We,(f.9) < p/A< 1.

(d) By the just proved assertion and item (c), it follows that the cases
As(f,g9) <X and As(f,g) > A do not hold.

(e) Suppose that A = liminf,, oo Ag(fn,gn) < co. Then there exists a
subsequence {n}72; of {n};2; such that Ag(fn,,gn,) — A as k — oo, and
so, given € > 0, we find a ko(e) € N, for which Ag(fn,,gn,) <A+ € for all
k > ko(e). By the definition of Ag(fn,,9n,), we have Wo,  (fn,, gn,) <1,

>(tl - tl'*l) < W‘I’)\(n)(fn7gn)‘
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k>ko(e). From the pointwise convergence of f,, and g, and (4.8) we get
We,..(f,9) <1 and, therefore, Ag(f,g9) <A +¢ for all € > 0.

(f) First we establish the second inequality. Set A=ps(f) and p=ps(g).
If A=0 or u=0, then the (in)equality is obvious by virtue of Lemma 3.9(a).
Suppose that A>0 and p>0. Then Vs, (f) <1 and V3,(g9) < 1 according
to Lemma 3.9(b), and so, Ws,, ,(f,g) <1 thanks to (4.7). Taking into
account (4.5) we get that Ag(f,g9) < A+ p.

To prove the first inequality, we set A = Ag(f,g) and p = pg(g) and
assume that A>0 and ¢ >0. From (4.1),

d(f(t), f(5)) < d(f(t)+g(s), g(t)+f(s)) +d(g(t),9(s)), ¢, s€T.  (4.9)

By the convexity of @, (3.3), (3.4), (4.6) and Lemmas 3.9(b) and 4.1(b), we
find that

Vs (D) < 57 Wan(F9) + 1 Valo) <1 (410)

whence ps(f) < A+ pu = As(f,9) + pa(g), and it remains to take into
account the symmetry in f and ¢ in the formulae.

If A =0, by Lemma 4.1(a), (4.9) and the symmetry in f and g, we have:
d(f(t)af(s)) = d(g(t)ag(s)) for all t,s € T, and so, p@(f) = p‘I’(g)' If
p = 0, Lemma 3.9(a) implies that ¢ is a constant mapping and, hence,
d(f(t), f(s)) = d(f(t)+9(s),9(t) + f(s)), t.s € T, so that Ag(f,g) =
pa(f)- O

Theorem 4.2. If T C R, (X,d,+) is a (complete) metric semigroup and
the function ® € N, then the triple (GVe(T; X),ds,+) is also a (respec-
tively, complete) metric semigroup.

Proof. Let f, g, h € GVg(T; X). The translation invariance of dg follows
from equality Ag(f 4+ h,g + h) = Ag(f,g), which is a consequence of the
translation invariance of d and the following equality for ¢, s € T":

A((f+R)O+(g+R)(s), (g+R) O +(F+)(s)) = d(F(E)+9(5), 9()+£(5)).

Now let us show that dg is a metric on GVg(T;X). If do(f,g9) = 0,
then, by (4.4) and Lemma 4.1(a), d(f(t),g(t)) = d(f(a),g(a)) =0, t € T,
t # a, that is, f = g. Clearly, dg is symmetrical: dg(f,g9) = da(g, f).
In order to prove the triangle inequality for dg, it suffices to show that
As(f,9) < As(f,h) + As(g,h). From (4.1) and the translation invariance
of d we have, for all t, s € T,

a(f(1)+9(s). 9(t)+ £(5)) < d(F (D) +h(s), h(t) + (5))
+d(g(t) + h(s), A1) + g()). (4.11)
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First assume that Ag(f,h) = 0. By Lemma 4.1(a),
d(f(t) + h(s),h(t) + f(s)) =0,  t,s€eT,

and so, We, (f,9) < Wa,(g,h) for all A > 0 by virtue of (4.11) and (4.6).
Then (4.5) implies Ag(f,9) < Ag(g,h). The symmetry in f and g gives
Ag(f,9) = Aa(g, h). Similarly, if Ag(g,h) =0, then Ag(f,9) = Aa(f,h).

Let A = Ag(f,h) > 0 and p = Ag(g,h) > 0. Then, by Lemma 4.1(b),
We, (f,h) < 1 and Wg,(g,h) < 1. Using (4.11), (4.6), the monotonicity
and convexity of ®, we have:

A @
W¢A+M(fa g) < TMW‘I’A (f> h) + mW‘Pu(gv h) < 17

which proves that Ag(f,g) < A+ p.
Suppose that (X, d) is a complete metric space and {f,,}
sequence in GVg(T; X), i.e.,

do(fn, fm) = d(fn(a), fm(a)) + Ae(fn, fm) — 0 as n, m —oo.  (4.12)
By Lemma 4.1(a), {fn(¢)}5°, is a Cauchy sequence in X for all ¢t € T'. Let

n=1

f:T — X be such that f,(t) — f(t) in X as n — oo for all t € T. From
Lemma 4.1(e) we find

)
n=1

is a Cauchy

Again, since {f,}72 is Cauchy, then
hmsup A@(fna f) < lim lim d@(f’na fm) = 07
n—oo m—odo

n—oo

whence we conclude that dg(f,, f) — 0 as n — co. It remains to show that
f € GV (T; X). It follows from (4.12) and Lemma 4.1(f) that {ps(fn)}22,
is a Cauchy sequence in R, and so, it is bounded and convergent. Our
assertion now follows from Lemma 3.9(e). O

Further properties of Ag Wy are presented in the following

Lemma 4.3. Let 0 # T C R, (X,d,+) be a metric semigroup, ® € N and
f,g: T — X. Then we have:

(a) Wa(f,9,T1) < Wa(f,g,T2) whenever O # Ty C Tp C T}

(b) d(f()+9().9()+£(s)) < (t=)0" (Wa(f,9.T)/(t=5)). t.s € T
s <t

(C) th €T, then W‘I)(fag’T) = W@(f,g,Tﬁ(—OO,t])—l—W(b(f,g,Tﬂ[t,OO)),
and also A@(f?.gvT) < A‘I)(fvg’Tm (—OO,t]) + A‘P(fvgaT N [t, OO))7

(d) Wq)(fag7T) = Sup{W<I>(f7gva [CL?b]) | a,beT, a< b}a

(e) Wa(f,9,T)=limrst—sWa(f,g, TN(—00,t]) if s=supT € (R\T)U{oo};
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(g) if s and i are as in (e) and (f), then, in addition, We(f,g,T) is equal

to
li T = 1 li T
. We(f,g,TNa,b]) = lim  lim Wa(f,g,TNla,b])
= i li T .
Talginalz?lsw‘b(f’g’ N [a, b])

Proof. (a) and (b) are consequences of the definition (4.6).

(c¢) Let us denote by Ws[f,g,&] the sum under the supremum sign in
(4.6), corresponding to the partition & = {t;}", of 7. Let us prove the
equality in (c). Given partitions & of T'N (—o0,t] and & of T'N [t, 00), we
set 57 =& U{t},i=1, 2. Then El U 52 is a partition of T, and so,

W@[f797£1] + Wq)[faga§2] < W@[fvg7gl] + W‘I’[fagag:Q]
= Wq)[fag’gl Ug?] < WCP(f).gaT)a

which give the inequality >. In order to prove the reverse inequality, let
& = {t;}", be apartitionof T. If t € { ort < tyort,, < t,then Wy[f,g,&] <
Wo(f,9, TN (—00,t]) +Wa(f,g,TN[t,00)). So, suppose that ty_1 <t <ty
for some k € {1,...,m}. Inequality (4.1) and the translation invariance of

d imply, for p(t,s) = d(f(t) + g(s),g(t) + f(s)),
ot <a{ F(08)-+o(tso) 900 +F () 0(0s) + £ (i +F(2) gt

+d(F(0)+g(tr, 9(0)+ (1)

:p(tk, t) + p(t7 tk—l)
From this, the monotonicity and convexity of ® and Jensen’s inequality for
sums we get that the quantity U(t,s) = (t — s)®(p(t,s)/(t — s)),
s < t, satisfies inequality (3.7). Taking into account (3.6), where Vg[f, €] is
replaced by Wglf, g,£], and applying (3.7), we have:

Walf, 9,6 < Walf, g, {t:};=g U{t}] + Walf, g, {t} U {t:}]2]
< W‘I’(fvg>Tm (—OO,t]) + W@(fvgaTﬂ [t,OO)),

which due to the arbitrariness of £ proves the equality in (c).

The inequality in (c) is established similar to Lemma 3.9(g), if we re-
place Vg, (f, -) there by Wo, (f, g, - ), pa(f, -) — by Aa(f, g, -) and apply
Lemma 4.1(a)—(c) instead of Lemma 3.9(a)—(c).

(d) By (a), the left hand side in (d) is not less than the right hand side.
Conversely, given a number oo < Wo(f, g,T), we find a partition £ = {t;}*,
of T' such that Ws[f, g,&] > a, so setting a = ¢y and b = t,,, and noting that
¢ is a partition of T'N [a, b], we obtain We(f, g, T N[a,b]) > Ws(f,g,&] > a.

(e) Since s = supT ¢ T, s is a limit point for 7. By (a), the function
t — Wa(f,g,T N (—00,t]), mapping T into [0, 0], is nondecreasing, and
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so, the limit in (e) exists and does not exceed Wg(f,g,7"). On the other
hand, by (d), for any o« < Wg(f,g,T) there exist a, b € T, a < b < s,
such that We(f, 9,7 N[a,b]) > a. Then (a) implies We(f, 9,7 N (—00,t]) >
Wa(f,9,TNla,b]) >« for all t € TN b,s), which proves (e).

Item (f) and the first equality in (g) are proved similarly to (e). The
second equality in (g) follows from (e) and (f), since T'N[a, b] = TN (—o0, b]N
[a,00). The last equality in (g) is established similarly. O

4.2. The metric semigroup Lip(7; X). Let (X,d,+) be a metric semi-
group and (7, d;) be a metric space. Given f: T — X, we set
L(f) = L(f,T) = sup{d(f(?), f(s))/di(t,s) ; t, s €T, t # s}

and denote by Lip(7; X) the set of all Lipschitzian mappings f : T — X
(i.e., L(f) is finite). The pointwise addition operation on Lip(7T’; X) is well
defined, since, for any f, g € Lip(T; X), by (4.2), we have

d((f +9)®), (f +9)(9)) < d(f(t), f(5)) +d(g(t), 9(5)),
and so, L(f 4+ g) < L(f) + L(g). Given a € T, the metric dz, on Lip(T; X)
is defined by (cf. Smajdor and Smajdor [105]):

dr(f,9) = d(f(a),g(a)) +de(f,g9),  f, g€ Lip(T;X),
with

de(f,9) = sup{ d(f(t) +g(s),9(t) + f(s))/dr(t,s); t, s €T, t # 5 }.

Then dy is a semimetric and dy, is a metric on Lip(7'; X), which are trans-
lation invariant.
The main properties of dy are contained in the following

Lemma 4.4. Given (X,d,+) and T as above and f, g € Lip(T; X) we have:
(a) [d(f(t),9(t)=d(f(5), 9(s))] < d(f(t)+g(s),g(t)+f(5)) < de(f,9)da(t,s)
forallt, s e T,

(b) if {fn,gntpzy C Lip(T; X), d(fu(t), f(t)) — 0 and d(gn(t),g(t)) — 0
asn — oo for allt € T, then dy(f,g) < liminf, oo de(fn, gn);
_l’_

(c) |L(f) = L(g)| < de(f,9) < L(f) + L(g).

We conclude that (Lip(7;X),dr,+) is a metric semigroup which, by
Lemma 4.4, is complete provided (X, d,+) is complete.
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4.3. Embeddings of metric semigroups. Here we assume that 7" C R
is bounded, |T'| = supT — infT, a € T is given and (X,d,+) is a metric
semigroup. The main result is the following lemma, generalizing inequalities

n (3.23), (3.24) and in Theorem 3.10:

Lemma 4.5. Given ®, ¥ € N, we have the following embeddings of metric
Semigroups:

(a) Lip(T; X) € GVa(T; X) Cc BV(T; X) and
Ao(f,9) < de(f,9)/@7 (1/IT1), f, g € Lip(T; X), (4.13)
Ai(f,9) Sws(IT)As(f,9), f, g€ GVa(T;X); (4.14)
(b) if ¥ = @, then GVo(T;X) C GVy(T;X) and there exist numbers
k>0 and ko > 0, depending only on ®, ¥ and |T|, such that

A\Ii(f7g) < HA(D(fag), d@(fag) < HOdq)(f:g)v fa g e GV@(TaX)

Proof. (a) The first embedding follows from (3.9) and (3.20), and the sec-
ond — from (3.20) and (3.12). To prove (4.13), note that, by Lemma 4.4(a),
d(f(t) + g(s),9(t) + f(s)) < de(f,9)lt —s|, t,s € T. (4.15)

Set A = dy(f,g)/® 1 (1/|T|). If A = 0, then the left hand side in (4.15) is
zero, and so, Ag(f,g) = 0. If A > 0, then (4.15) and the monotonicity of ®
imply, for any partition & = {t;}, of T, that

S

LMl

@ (de( £, 9)/A) (1 = ti) < ©(de(f.9)/) IT] = 1.
A

Hence, Wg, (f, g) 1, and (4.5) yields Ag(f,g) <
In order to prove (4.14), let us show that

.14
e(Wi(f.9)/ITI) < Welf,9)/ITI, fg € GVo(T;X).  (4.16)

In fact, using the notation p(t, s) and U(¢, s) from the proof of Lemma 4.3(c)
we find that this is a consequence of Jensen’s inequality for sums

Q)(Zg%l p(ti;ti1)> < Z%l Ultisti-1) < WYVCP(fag) VE= [},
2wt —ti) ) it (G = ti) T 2L (6 — i)

inequality > ", (t; — t;—1) < |T| and the monotonicity of we. Set A =
Wi(f,9)/ws(|T]). If X =0, i.e., Wi(f,g9) = A1(f,g) = 0, then by Lemma
4.1(a) with ®(p) = p, we have d(f(t)+g(s),g(t)+ f(s)) =0forallt, s €T,
and so, Wa(f,g) = 0. If A > 0, then (4.16) implies Wg, (f,g) > 1, and by
the assertion in the proof of Lemma 4.1(c), As(f,g9) > A
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(b) The first inequality can be proved along the same lines as Theo-
rem 3.10 if we take into account the following changes: apply Lemma 4.1(a)
instead of Lemma 3.9(a), replace ps by As, Vi, — by Wy, and d(f(:),
f(ti—1)) — by p(ti,t;—1). Finally, by putting kg = max{1,2NC'}, we have
proved the second inequality as well. O

5. Selections of bounded variation

Throughout the rest of the paper ¢(X) denotes the family of all nonempty
compact subsets of a metric space (X, d), equipped with the Hausdorff met-
ric D generated by d.

Theorem 5.1 (on BV selections). Let T C R, (X,d) be a metric space and
F € BV(T;c(X)). Then for any to € T and xo € X there exists a selection
fe€BV(T; X) of F such that

d(x[), f(t())) = dist(xo, F(to)) and Vd(f, T) < VD(F, T). (5.1)

Proof. 1. First, let T be bounded, T' C [a,b] and a,b € T. Since F
is of bounded variation (with respect to D), by Lemma 1.1(b) the set of
points of discontinuity of F' on T is at most countable. The set of points
from T', which are isolated from the left for 7" (i.e., points ¢ € T" such that
(t —e,t)NT = ( for some € > 0), is also at most countable, since intervals
of “emptiness from the left”, corresponding to different points isolated from
the left, are disjoint and each such interval contains a rational point. Let us
denote by S at most countable dense subset of T'. Appending to S the set
of discontinuity points of F', the set of points from T isolated from the left
and points a, ty and b, let us denote the resulting at most countable dense
subset of T' by @ = {t;};°,, and assume that all points in @ are different.
Then for any n € N the set &, = {t;}} is a partition of T'; ordering the
points in &, in ascending order and denoting them by &, = {t'}1-,, we have:

a=ty <ty <---<th | <ty)=b, (5.2)

Jko(n) € {0,1,...,n} such that ¢ty = Lo

n)’

o
Vte Q Ing=noe(t) € N such that t € ﬂ &n- (5.3)
n=ng
By the compactness of F(ty), choose an element yy € F(ty) such that
d(zg,yo) = dist(zg, F'(tg)). We define elements z]* from F(t}'), where n € N
and i =0,1,...,n, inductively as follows. Let n € N, and suppose first that
a <ty < b, so that ko(n) € {1,...,n —1}.
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(a) Set Lo ) = Yo-
(b) If i € {1,...,ko(n)} and xl' € F(t7) is already chosen, pick z ; €
F(t? ;) such that d(z, x 1) = dist(z}, F(t])).
(c) Ifie{ko(n)+1,...,n} and 2 ; € F(t! ;) is already chosen, pick an
element z]' € F(t!') such that d( ' q,xl) = dist(z]_ 4, F(t1)).
If ty = a, so that ko(n) = 0, we define z" € F(¢7'), following (a) and (c),
and if ¢ty = b, i.e., ko(n) = n, we define z' € F(t}') in accordance with (a)
and (b).
Given n € N, we define a mapping f, : T'— X as follows:
ift =1 i=0,1,...,n,
TN ,t") #0 and (5.4)
teT N ,th),i=1,...,n.

Note that f,(tp) = fn(tzo(n)) = Tpomy = Yo, n € N, and that, by the
additivity of V'(-,-), definitions (b) and (¢) and definition of the Hausdorff
metric D,

n

xl
n

:L"L

fn(t) =

fn7 ZVd fTL,Tﬂ 7, 1> 7, dezV%'z 1

=1

< ZD ") <Vp(FT), neN.  (55)

In order to apply the generahzed Helly selection principle (Theorem 1.3
with ®(p) = p), we have to verify that the sequence {f,(t)}>° is precom-
pact in X forall ¢t € T. If t € @, by (5.3) there exists ng(t) € N such that
t € &, for all n > ng(t), and so, by virtue of (5.4), (a), (b) and (c) we have:

fa(t) € F(t) for all n >ng(t), (5.6)

and it suffices to take into account the compactness of F(t).

Now, if ¢ € T'\ @, then t is a point of continuity of F', which is a limit
point from the left for T'. So, there exists a sequence of points 7, € T,
T, < t, k € N, such that limy_., 7, = t. By the density of S in T, for any
k € N there exists s € S such that |sp — 7%| < t — 7%, and so, s < ¢
and s — t as k — oo. From (5.3) for k¥ € N we find a number n; € N
(also depending on t) such that s; € &, and, therefore, s; = t?k’“ for some
Jr € {0,1,...,n, — 1}. Thanks to property (5.3), without loss of generality
we may assume that the sequence {n;}7° is strictly increasing. It follows
from (5.2) that there exists a unique number i € {j, ..., nt — 1} such that

sp=1tpr Stk <t <tk keN. (5.7)

By definition (5.4), we have fy, (t) = ;% € F( i+, k € N. Pick, for each
k € N, an element 2f € F(t) such that d( zf) = dist(x;*, F(t)). Then

’Lk’
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from the definition of D, continuity of F' at ¢ and (5.7) we find
d(fnk(t),xf) < D(F(t?:),F(t)) —0 as k — oo.

Since the set F(t) is compact and {2} }2°, C F(t), there exists a subsequence
of {x}}% | (which we will denote by the same symbol), which converges in
X to an element x; € F(t) as k — oo, so that

A(frp (1), 21) < d(fn,(t),2F) + d(af,2¢) — 0 as k — oco.  (5.8)

This proves the precompactness of the sequence {f,(¢)}°2; in X.

By Theorem 1.3, the family F = {f,}22 contains a subsequence, denoted
with no loss of generality again by { f,, } 32, which converges in X pointwise
on T to amapping f € BV(T; X). Clearly, f(t0) = yo, and so, d(zo, f(to)) =
dist(xo, F(to)). The inclusion f(¢) € F(t) for all ¢ € T is a consequence of
the closedness of F'(t), (5.6) and (5.8). The lower semicontinuity of V(-,-)
and (5.5) ensure that

Remark. We note that if the “initial point” z¢ is in F'(¢¢), the desired
selection f of F satisfies the condition f(tp) = zp.

2. Now, if the set T is arbitrary, we set a = inf7T € RU {—o0} and
b=supT € RU{oco}. By step 1 it remains to consider the cases when T is
unbounded or a ¢ T or b ¢ T. Let us suppose that a ¢ T and b ¢ T (the
other possibilities may be combined from this case and step 1 by applying
properties 1), 4a) and 4b) from Section 1). Choose an increasing sequence
{tn}nez C T such that t, — b and t_,, — a as n — oo. Setting T,, =
TN [ty, tnt1] for n € Z and applying step 1 to the set Ty = T'N|[to, t1], we find
a selection fy € BV(Tp; X) of F' (more precisely, of the restriction F'|g, of F
to Tp) such that d(zo, fo(to)) = dist(xg, F(tg)) and Vyi(fo,To) < Vp(F,Tp).
“Moving along the sets T}, to the right” of point 1, we successively apply
the result of step 1: choose a selection f; € BV(T1;X) of F' on T} such
that fi(t1) = fo(t1) € F(t1) and Vg(f1,71) < Vp(F,T1), and, inductively, if
a selection f,_1 of F' on the set T;,_1 is already chosen, n > 2, we pick a
selection f,, € BV(T,; X) of F on T, such that

fn(tn) = fn_l(tn) and Vd(fn, Tn) S VD<F, Tn). (5.9)

In a similar manner we “move along the sets T, to the left” of t5. Then
for each n € 7Z there exists a selection f, € BV(T,;X) of F on T,, for
which the relations (5.9) hold. Given t € T', so that t € T}, for some n € 7Z,
we set f(t) = fn(t). The mapping f : T — X is a selection of F' on T,
d(zo, f(to)) = dist(xo, F(t9)), and by virtue of properties 4c) and 1) from
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Section 1 we have:

k—1
Va(f,T) = lim Vo(f, TN [tk tx]) = lim > Valfn, To)
n=—=k
k—1
< lim Y Vp(FT,) = Jim Vi (F, T 0 [tk ts]) = Vo (F,T).
_%mn:—k —00

O

Example 5.2. The inequality Vy(f,T) < Vp(F,T) in Theorem 5.1 may
be violated if, at least at one point ¢ € T, the value F(t) is only closed
and bounded in X, but not compact. To see this, let X = ¢1(N) be the
space of summable sequences from Example 1.4. We set A = {cnen}ﬁ:1
and B = {cpen}ne ., where k € N, k > 2 is fixed, and {c,, };2; C R is any
sequence satisfying the following conditions:

{len| }22, is strictly decreasing and  inf |c,| > 0; (5.10)

n>k+1

here the first condition guarantees, in particular, that B is bounded in ¢! (N)
and the second one — that B is closed. Clearly, A is compact while B is
not. Let us define F': [0,1] = (1(N) by F(t) = Aif0 <t < 1land F(1) = B.
We have Vp(F, [0,1]) = D(A, B). In order to find D(A, B) we note that, by
(5.10),

e(A, B)= sup <\ci]+ inf \cn\): sup |c|+ inf |eu|=|c1|+ inf |epl,
1<i<k n>k+1 1<i<k n>k+1 n>k+1

e(B,A) = s ( ; inf )z S ; inf = .
(B,A) Sup leil + | Inf fen] Sup, leil 4+ Inflen| = ersa] + fexl
Suppose also that {c,}72  satisfies the third condition:

i > . .
el + inffeal = feia| + fa (5.11)

Then D(A,B) = |c1] + inf,>ki1 |en]. Now if f : [0,1] — ¢1(N) is any
selection of F' such that f(0) = cieq, then f(1) = ¢je; for some j > k + 1,
and so,

Vi (£, 10,1]) 2 [1£(0) = F()IF = lea| + [ej] > fea + inf len| = Vp(F, [0,1]).

Simple examples of sequences {c,,}72 | satisfying all three conditions (5.10)
and (5.11) are ¢, = a(n+ 1)/n with o # 0, n € N. Let us note that the
example presented above is more subtle than Example 2 from [6] where all
values F(t) are only closed and bounded.
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Remark 5.3. Multifunctions of bounded variation with noncompact values
(such as F in Example 1.4 or F' in Example 5.2) may admit selections
of bounded variation as the following observation shows. Suppose that
conditions of Theorem 5.1 are satisfied except that the images of F' are not
necessarily compact, but assume that

VteT FFy(t) € c(X) such that Fy(t) C F(t), and Vp(Fo,T) < o0

(in particular, one can assume that Vp(Fp,T) < Vp(F,T)). By Theo-
rem 5.1, Fy admits a selection of bounded variation, which is at the same
time a selection of F'.

Example 5.4. Here we present an example showing that if d is only a
semimetric on X (i.e., d(z,y) = 0 does not necessarily imply z = y in
X), then there exists a multifunction of bounded variation with compact
values in X whose all selections are of unbounded variation. Recall that
the Gromov-Hausdorff distance dgm(K', K") between two nonempty com-
pact metric spaces K’ and K” ([2], [52], [88]) is the infimum of all ¢ > 0
such that there exist a compact metric space K and isometric embeddings
j'+ K' — K and j” : K" — K such that D(j'(K’),j"(K")) < e, where
D is the Hausdorff metric on K. It is known (Gromov [52]) that dgp
is a metric in the isometry class of all nonempty compact metric spaces
and dep(K', K") < (1/2) max{diam(K’),diam(K")}. However, dgy is
only a semimetric on the family of all nonempty compact metric spaces.
Define F' : [0,1] — c¢(R) by F(0) = [0,1] and F(t) = [2n — 1,2n] if
1/(n+1) <t <1/n,n € N. Clearly, dor (F(t), F(s)) = 0for all t,s € [0,1],
and so, F' is of bounded variation with respect to dgg. On the other hand,
it follows from the definition of F' that if f : [0,1] — R is a selection of F,
then V(f,[0,1]) = cc.

Remark 5.5. It is interesting to note (cf. [27, Lemma 11]) that for F' €
BV(T';¢(X)) the total image F(T') = (U, F(t) is a totally bounded and
separable subset of X and if, moreover, X is complete, then F(T') is pre-
compact (this property is well known for single-valued mappings, e.g., [14,
Proposition 2.1]).

As a corollary of Theorem 5.1 and, simultaneously, a motivation why the
set T should be arbitrary in R we get

Theorem 5.6. Let T' C R be density-open, (X,d) be a complete metric
space, F' € BVess(T;¢(X)), to € T and xg € X. Then there exists a selection
[ € BV (T'; X)) of F such that Vg ess(f,T) < VD ess(F, T) and d(xo, f(to)) =
diSt(l’o, F(t())).
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Proof. Since Vp ¢ss(F,T) < 0o and (c(X), D) is a complete metric space
(cf.[12, Theorem II-9]), by Theorem 2.2(a) there exists a set Tp C T of
Lebesgue measure zero such that F|p g, € BV(T'\ To; ¢(X)) and Vp(F, T\
To) = Vp,ess(F,T). Choose an element yg € F(tg) such that d(xg,y0) =
dist(zo, F'(to)), and set T} = ToU{to}. Theorem 5.1 implies the existence of a
selection f € BV(T\T1; X) of F|p\py, for which Vy(f, T\T1) < Vp(F,T\T1).
Let us define f on the set T} as follows: f(t9) = yo and f(t) = =z if
t € T1 \ {to}, where x; is an arbitrary fixed element of F(t). Clearly,
f(t) e F(t) for all t € T and

Va(f, T\T1) < Vp(F,T\T1) < Vp(F, T\ To) = Vp,ess(F, T).
Applying Theorem 2.1, we conclude that Vg ess(f, 1) < Vp ess(F, T). O

6. More regular selections

Theorem 6.1 (more regular selections). Let T C R, (X,d) be a metric
space, F' : T = X be a multifunction with compact values, to € T and
xg € X. Then:

(a) if F € Lip(T;c(X)), it admits a selection f € Lip(T;X) satisfying
conditions (5.1) and L4(f,T) < Lp(F,T);

(b) if F € BV(T;c(X)) is also continuous, it admits a continuous selection
f € BV(T; X) satisfying conditions (5.1);

(¢) if T is compact and F : T — c(X) is 6(-)-absolutely continuous, then
there exists a (-)-absolutely continuous selection f : T — X of F
satisfying conditions (5.1);

(d) if ® € N and F € BVg(T;c(X)), then there exists f € BVy(T; X), a
selection of F', satisfying conditions (5.1) and Ve 4(f,T) < Vo p(F,T);

(e) if ® €N and F € GVy(T;c(X)), then there exists f € GV (T;X), a
selection of F, satisfying (5.1) and pe q4(f,T) < pa.p(F,T).

Proof. (a) 1. Suppose first that 7" C [a,b] and a, b € T. Since F is
Lipschitzian and T is bounded, F' is of bounded variation on T, so let
f € BV(T; X) be a selection of F' constructed in step 1 of the proof of The-
orem 5.1, and assume that the sequence {f,, }2°, converges to f pointwise
on T as k — oo. Let us show that f € Lip(T; X) and Ly(f,T) < Lp(F,T).
The following three possibilities hold for points ¢, s € T, t < s: (i) t, s € Q;
(i) t,seT\Q; i) teT\Q,s€Q,orsecT\Q,teqQ.

In case (i), by (5.3) there exists a number ny depending on ¢ and s
such that for those k& € N, for which n; > ng, there exist numbers iy,
gk € {0,1,...,n}, i < jg, such that ¢ = ¢* and s = t;-l:. Then by
definition (5.4) we have: f,, (t) = z;* € F(t;*) and fn,(s) = z}} € F(t}*).
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From properties (b) and (c) in the proof of Theorem 5.1 we find that, given
1€ {1,...,nk},
d(w*, %) < D(F(8"), F(t;%,)) < Lp(F, T)(#" — %),

i =1
and so,
d(fri (t), fri () = d(@), 25 Z dai*, %)) (6.1)
=1 +1
Jk
< Y Lo(ET)(E* — %) = Lp(ET)(t5) —tF).
=1 +1

Since fn, (t) — f(t) and fn,(s) — f(s) as k — oo and ;" = s and * =t,
then d(f(¢), £(s)) < Lp(F,T)|t — .

If case (ii) holds, then, as is shown in (5.7), for each k& € N there exist
numbers ig, ji € {0,1,...,n — 1} such that ¢7* <t < ¢’* | and t?: <s<
tik, 1, and so, (5.4) implies f,, (t) = x;* and fy,(s) = x}*. Since t < s,
th — t—0and t7* — s —0as k — oo, for sufficiently large k we have
ix < Jk, and relations (6.1) hold. As in case (i) it remains to note that
Fo(8) — F(2) and fu () — £(5) a5 k — oo.

Case (iii) is treated similarly to cases (i) and (ii).

2. For arbitrary T we argue as in step 2 of the proof of Theorem 5.1,
replacing BV there by Lip and V; — by Lg. Having defined the mapping
f:T — X asin that proof, we show that it is Lipschitzian with Ly(f,T) <
Lp(F,T). In fact, given t,s € T witht < s we find n,m € Z, n+1<m
(with no loss of generality), such that ¢t € T,, and s € T},,, and so by the
construction we have:

m—1
A0, £5)) < AUu), Fulbus1)) + 3 dCFelt), fltir )+ Fnltn), F(5))
A
< Lo (R T)((trsr = 043 (1 = )+ 1)
k=n+1

= Lp(F,T)(s — t).

3. Let us prove that Vy(f,T) < Vp(F,T) (where, in general, Vp(F,T) <
00). Indeed, in step (a) 1. it was shown that the second condition in (5.1)
holds (since f was a selection of F' of bounded variation), and so, in addition,
conditions (5.9) of step (a) 2. are satisfied. Then calculations from the end
of step 2 of the proof of Theorem 5.1 show that the desired selection f of F
is subject to conditions (5.1).

(b), (c) Suppose that F' satisfies (b) or (c) Then the nondecreasing
(bounded) function ¢(t) = Vp(F,T N (—o0,t]), t € T, is, by Lemma 1.1,
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continuous on 7' if (b) is satisfied, or is, by Lemmal.2, 4(-)-absolutely
continuous on 7' if (c) is satisfied, and in both cases the equality holds:
osc(p,T) =V (p,T) = Vp(F,T). By Lemma 1.2, we have the decomposition
F=GoyponT, where G € Lip(J;¢(X)) with J = ¢(T) and Lp(G,J) < 1.
If 79 = ¢(to), then G(19) = F(tp), and by Theorem 6.1(a) there exists a
selection g € Lip(J; X) of G on J such that d(zo,g(m)) = dist(zo, G(10))
and L4(g,J) < Lp(G,J) < 1. Then f = goy : T — X is the desired
continuous selection of F' of bounded variation. In fact, f is continuous
as the composition of two continuous mappings if (b) is satisfied, and f is
0(-)-absolutely continuous if (c) is satisfied, since L4(g,J) < 1; also, f is a
selection of F":

f(t) =g(e@) € G(e(t) = F(t), teT, (6.2)

and f(to) = g(¢(to)) = 9(70), and so, d(zo, f(to)) = dist(zo, F(to)). Again,
taking into account that Lg(g,J) < 1, we find

Vd(fv T) < Ld(Q? J>OSC(()0aT> < OSC((PaT) = VD(F7 T) (63)

(d) 1. First assume that 7" C [a,b] with a,b € T. By the second em-
bedding in (3.8) with bounded T, the function ¢(t) = Vp(F,T N (—o0,t]),
t € T, is well defined, bounded and nondecreasing. According to Lemma 3.2
Vo(p,T) = Vo, p(F,T) and there exists a mapping G € Lip(J;c(X)) with
J =¢(T) and Lp(G,J) <1 such that F'= G oy on T. Setting 70 = p(to),
we have G(19) = F(tp), and by Theorem 6.1(a) there exists a selection
g € Lip(J;X) of G on J such that d(xg,g(m)) = dist(xo,G(70)) and
Lq(g,J) < Lp(G,J) < 1. Then f = goy is the desired selection of F' on T":
in fact, by Lemma 3.2 (see sufficiency) Vo 4(f,T) < Va(p,T) = Vo, p(F,T),
f is a selection of F (see (6.2)) and conditions (5.1) are satisfied (see (6.3)).

2. In the case of arbitrary T we argue as in step 2 of the proof of Theo-
rem 5.1, replacing BV there by BVg, V. — by V3 and applying Lemma 3.1
instead of properties 1)-4) from Section 1. By doing this, we have proved
(d) except for the second condition in (5.1). But in step (d) 1. it was shown
that if T" is bounded, the second condition in (5.1) holds, and so, in addition,
conditions (5.9) are satisfied. Now the calculations from the end of step 2
of the proof of Theorem 5.1 imply that the established selection f satisfies
inequality Vy(f,T) < Vp(F,T) (with the latter variation, possibly, infinite).

(e) Set A\ = po p(F,T). If A = 0, F is constant by Lemma 3.9(a), and so, it
admits a constant selection satisfying (5.1). If A > 0, then Vg, p(F,T) <1
by Lemma 3.9(b), and so, Theorem 6.1(d) implies the existence of a se-
lection f € BVg, 4(T; X) of F satisfying conditions (5.1) and inequality
Vo, d(f,T) < Vo, p(F,T) < 1. Then f € GVo(T; X) and pg q(f,T) < A by
definition (3.22), which ends the proof of Theorem 6.1. O
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In Theorem 6.1(a) we have seen that a compact-valued Lipschitzian mul-
tifunction admits a Lipschitzian selection. Contrary to this, the following
example shows that compact-valued Holder continuous multifunctions of
any exponent v € (0,1) need not have even continuous selections.

Example 6.2. Let B={(z,y) €R?|2?+y?=1} be the unit circumference
and

A(t) = {(z,y) € R? | x = cos b, y = sinb, a(t) < 0 < at) +28(t)},

where a(t) = 1/[t| and B(t) = e /Il t € R\ {0}. Define a multifunction
F :[-1,1] — ¢(R?) as follows: F(t) = B\ A(t) if t # 0 and F(0) = B. It is
shown in [31, Proposition 8.2] that, given v € (0, 1), there exists a C(y) €
R* such that D(F(t), F(s)) < C(y)|t — s|7 for all ¢, s € [-1,1]. Moreover,
it is clear that if ¢ > 1, Varg(F,[—1,1]) < Q(C(l/q))q if ®(p) = p?, p € RT.

On the other hand, F(t) for t # 0 is the unit circumference in R? from
which a section from the angle «(t) to the angle «(t) 4+ 26(t) is removed.
As t gets smaller, the arclength of the hole decreases while the initial angle
increases as 1/|t|, i.e., the hole spins around the origin with increasing an-
gular speed. Any continuous selection f(t) = (x(t),y(t)) defined on [—1,0]
or on |0, 1] cannot be continuously extended to the whole interval [—1,1],
for the hole in the circumference would force this selection to rotate around
the origin with some angle between «(t) + 26(t) and «(t) + 27, and the
limits limy_, 1o f(¢t) cannot exist. Thus, F' admits no continuous selections;
moreover, for & as above, any selection f satisfies Varg(f,[—1,1]) = oo for
any g > 1, since mappings f with bounded ®-th variation have only simple
discontinuities (cf. [31, 4.1, 4.2]).

Remark 6.3. Let ® € NV, £ = {t;}7, be a partition of the interval [a, D]
with t9 = a and £, = b, {xi}?:o C X, f(t) =g, ift;1 <t< ti, 1 =
1,...,n,and f(b) = x,; then there exists a subpartition {té}ﬁo C £ (in gen-
eral, proper inclusion!) such that Varg(f, [a,b]) is equal to ZZO (d((f(th),
f(t;_7)) (cf. (5.5)). Taking this into account and that the ®-th variation
Varg is semi-additive only (property 1) in Section 1), we see that, in order
to obtain the existence of selections of more general bounded variations (as
Varg), it is natural to require ® to satisfy the following condition of gener-
alized subadditivity: there exists a number C' € R such that for all n € N
and all {p;}?_; C RT we have: ®(p1 + -+ pn) < C(®(p1) + - + (pn)).
However, it was proved in [37, 3.3] that in this case there exist C; > 0 and
Cy > 0 such that Cip < ®(p) < Cyp for all p € RT. This means that if
f :]a,b] — X, then Vars(f,[a,b]) and V(f,[a,b]) are finite or not simulta-
neously. Thus, the requirement for multifunctions to be of bounded Jordan
variation is the best possible in order to admit selections “preserving” the
(type of) variation.
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Remark 6.4. Certain extensions of Theorem 6.1(a) are known for a compact-
valued Carathéodory type multifunction of two variables which is measur-
able or continuous in the first variable and Lipschitzian or of bounded vari-
ation in the second variable (see [27], [63], [104]).

7. Representations of set-valued mappings

Let T'C R and (X,d) be a metric space. A family of mappings G C
Lip(T; X) is said to be equi-Lipschitzian if there exists C € RT such that
sup,eg La(g, T) <C. We say that a family F CBV(T; X) is of equi-bounded
variation if supg Y ;" sup e r d(f(t:), f(ti—1)) <C for some number C' > 0,
where the supremum sup; is taken over all partition { = {t;}{", (m € N)
of T; similarly, a family F C GVg(T; X) is said to be of equi-bounded
generalized ®-variation (with ® € N) if there exist constants A > 0 and
C > 0 such that

U su d i

A family F C AC(T;X) is said to be equi-absolutely continuous if the
function §(-) from the definition of absolute continuity of mappings can be
chosen to be independent of f € F.

The following theorem is a counterpart for Lipschitzian multifunctions
of the Castaing representation [11] established for measurable set-valued
mappings.

Theorem 7.1. Given a multifunction G : T = X with compact images, we
have: G € Lip(T;c(X)) if and only if there exists a pointwise precompact
equi-Lipschitzian sequence {gn}22, C Lip(T; X) (of selections of G) such
that

G(t) ={gn(t)}s2, for all teT.

Proof. Necessity. Let G € Lip(T;¢c(X)). Set
S(G)={g€Lip(T;X) | Lq(9,T) < Lp(G,T) and g(t) € G(t) Vt € T}.
By Theorem 6.1(a) S(G) # 0, while by Arzela-Ascoli’s Theorem the set
S(G) is totally bounded (if in addition X were complete, then S(G) would be
precompact), and hence, S(G) is separable. Let {g,}>2; C S(G) be at most
countable dense subset of S(G). We show that G(t) = {g,(t)}5°,, t € T.
In fact, if t € T and « € G(t), then by Theorem 6. 1( ) there exists g € S(G)
such that = g(t), but due to the density of {g,}5°; in S(G) there exists
a subsequence {gn, }7°; of {gn}32; such that g, converges to g uniformly
on T and, in particular, g,, (t) — g(t) = x as k — oco. So, z € {gn(t)}2

n=1>
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and the inclusion C is established. Conversely, if = € {g,(t)}32,, then some
subsequence {gn, (t)}72, of {gn ()}, converges to x as k — oo, but by the
construction all gy, (t) belong to G(t) and G(t) is closed, and so, x € G(t).

Sufficiency. Since the sequence {gn }22 is equi-Lipschitzian, there exists
a constant C' > 0 such that Ly(gn,T) < C for all n € N, and since, given
teT, G(t)={gn(t)}52, is precompact, the closure G(t) = G(t) is compact

in X. If z € G(t), then x = g, (t) for some n € N, and so, if s € T', we have:
inf d(z,y) < d(ga(t), gn(s)) < Clt — 5],
y€G(s)

whence €(G(t),G(s)) = sup,egq) infyeg(s) d(z,y) < Cft — s|. By symmetry
in ¢t and s, e(G(s),G(t)) < C|t — s, i.e., D(G(t),G(s)) < C|t — s|. Taking
into account that

D(A,B) = D(A,B) whenever () # A, BC X, (7.1)
we find that D(G(t),G(s)) < C|t — s|, quod erat demonstrandum. O

This theorem implies the following structural theorem for multifunctions
of bounded variation with compact images:

Theorem 7.2. Let F' : T = X be a given multifunction with compact
values. We have:

(a) F € BV(T; (X)),

(b) F € BV(T;c(X)) is continuous,

(c) F is 6(-)-absolutely continuous with T" compact,

(d) F € BVg(T;c(X)) with T bounded and ® € N, or

(e) F € GVg(T;c(X)) with T bounded and ® € N,

if and only if there exists

in case (a) a nondecreasing bounded function ¢ : T — R,
in case (b) a continuous nondecreasing bounded function ¢ : T — R,
in case (c) a 0(-)-absolutely continuous functzon o: T —R,

(d

in case (d) a function ¢ € BVg(T;R), o
in case (e) a function p € GV (T;R),

respectively, and a pointwise precompact equi-Lipschitzian sequence {gn }o> 1 C
Lip(J; X), where J = ¢(T') and sup,cy La(gn,J) < 1, such that

F(t) = {gnle®))}pzy  for all teT. (7.2)

Given F' € BVe(T;¢(X)), the criterion is formulated as in (a) if T is
density-open, X is complete and (7.2) holds a.e. on T
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Proof. (a) Necessity. Let F€BV(T;c(X)). Set ¢(t) = Vp(F, T N(—o0,t]),
t € T. By Lemma 1.2, there exists G € Lip(J;c(X)) with J = ¢(T)
such that Lp(G,J) < 1 and F = Gop on T. Theorem 7.1 implies the
existence of a pointwise precompact equi-Lipschitzian sequence {gn}22,; C
Lip(J; X) of selections of G with Lg(gn,J) < 1 such that F'(t) = G(p(t)) =
{gn(p(t))}oo, forallt € T

Sufficiency. Let ¢ € BV(T;R), J = ¢(T') and {g,}5>; C Lip(J; X) be
such that sup,cy La(gn, J) < C for some C € RT and the set {g,(7)}°2, be
precompact in X for all 7 € J. Given t € T', we set F(t) = {gn(p(t))}22,,
so that F(t) = F(t), t € T. If x € F(t), then z = g, ((t)) for some n € N,
and so, for s € T' we have:

yé%)d(x y) < d(gn(#(1), gn((5))) < Clip(t) = ¢(s)],

whence e(F (1), F(s)) = supger(s) infyer(s) d(z,y) < Clo(t ) ©(s)], and the
symmetry in ¢ and s gives D(F(t), F(s)) <C|p(t) — ¢(s)]. By (7.1), we get,
forallt, seT,

D(F(t), F(s)) = D(F(t), F(s)) = D(F(t), F(5)) < Cle(t) = ¢(s)].  (73)
If & = {t}g”o is a partition of T', we have:

ZD ti— 1 <CZ|90 ti— 1)|<CV(907 )7

and so, F € BV(T;¢(X)) and VD(F, T) < CV (e, T).

The proofs of (b)—(e) follow the lines of the proof of (a), so we exhibit
the necessary changes only.

(b), (¢) In the necessity part the function ¢ is also continuous or §(-)-
absolutely continuous, respectively, and in the sufficiency part the continuity
or §(-)-absolute continuity of F' follows from the continuity or §(-)-absolute
continuity of ¢, respectively, and (7.3) with C' = 1.

(d) In the necessity part apply Lemma 3.2 instead of Lemma 1.2, so that
¢ € BVy(T;R). In the sufficiency part the inclusion F' € BVg(T;¢(X)) is a
consequence of ¢ € BVg(T;R) and inequality (7.3).

(e) In order to prove the necessity part, use a variant of Lemma 3.2 for
GVg (see p. 22), so ¢ € GVp(T;R). Let us prove the sufficiency part.
Let ¢ € GVq)(T R), J = ¢(T') and let the hypotheses of the theorem with
respect to {g, }°2 ; be fulfilled. As in the proof of (a), we get inequality (7.3)
Wlth C=11I )\ > 0 is such that ¢/\ € BV (T;R), then for any partition

= {t;}", of T we find

fi@( (e R W e (R

< Valp/NT),
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and hence, Vo, p(F,T) < 00, i.e. F € GVg(T;c(X)).
Finally, similarly to (a), the result for F' € BVe(T;¢(X)) follows from
Theorem 2.2(c) and Theorem 7.1. O

In other words, Theorem 7.2(a) can be expressed as follows: a set-valued
mapping F : T — c(X) is of bounded Jordan variation if and only if there
exists a pointwise precompact sequence {fn}>2, C BV(T; X) (of selections
of F') of equi-bounded variation such that F(t) is the closure of {fn(t)}52,
in X for allt € T. In a similar manner one can express the other assertions
of Theorem 7.2.

8. Boundary selections

Let cc(RY) denote the family of all nonempty compact convex subsets
of RN (N € N). In this section we denote by A the boundary of the
set A C RV,

Theorem 8.1. Let T C R, F € BV(T;cc(RY)), to € T and xo € OF (to).
Then there exists a selection f € BV(T;RYN) of F satisfying the following
conditions: f(t) € OF(t) for allt € T, f(to) = xo and Vy(f,T) < Vp(F,T).

Proof. Proof of this theorem resembles the proof of Theorem 5.1, but it
uses an additional observation (taken from Kikuchi and Tomita [60, The-
orem 1]), which we expose as step 1 below. Let (z,y) designate the usual
inner product of elements = and y from RY and |z|| = /(z,z) — the
Euclidean norm of z € RY.

1. Let us show that if tg € T and z¢g € 9F(ty), then for each t; € T
there exists a point z1 € 0F(t1) such that |zg — z1| < D(F(to), F(t1));
here D is the Hausdorff metric on cc(RY) generated by || - ||. It suffices to
assume that ¢ty # t1. If o is not in the interior of F'(t1), by the closedness
and convexity of F'(t;) there exists a unique point x; € 9F(¢1) such that
llzo — a1|| = dist(zo, F(t1)) < D(F(to), F(t1)); here the inequality follows
from the definition of D and the equality is a consequence of the projection
theorem (e. g., [61, Lemma 1.2.1] and [100, Theorem I1.9.36]). Now let x¢ be
in the interior of the set F(¢1). Since o € 9F(ty) and F'(to) is convex, let P
be the supporting hyperplane for F'(ty) passing through the point zg (cf. [59,
I11.2.3, Corollary of Theorem 5]). Thus, P = {z € RV | (x — 29, w) = 0} for
some 0 # w € RN and F(tg) C P(—) where P(—) = {z € RV | (z—2z0,w) <
0}. Let z1 be the point of intersection of the following three sets: X \ P(—),
OF (t1) and the straight line £ orthogonal to P and passing through xg (since
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xo is in the interior of the convex set F'(¢1), £ intersects the boundary 0F (t1)
in exactly two points). We claim that

||J:‘0 — .%'1” = dist(xl, F(to)) < D(F(t1>, F(to)). (8.1)

As above, the inequality follows from the definition of D. In order to obtain
equality in (8.1), it suffices to verify the equivalent condition ([61, Theo-
rem 1.2.3]): (x — zo, 21 —2z0) < 0 for all © € F(tp). In fact, if this condition
holds and x € F(tg), then

1 — xol|* = (z1 — z, 21 — 0 T — 20,1 — To) < (1 — T, 71 — To
[ 12 = ( )+ ( ) < ( )
<lzr — || - [lz1 — 2ol

and so, ||z1 — xo|| < ||x1 — || for all x € F(tp). The condition itself can
be checked as follows. Since z1 € ¢, 1 = xo + w for some 0 € R, and
since 71 € X \ P(—), then 0 < (21 — zo,w) = 0]|w||?, whence § > 0. The
inclusion F'(ty) C P(—) implies now that (z—xzg,x1 — o) = 0(z—z,w) <0
whenever = € F(tg).

2. If T is bounded, the proof of the existence of the desired selection f
of F follows, on the whole, step 1 of the proof of Theorem 5.1 if we take
into account certain modifications. We define elements z' € OF (t}'), n € N,
1=0,1,...,n, inductively as follows. If n € N and a < tg < b, we set:

(a) xzo(n) = Zo;
(b) ifi € {1,...,ko(n)} and 2 € OF(t?) is already chosen, by step 1 of
this proof pick z ; € OF (¢! ;) such that
i — 21|l < D(E(E), F(t1)); (8.2)
(c) ifi € {ko(n)+1,...,n} and 2} ; € OF(t] ) is already chosen, again
by step 1 pick z]' € OF(t}) satisfying (8.2).
If to = a or tg = b we define 2 € OF(t}') as in step 1 of the proof of
Theorem 5.1.

Using definition (5.4), we get inequality (5.5). If ¢t € @, the precompact-
ness of {f,,(t)}>2, follows from (a), (b), (c) and the refinement of (5.6):

fn(t) € OF(t) for all n > mng(t). (8.3)
Ift € T\ @, we first argue as in step 1 of the proof of Theorem 5.1 up to
(5.7). Then by virtue of definition (5.4) we have: f,, (t) = z;* € OF(t*),
k € N. Applying step 1 for each k& € N choose zf € 9F(t) such that
ajt — xf|| < D(F(t;*), F(t)). Thanks to (5.7), t;* — ¢ —0 as k — oo,
and since F is continuous at ¢, the last inequality implies || f,, (£) — zF|| — 0
as k — oo. Noting that {zF}2°, C OF(t) and OF(t) is compact, without
loss of generality, assume that zF converges in X to an element x; € OF (t)

as k — oo, and so, in view of (5.8) the sequence { f,,(t)}>2 is precompact
in X.
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Applying Theorem 1.3 and taking into account relations (8.3) and (5.8),
we obtain the desired selection f of F, for which f(tg) = xo, f(t) € OF(t)
for all ¢ € T and such that its variation does not exceed that of F.

In the case of arbitrary 1" we repeat with obvious modifications the ar-
guments of step 2 of the proof of Theorem 5.1. U

Making use of refinements similar to those in Theorem 8.1 and its proof
we obtain a theorem on the existence of more regular selections for multi-
functions with more regular properties. We present only the statement of
the corresponding theorem.

Theorem 8.2. Let T C R, F : T — c(RY), tog € T and z9 € OF(to).
If F satisfies conditions of Theorem 5.6 or one of conditions (a)—(e) of
Theorem 6.1, where c(X) is replaced by cc(RY), then it admits a selection
f with properties from Theorem 5.6 or from items (a)—(e) of Theorem 6.1,
respectively, such that f(t) € OF(t) for allt € T and f(to) = xo.

9. Selections with respect to a given mapping

Given (X, || - |I) a linear normed space (over the field R or C), we denote
by cc(X) the family of all nonempty compact convex subsets of X. The
addition operation in cc(X) (the Minkowski sum) is defined by A + B =
{a+b | aecAbe B} whenever A,B € cc(X). If X is real, the triple
(cc(X), D, +) with D = D) the Hausdorff metric generated by the norm
| - || in X is a metric semigroup in the sense of Section 4: in fact (cf.
Radstrom [93, Lemma 3]), if A,B € cc(X) and ) # C C X is bounded,
then D(A+C,B+C) = D(A, B). In order to use the notations for metrics,
we set d(z,y) = ||z — y||, z,y € X, and denote by Ag 4 the quantity (4.5)
evaluated in metric d.

Theorem 9.1. Let T C R, (X, | - ||) be a real linear normed space, a mul-
tifunction F be in BV(T;cc(X)), to € T and n € BV(T; X). Then there
exists a selection f € BV(T; X) of F' such that

[n(to)—f(to) || = dist(n(to), F'(to)) and Aiq4(n, f) < A1pn,F). (9.1)

Proof. 1. First, let 7' be bounded, T' C [a,b] and a,b € T'. To start with, we
argue as in step 1 of the proof of Theorem 5.1 up to (5.3), where in order to
obtain the set Q) we, in addition, append to the set S the set of all discontinu-
ity points of n (which is at most countable as well). Since F'(¢y) is compact,
choose an element yo € F(tp) such that ||n(to) — yoll = dist(n(to), F(t0)).
Now we define elements 2 € F(t}'), n € N, ¢ = 0,1,...,n, inductively as
follows. Suppose that a < ty < b.
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(b) If i € {1,...,ko(n)} and z} € F(t}) is already chosen, pick 2 ; €
F(t? ) such that
In(t3) = () + o7 — iy | = dist (£ ) = n(E) + o F(EL ).
(c) Ifi e {ko(n)+1,...,n} and 2} ; € F (¢, is already chosen, pick an
element z]' € F(t]') such that
In(t) = (e + iy — 2 = dist (n(t) = () + 2y, F(E))

If to = a, i.e., kg(n) = 0, we define z]' € F(t}) following (a) and (c), and if
to = b, so that ko(n) = n, we define z' € F(¢]') in accordance with (a) and
(b). Then by (b) we have

In(t) =t a7 —aiy || = dist (27 +n(t),n(t) +F () )

e(F(E)+n(t ), nE)+F () < D(FU)+n(t), n(th) + F(E-),

and similarly, by (c),

In(t) = (B +aiy —afll < D(n(t) +F(E), FE) +n(t)), (9.2)
so that inequality (9.2) is valid for all ¢ € {1,...,n}. It follows that
" = i || < NIn(t) = n(ty) + @iy = 27| + [In(Giy) — 0@l (9:3)
< D(n(t) + F(), F(E) +n(t) + () = n(E ).
For each n € N we define f, : T'— X by (5.4) and n,,: T'— X by
ntn)  ift=t", i=0,1,...,n,
”(t): n n ny g _
() TNt #Dandt e TN 1), i=1,...,n
Note that fy,(to) = yo, fn(tl') =z and fp, (¢t ;) =« ; for all n and i. Note
also that

Vd(’?n; ZVd WTI?TQ 2 15 z Z H’? tn tn I)H

=1
< Vd(na T)a ne N7

and that
Mu(t) = n(t) in X as n—oo for all teT (9.4)

via some subsequence. In fact, if ¢ € @, then by (5.3) there exists ng(t) € N
such that t € (1,5, &n, and so, 9, (t) = n(t) for all n > ng(t). If t € T\Q,
then t is a point of continuity of 7, which is a limit point from the left for
T. In this case definition of 1, and (5.7) imply 7, (t) = n(t;*), and since
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tyr — t—0, then n,, (t) — n(t) as k — co. In what follows without loss of
generality we assume that property (9.4) holds.

Taking into account (9.3) and definition of A; p from Section 4.1, we find

fn) Zvd fnaTm z 15 z ZHx _:Cz 1”

SALD(m F) + Vy(n,T), neN.

Let us show that for each t € T the sequence {f,(t)}>2, is precompact
in X. If t € Q, this follows from (5.6). If t € T'\ Q, we argue as in step 1
of the proof of Theorem 5.1 up to (5.7). Then, given k£ € N, we have:

fa () = 2pF € F(t7*) and there exists xf € F(t) such that

In(®) = () + i = af | = dist (n(t) = n(e]) + 2, F(2) ).

By the compactness of F(t) we assume (passing to a subsequence if nec-
essary) that f converges in X to an element z; € F(t) as k — oo. This
implies that

() =ell < ln(e) = (e )+ =+ I (e —n@®)l|+ 1wk —
< D(n(t)+ P, F@)+n(ti) ) +nes) ()| + ot —z],

where the last sum tends to zero as k — oo thanks to the continuity of F
and 7 at ¢ and the fact that t7* — t as k — oo (cf. (5.7)).

Applying Theorem 1.3 we find a subsequence of {f,}52;, which we still

denote by {fn, }72,, which converges in X pointwise on 7' to a mapping
f € BV(T;X) as k — oo. Clearly, f(to) = yo, and the first condition
in (9.1) is satisfied. By (5.6) and the arguments in the last paragraph,

f(t) € F(t) for all t € T. It remains to verify the second condition in (9.1).
For this, we note that, by (9.2),

Vd(ﬁn—fmT):ZVd( fanﬂ[z 1 :Ln])
= Z [ () — fa(8]) — mn (i) + fu(ED) |
= Z In(t") — =i = n(ti=y) + 274

<ZD< () + F(£7), F(£) + n(t 1))

SALD(’I’],F), n € N.
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Now it suffices to pass to the limit via the subsequence n = ny as k — oo
in this inequality and take into account Lemma 4.1(e) (with ®(p) = p) and
property (9.4).

2. If T is arbitrary, we argue almost as in step 2 of the proof of Theo-
rem 5.1 subject to modifications of step 1. To end the proof we only note
that the second inequality in (9.1) is a consequence of Lemma 4.3(g), (c)
with ®(p) = p. O

The following theorem is connected with the existence of more regular
selections (with respect to 1) of multifunctions with convex images from
classes GVg with ® € N, and Lip. For simplicity we restrict ourselves to
the case of an interval T'= I = [a,b] in R.

Theorem 9.2. Let (X, -]|) be a real Banach space, K C X be a closed
convex cone, F': I — cc(K) be a set-valued mapping and to € I. We have:
(a) if ® € Noo, F € GVg([;cc(K)) and n € GVs(I; K), then F admits a
selection f € GVg(I; K), for which the first condition in (9.1) holds
and Ao a(n, )< Ao, p(n, F);
(b) if F € Lip(I;cc(K)) and n € Lip(I; K), then F admits a selection f
in the class Lip(I; K) satisfying the first condition in (9.1) and such
that the inequality holds: de(n, f) < Dy(n, F).

Proof. (a) By the compactness of F(tg), there exists an element yog € F(tp)
such that ||n(to) — yol| = dist(n(to), F(to)). Given n € N, let &, = {t]'}7,
be a partition of I (i.e., a =t <t} <--- <tl_; <t} = b) satisfying the
following two conditions:

1) to € &, so that tg = Loy for some ko(n) € {0,1,...,n}, and

2) limn_)oo maxlgign(t? - t?—l) =0.
We define elements 2 € F(t!'), n € N, i = 0,1,...,n, as in step 1(a)(c)
of the proof of Theorem 9.1, and so, inequalities (9.2) and (9.3) hold. If
n € N, define f, : I — K by
Lot

W(m’?—x’[l), te[th 7], i=1,...,n,
7 i—1

i—11 Y%

fa(t) = 2321 +
and n, : I — K by

t—t .
() = 0t + e (0 =) ), te Bt =1,

n
i tifl

Note that fy(to) = yo, fn(t]") = = and f,, (¢} ;) = =], for all n and 7. Also,
since n € GVg(I; K) and ® € N, the mapping 7 is (absolutely) continuous
on I, and so,

Mu(t) = n(t) in K as n— oo for all ¢t el (9.5)
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Moreover,

pa(mm) <pe(n), neN;
indeed, if 1 = pa(n) > 0, by the additivity property of Vg, from Lemma 3.1(c),
piecewise linearity of mapping 7, and Lemma 3.9(b), we find

VtIDH, My ZVfbu, (1 [t31, 27])

(&) = @I\ 0 0
_Zq) ( _tn el (G
z i—1
< V<I>u,d(777 I) <1,

proving the inequality. If pg(n) = 0, 7 is constant, so that any 7, is constant
as well.
Let us show that the following inequality holds:

Ag a(n, fn) < Aep(n, F) for all neN. (9.6)

With no loss of generality assume that A = Ag p(n, F') > 0. In order to
calculate Wy, (1, fn,I), let us note that for t,s € [t]' |, '] we have:

i—10 Y4
[7n(t) = 1 () + fu(s) = fu (@)

|t —s|
= In() =ty +aiy — a7l
7 i—1

(9.7)

Taking into account Lemma 4.3(c), definition (4.6), piecewise linearity of n,
and f,, monotonicity of ®, inequality (9.2) and Lemma 4.1(b), we get

W@;(Umfna ZW<1>,\ 77n7fn7[z 15 z])
=1

—Zq’ (In n(t?_1)+w?_1x?!\>(t?_t?_l)

-t

- Z": o, <D(n( i)+ Py, F(t7) +n(ti ) > (i — )
=1

&~
< W%,D(’]aF’I) <1

and so, inequality (9.6) follows.
By Lemma 4.1(f) (cf. (9.3)), we have

Pa(fn) < po(n) + Asa(Nn, fn) < pa(n) +Asp(n, F), neN.  (9.8)

Since ® € N, it follows from Lemma 3.9(a) that the sequence {f,}5°, is
equicontinuous.

Let us check that, given ¢ € I, the set { f,,(t)}72 is precompact in K. For
n € N choose a number i(n) € {1,...,n} (also depending on t) such that
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t?(n)_l <t< t?(n). By condition 2), t?(n) — t and t;‘(n)_l —tasn — oo. If
n € N, pick z,(t) € F(t) such that

H"?(t) - U(t;l(n)q) + xzn(n)fl - .’L‘n(t) H = dist (U(t) - U(t?(n)q) + 'Cc?(n)fh F(t)> :

By the compactness of F(t) we may assume (taking an appropriate subse-
quence) that z,(t) converges in X to an element z(t) € F(t) as n — oo.
We show that || fn(t) — z(t)]| — 0 as n — oco. Since ® € Ny and F €
GVs(I;cc(K)), F is (absolutely) continuous on I with respect to D, and so
is n (with respect to d), and hence, by virtue of (9.3) and (4.3),

[fn(8) = 2@ < [ fn(t) = zn(®)]] + l|2n(t) — z(D)]]

t—n

i(n)—1
ot (x?(m - fv?(n)_l) - wn(t)H + llzn(t) — ()|l
< @) = 0ty —1) + Tiy—1 — Ta(O)|| + [n(E) 1) —n@)]

1y = 2yl + lzn(8) — 22
< D(0(t) + Py, F(0) + 1ty 1)) + 10ty = (1)

- D(0ty) + F(Ey 1) F(t) + 1ty )
+ Intiny) = (i DIl + llza(t) — @),
where the sum at the right hand side tends to zero as n — oo.

Applying the Arzela-Ascoli Theorem we obtain a subsequence of { f, }5°
(for which we keep the notation of the whole sequence), which converges
in X uniformly on I to a mapping f € GVg([; K) (here we have used
Lemma 3.9(e) and (9.8)). The first equality in (9.1) is valid, since f(ty) = yo.
The proof of the precompactness of {f,(t)}>2, shows that f(t) € F(t) for
all t € I. By (9.6), (9.5) and Lemma 4.1(e), we get:

Acb,d(% f) < hnH_l)géf A@,d(nna fn) < A@,D(nv F)7

which completes the proof of (a).
(b) The arguments here are as in the proof of (a). We exhibit only the
necessary modifications. Since we have, for ¢,s € [t ,t"],
MMﬂ—%@Mzwi;iwmﬁ—m#DHSM@JW—Q7
(2 11—
then Lg(n,,I) < Lg(n,I) for all n € N. The equicontinuity of {f,}52;
follows from the inequality Lq(fn,I) < Dy¢(n, F')+ Lg(n, I), which in turn is
a consequence of definition of f,, inequality (9.3) and definition of Dy from
Section 4.2. The inequality from (b) is established as follows: by (9.7) and
(9.2), Lag(nn — fn,I) < De(n, F), n € N, so that it suffices to pass to the
limit as n — oo and take into account Lemma 4.4(b). O

x?(n)—l +
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10. Multiselections of bounded variation

A multiselection of the set-valued mapping F' : T = X is a multifunction
I' : T = X satisfying Gr(I') € Gr(F) or, equivalently, I'(t) C F(t) for all
teT.

In this section we will prove, for a given set-valued mapping F' of bounded
variation, the existence of multiselections of bounded variation, which pass
through a given compact set in the image of F'. The following theorem is a
generalization of Theorem 5.1.

Theorem 10.1. LetT C R, (X, d) be a metric space and F € BV(T;c(X)).
Then, given ty € T and K € c(X), there exists a multiselection T' €
BV(T;c(X)) of F such that

D(K,I'(ty)) < e(K,F(ty)) and Vp[IT,T) < Vp(F,T). (10.1)
In particular, if K C F(to), then by the first condition in (10.1), I'(tg) = K.

Proof. 1. We need the following assertion:

if Ko, Fy € ¢(X) and Ko C Fp, then for any F; € ¢(X)
there exists K1 € ¢(X) such that (10.2)
Ky C Fy and D(KO,Kl) < e(Fo,F1).

To see this, it suffices to define K7 as the metric projection of Ky onto Fi:
K, = {1‘1 e R ’ dxg € Ko such that d(xo,:cl) = diSt(x(),Fl)}.

In fact, the compactness of nonempty set K; follows from the compactness
of Ky, F; and closedness of K;. Given zg € Ky, choose 2} € F} such that
d(zg,x}) = dist(zo, F1); since z} € K1, then inf, cx, d(xo, 21) <d(z0,2)) <
e(Fu, F1), whence by the arbitrariness of zg € Ky we get e(Kop, K1) <
e(Fy, F1). Now if 21 € Kj, then x; € F; and there exists z, € Ky with
the property d(xy,x1) = dist(z(, F1) < e(Fy, F1); so, inf,ecx, d(zo, 1) <
d(z(, z1) < e(Fy, F1) for all 21 € K, and therefore, e(K1, Ky) < e(Fy, F).
This proves the inequality in (10.2).

2. Turning to the main part of the proof, first we argue as in step 1 of
the proof of Theorem 5.1 up to (5.3). Setting Ko = Fy = K and F; = F(t¢)
in (10.2) we find a compact subset K; = Y[ of X such that Yy C F(ty) and
D(K,Yy) < e(K, F(ty)). Now we define compact sets K* C F(t'), n € N,
1=0,1,...,n, inductively as follows. Let n € N, and let a < ¢ty < b, so that
1§k0(n) Sn—l.

(a) Set Ky ) = Yo
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(b) If i € {1,...,ko(n)} and the set K* € ¢(X), K]' C F(t}), is already
chosen, then setting Ko = K[ FQ F(t?) and Fy = F(t7;) in
(10.2) pick K" ; € ¢(X), K", C F(t? ), such that D(K]', K" ;) <
e(P(t7), (1)),

(c¢) If i € {ko(n) +1,...,n} and the compact set K", C F(t ;) is al-
ready chosen, then setting Ko = K ,, Fyo = F(t}' ;) and F = F(t})
in (10.2) pick a compact set K* C F(t!') such that D(K] ,,K) <
(P (), F(E2)).

If tg = a, so that ky(n) = 0, we define compact subsets K" of F'(t) following
(a) and (c), and if tg = b, i. e. ko(n) = n, we define K* C F(t') in accordance
with (a) and (b).

Given n € N, we define I'), : T' — c(X) by (cf. (5.4))

KP o ift=1tr, i=0,1,.

T.(t) = <K', ifTnE )#@andteTﬁ(ll,t[‘), (10.3)

% 2171

1=1,...,n
Then T',(to) = Yo, and by (b) and (c) we have a counterpart of (5.5):

Vp(Tn, T) = ZVD T, T O [t 7] ZD n
=1

= iD(F(t?)aF( 1) <Vp(F,T), neN.

Let us show that {I',,(¢)}72  is precompact in c(X) for allt € T. If t € Q,
by (5.3) there exists ng(t) €N such that t €&, for all n>ng(t), i.e., t = tin)
for some ¢(n) € {0,1,...,n} (also depending on ¢). Hence, thanks to (10.3),
(a), (b) and (c), we have:

Ta(t) = Ky © F(th,)) = F(t) for all n > no(t).

Therefore, {Fn(t)}?zo:no(t) C ¢(F(t)), but F(t) is compact in X, and so (cf.
[12, 11.1.4]), c¢(F(t)) is compact in c(X), which implies that the sequence
{T's(t)}22, is precompact.

Now let t € T\ Q. Again we argue as in step 1 of the proof of Theorem 5.1
up to (5.7). By definition (10.3), T'n, (t) = K;* C F(t;*), k € N. Making
use of (10.2), for each k € N choose a compact set Kj(t) C F(t) such that
D(K}*, Ki(t)) < D(F(t(*), F(t)). By the compactness of c(F(t)), with no
loss of generality we assume that K} (t) converges in metric D to a compact
set K(t) C F(t). Since

D(Ty, (), K (1)) < DK, Ki(t) + D(Kg(t), K(t)) — 0,  k — o0,

1 )

the set {I',,(¢)}7; is precompact in ¢(X).
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The rest of the proof (application of Theorem 1.3, etc.) is carried out with
obvious modifications as the respective part of the proof of Theorem 5.1. [J

A theorem similar to Theorem 10.1 holds for more regular set-valued
mappings. We present the corresponding formulation:

Theorem 10.2. Let T C R, (X,d) be a metric space, F' : T = X be a
multifunction with compact values, tg € T and K € c(X). If F satisfies
conditions of Theorem 5.6 or one of conditions (a)—(e) of Theorem 6.1, it
admits a multiselection I' : T — c(X) of the respective class of mappings of
bounded variation (if we replace f by I' in those theorems, then I' has the
same properties as f) such that D(K,T'(tg)) < e(K, F(to)).

11. Functional inclusion f(t) € F(t, f(t))

Let cb(X) denote the family of all nonempty closed bounded subsets of
the metric space (X, d) equipped with the Hausdorff metric D generated by
d.

Theorem 11.1. Suppose the following conditions hold for F : T x X —
cb(X):
(i) there exists a function ¢ € BV(T;R) and a number 0 < p < 1 such
that D(F(t,x), F(s,y)) < |@(t) —@(s)|+pd(z,y) for all (t, ), (s,y) €
T x X,
(i) Vt € T IK (L) € o(X) such that F(t,z) C K(¢) for allz € X.
Then, given ty € T and xo € X, there exists a mapping f € BV(T; X)
satisfying:
(a) f(t) € F(t, f(t)) forallt € T;
(b) d(zo, f(to)) = dist <3?07F(t0,f(t0)>>; and
(© V(£,T) <V(p,T)/(1 = p).
Moreover, if xg € X is such that xg € F(tg,x0), then (b) can be replaced by
f(to) = xo.

Proof. The set F(t,xq) is closed and, by (ii), is contained in K(t), and so,
it is compact for all ¢ € T. Condition (i) implies F(-,z9) € BV(T;c(X))
and V(F(-,z9),T) < V(e,T). By Theorem 5.1, there exists f; € BV(T; X)
such that f1(t) € F(t,zg) for all t € T,

d(xo, f1(to)) = dist(zo, F'(to, z0)) (11.1)
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and V(f1,T) < V(F(-,x0),T) < V(p,T). Set Fi(t) = F(t, f1(t)), t € T.
Then, by (ii), F1 : T'— c¢(X), and for all ¢, s € T' we have, thanks to (i),
D(F

1(8), F1(5)) <l () = @ (s)| + nd(fi(t), f1(s)), (11.2)
and so,
V(IFLT) <V(e, T) +pV(f,T) <A+ V(e T).
Again by Theorem 5.1 we find fo € BV(T; X), fa(t) € Fi(t) = F(t, fi(t))
forallt €T,

d(xo, f2(to)) = diSt($o,F(t07f1(to))> (11.3)
and V(f2,T) < V(F1,T) < (1 + p)V(p,T). Setting Fy(t) = F(t, fa(t)),
t €T, we have Fy : T — ¢(X) by (ii), and

D(Fy(t), Fa(s)) < [p(t) — o(s)| + nd(f2(1), f2(s)), t,seT,

by virtue of (i), whence
V(F>,T) S V(. T) + pV(f2,T) < 1+ p+ p*)V (g, T).
By induction, for each n € N there exists f, € BV(T; X) satisfying (where
fo(t) = zo):
fn(t) € F(t, fn-1(t)) C K(t) forall teT, (11.4)
F

d(iﬁo,fn(to)):dist(iﬂo, (to, fn— 1(t0))> and

n-1 (11.5)

V(fuT) < (Z w)v«o, T) < V(e T)/(1— ).
i=0

Thus, the sequence {f,}°°; C BV(T'; X) is pointwise precompact and is of
uniformly bounded variation on 7', and so, by Helly’s selection principle
(Theorem 1.3) it contains a subsequence, denoted by the same symbol,
which converges pointwise on T' to a mapping f € BV(T;X) as n — oc.
Due to the lower semi-continuity of V(-,-), condition (c) is satisfied. In
order to prove (a), we employ the following inequality: if ) # A, B C X and
x,y € X, then

|dist(z, A) — dist(y, B)| < d(z,y) + D(A, B). (11.6)

Since dist (fn(t), F(t, fn,l(t))) =0, n € N, by assumption (i) for all t € T

we have:

dist (f(0), F (1, £(2))) — dist(£a(0), F(t, fo 1))

(1) + D(F(t, £(£), F(t, far (1))
(f@), fu(t)) + pd(f(t), fn-1(t)) =0 as n — oo.

S
-
:_/
=
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It follows that dist <f(t), F(t, f(t))) =0, and since the set F'(¢, f(t)) is closed,

then f(t) € F(t, f(t)) for all t € T'. Passing to the limit as n — oo in (11.5)
and taking into account that, by (11.6) and (i), d(xo, fn(t9)) converges to
d(ao, f(to)) and dist (o, F (to, fu-1(ts)) ) converges to dist (o, F(to, f(t0) )
we arrive at the equality (b).

Now if xp € F(to,:ﬂo), then fl(tO) = x¢ by (111), and so, xy € Fl(to) =
F(to, f1(to)), which implies fa(tg) = x¢ by virtue of (11.3), and so on. It
remains to note that (11.5) can now be rewritten in the form f,(to) =
To. O

If w =0, ie, F(t,x) = F(t) is independent of z € X, Theorem 11.1
reduces to Theorem 5.1, since one can set ¢(t) = V(EF,T N (—o0,t]) (t € T)
in (i) and define K (¢) to be equal to F(t) € ¢(X) in (ii).

An application of Theorem 11.1 and the following Theorem 11.2, corre-
sponding to Theorem 6.1, will be presented in Section 14.

Theorem 11.2. Suppose that assumptions of Theorem 11.1 are satisfied.
If the function ¢ in (i) there is such that (o) ¢ € Lip(T;R), or (8) ¢ €
GVs(T;R) with T bounded and ® € N, then there exists a mapping f :
T — X satisfying properties (a), (b) and (c) of that Theorem and («)
f € Lip(T; X) and L(f,T) < L(p,T)/(1 — ), or (8) | € GVa(T; X) and
pq)(fv T) < pq)(@) T)/(l - M)) respectively.

Proof. (a) 1. First let T' C [a,b] and a, b € T. In this case ¢ € BV(T; R),
so we can repeat the proof of Theorem 11.1 taking into account that due
to Theorem 6.1(a) condition (i) guarantees also that f, € Lip(T;X) and
the following estimate holds: L(f,,T) < L(¢,T)/(1 — p), n € N. By Theo-
rem 1.3, a (sub)sequence {f,}5° ; admits a pointwise limit f € BV(T; X),
for which conditions (a), (b) and (c) of Theorem 11.1 hold, and the above
uniform estimate for L(f,T) means that f € Lip(T;X) and L(f,T) <
L(g,T)/(1 = p).

2. For arbitrary T we follow the arguments of step 2 of the proof of
Theorem 5.1. Consider, for instance, the case when a = inf 7T ¢ T and b =
supT ¢ T. Let {t,,}nez C T be an increasing sequence such that ¢, — b and
t_n, — aasn — oo, and set T,, = TN[ty, tn+1] for n € Z. Applying step 1 for
To = T'N[to, t1] (instead of T') we find a mapping f(g) € Lip(Tp; X) such that

f(O) (t) S F(t, f(o) (t)) for all t € Ty, d(xo, f(O) (to)) = dist (.f(), F(to, f(O) (to)))
and L(f(0),To) < L(p,Tp)/(1 — p1). Again apply step 1 to the set 71 and
choose a mapping f(;y € Lip(71; X) such that f)(t) € F(t, f(1)(t)) for all

t € Ty, fay(t1) = fio)(t1) and L(fay,T1) < L(p,T1)/(1 — p), and proceed
this way for T;, with n > 2 and n < —1. Then for each n € Z we obtain
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a mapping f(,) € Lip(T,; X) such that fi,)(t) € F(t, fi)(t)) for all t € T,,,
Joy(tn) = fin—1)(tn) and L(fn),Tn) < L(,T)/(1 — p). Define f: T — X
as follows: if t € T, so that ¢t € T;, for some n € Z, we set f(t) = f,)(t)-
Then f satisfies conditions (a), (b) and (c) of Theorem 11.1 and inequality
L(f,T) < L(p,T)/(1—pu), which can be established as in step 2 of the proof
of Theorem 6.1(a).

(8) Without loss of generality assume that A = pg(p,T) > 0. Since T
is bounded, by (3.24) ¢ € BV(T;R), so the arguments from the proof of
Theorem 11.1 can be applied. Condition (i) implies F'(-, zg) € GVa(T;¢(X))
and pa(F(-,29),T) < A. By Theorem 6.1(e) there exists a selection f; €
GVs(T; X) of F(-,x0) such that (11.1) holds and

pa(f1,T) < pa(F (-, 20),T) < A

Set Fi(t) = F(t, fi(t)), t € T. Given a partition {t;}7*, of T, by estimate
(11.2), the convexity of ® and Lemma 3.9(b), for v = pa(f1,T), A= +pu~y
and ¢1=1,...,m we have:

¢<D<F1<ti>7F1<ti_1>>> S@Cso(ti)—so(ti_l)\ ud(ﬁ(to,fl(ti_l)))

(ti — tz‘—l) A (ti — ti—l) A (ti — ti—l) A
A lo(ti) — o(ti-1)] py o d(fi(ti), f1(ti-1))
= A(I)< (ti —tic1) A ) +Aq)< (ti — ti_1) 7y )
whence
A By
V‘I’A(FlvT) < X V‘I?((P/AaT) + T Vq’y(flvT) <L
Therefore,

po(F1,T) <A< (1+ ppa(p,T).
In this way we get a sequence { f,}°°; C GVg(T; X) with properties (11.4),
(11.5) and such that pe(fn,T) < pa(p,T)/(1 — p). This inequality, (3.24),
(11.4), Theorem 1.3 and Lemma 3.9(e) imply the existence of f € GVg(T'; X)
satisfying the desired conditions. O

Remark 11.3. (a) If 7' = I = [a,b] and ¢ € AC(I;R) in condition (i) of
Theorem 11.1, then the inclusion f(t) € F(t, f(t)) admits a solution f €
AC(I; X); in fact, in view of Theorem 3.6 and (3.20) we have ¢ € GVg(I;R)
for some ® € N, and so, by Theorem 11.2 and (3.13), f € GVa(I;X) C
AC(I; X).

(b) If, under the assumptions of Theorem 11.1, T" is density-open, X is
complete and ¢ € BVg(T;R), then there exists f € BVgs(7; X) such that
f(t) € F(t, f(t)) for almost all t € T" and Viss(f,T) < Viss(, T)/(1 — p).
Indeed, since Vigs(p, T') is finite, by Theorem 2.2(a) there exists a set Tp C T’
of Lebesgue measure zero such that o|pr\7, € BV(T \ To; R) and V(p, T\
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To) = Viss(p, T). Let tg € T\ Tp and 9 € X. By Theorem 11.1, there
exists f € BV(T \ Tp; X) such that f(t) € F(t, f(t)) for all t € T'\ Ty and
V. T\T) < Vo, T\ To)/(1 — 1) < Vsl T)/(1 - ). Extending f onto
To arbitrarily we find that f € BV,(7; X) is the required mapping.

(c) Suppose F : T x RN — cc(RV) satisfies conditions of Theorem 11.1.
If to € T and zg € RY is such that x9 € OF(tg,x0), then there exists
f € BV(T;RY) such that f(t) € OF(t, f(t)) for all t € T, f(to) = z¢ and
inequality (c) from Theorem 11.1 holds.

A generalization of Theorems 10.1 and 11.1 is given by

Theorem 11.4. Suppose F': T x ¢(X) — cb(X) satisfies conditions:
(i) there exists a function ¢ € BV(T;R) and a number 0 < pn < 1 such
that
D(F(t,A), F(s,B))<|p(t) —p(s)|+ nD(A,B) forallt, s € T and A,
B € ¢(X);
(i) 3K : T — c(X) such that F(t,A) C K(t) for all A € c(X).
Then for any to € T and X¢ € c(X) there exists X € BV(T;¢(X)) such that
(a) X(t) C F(t,%(t)) for allt € T
(b) D(Xo, X(to)) < e(Xo, Flto, X(t0)) ), and
() V(X,T) <V(p,T)/(1 = p).
Moreover, if Xo € c(X) is such that X9 C F(to,Xo), then (b) can be replaced
by %(to) = %0.

Proof. Proof of this theorem is analogous to the proof of Theorem 11.1 if
we apply Theorem 10.1 in place of Theorem 5.1. Only the verification of
property (a) is subject to change. We will use the following inequality

le(X,A)—e(),B)| < D(X,Y)+D(A,B), X,Y,A, Becb(X), (11.7)
which is a consequence of the following two inequalities:
e(X,4) <e(X,¥) +e(Y,B) +e(B, A),
e(V,B) <e(),X)+e(X,A)+e(A, B).

Let {X,}72,; C BV(T;c(X)) be the constructed sequence satisfying for all
n € N the conditions (with X (t) = Xo):

Xn(t) C F(t,Xp-1(t)) for all teT,
D(Xo, %n(t)) < e(aeo,F(to,aen_l(to))), and

uvaﬂv<VWqu—um
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and such that D(X,(¢),X(t)) — 0 as n — oo for all t € T, where X €
BV(T;c(X)). Noting that e(%n(t),F(t,%n_l(t))) = 0, by (11.7) and as-
sumption (i) for each t € T we get

(e(() F(t, <>) e(2n(t), F(t, Xna (1)) )|

)
< D(%(1),%:(0)) + D(F(t.X(). F(t.Xa1(1))
Tal0) 41
x(

( ( nl(t))—>0 as n — oo.

Therefore, e( (t), F(t, t))) = 0 implying (a). O

In a similar manner, making use of Theorem 10.2 one can modify The-
orem 11.2 and remarks following it. We leave the details to the interested
reader.

12. Jensen’s functional equation

The main aim of this and the next section is to provide tools and moti-
vation for the results of Section 14. Moreover, the study of the multivalued
Jensen functional equation in this Section as well as the characterization
of multivalued Lipschitzian superposition operators in the BV setting in
Section 13 is important and interesting in its own right.

Let (Y,||-]|) be a real linear normed space. Denote by cbe(Y') the family of
all nonempty closed bounded convex subsets of Y equipped with the usual
Hausdorff metric D (generated by || - ||). We define the binary operation of

(+-) addition + in cbe(Y) by (cf. [106])
PYQ=P+Q, P Qeccbe(Y),

where P+ (@ is the Minkowski sum and P means the closure of P in Y. The
following equalities hold in cbe(Y):

PYQ=P+0Q, (12.1)
AMPFQ) = P +AQ, (A+p)P=\P+puP, A peRF

The triple (cbe(Y), D, —T—) is a metric semigroup in the sense of Section 4,
since for any P, Q € cbe(Y) and ) # R C Y bounded, we have

D(P+R,Q+R) =DP+R,Q+R)=D(P,Q) (12.2)

(cf. (7.1) for the first equality and [39, Lemma 2.2] for the second equality),
so that D is translation invariant. This metric semigroup is complete if Y is
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a Banach space (which follows from properties of D, e.g., [12, Theorems II-
9, I1-14]). Moreover,

D(\P,AQ) = [A\D(P,Q), P, Q € cbe(Y), X eR (12.3)

Now, let I = [a,b] be an interval, (X,|| -||) be a linear normed space,
d(z,y) = ||lx—y|ifz,y € X, and K C X be a convex cone (i.e., K+ K C K
and AK C K for A € RT). Given ®, ¥ € N, by Theorem 4.2 the triples

(GVe(I;K),dp,+) and (GVy(I;cbe(Y)), Dy, —T—)

are metric semigroups with respect to pointwise operations of addition which
are denoted by the same symbols as in K and cbe(Y), respectively (i.e.,

(f +9)(t) = f(t) +9(t) if f,g € GVa(L; K) and (F + G)(t) = F(t) + G(t)
if F;G € GVg(I;cbe(Y)), t € I). These semigroups are equipped with
the respective translation invariant metrics de and Dy starting from the
induced metric d on X and the Hausdorff metric D on cbe(Y') according to
formulas (4.4)—(4.6) from Section 4.

A set-valued operator A : K — cbe(Y) is said to be linear if it is

x-additive (i.e., A(x +y) = A(x) ¥ A(y) for all z,y € K) and nonneg-
atively homogeneous (i.e., A(Az) = MA(z) for all z € K and A € RT).
Observe that A(0) = {0}.

Let us denote by L(K;cbe(Y)) the metric semigroup of all linear Lips-
chitzian set-valued operators from K into cbe(Y) endowed with the metric
(cf. Section 4.2 where a = 0):

Dy(A, B) = Dy(A, B) (12.4)

— sw_ D(A@)+ B(y), B@) + AW)) /=yl
z,yeK, z#y
whenever A, B € L(K;cbe(Y)).
Given H : I x K — cbe(Y), the operator H : K — cbe(Y)! defined by

(Hf)(t) = H(f)(t) == H(t, f(t)) if f:I1—K and tel  (12.5)

is said to be a (set-valued Nemytskii) superposition operator generated by
H, and the set-valued mapping H is called the generator of H.

The main result of Section 13 is Theorem 13.1 characterizing Lipschitzian
set-valued superposition operators between metric semigroups GVg([; K)
and GVyg (I;cbe(Y)). In order to prove it, we need the following two lemmas.

Lemma 12.1. If A: K — cbc(Y) is x-additive and continuous, it is linear.
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Proof. It suffices to show that if z € K and A € RT, then A(Ax) = AA(z).
Let {A\;}72, be a sequence of positive rational numbers converging to A as
k — oo. By the continuity of A we have:

D(A()\kx),A()\x)> —0 as k— oo

Note that A(A\xx) = \pA(x), k € N; in fact, if k is fixed, then A\, = n/m for
some n,m € N, and so, the convexity of values of A and the x-additivity
of A imply A(z) = A(z/m) SR A(x/m) = mA(x/m), or A(z/m) =
A(z)/m, and similarly,

AQuz) = A(n(z/m)) = A(z/m) + - + A(z/m)

n times

=nA(x/m) = (n/m)A(z) = \A(x).

Since the set A(z) is bounded, the mapping p +— p A(x) is continuous from
R into cbe(Y) (cf. [87, Lemma 3.2]), so

D(A()\k$),>u4(:l7)> = D()\kA(:L"),)\A(x)> —0 as k— oo.
As k — oo it follows that
D(A()\x), )\A(:v)) < D(A()\x), A(Akx)) + D(A()\k:n), AA(J:)) 0.
Since the values of A are closed, A(Ax) = AA(z). O
The following lemma was established for operators I’ with compact con-
vex values in Y by Fifer [43, Theorem 2] (if K = R") and Nikodem [87,
Theorem 5.6] (if K is a cone). An abstract version of this lemma is due to

W. Smajdor [106, Theorem 1]. In the proof of Lemma 12.2 below we follow
the paper [106].

Lemma 12.2. Let Y be a Banach space. Then a set-valued operator F
from K into cbe(Y) satisfies the Jensen functional equation, i. e.,

F(w—;—y) :%<F(a:)—*FF(y)> for all z,yeK,

(12.6)

if and only if there exists a x-additive operator A : K — cbe(Y) and a set

B € cbe(Y) such that F(z) = A(x) B for all x € K. (The operator A
and the set B are determined uniquely by F'.)
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Proof. Necessity. First, note that the following two mappings are continu-
ous:

RT x cbe(Y) 3 (N, A) — AA € cbe(Y),
\ (12.7)
cbe(Y) x cbe(Y) 2 (A, B) — A+ B € cbe(Y).

Setting FY(z) = F(2"z + y)/2", o, = (2" — 1)/2", 2,y € K, n € N, by
(12.6) and induction we have

Flz+y) = FY(z) + anF(y) forall z,ye K,neN. (12.8)

Let us show that { F}Y(z)}5°, is a Cauchy sequence in cbe(Y) forall z,y € K.
Given n,m € N, n > m, by (12.2), (12.8), (12.1) and (12.3) we have:

D(F(w), () = D(FY(2) + anF(y), Fi() + anF(y))
= D(F(z+y), (@) + amF(y) + (an — am)F(y))
= D(F(z+y), F@+y) + (an — am) F(y))
= D({0}. (an — an) F(y))
~ (3~ 1) (0O} FW).
Since cbe(Y) is complete, for each y € K there exists AY : K — cbe(Y)

such that D(FY(z), AY(z)) — 0 as n — oo for all z € K. Passing to the
limit as n — oo in the equality (12.8), by virtue of (12.7) we get

F(z+y)=AYx) + F(y), = yeK. (12.9)

For each y € K the operator AY is x-additive, since, given x1,z9 € K, by
Jensen’s equation we have in cbe(Y):

AY (1 + x2) = nh_}rglo FY(x1 + z2) = nll_)rI;O(Fngl(Cﬁ) —T— Fg+1(x2)>
= AY(z1) + AY ().
Now we show that the operator AY is independent of y € K, namely,
AY(x) = lim FO(x) in cbe(Y) for all z,y € K. (12.10)
Taking into account (12.6), (12.9) and the x-additivity of AY, we find
F(22) + F(2y) = 2F(x + y) = 24Y(z) + 2F(y)
= AY(2z) + 2F(y), (12.11)



64 V. V. CHISTYAKOV

and so, the second equality in (12.11) with = y implies F'(2y) = AY(y) —T—
F(y), and this together with the third equality in (12.11) gives:
* * *
F(2z) + AY(y) + F(y) = AY(2x) 4+ 2F (y).
Cancelling by F(y) here, replacing x by 2" !z, dividing by 2" and taking
into account the x-additivity of AY, we arrive at the equality:
1 * ]
@) oo A) = A) b o F).
As n — oo, thanks to (12.7) we get (12.10). To end this part of the proof,
set y =0, A= A" and B = F(0) in (12.9).
Sufficiency. Let A : K — cbe(Y) be x-additive, B € cbe(Y) and F(x) =

A(z) + B, x € K. Then F satisfies the Jensen equation (12.6), for, given
x,y € K, we have

2F<x;y> :2A<x;y> Y 2B=A(x+y)+ 2B

— (A(z) + B) + (A(y) + B) = F(z) + F(y).

13. Multivalued superposition operators

We say that ® € N grows at infinity significantly slower than ¥ €N (in
symbols, ® < W) if lim,_.o, ®(Cp)/¥(p) = 0 for all C' > 0. It is known (e. g.,
[23, Lemma 4.2]) that ® <1 ¥ if and only if lim, ., ¥~!(r)/®~1(r) = 0. For
instance, if ®(p) = p?, ¥(p) = p2, p € RT, q1,q2 € [1,00), then & < ¥
if and only if g1 < ¢2. Observe also that ® <« ¥ if and only if ® < ¥ and
O AU,

The main result of this section is the following theorem.

Theorem 13.1. Let I = [a,b], (X, ]|-]|) and (Y, || -||) be two linear normed
spaces, K C X be a convex cone, ® € N and ¥ € N. Suppose that
H : K' — cbe(Y)! is a set-valued superposition operator generated by a
mapping H : I x K — cbe(Y) via (12.5).

If Y is a real Banach space and

M € Lip (qu)(f; K): GV (I; cbc(y))), (13.1)

then H(t,-) € Lip(K;cbe(Y)) for allt el and there exist two mappings Hy €
GVy(I;cbe(Y)) and Hy : I — L(K;cbe(Y)) with the property that Hi(-)x =



SELECTIONS OF BOUNDED VARIATION 65

[t — Hi(t)z] € GVy(I;cbe(Y)) for all x € K such that the Matkowski
representation holds:

H(t,z) = Ho(t) + Hi(t)z, tel, zeK. (13.2)

Moreover, under the conditions above if ® <V, then H(t,x) = H(t,0) for
allt € I and x € K (so that H is a constant set-valued operator).

Conversely, if ¥ x®, Hy € GVy(I;cbe(Y)), Hy € GVy(I; L(K;cbe(Y)))
and the generator H is of the form (13.2), then the superposition operator
H satisfies (13.1).

Proof. For the sake of clarity we divide the proof into eight steps.

1. Let condition (13.1) be satisfied. Then there exists a number p > 0
such that if f1, fo € GVe(I; K) and A = pds(f1, f2), then Dy (H f1, Hf2) <
A and, hence (cf. (4.4) and (4.5)), Aw p(Hf1, Hf2) < A If do(f1, f2) > 0,
by Lemma 4.1(c) the last inequality is equivalent to Wy, p(Hf1, Hf2) <1,
and so, from the definition (4.6) for all o, 8 € I, a < 3, we get, in particular,

(D((Hfl)(ﬁ) + (Hf2)(e), (Hf2)(B) + (Hfl)(a))>
U (B—a) <1

(B —a)A

Applying ¥~! and taking into account (12.5) and the definition of function
wy in Section 3 (p. 13), we find

D(H(B, f1(8)) + Hla, fole)), H(B, f2(8)) + H(a, fa(e)))
S quj(ﬂ — Oé)dq;(fl, fg) (133)

Now if do(f1, f2) = 0, then Ay p(Hf1,Hf2) =0, and so, by Lemma 4.1(a)
the left hand side of (13.3) is equal to zero. Thus, inequality (13.3) is valid
for all mappings f1, fo € GVa([; K) and all o, S € I, a < 3.

2. Let us show that H(t,-) € Lip(K;cbc(Y)) for all t € I. More precisely,
we will show that there exists a function pg : I — R such that

D(H(t,ml),H(t,xg)) <uo@llzr —ws|, tel, z,aek.  (13.4)

First, suppose that a < t < b, and let x1, xo € K. Define two mappings
fj € Lip(I;K)a J=12, by

fi(s) = nap(s)xy, sel, j=12 «opfecl o</, (13.5)
where
0 if s < a,
s—a
Na,3(8) = — ifna <s<g, (13.6)

1 if 8 <s.
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Note that f;(3) = z; and fj(«) = 0 for j = 1,2. Let us calculate do(f1, f2).
It is clear that if 21 = x9, then Ag 4(f1, f2) = 0. If 21 # 22, choose A > 0
such that

|1 — 22|

W<I>>\,d(f1, f2) - (I)<(ﬁ—oz))\

Then by Lemma 4.1(d) we find
Agd(f1, f2) = A = [lz1 — 22| /ws (B — a).

Since ||fi(a) — f2(a)|| =0, we have do(f1, f2) = As.q(f1, f2). Substituting
mappings (13.5) into inequality (13.3), by virtue of the translation invari-

ance of D on cbe(Y) (cf. (12.2)) for all o, 5 € I, a < 3, and x1, 22 € K we
get

)(ﬂ—oo:l.

D(H(ﬂ,xl%H(ﬁv‘W)) = “ZM

Setting a = a (3 = t, we arrive at (13.4) with po(t) = pwy(t—a)/we(t—a).
Now let t = a and z1,22 € K. Define two Lipschitzian mappings from [
into K by

fi(s) = (1=nap(s))z;, sel, j=1,2, a,fel, a</f, (13.8)

so that f;(8) = 0 and f;j(a) = x;, j = 1,2. Substituting them into (13.3),
noting that

H.’Bl —xQH. (13.7)

1
da(f1, f2) = (1 + m)”xl — z2l|,

and setting o = a and § = b, we obtain (13.4) for ¢ = a with the constant
po(a) = peow(b — a)(1 + 1/wa (b — a)).

3. In order to prove (13.2), let o, B € I, a < 3, x1,22 € K, and let
fj € Lip(I; K), j = 1,2, be defined by

1

0 = 5 (nap®@r —a2) +; +22),  tel, j=12

Substituting these mappings into (13.3), we find

D<H(57$1) _T_ H(a,xz),H(ﬂ7 T —;—$2) _T_ H(a’ T —gfm))

< grwu( o)z — w|. (13.9)

Since constant mappings from I into K belong to GVg([; K), condition
(13.1) implies H(-,z) = H(z) € GVg(l;cbe(Y)), € K, and so, by
Lemma 4.1(a) and assumption ¥ € N, the mapping H (-, z) is (absolutely)
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continuous on [ with respect to D for all x € K. If t € I, then passing to
the limit as § — o — 0 in (13.9) in such a way that a < t < 3, we get:

D<H@xﬂifﬂmmﬁHGfH;@>if“axt;m)>:&

Since D is a metric on cbe(Y') and the images of H are convex (bounded
and closed), it follows that

H(t, 1) + H(t,wo) = 2H (t, W)

2

Therefore, for each t € I the set-valued operator H(t,-), mapping K into
cbe(Y), satisfies the following Jensen functional equation:

1 *
H(t,xl—;x2> :§<H(t,x1)+H(t,x2)), 1, o € K.
By Lemma 12.2, for each ¢t € I there exists a set Hy(t) € cbc(Y) and a
x-additive set-valued operator Hi(t)(-) : K — cbe(Y') such that

H(t,z) = Ho(t) + Hi(t)z, =€ K. (13.10)

Thanks to (13.4) and the translation invariance of D, the operator H;(t)(-)
is (Lipschitz) continuous, and since it is *-additive, by Lemma 12.1 it is also
linear, so that Hy(t) € L(K;cbe(Y)). Hence, Hi(t)(0) = {0}, t € I, and
(13.10) yields H(t,0) = Ho(t) for all ¢t € I. In this way we have proved that
the mapping Hy belongs to the metric semigroup GVy (I;cbe(Y)).

Let us prove that Hi(-)x € GVyg(I;cbe(Y)) for all x € K. Let z € K.
Since, as is shown above in this step, H(-,z) and Hp belong to GVy(I;
cbe(Y')), there exist numbers A > 0 and ' > 0 such that Vg, (H(-,z)) < o0
and Vy ,(Ho) < co. By the translation invariance of D and (13.10), for all
t,sel, s <t, we have:

D(Hl (), Hl(s)x) :D(Ho(t) T Hy(t)a, Ho(t) + Hl(s)x>
gD(HO(t) H Hy(t)x, Ho(s) H Hl(s)x>
+ D(Ho(s) + Hi(s)w, Ho(t) + Hi(s)a),
whence
D(Hl(t)x, Hl(s)x) < D(H(t,m), H(s,x)) + (Hg(t), Ho(s)>. (13.11)
Noting that
D<H1(t)x,H1(s)$>
(t —s)(N+p)
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is nongreater than
x o D(H2) Hs2) y D(Hot), Hos))
N (—sN xNaw (—ew
by the convexity of ¥ we find

/ /

Vi (H1()2) < 577 Vo (HC,2) 4 37—V (Ho) < oo,

Thus, Hi(-)z € GVy(I;cbe(Y)) for all x € K.

4. Suppose now that (13.1) holds and ® < W. If t € I, t # a, and x € K,
then setting 5 = t, x1 = x and x5 = 0 in (13.7) and noting that (by remarks
before this theorem)

wyt—a) UH1/(t—a))

wolt—a) (1 /(t—a)y 0 a7t=0

and that H(-,x) is continuous on I and passing to the limit as & — ¢ — 0
n (13.7), we find that H(¢,z) = H(¢,0) for all @ < ¢t < b. The continuity of
H(-,z) and H(-,0) yields H(t,z) = H(t,0) whenever t € [ and = € K.

Now let us prove the reverse assertion. Let H be given by (13.2) and ¥ <
®, so that GVg([; K) C GVy(I; K) and inequalities from Lemma 4.5(b)
hold.

5. First of all, let us show that if Hy € GVyg(I; L(K;cbe(Y))) and f €
GVy(I; K), where ¥ € N, then the mapping H;f defined by (Hif)(t) =
Hy(t)f(t) for t € I belongs to the metric semigroup GVy(I;cbe(Y)). In
fact, by the definition (from Section 4.2) of Lipschitz constant L(H;(t)) of
the set-valued operator Hi(t) € L(K;cbe(Y)) and the definition of metric
Dy, from (12.4) for all ¢, s € I we have:

D((H)(0), (H1f)(s) (13.12)

< D(HO (1), Hu() 1)) + D(Fi(0)f(s). Hr(5)7(5))
< L(H1 (1)1 f(t) = f()Il + Dr(Ha(t), Hi(s))]|f (s)]]-
From Lemma 4.4(c), (12.4) and Lemma 3.9(a) we get (setting |I| = b — a):
|L(H:(t)) — L(H:(s))| < Dr(H:(t), Hi(s)) < we([I|)pw,p, (H1), t,s€l,
and so, sup,c; L(H;(t)) < oo. Similarly, by Lemma 3.9(a) we get:
1f(@) = f()| < we([I)pw,a(f), t.s€L, so that Sup 1 ()] < oe.

Then due to (13.12) for all ¢, s € I we have that
D((H £)(), (Hrf)(s))
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is nongreater than

<supL<H1<T>>) 1F() = £()]| + Di(H (), Hu(s)) (s;g; ||f(T)H>-

Tel

By the already standard procedure (used, e.g., in the proof of the first
inequality of Lemma 4.1(f), see (4.9) and (4.10)), this inequality yields

po.p(HL) < <supL(H1(t))>pw,d(f)+pm,DL(H1) <i2? ||f<t>u), (13.13)

tel

which proves that H; f € GVy(I;cbe(Y)).

6. Now we show that the superposition operator H generated by (13.2)
maps GVy(I; K) into GVg(I;cbe(Y)). Let f € GVy(I;K). Assumption
(13.2) implies

(Hf)(t) = Ho(t) + Hi(t)f(t), tel. (13.14)
Given t, s € I, by applying property (12.2)) we have
D((HF)(0), (HF)(s)) =D(Ho(t) + Hi(8)f(2), Ho(s) + Hi(s)/(s))
<D(Ho(t) + Hi(t)f (1), Ho(t) + Hi(s)f(s))
+ D(Ho(t) T Hi(5)f(s), Ho(s) + Hi(s) f(s))
=D(Hi(8)£(t), Hi(3)f(s)) + D(Ho(t), Ho(s) ).
whence by the (mentioned) standard procedure we get

pv,p(Hf) < pwp(Hif)+ pv,p(Ho), (13.15)

and this means that Hf € GVy/(I;cbe(Y)).

7. Let us prove that the superposition operator H is Lipschitzian. By
hypotheses Hy € GVy(I;cbe(Y)), Hi € GVy(I; L(K;cbe(Y))) and H acts
on mappings f € GVy(I; K) according to (13.14). Let fi, fo € GVy(I; K).
By definition (4.4),

Dy (Hfi1,Hf2) = D((Hfi)(a),(Hf2)(a)) + Aw.p(Hfi1, Hf2) = Z1 + Zo.
Let us estimate Z; and Z, separately. For Z; we have:
71 = D(Ho(a) + Hi(a)f1(a), Ho(a) + Hi(a) fo(a) )

= D(Hl(a)fl(a), Hl(a)f2(a))
< L(Hi(a))|l fi(a) — fa(a)]-
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In order to estimate Zs, applying definition (4.6), translation invariance of
D, inequality (4.1), x-additivity of H(t), definition of L(H;(t)) and (12.4),
for all ¢, s € I we have:

D((HA)(E) + (Hf)(s), (HE)(E) + (Hf1)(s))
= D(Holt) + Hi(t) (1) + Ho(s) + Hi(s)fa(s),

* *

Ho(t) + Hi(t)f2(t) + Ho(s) + H(s)f1(5)) =
H

*

= D(Hi(O) (1) + () fals). Ha(0) folt) + Hi()(5))
<" D(H (A + Hi()fals) + Hit)fo(s) + Hi()(s),
H(8) fo(t) + Hi(s)1(5) + Hi(s) fals) + Hi () f1(5))

+ D(Hi(t)2(s) + Hi(3)fa(5), Ha(s) als) + Hi () u(5))
= D(H(®)1(t) + Hi(t) fals), H (1) m+mw<0

*

+D@MM@+M@hU () a(s) + Hi(1)fo(s))
«-add

S D(HO(1(0) + fols)) i (O(o6) + 1(5)))
-uxmmﬁ@iﬂmvx> MﬁmiHum@D

L(H(¢)),(12.4)
<

L(H1 ()| f1(t) + fa(s) = fa(t) — f1(s)]]

+ D (Hi(t), Hi(s ))Hfl(S) fa(s)ll
= LUHL())[(fr = f2)(t) = (fr = f2) ()| + DL(H1 (1), Hi(s)[[ (1 = f2) (3]

Thus, for all ¢, s € I we obtain the inequality:
D((HA)(E) + (L)), (HE)(E) + (Hf)(s))
s<wMﬂﬁmQWﬁ—ﬁwrwﬁ—ﬁwm

Tel
+mﬁmmﬂm»Gwmﬁ—ﬁww)
Tel

By the standard procedure this implies the estimate:

= Aw p(Hf1, Hf2) (13.16)
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< (supL<H1<t>>) Awalfir f2) + pu.y (F) (sup I — fz)(t)ll)-
tel

tel
Noting that Ay 4(f1, f2) = pw,a(fi — f2), by Lemma 3.9(a) we find

Stlel? [(fr = f)DOI < [I(fr = f2)(@)]| + we([I])Aw,a(f1, f2)-

Making use of Lemma 4.4(c), definition (12.4) and Lemma 3.9(a), for t € I
we have:

L(Hy(t)) < L(Hi(a)) + DL(Hy(t), Hi(a)) < L(Hi(a)) + we(H])pw.p, (H1),
and so,

s;gL(Hl (1)) < L(Hi(a)) + wu([)pw,p,, (H1). (13.17)

Therefore, if we set
¥(¥) = max{1, 2wy (|I|)} and
121w = L(H1(a)) + pe,p, (H1),

then by (13.16) we arrive at the estimate:
Dy(Hf1, Hf2) = Z1 + Zo < L(H1(a))||(f1 — f2)(a)]|
+ (L(H(@) +wa(1Dpu,p, (1)) Aw alfr, £2)
+ oo, (H) (101 = £2) (@ + we (1) Awalfr, 12))
< max{1, 2wy (1)} (L(H1(0)) + pop, (1)) (1|1 = f2)(@)]
+ Avalf f2).

or, finally,

(13.18)

Dy (Hfr, Hf2) <~(9) [H1lllw dw(f1, fa)- (13.19)

8. To end the proof, if ¥ < &, then GVs(I; K) C GVy([;K), and
so, H maps GVg(I; K) into GVy(I;cbe(Y)) and is Lipschitzian (i.e., sat-
isfies (13.1)), since by virtue of (13.19) and Lemma 4.5(b), given fi, fo €
GVs(I; K), we have:

Dy (Hf1, Hfz2) < ~v(V) [|Hill|w ko(®, ¥, |I]) do(f1, f2)-
This completes the proof of Theorem 13.1. O

Remark 13.2. (a) The result of Theorem 13.1 is valid if we replace the
semigroup GVg(I; K) by the semigroup Lip(/; K). We omit the details.



72 V. V. CHISTYAKOV

(b) If in Theorem 13.1 K is a linear subspace of X, the operator Hy(t)(+)
from (13.10) is single-valued for all ¢ € I, since it is *x-additive, and if x € K,
then (—x) € K, and so,

Hy(t)(x) + Hi(t)(—z) = Hy(t)(z + (—2)) = Hy(£)(0) = {0}.

(c) The representation of the form (13.2), H(t,x) = Ho(t) + Hi(t)z,
for generators of Lipschitzian superposition operators on the classical space
of Lipschitzian functions was found by Matkowski [71], [72]. In different
spaces of functions and mappings it was shown to be valid for single-valued
superposition operators ([73], [74], [76], [78], [21], [22], [29], [30], [34]) and
set-valued superposition operators ([105], [77], [106], [19], [23], [25]). The
above Theorem 13.1 extends the results of [77], [78] and [23]. Theorem 13.3
below generalizes the results of [74], [113] and [23].

Let (Y, - ||) be a Banach space. Then, by Theorem 4.2, the set BV(Z;
cbe(Y)) is a complete metric semigroup equipped with metric Dy defined by
(4.4)—(4.6) with ®(p) =p. Suppose that a multivalued mapping H : I x K —
cbe(Y) is such that H(-,z) is in BV(I;cbe(Y)) for all x € K. Since Y is
complete, (cbe(Y), D) is a complete metric space (cf. [12, Theorem II-14]),
so that any mapping from BV(7;cbc(Y)) has one-sided limits at each point
of I. The left reqularization H™ : I x K — cbe(Y) of H is defined by

H™ (t,xz) = SE?OH(S’@ ifa<t<b and H (a,z)= tEﬂoH_(t’$)
for all x € K, where the limits are taken with respect to the Hausdorff met-
ric D on cbe(Y). Let BV~ (Z;cbe(Y)) denote the subspace of BV(I;cbe(Y))
consisting of all mappings which are left continuous on (a,b]. Then H™ (-, z) €
BV~ (I;cbe(Y)) for all z € K.

Theorem 13.3. Suppose the hypotheses of Theorem 13.1 are fulfilled. If
Y is a real Banach space and H maps Lip(I; K) or GVg([; K) with ® € N
into BV(I;cbe(Y)) and is Lipschitzian, then H(t,-) € Lip(K;cbe(Y)) for
all t € I and there exist two mappings Hy € BV~ (I;¢cbe(Y)) and Hy : I —
L(K;cbe(Y)) with the property that Hi(-)x € BV~ (I;cbe(Y)) for allx € K
such that H= (t,x) = Ho(t) ¥ H,(t)x whenevert € I, x € K. Conversely, if
Hy € BV(I;cbe(Y)), Hi € BV(I;L(K;cbe(Y))) and H is given by (13.2),
then H maps BV(I; K) into BV(I;cbe(Y)) and is Lipschitzian.

Proof. Let H € Lip (Lip(I; K);BV(I;CbC(Y))). As in the proof of Theo-

rem 13.1 (with W(p) = p) we get the inequality (13.3) where wy (5 — ) is
replaced by 1 and dg(f1, f2) is replaced by dr(f1, f2). Substituting Lips-
chitzian mappings f; from (13.5) with & = a and § =t € (a,b] and from
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(13.8) with « € [a,b) and = b into (13.3) we have:
D(H(t,z1),H(t,22)) < pllzr — z2||/(t —a), a < t < b, (13.20)

1
DUﬂmm%Hmmﬁ)gu@+gjawm—mﬂ,a§a<b,(BQD

respectively. This proves that H(¢,-) € Lip(K;cbe(Y)) for all t € I. Passing
to the left limits in (13.20) and to the limits as & — ¢t — 0 with ¢ > a and,
then, as ¢ — a + 0 in (13.21), we obtain inequalities (13.20) and (13.21)
with H replaced by H~ and « by a, and so, H™(¢,-) € Lip(K;cbc(Y)) for
allt e I.

In order to prove the validity of the representation for H™ (¢, z), let a <
t<bhneNanda<a <1 <ars << - <a,<pf, <t Since H is
Lipschitzian, we have

ZD( (B F1(8:)) + Hau, fole)), H (B, f2(8:)) + Hiew, fi(en))

S,UdL(flan)

whenever fi, fo € Lip(I; K). Substituting into this inequality Lipschitzian
mappings f; : I — K, j = 1,2, defined by

1
fi(s) = §<nn(s)(a¢1 —x9) + +x2>, sel, zje K, j=1,2,

where 7, € Lip([a, b];[0,1]) is given by

0 if a <s<ay,
Ty, 6 () if a; <s<Bi=1,...,n,
() =94 . .
—MBaa () B <s<appr,i=1,...,n—1,
1 if B, <s<b,

and 7,4 is defined in (13.6), we get

ZD( (0.22) —|—H(az,$2) <ﬂ“x1+x2>+H<ai’x1—;m2)>

< pller = o /2.
Since H(-,z) = H(z) € BV(I;cbe(Y)), H(,z) € BV~ (L;¢cbe(Y)) for all

x € K. By the continuity of + (cf. (12.7)) on cbe(Y) and definition of H™,
passing to the limit as a; — ¢t — 0 in the last inequality we have, for all
€ (a,b],

D<H(t,x1) Y H(t,20), H™ (t, 1 ;m) fH (t, 1 ;m2)>

<z — 22|/2n,
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and so, as n — 0o, we get:

D<H‘(t,x1) Y H (t,a0), H™ (t, al +$2) T H (t, 71 “”2)) _

2

By definition of H~ this equality also holds at ¢ = a. Making use of
the arguments between (13.9) and (13.10), we arrive at the representation

H~(t,2) = Ho(t) + Hy(t)x with Ho(t) € cbe(Y) and +-additive set-valued
operator Hi(t)(-) : K — cbe(Y), t € I. From this representation, since
H~(t,-) is Lipschitzian, by virtue of translation invariance of D we find
that the operator Hj(t)(-) is continuous, and since it is also *-additive, it
is linear, so that H; maps I into L(K;cbce(Y)). Since Hi(t)(0) = {0},
the above representation implies H~(¢,0) = Ho(t) for all ¢ € I. Hence,
Hy € BV~ (I;cbe(Y)).

That Hy(-)z € BV~ (I;cbe(Y)) for all x € K follows in a similar manner
as in the last paragraph of step 3 of the proof of Theorem 13.1; observe only
that instead of (13.11) we get the inequality

D(Hl(t)x,Hl(s)a:> < D(H—(t,g:),H—(s,m)) + D(Ho(t),Ho(8)>,

in which H~ (-, z) and Hyp belong to BV~ (I; cbc(Y)). The case when Lip([; K)
above is replaced by GVg([; K) is treated similarly.

The converse assertion is a consequence of steps 5—8 of the proof of The-
orem 13.1: replace GVg by BV, wy(|I|) — by 1 and py(-) — by V(). O

14. Linear functional operator inclusion

Example 14.1. Let I = [a,b], (X, || - ||) be a linear normed space, K C X
be a closed convex cone, ¥ € N, Hy € GVy([;cc(K)), H € L(K;ce(K))
with L(Hp) < 1, and there exists K € ¢(X) such that Hyz C K forall z € K.
Set F(t,z) = Ho(t) + Hyz, t € I, x € K. Then F satisfies conditions of
Theorem 11.1. In fact, if t, s € I and z, y € K, then, by (4.2), we have:

D(F(t,2), F(s,y)) = D(Ho(t) + Hyz, Ho(s) + Hiy)
< D(Hy(t), Ho(s)) + D(Hyz, H1y)
< D(Ho(t), Ho(s)) + L(H1) [z — ]|

Setting ¢(t) = V(Ho, [a,t]), t € I, from remarks on the structural theorem
for GVg on p. 22 we find that ¢ € GVy(I;R) C BV(I;R), which provides
the estimate D(H(t), Ho(s)) < |p(t) — ¢(s)|. In order to verify condition
(ii), it suffices to put K(t) = Ho(t) + K, t € I. Thus, under the hypotheses
above, if zy € K is such that xy € Hy(a) + Hyzg, then by Theorems 11.1—
11.2 there exists a mapping f € GVy/(I; K) such that f(t) € Ho(t)+ H1f(t)
for all t € I and f(a) = xo. (Since L(H;) < 1, a point zo satisfying
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xo € Ho(a)+ Hixo always exists by virtue of Banach’s contraction mapping
principle for set-valued mappings, cf. [70], [85], [49, Theorem 15.1].)

The purpose of this section is to prove the existence of solutions f to the
linear functional operator inclusion f(t) € Ho(t) + Hi(t)f(t), t € I, for a
variable set-valued operator Hy such that Hy € GVg([; L(K;ce(K))).

Theorem 14.2. Let I = [a,b], (X, ]| ]||) be a real Banach space, K C X a
closed convex cone, D the Hausdorff metric generated by d(x,y) = ||z — y||
(x,y € X), ¥ e N, Hy € GVy(I;cc(K)) and Hy € GVy(I; L(K;cc(K))).
Let v(9)||Hi|lw < 1 (see notation (13.18)). Suppose that for each t € I
there exists K(t) € c(X) such that Hi(t)x C K(t) for all x € K. Let
to =a € I and 9 € K be such that xo € Hy(a) + Hyi(a)xog. Then there
exists a mapping f € GVy(I; K) satisfying:

(a) f(t) € Ho(t) + Hi(t)f(t) for allt € I;
(b) f(a) = xo, and
(c) pw.a(f) < (pw,p(Ho) + pw.p, (H)|zoll) /(1 = v(©) [ Hillw)-

Proof. Given f € K, define a superposition operator by (Hf)(t) = Ho(t)+
Hy(t)f(t), t € I. As is shown in steps 5-7 of the proof of Theorem 13.1, H
maps GVy ([; K) into GV ([;cc(K)), and the estimates (13.13) and (13.15)
hold. Taking into account inequalities (13.15), (13.13), (13.17), a conse-
quence of (3.24):

ilelg\lf(t)ll < |lf (@)l + V(£ 1) < [f (@)l + we([T)pw.a(f),

and notation (13.18), for each f € GVyg(/; K) we find
py,p(Hf) < pw,p(Ho) + pe,p(H1f)

< pw,p(Hp) + (Stlél;L(H1(t))>qu,d(f) + pw,p, (Hy) (Stlell;’ Hf(t)||>

< pu.p(Ho) + (L(H: (@) + wu(|)pv,0, (H)) -Pu.a(f)

+ pu.o, () (£ @I+ ww(TDpu.a(F)
= pw,p(Ho) + pw,p, (H1)||f(a)|| + L(Hi(a))pw,a(f)
+ 2wy ([I])pw,p, (H1)pw,a(f)
< pw,p(Ho) + pw,p, (H1)| f(a)[| + ()| H1[|w pw.alf)-
Therefore, the following a priori estimate holds:
pu.p(Hf) < Co + Cillf(a)| + ppwa(f), f € GVu([;K),  (14.1)
where Cy = py,p(Ho), C1 = pw,p, (H1) and p = ()| H1[|w < 1.
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Since (Hzo)(t) = Ho(t) + Hi(t)xo, t € I, then Hxg € GVy([;cc(K)),
zo € (Hzo)(a), and by (14.1) we have

pw,p(Hzo) < Co + Cif|zo|| = C
By Theorem 9.2 (if ¥ € N ) or by Theorem 9.1 (if ¥ € N'\ N ) there exists
a mapping f; € GVy([; K) such that fi(t) € (Hxzo)(t) C Ho(t) + K(t) for
allt € I, fi(a) =z and py 4(f1) < pw,p(Hzo) < C. Now for mapping H fi
we have (H f1)(t) = Ho(t)+Hi1(t) f1(t), t € I, and so, Hf1 € GVg([;cc(K)),
zo € (Hzo)(a) = (Hf1)(a), and again by (14.1),

pe.p(Hf1) < Co+ Cillfi(a)ll + ppw.alfi)
<CH+pC=1+p)C.
Applying Theorems 9.1 and 9.2, we find a mapping fo € GVyg(I; K) such
that fa(t) € (Hf1)(t) C Ho(t) + K(t) for all t € I, fo(a) = xo and
pw.a(f2) <pw,p(Hfi) < (14 p)C.
Similarly, H fa € GVy(I;cc(K)), o € (Hf2)(a), and by (14.1),

pw,p(Hf2) < Co+ Cil fa(a)|| + ppw,a( f2)
<SCH+p(+p)C=1+p+p)C.

By induction, for each n € N there exists f,, € GVy/(I; K), satisfying (where
fo(t) = zo):
fu(t) € (Hfn-1)(t) = Ho(t) + Hi(t) fu-1(t) C Ho(t) + K(t), tel,
fn(a) = o, and

pwa(fn) < (ZM>C<C/(1—

It follows that the sequence {f,}7°; C GVg([;K) is pointwise precom-
pact and is of uniformly bounded W-variation on I. By virtue of (3.24),
Theorem 1.3 and Lemma 3.9(e) we may assume (passing to a subsequence
if necessary) that the sequence converges pointwise on I to a mapping
f € GVy(I; K). It remains to verify condition (a). Applying inequality
(11.6), for ¢t € I we have:

‘dist(f(t) Ho(t) + Hi(t)f )
t

|
:dist(f( (Hf)(t ) dis <fn anl())‘

< 1) = fa@®)ll + D((H@), (1) (1))

=I5 - tH+D( )+ Hi(6)£(2), Ho(t) + Hy () fu 1 (1))
< I7() = Fa@ll + LU @) = far ()] = 0, 1= o0,
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whence dist (f(t), Hy(t) + Hy (t)f(t)) = 0, which was to be proved. O

Observe that the point ¢y € I in Theorem 14.2 can be arbitrarily chosen
since in the respective definitions (4.4)-(4.6) we may set a = to.
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