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Abstract—This paper presents a linear current control scheme
for single-phase active power filters. The approach is based on an
outer voltage loop, an inner current loop, and a resonant selective
harmonic compensator. The design of the control parameters
is carried out using conventional linear techniques (analysis of
loop gain and other disturbance-rejection transfer functions).
The performance of the proposed controller is evaluated and
compared with two reference controllers: a basic control and an
advanced repetitive control. In comparison with these controllers,
the proposed control scheme provides additional attenuation to the
harmonics coming from the load current, the grid voltage, and the
reference signal, resulting in a grid current with lower harmonic
distortion. Experimental results are reported in order to validate
this paper.

Index Terms—Active power filter (APF), harmonics, power
quality, selective compensation.

I. INTRODUCTION

NOWADAYS, the amount of harmonic currents flowing
into the grid is growing rapidly due to polluting loads.

Some power-line-conditioner methods have been proposed in
the literature to minimize harmonic-distortion currents [1]–[5].
One of the most popular power line conditioners is the active
power filter (APF) [3]–[12]. The shunt solution is the most
widely used in low- and medium-power applications due to
simplicity, effectiveness, and harmonic-rejection capabilities.
Shunt filters are usually applied to three-phase systems where a
large capacity is required. However, single-phase active filters
can be applied in adjustable-speed motor drives fed by a single-
phase utility, in air-conditioning systems, or in rural areas
supplied by a single-wire with Earth-return power system.

The main purpose of the shunt APF system is to supply the
harmonics absorbed by the nonlinear load, in order to provide
the grid current with a low-harmonic content. To this end,
the control of APF systems has been widely studied in the
literature. The basic approach consists of two control loops.
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The outer voltage loop is responsible for capacitor-voltage
regulation while the inner current loop performs the reference-
current-signal tracking. For the reference-signal generation, the
direct method consists of sensing the load current and extracting
the harmonic content. Then, the filter current is used in the
inner current loop in order to track the load current harmonics
[6], [7]. As an alternative, the indirect method generates a
sinusoidal reference signal by means of grid-voltage sensing.
In that case, the grid current is forced to follow this sinusoidal
signal, and thus, the load harmonics are indirectly given by
the APF inductor current [9]–[12]. The main advantages of
this second approach are that only one low-bandwidth current
sensor is required and faster transient response is obtained [12].

In order to improve the performance of the inner current
loop, optimal, neural, and model reference adaptive controls
have been used recently [13]–[15]. Other approaches utilize
nonlinear regulators, such as sliding-mode control and hys-
teretic control [16], [17]. All the previously mentioned controls
attenuate the current harmonics only to a certain level. Forcing
the current control to further reduce some remaining harmonics
can bring the system to instability [18].

Selective harmonic compensation has been introduced in
order to reduce significantly the harmonics chosen by the
designer [18]–[23]. Within this approach, the more harmful
harmonics from the load current, which are not sufficiently at-
tenuated with other control schemes, can be almost completely
compensated for. The main idea behind this technique is to
generate a reference current by the usual method and, then, to
process their harmonics individually. A new reference current
is then produced with information about the most problematic
harmonics that need to be eliminated. With this technique,
the filter rating, the current-control bandwidth, and dangerous
interactions with system resonances are reduced [5]. It is worth
mentioning that this technique has been successfully applied to
single- and three-phase APF applications.

Repetitive control has been used in the past to implement
suitable selective harmonic compensators [20], [21]. This type
of control includes the internal model in the closed-loop system
to assure low error in steady state. In [20], an interesting
repetitive-control scheme with high harmonic-rejection capa-
bility is presented. In that study, the reference signal is gener-
ated using an indirect method. The grid voltage and current are
sensed and processed using a comb filter with unity gains, both
at the fundamental and at some chosen harmonics. However, a

0278-0046/$26.00 © 2009 IEEE

Authorized licensed use limited to: UNIVERSITAT POLITÈCNICA DE CATALUNYA. Downloaded on September 9, 2009 at 06:10 from IEEE Xplore.  Restrictions apply. 



3118 IEEE TRANSACTIONS ON INDUSTRIAL ELECTRONICS, VOL. 56, NO. 8, AUGUST 2009

drawback of this technique is that it requires of some additional
algorithms in order to avoid distortion coming from the grid
voltage.

As an alternative approach, linear resonant harmonic com-
pensators have been recently presented [24]–[32]. These
compensators consist of several generalized integrators, i.e.,
second-order bandpass filters with high gain and low band-
width. Each generalized integrator is responsible for the attenu-
ation of a specific current harmonic, so that each bandpass filter
is tuned to resonate at an odd multiple of the grid frequency.
Normally, these bandpass filters do not affect the dynamics of
the inner current loop due to the low bandwidth. This is an
interesting feature in applications where fast dynamics and har-
monic compensation are required, as, for example, photovoltaic
inverters, front-end rectifiers, and APF systems.

This paper proposes a linear current control scheme for
single-phase APFs. The control uses an indirect reference-
generation technique and a resonant selective harmonic com-
pensator. The proposed control scheme gives high attenuation
to the harmonics coming from the load current, the grid voltage,
and the reference signal, resulting in a grid current with lower
harmonic distortion. This paper is organized as follows. Sec-
tion II describes the control configuration. Section III presents
the design of the proposed control. Section IV verifies the ex-
pected features of the proposed controller by means of selected
experimental results. In addition, a performance comparison
with both a basic indirect current controller and the repetitive
controller is provided. Section V presents the conclusions of
this paper.

II. INDIRECT CONTROL SCHEMES FOR THE

SINGLE-PHASE SHUNT APF

This section reviews the indirect current-control method and
presents three reference-current-generator schemes, including
the basic approach, a repetitive control, and the proposed
control.

A. Indirect Current-Control Method

Fig. 1 shows the typical configuration of a full-bridge APF
circuit in parallel with both the grid and the nonlinear load.
The main objective of the APF is to supply a current il that,
added to the load current io, produces a grid current is without
harmonic content. If il is exactly the inverse of the harmonic
content of io, the power factor of the grid current is will be
unitary.

Fig. 2 shows a general diagram of the indirect current-control
method. The control is based on an outer voltage loop, a
reference generator, and an inner current loop. Note that the
indirect method uses the grid current in the inner current loop
instead of the load current.

The outer voltage loop regulates the square of vc to a
reference signal v2

ref with a simple PI compensator [33], [34].
Using the square of vc instead of vc, the design of this loop
is simpler, as discussed in Section III. The output of the PI
compensator k(t), which is related to the power consumed by
the load, presents a slight ripple at twice the grid frequency. In

Fig. 1. Shunt APF: power circuit with the grid, the nonlinear load, and the
full-bridge converter.

order to reduce this undesirable ripple, a low-pass filter with a
cutoff frequency less than twice the line frequency is used (see
Fig. 2).

The inner current loop is responsible for reference-current
tracking. The grid current is is sensed and subtracted from
the reference current isref . Then, the current error ie is ap-
plied to a regulator, usually a PI compensator, which assures
stability and low tracking error. The control signal vcont is
the input of a pulsewidth-modulation modulator that drives the
power switches. Three reference generators are described as
follows.

B. Basic Reference Generator

The basic approach to generate the reference current consists
of multiplying k(t) by the sensed grid voltage vs [10], [12] [see
Fig. 3(a)]

isref = k(t) · vs. (1)

Using (1), the reference current will follow the shape and
phase of the grid voltage. A disadvantage of this basic method is
that isref replicates the distortion of the grid voltage. To reduce
the current-harmonic content, a phase-locked loop (PLL) can
be used to generate a low-distorted signal in phase with the grid
voltage. The shortcoming of using a PLL can be an increase in
the controller computational load.

The harmonic content of the grid current comes from two
sources: The major one is the inherent distortion from the
nonlinear load current, while the other, with probably a minor
contribution, is the distortion present in the grid voltage. The
basic indirect control reduces the harmonic content consider-
ably but only to a certain level.

Forcing the current control to further reduce some remaining
load harmonics by means of incrementing the current PI control
gains, kpi and kii, can bring the system to instability [18]. On
the other hand, the distortion that is potentially contained in the
grid voltage will be conveyed to isref and will remain in the
generated grid current.
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Fig. 2. General diagram of the indirect current-control method for single-phase APF.

Fig. 3. Reference generators. (a) Basic control. (b) Repetitive control.
(c) Proposed control.

C. Reference Generator Based on Repetitive Control

In order to overcome the earlier described drawbacks, an im-
proved reference generator has been presented in [20]. Fig. 3(b)
shows the diagram of this generator. As in the basic approach, a
reference signal is generated by multiplying k(t) by the sensed
grid voltage vs, but, now, this signal is processed by a repetitive
controller. It is worth mentioning that this control scheme uses
the generator output delayed by N · Ts (in seconds) as an input
signal, where N is an integer and Ts is the sampling period.
The transfer function HR(s) is a comb filter with resonances at
the grid frequency and at some chosen harmonic frequencies.
In this paper, HR(s) has been implemented as

HR(s) = H1(s) + H2(s) (2)

where H1(s) is a generalized integrator tuned to resonate at the
grid frequency f1 and H2(s) is a bank of generalized integrators
tuned at odd multiples of the grid frequency.

Fig. 4. Diagram of the outer voltage-loop small-signal model.

The generalized integrators can be expressed as

H1(s) =
2ξω1k1s

s2 + 2ξω1s + ω2
1

(3)

H2(s) =
h∑

n=3

2ξnω1kns

s2 + 2ξnω1s + (nω1)2
(4)

where ξ is the damping factor, ω1 = 2πf1, and k1 is the gain
at the fundamental frequency f1. n can take the values of
3, 5, . . . , h, where h is the highest current-harmonic component
to be attenuated, and kn is the bandpass gain of each filter (more
details of this controller can be found in [20]).

D. Proposed Reference Generator

As an alternative approach, a linear selective harmonic com-
pensator is proposed in this section.

Fig. 3(c) shows the diagram of the proposed reference gener-
ator. This generator uses the same filters as the repetitive con-
troller H1(s) and H2(s) but with a different interconnection.
Note that the input of H1(s) is the error current (i.e., iref − is),
and the input of H2(s) is the grid current is. In addition, it is
worth mentioning that the output signals of both filters are now
subtracted, and thus, the bandpass filters of H2(s) will behave
in closed-loop operation as notch filters, as will be discussed in
the next section.

III. CONTROL DESIGN

This section presents a systematic design for the proposed
control scheme. A comparison with both the basic and repetitive
controllers is also reported.

A. Design of the Outer Voltage Loop

Fig. 4 shows the diagram of the small-signal model of the
outer voltage loop. The derivation of this model is described in
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TABLE I
SYSTEM PARAMETERS

the Appendix. From the diagram, the voltage loop gain Tv(s)
can be expressed as

Tv(s) =
(

kpv +
kiv

s

)
·
(

2V 2
sp

Cs

)
·
(

ωc

s + ωc

)
(5)

where kpv and kiv are the gains of the PI regulator and ωc =
2πfc, where fc is the cutoff low-pass filter frequency. Note
that the load current and the grid voltage are treated as external
perturbations. G1(s) and G2(s) are the perturbations-to-output-
signal transfer functions.

From (5), it is evident that the gains of the PI regulator have
a strong influence on the outer loop performance. These gains
must be selected in order to achieve a slow capacitor-voltage
transient response and a high stability margin. Usual design
rules for grid-connected applications recommend the selection
of the crossover loop-gain frequency fcv and the phase margin
pm according to

fcv <
f1

10
(6)

30o <pm < 60o. (7)

The analysis of the loop-gain Bode plots, using the power-
circuit parameters listed in Table I, reveals that several possible
combinations of PI gains accomplish the conditions (6) and (7).
The solution considered in this paper is based on the assumption
of fcv = 2.5 Hz, i.e., less than an octave below the maximum
allowed frequency, and a 56◦ phase margin. The values for
the PI gains are then collected from the Bode plot of the loop
gain once fcv and pm are specified. These values are listed in
Table I.

Fig. 5. Bode plot of the loop gain Tv(s). Crossover frequency = 2.5 Hz and
phase margin = 56◦.

The theoretical study is validated using simulation results.
The loop-gain transfer function has been measured using a
frequency-response analyzer in a large-signal transient simula-
tion environment. Fig. 5 shows the Bode plot of the loop gain,
including the theoretical and simulation results. Note that these
results show a high degree of similarity. Moreover, the expected
voltage-loop requirements have been achieved.

B. Design of the Inner Current Loop

The design of the inner current loop requires a small-signal
model of the APF system. This model must be accurate enough
up to half the switching frequency in order to correctly describe
the APF frequency characteristics. Some approximate models
can be found in the literature [35], [36], but an exact model for
frequencies higher than the grid frequency is not available yet.
As an alternative, this paper uses simulation tools in order to
design this control loop. In fact, the frequency characteristics of
the inner current loop have been simulated using the frequency-
response analyzer.

The frequency characteristics of the APF system can be
extracted by evaluating four significant transfer functions. First
of all, the current loop gain Ti(s) is responsible for both the
transient response and the stability of the APF system. The
other transfer functions G3(s), G4(s), and G5(s) are related
to the system capability to reject external disturbances coming
from the load current, the grid voltage, and the reference signal.
In fact, the small-signal dynamics of the grid current can be
expressed as

îs(s) = G3(s)̂io(s) + G4(s)v̂s(s) + G5(s)̂iref(s) (8)

where G3(s) is the load-current-to-grid-current transfer func-
tion, G4(s) is the grid-voltage-to-grid-current transfer func-
tion, and G5(s) is the reference-signal-to-grid-current transfer
function.

The PI gains of the current loop have been designed follow-
ing the same procedure, as described in Section III-A, for the
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Fig. 6. Simulated frequency characteristics of the loop gain Ti(s) using
the basic and the proposed controllers. Crossover frequency = 4.2 kHz and
phase margin = 59◦.

voltage loop. Usual design rules for fast inner loops recommend
to select the crossover frequency between fs/6 and fs/3 and
a high phase margin for stability purposes. Fixing a crossover
frequency of 4.2 kHz and a phase margin of 59◦, then the PI
gains can be collected from the Bode plot of the current loop
gain. These values are listed in Table I. Fig. 6 shows the current
loop-gain Bode plots of both the proposed control scheme and
the basic current controller. Note that the generalized integra-
tors of the proposed controller produce a magnitude and phase
deviation with respect to the basic control loop gain around their
resonant frequencies. It is worth mentioning that the crossover
frequency and the stability margin of both controllers are
nearly equal, due to the low bandwidth of the bandpass filters
(see Fig. 6).

The disturbance-rejection capability of the proposed con-
troller is examined using the Bode plots of the transfer functions
G3(s), G4(s), and G5(s). Fig. 7 shows these transfer functions
and also represents the transfer functions of the basic controller.
As shown, the proposed controller introduces an additional
attenuation (20 dB) at the selected harmonics (i.e., 3, 5, 7,
and 9), thus increasing the harmonic-rejection capability. In
G5(s), the attenuation given by the proposed controller is
produced in the complete frequency range of interest, except
at the fundamental frequency. In that case, the attenuation of
the selected harmonics is very high, varying between 42 and
55 dB. As shown in the figure, a low-harmonic content of the
grid current is expected for the proposed controller.

The design of the generalized integrators is carried out using
the previous figures. The additional attenuation at the selected
harmonics is given by the bandpass gains kn (see Fig. 7).
Although high attenuation can be desired, large PI gains reduce
the phase loop gain at the crossover frequency, which can bring
the system to instability (see Fig. 6). The damping factor ξ
must be chosen carefully. A low value is required in order to
concentrate the effects of the bandpass filter in a narrow region

Fig. 7. Simulated frequency characteristics for both the basic and the pro-
posed controllers. (a) G3(s) = is/io. (b) G4(s) = is/vs. (c) G5(s) =
is/iref .

around the harmonic frequencies. A high value is required
when variations of the grid frequency are expected in order to
preserve the harmonic rejection. The values of the generalized
integrator parameters have been selected following this design
tradeoff (see Table I).

C. Comparison With the Repetitive Control

In this section, the performance of the selective harmonic
compensator based on repetitive control is compared with the
proposed controller. Fig. 8 shows the transfer functions G3(s),
G4(s), and G5(s) for both controllers.

As shown in Fig. 8(a), both controllers introduce additional
attenuation (20 dB) in relation to the basic control at the se-
lected harmonic frequencies (see also Fig. 7). At the fundamen-
tal frequency, the repetitive controller has a 0-dB magnitude
gain, indicating that the grid current will track the first harmonic
of the load current. The proposed controller exhibits a high
attenuation at that frequency, which shows a different operation
principle. In this controller, all significant harmonics from the
load are substantially rejected, including the fundamental one.
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Fig. 8. Simulated frequency characteristics for both the repetitive and the
proposed controllers. (a) G3(s) = is/io. (b) G4(s) = is/vs. (c) G5(s) =
is/iref .

In G4(s), a similar behavior is observed for both controllers.
The main difference is that the proposed controller provides a
higher attenuation at the fundamental frequency, i.e., its rejec-
tion capability against grid-voltage disturbances is superior.

The operation principle of both controllers is finally clarified
with the Bode plot of G5(s). The proposed controller has a
0-dB magnitude gain at the fundamental frequency, showing
that the grid current will track the first harmonic of the reference
current. In addition, the selected harmonics of the reference
current have a high attenuation (more than 40 dB). It is very
interesting to observe [Fig. 8(c)] that the repetitive controller
has 0-dB magnitude gain at the selected harmonic frequencies.
In that case, the harmonics of the reference current are directly
conveyed to the grid current. In order to reduce the grid-current
THD, a harmonic-free reference signal is required with the
repetitive-control approach.

IV. EXPERIMENTAL RESULTS

In this section, some experimental results are provided to val-
idate the proposed control. A performance comparison with the
conventional and the repetitive-control scheme is also reported.

Fig. 9. Grid voltage and load current.

Fig. 10. Spectrum of load current io with low-distorted grid.

A. Experimental Setup

An experimental active-filter prototype was built using a
4.5-kVA SEMIKRON full bridge as the power converter and a
TMS320F2812 fixed-point DSP as the digital control platform.

The same parameters listed in Table I are used in the ex-
perimental analysis. The grid supplies a rectifier with an RC
load which presents a current crest factor of 1.94 and a power
factor of 0.86 (see Fig. 9). The grid voltage is considered
under two conditions: low-distorted grid with a voltage THD
of 0.4% and distorted grid with a voltage THD of 3.42%. In
this case, the third-, fifth-, seventh-, and ninth-order harmonics
have an amplitude of 2% with respect to the amplitude of the
fundamental harmonic. The THD of the load current is 53.68%
when the load is fed by the low-distorted grid and 46.40% when
fed by the distorted grid. Fig. 10 shows the spectrum of the load
current io.

The control schemes shown in Figs. 2 and 3 have been
programmed and translated into the DSP platform. The discrete
versions of the filters H1(s) and H2(s) have been derived
using the Tustin transformation, with a sampling frequency of
15 kHz. It is worth mentioning that the repetitive controller
has been implemented with infinite-impulse-response bandpass
filters instead of the finite-impulse-response filters used in [20].
With this modification, both the proposed controller and the
repetitive controller employ the same type of bandpass filters,
and therefore, the performance comparison is possible.
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Fig. 11. Measured results with low-distorted grid. Grid voltage vs and grid current is.

Fig. 12. Measured grid-current spectrum at low-distorted grid.

Fig. 13. Measured results with distorted grid. Grid voltage vs and grid current is.

B. Time and Spectrum Results

Figs. 11 and 12 show the experimental results when the
grid presents low-harmonic distortion. Fig. 11 shows a time-
waveform comparison when using the basic indirect control,
the repetitive control, and the proposed control.

Both the proposed control and the repetitive control have
been designed to mitigate the third, fifth, seventh, and ninth
harmonics (h = 9). As shown, the best time results are obtained
with the proposed control. In the three controls, there is no
noticeable phase deviation between the grid voltage vs and
the grid current is. Fig. 12 shows the current spectra obtained
with the three controls. It can be seen that the grid current
THD is significantly reduced when compared with the load-
current THD in all the controls. The proposed control presents

a superior harmonic-elimination capability in the chosen low
harmonics, giving a better THD. Both the proposed and the
repetitive controls present an excellent reduction of the third
harmonic as compared with the basic indirect control. The per
unit grid-current THD reduction, taking as a unit the grid-
current THD obtained using the conventional control, is 46%
with the repetitive control and 53% with the proposed control.

In practical applications, the main voltage waveform is nor-
mally distorted. Fig. 13 shows the waveforms of the grid voltage
vs and the grid current is in a distorted grid. Fig. 14 shows the
spectra of is. In both the basic indirect control and the repetitive
control, the grid-current-harmonic amplitude is increased with
respect to the low-distorted-grid condition. Using the proposed
control, only a small increase of the harmonic amplitude is
noticed, thus showing a better harmonic-rejection capability
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Fig. 14. Measured grid-current spectrum at distorted grid.

Fig. 15. Measured grid-current spectrum at distorted grid, for (top) repetitive
control and (bottom) proposed control, when h = 9 and h = 15.

than the reference controllers. The per unit grid-current THD
reduction, when compared with the one obtained using the
conventional control, is 52% with the proposed control and
41% with the repetitive control. If necessary, the grid-current
distortion can be reduced using more bandpass filters in the
transfer function H2(s). For example, Fig. 15 shows the grid-
current spectra at distorted grid when h = 9 and when h = 15.
As it can be seen, by the additional compensation of the 11th,
13th, and 15th grid harmonics, the grid-current THD is reduced
using both the repetitive and the proposed controller.

Fig. 16. Response to a step load change using the proposed control. Capacitor
voltage vc, grid current is, and load current io.

C. Dynamic Performance

The dynamic performance of the proposed controller was
also evaluated under step load changes. Fig. 16 shows the tran-
sient response of the capacitor voltage vc and the grid current is.
A step change in the load current io from nominal load to 200%
load is programmed. It is interesting to note that this controller
maintains a sinusoidal line current even during the step change,
so that a suitable grid-current transient behavior is obtained. It
can be seen that the recovery time of the capacitor voltage is
400 ms, showing the slow bandwidth of the outer voltage loop.
Although not shown here, the reference controllers present a
dynamic behavior with no appreciable differences with respect
to the proposed controller.

D. Grid-Frequency Variation

The negative effects of the grid-frequency variation are also
evaluated experimentally. Fig. 17 shows the measured grid-
current distortion as a function of the grid-frequency variation.
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Fig. 17. Measured grid-current THD as a function of the grid frequency for
basic, repetitive, and proposed controllers.

Fig. 18. Experimental phase deviation (absolute values) between grid voltage
and grid current under grid-frequency variations.

As shown, the frequency deviation reduces the harmonic re-
jection due to the narrow bandwidth of the H1(s) and H2(s)
bandpass filters. When the system is not operating at the nom-
inal frequency, the gain of the bandpass filters is reduced, and
the harmonic rejection is also reduced.

The repetitive control presents an unacceptably high vari-
ation in the current THD that considerably reduces its field
of applications. The proposed solution is more robust in the
harmonic rejection than the repetitive control. In fact, the THD
increases only slightly when the frequency varies between 58.2
and 61.8 Hz.

Fig. 18 shows the measured phase lag between grid voltage
and grid current when the frequency presents deviations from
its nominal value. The phase lag was measured by extracting
the fundamental harmonic of the grid voltage and grid cur-
rent and, then, comparing the zero crossing of both signals.
Although not shown in Fig. 18, a zero-phase deviation is
measured when using the basic indirect control, as expected.
The phase deviation is significant if the grid frequency varies
from its nominal value, when using either the repetitive or the
proposed control. The repetitive control experiences an unac-
ceptable phase deviation with little grid-frequency variation.
Our solution is more robust, but as anticipated, if the fre-

quency variation is great, the power factor is affected negatively.
Therefore, an online frequency measurement that improves the
bandpass filters’ response should be employed in this particular
situation.

E. Efficiency

The evaluated control schemes have a negligible effect on
the system efficiency. At rated power, the measured efficiency
is nearly 92% for the three controllers.

V. CONCLUSION

A linear current control scheme for single-phase APFs has
been presented. The approach is based on an outer voltage
loop, an inner current loop, and a resonant selective harmonic
compensator. The design of the control parameters was car-
ried out using conventional linear techniques (analysis of loop
gain and other disturbance-rejection transfer functions). The
performance characteristics of the proposed controller was
evaluated and compared with two reference controllers. The
comparison confirms that the proposed controller offers high
reduction of the grid-current harmonics, low sensitivity to line
voltage distortion, low sensitivity to grid-frequency variations,
and good load transient response. The preliminary results show
promising properties, and thus, this approach may be a good
candidate in single-phase environments requiring such control
performances.

APPENDIX

SMALL-SIGNAL MODEL OF THE OUTER VOLTAGE LOOP

The outer voltage loop is a low-bandwidth control system
that stabilizes the capacitor voltage with no degradation of the
grid-current waveform. For control design purposes, a small-
signal model is derived here that correctly predicts the low-
frequency system behavior.

From the Tellegen theorem, the energy balance of the APF
system, assuming no losses and negligible energy stored in the
inductor, can be expressed as [33], [34]

d

dt

(
1
2
Cv2

c

)
= vs · is − vs · io. (9)

The input power, vs · is, is comprised of a low-frequency term,
a term that varies at the second grid-frequency harmonic, and
high-frequency switching ripple terms. The output power, vs ·
io, has an even greater harmonic content. It has terms at the
same frequencies as the input power as well as terms that vary
at other grid-frequency harmonics.

Due to the low bandwidth of the outer voltage loop, only the
low-frequency terms in (9) are required for the control design.
These low-frequency terms are derived by averaging (9) over
one-half of the grid period

d

dt

(
1
2
C

〈
v2

c

〉)
= 〈vs · is〉 − 〈vs · io〉 (10)

where 〈·〉 denotes averaged variables.
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It can be assumed that the inner high-bandwidth current loop
operates ideally at low frequencies, such that the grid current
tracks the reference current as

is = iref = k(t) · vs. (11)

The PI compensator and the low-pass filter of the outer voltage
loop can be expressed as (see Fig. 2)

k(t) = kpv

(
v2
ref − v2

cf

)
+ kiv

∫ (
v2
ref − v2

cf

)
dt (12)

dv2
cf

dt
=ωc

(
v2

c − v2
cf

)
(13)

where kpv and kiv are the PI gains and ωc is the crossover low-
pass-filter frequency.

Taking into account that the variable k(t) has a low-
frequency behavior, the following nonlinear model is derived
by replacing (11) into (10):

d

dt

(
1
2
C

〈
v2

c

〉)
= k(t) ·

〈
v2

s

〉
− 〈vs · io〉. (14)

The small-signal model can be constructed, as usual, by
perturbation and linearization of (14). In the Laplace domain,
the linearized model can be expressed as

v̂2
c (s) =G1(s) · îo + G2(s) · v̂s +

2V 2
sp

Cs
· k̂(s) (15)

k̂(s) =
(

kpv +
kiv

s

)
·
(
v̂2
ref(s) − v̂2

cf (s)
)

(16)

v̂2
cf (s) =

ωc

s + ωc
· v̂2

c (s) (17)

where ∧ denotes small-signal variables, s is the Laplace opera-
tor, and Vsp is the peak value of the grid voltage. The diagram
of the small-signal model is shown in Fig. 4.
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