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ABSTRACT 

The principle of profile consistency states that for fixed limiter safety 

factor q,, there exists unique natural equilibrium profile shapes for the 
a. 

current density j(r) [and consequently q(r)], and the electron temperature 

T (r) for any tokamak plasma independent of the shapes of the heating power 

deposition profiles. The mathematical statement of the three basic 

consequences of this principle for sawtoothing discharges [i.e., discharges 

with q(0) < 1) are: (1) (r^a) = F, M/q a> [= Vq a, empirically], (2) 

<T_>/T„„ = F5(1/q_), and (3) a unique scaling law for the central electron 
S SO  tl d 

temperature T , where r1 is the sawtooth inversion radius [i.e., q(r^) = 1] 

and <T_> is the volume average T . Since for a given T (r), the ohmic current 

J(r) can be deduced from Ohm'3 law, given the function F̂ , the function F 2 is 

uniquely fixed and vice versa. Also given F^(Vq_), the central current 

density J Q = (V L/2nbRZ e f f) T|^
2 = (I /*a2) Fg(qa), where the function F3 = 

(qa/qQ) is uniquely fixed by F^ Here b = 6.53 * 10^ unA, and I  , V L > Z ff>, 

R, a, and q are the plasma current, loop voltage, effective ion charge, major 

and minor radius, and the central safety factor, respectively. Thus for a 

fixed J(r) or T (r), the set of functions F^ F 2, and F-, is uniquely fixed. 

Further, the principle of profile consistency [i.e., the existence of unique 

natural equilibrium profile shapes far J(r) and Te<r) for a fixed q ) dictates 

that this set of functions F|, F 2, and  F? remain the same for all sawtoothing 

discharges in any_ tokamak regardless of its size [i.e., a and R), I , V L, B T, 

etc. Here, we present a rather complete and detailed theoretical examination 

of this self-consistency of the measured values of T {r}, F^ F 2, and F, for 

sawtoothing TFTR discharges. 
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In particular, the theoretical predictions of Coppi's Gaussian, 

exponential, modified exponential, trapezoidal, Kadomtsev, and Campbell 

et ai. model profiles are compared with TFTR and TFP. data. The principal 

results are: (1) The empirical profile consistency relation (r^'a) = (</,,:<a) 

is an acceptable solution of q (r^) = 1 for all q a - dependent profiles. 

(2) A comparison between experiment and theory yields [<Te

>/^eo^EXP = 

[<T >/T J ™ + 0-05 for Coppi's Gaussian, Kadomtsev, and Campbell et ai. :nodei 

profiles. (3) For ail q a - independent profiles ^(qg) = (qa/qQ) = constant 

and, consequently T e o

3 / 2 * (I R 2 e f f / a
2 V L ) ; while for all 

q a - dependent profiles F 3 (qa) = (qa/q0) - Q a when (r^a) = (1/q ah and 

consequently T 3/2 • (B T ^off^L^' w h e r e BT i s t h e c o n f i n i n 8 toroidal 

magnetic field. The former T scaling is profile consistency independent, 

and the latter one is profile consistency dependent via the empirical relation 

r,/a = l/qa-  Ci) Coppi's and Ohkawa's forms of xe(r) yield T e o « B T°*
7 while 

the INTOR xe(r) yields T g o <* B T

0 , , where xe(r) is the electron thermal 

diffusivity. Experimentally, however, the TFTR data yield T e o = BT°'°^, and 

the TFR data yield T e o * B T°-
8 6. (5) For  (r^/a.) = (!/qa), Coppi's Gaussian, 

Kadomtsev, and Campbell et al. model profiles all predict that (aTe/Te) = 

(1/q ) in agreement with the experimental observations. Here (aTe/Tg) is the 

normalized sawtooth amplitude. (6) The experimental (&Te/Te) vs r is 

consistent with the notion that during a sawtooth crash the profiles get 

flattened over the range 0 < r < / 2 r 1 =/2 a/qa, keeping the total plasma 

current constant. (7) For q - dependent models there exist universality of 

profiles in suitable reduced coordinates when (r./a) = (1/q ). 
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A. Introduction 

In 1975 the TFR group [1] reported some of the general features of their 

measured -adial profiles of the electron temperature T (r) for sawtoothing 

ohmic tokamak discharges. These features are: (1) the T (r) profiles become 
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more and more peaked as the limiter safety factor q a increases, and, 

consequently, the full width at half-maximum of the Te(r) profiles increases 

linearly with q~ , (2) the normalized radius of the q = 1 surface (r./a) 

determined from the position of sawtooth inversion also increases linearly 

withq" 1, (3) the central electron temperature T e o increases "almost linearly" 

with increasing B T [i.e., T « B 2 - 0 " ] or q , and (4) the normalized sawtooth 

amplitude (AT /T ) decreases with increasing B T or qa- These measurements 

were done by changing B T keeping I Q and fi approximately constant. 

Subsequently, Manheimer et al. [2] have given a somewhat satisfactory 

theoretical explanation of some of the observed general features of the 

tokamak profiles. They used a marginal stability approach for the dissipative 

trapped-electron instability for r > r1 assuming that the inner core region 

for r <: r̂  is marginally stable to the internal kink and tearing modes (with m 

= n r 1 structure observed as sawtooth oscillations in the soft x-ray and 

electron cyclotron emission signals). These two earlier works are the 

experimental and theoretical genesis of what is now popularly known as the 

"profile consistency" in tokamak discharges. 

In the literature many authors [2-13] have proposed various different 

profile shapes to explain (either directly or indirectly) some or all of the 

observed general features of profile consistency. The primary objective of 

some of these models was to understand the nature of the energy and particle 

transport processes in tokamak plasmas, while others concentrated on 

understanding the macroscopic stability of the plasma column for 

magnetohydrodynamic (MHD) modes (via, for example, minimum energy principle, 

principle of minimum entropy production, etc.) with profile consistency as a 

by-product. But none of these authors have examined the intrinsic self-

consistency of their models. It is our aim in this paper to approach the 
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problem from an altogether different point of view and examine the theoretical 

and experimental self-consistency of these various models  [see Fig. 1 and Sec. 

IB]. After all, what good is any model if it is not physically self-

consistent? 

In general, the tokaraak discharges may be broadly classified into two 

groups. Type 1 discharges are those which have profile shapes for the current 

density j(r), the electron temperature T g(r), and the electron density ng(r) 

that are single valued and a monotonically decreasing function of r. For 

these discharges the safety factor q(r) is single valued and a monotonically 

increasing function of r. Type 2 discharges are those which have hollow 

profile shapes for one or all of the three plasma parameters j(r), T (r), and 

n (r). If, for example, Te(r) is hollow, then by Ohm's law j{r) is hollow. 

Consequently q(r) is multivalued. In this paper we will consider only type 1 

discharges. Here again we distinguish two types. Type 1ft discharges are 

those which have q(o) < 1 such that there exists a cote region [q(r> < 1] 

where internal disruptions (MHD activity) maintain a high thermal 

conduction. These are the sawtoothing discharges. Type 1B discharges are 

those which have q(0) > 1 and q(r) > 1 everywhere. Here the core region of 

internal disruption is absent. These are the non-sawtoothing discharges. 

Here we will only consider type 1fl discharges. 

It is believed that during a sawtooth oscillation magnetic reconnection 

occurs across the q = 1 surface [5,6,9,14-25]. During the rising portion of 

the sawtooth, the Te(r) profiles keep on peaking up and at the end of the 

sawtooth crash these profiles get flattened over the entire core region [i.e., 

up to the sawtooth inversion radius where q - 1]. In a sawtooth period a 

certain fraction of the central core [i.e., inside the q = 1 surface] energy 

is transferred into the region of pressure gradient. Thus, the energy 
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transport for sawtoothing tokamak discharges can be described by a three-

region model [26]: (1) a core region [q < 1], where internal disruptions 

maintain ^ high thermal conduction, (2) a confinement region of large pressure 

gradient, and (3) an edge region dominated by a combination of atomic 

processes [i.e., radiation, charge exchange, ionization, etc.] and 

recycling. Hence the sawtooth period  T&~, is a  measure of the time scale in 

which the energy is sloshed back and forth across the q = 1 surface. Thus, a 

core "confinement time" associated with the sawtooth oscillations can be 

defined as t c o r e = Cr

e

/'aTe'TS'f' w h e r e a T e i s t n e sawtooth amplitude. 

Typically [11,20,21,25] T S T = (tg/5), where t £ is the global energy 

confinement time and (AT . /I .) < (1/5) [see also Sec. IX]. That is, T > 
\s € core 

tp. Hence for sawtoothing discharges the core confinement is usually better 

than the overall confinement. 

What is the "principle of profile consistency?" In the literature there 

does not seem to exist a fully satisfactory mathematically quantitative and 

rigorous definition of this principle. It is physically instructive to 

examine how other authors have attempted to define this principle. Coppi [3] 

states: "We present a set of criteria that appear to lead to a consistent 

description of both the electron thermal energy transport and the particle 

transport. We label this set of criteria as the principle of profile 

consistency. In fact, this is based on assuming that the observed flows of 

thermal energy and particles are those needed to reach a consistent set of 

radial profiles for the current density, the particle temperatures and the 

plasma density, while satisfying the equilibrium conditions for the considered 

plasma column." Tang [5] states: "The principle of profile consistency 

basically involves the empirical observation that dynamical processes in well-

behaved tokamak discharges tend to maintain the same relative electron 
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temperature profiles, T e(r)/T O Q, and associated current profiles.
 T

e(
r*) /'' 1 

is indeed found to  be sensitive mainly to q irrespective of changes in 

density, plasma size, central temperature, and heating method. Although no 

specific mechanisms have as yet been identified to enforce the observed global 

profiles, the allowed shapes are at least consistent with macroscopic 

stability requirements (i.e., long wavelength MHD instabilities}." Kadomtsev 

[9] states: "An unusual phenomenon of sustaining certain optimal profiles with 

a tendency to retain them even at considerable change in the deposited profile 

in a plasma arises. It is more natural to assume the existence of tearing 

modes at low pressures, as it has been emphasized by Furth [6], who has paid 

attention to the fact that the experimental profiles are close to the 

stability boundary for tearing modes." 

If tearing mode stability is what determines the profiles in tokamaks, 

then it follows that the fundamental profile is the current density profile 

J(r) [6,9,10,16,19,26]. The temperature profile Te(r) must then conform to 

J(r) so as to satisfy the Ohm's law [27]: 

J(r) = a[Te(r)]E = (1/n[Te(r)])(VL/2«R) , (1.1) 

where u[T (r)] and n[Te(r)] are the temperature-dependent plasma conductivity 

and resistivity, respectively, and E is the electric field in the plasma 

[281. Then, as pointed out by Furth [271, the density profile ne(r) and the 

thermal transport coefficient xe(>") must conform to the electron thermal 

energy-balance equation: 

1 H d T

0 <
r > 



10 

where 

Q e i = (3m e/ m i) « e i n eT e{1 - T ^ ) (1.3) 

is the rate of energy transfer from the electrons to the ions and m a, .n̂ , \ ) Q i 

are the electron mass, ion mass, and electron-ion collision frequency, 

respectively. In Eq.  11.2) Q(r) denotes the sum of all heat sources and sinks 

in the plasma. For example, Q = Q o h m + Q a u x - Q r a d in which Q o h n ] = E • j(r) 

is the Ohmic power input, Q a u x is the auxiliary heating power input, and Q r a d 

is the radiative power loss, all per unit volume. For Ohmic impurity-free 

plasmas Q a u x = Q, Q Q h m » q r a d and hence Q «  QQim = E • J(r>. In the 

literature [2-5,29-34] several authors havo used widely different forms for 

the electron heat diffusion coefficient x e(r). For example, Callen et al. 

[29] have pointed out that either a constant x e independent of r or a non­

linear x e model which takes x e "
  n

e ^ e

 c a n explain the JE T electron heat flux 

data [35]. The IHTOR studies have proposed [32] a "standard" electron thermal 

diffusivity for use in computer modeling studies, xe(r) = [ne(r)]~ . That is, 

the heat conduction coefficient  KQ  =  nQ(r) xe(r)
 a constant [=> 5 « lO1^ cm - 1 

sec"^] independent of r. This form of xe(r) which was based on informal 

studies of data from Alcator A seems to be the most popular one [30-34,36]. 

Ohkawa [33,34] has also proposed a constant K model for x e(r). In Sec. IID 

we will compare the Teo-scaling predictions of the Coppi's form of  xe(r) with 

those of INTOR and the Ohkawa's forms of x e(
r)-

Hence, we will take as an operational working definition of the principle 

of profile consistency for sawtoothing tokamak discharges as stating that for 

a fixed limiter q , there exists unique natural equilibrium profile shapes for 

J(r) [and consequently q(r)], and Tg(r) independent of the shapes of the 
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heating power deposition profiles as a consequence of the stability 

requirements for long-wavelength tearing modes. These profiles are such t lat 

the three basi<.. consequences of this principle for sawtocthing discharges are: 

(1) (iya) =  ?,(>/qa)\.* 1/qa, empirically], (2) <" e>/T e o = F,(Vq a), and 

(3) TgQ 2" (I pH e f<./a
2V L)Fj(q a). Since for a given T e(r). the Ohmic current 

j(r) can be deduse'J from Obn's law, it follows thct the set of functions F,, 

F-, and F, is uniquely fixed. Further, this set of functions remains the same 

for all sawtoothing discharges in any tokamak regardless of its size [i.e., a 

and R], I D, V^, tlT, etc. Also, by definition the set of relations (1), (2), 

and (3) necessarily implies that j, q, and T e are not only functions of r but 

also are functions of q [i.e., j = j(r, q a ) , q = q(r, q }, and T = Tp(r, 
a i*.-., J - j \ - . i a / i •! i>'i -i a'> - " - * e - * e v 

q a)]. 

He pointed out earlier in Eq. (1.1) that Ohm's law relates j(r) to T.(r) 

via the temperature-dependent resistivity n[T (r)]. This n may be written 

(1/n) = (1/ns> f o(p), (1.4) 

where f (r) is the neoclassical conductivity form factor [37], and 

TI3 = (b Z e f f/T^
/ 2) Ohms-cm (1.5) 

i3 the Spitzer resistivity [38] and b = 6.53 x 10^ unA. Then 

J(r) = 6(r){Te(r)}
3/2, (1.6) 
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where 

a(r) = {VL/2TTbR)[fo(r)/Zeff(r)]. (1.7) 

It may be noted that for a given j(r)-profile, Ohm's law specifies the 

steady-state Te(r)-profile and vice versa [27,38] only for ohmically heated 

plasmas with no appreciable amount of runaway and/or slideaway populations of 

electrons [38,393- For auxiliary heated plasmas [such as neutral beam 

heating, electron-cyclotron resonance heating (ECRH), ion cyclotron resonance 

heating (ICRH), lower-hybrid resonance heating, etc.] in general the current 

density j(r) = J0hm(
r> + Jaux^' w h e r e J0hm

 i s t h e 0 h r a i c heating current and 

J is the induced current due to auxiliary heating. Hence for "mildly" 

auxiliary heated plasmas with J o h m >>  i a u x t o n e c a n u s e -he Ohmic relations of 

Eqs. (1.1), (1.6), and (1.7) and make no appreciable error in the final 

results. However, when J o n m

  >> Jaux' ̂ ohm c a n e i t h e r b e greater or less than 

Q a u x depending on the Ohkawa steady-state current drive efficiency criterion 

for that auxiliary heating method [40]. If Q a u x >> Q o h m , then in Eq, (1.2) 

Q(r) M QaujjCf). regardless of whether J is greater than or less than 

J o l i m. That is, what is mild auxiliary heating for Ohm's law Eqs. (1,1), 

(1.6), and (1.7) is not necessarily mild for the electron thermal energy-

balance Eq. (1.2). In this paper we consider only cases where J o h m >> J a u x 

and for all but the Teo-scaling law Q o h m ^ Q a u x- In deriving the Teo-scaling 

law we further rtstrict ourselves to cases where Q Q h m >> Q a l i x

 i n EQ- (1.2) 

[see also Eqs. (1.15), (2.47), and (2.52) for example]. 

By the self-consistency of the principle of profile consistency results 

for sawtoothing tokamak discharges we mean that having obtained the analytic 

functions that reasonably fit the experimentally measured Te(r) and/or j(r), 
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can one analytically derive the unique sot of functions F.,, F 2, and F, that 

will reasonably fit the experimentally measured plots of (r^/a) vs (1/q a), 

(<T0VT,„) vs (1/q,), and the 1" scaling law simultaneously, and are these 

analytic functions for T (r) and/or j(r) unique for all sawtoothing discharges 

in any tokamak [see also Fig. 1]? In this paper we will examine in sufficient 

detail and rigor this theoretical and experimental self-consistency of the 

various model profiles that are found in the literature. We will find that 

some of these profiles are naturally inconsistent with the basic notion of 

profile consistency for sawtoothing discharges. Indeed, all the q -

independent profiles are at variance with the notion that (r^a) = Fj{l/q ), 

<T e>/T e o = FjO/q^), j 0 = (Ip/ira2)  F^\), and UT e/T g) decreases with 

increasing q a [see also Table 1]. That is, for these profiles F 1 ? F 2, F̂  an^ 

(ATe/Te) are some fixed numbers regardless of the value of qa- All the q a-

dependent profiles do show that F., F 2, and (AT /TQ) decrease with increasing 

q a KMle F, increases with increasing qa, in qualitative agreement with 

experimental observations. But none of these models are in exact quantitative 

agreement with the experimental measurements. Nevertheless, the Coppi-Tang 

diffusive model, Kadomtsev optimal profile model, and the Campbell et al. 

model do come fairly close to being in quantitative agreement with the 

experimental measurements for the full range of q a values studied here, Also 

we will find that the Coppi's and Ohkawa's forms of xe(r) yield the profile-

consistency dependent Te0-scaling laws which are closer to physical reality 

than that given by the INTCR form of x e(r). Finally, it will be seen that 

precise measurements of the radial dependence of the normalized sawtooth 

amplitude AT e/T e can, in principle, yield not only the temperature and current 

profiles but also shed light on the "heat pulse" propagation xe(r)[3b]. 
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B. Outline of the Theoretical Procedure 

We will now outline the general theoretical procedure that we will use to 

examine the self-consistency of the principle of profile consistency results 

for sawtoothing tokamak discharges. As we stated earlier, if tearing :node 

stability is what determines the profiles in cokamaks, then the fundamental 

profile is the current density profile J(r). This j{r) profile is very hard 

to measure experimentally. Measurements of j(r) have been attempted with 

some success by (1) far-infrared Faraday rotation [41], (2) leeman splitting 

of excited levels of Li using Li° beams excited by tunable dye lasers [42], 

(3) Thomson laser scattering in a direction perpendicular to both the toroidal 

and poloidal magnetic fields [431 (i.e., a manifestation of the familiar 

Mossbauer effect [44]), (4) the magnetic field pitch angle-dependent widths of 

He* ion lines from injected He 0 beams [45], and (5) the displacement of D* 

and/or H + ion orbits from flux surfaces from injected D° or H° diagnostic 

beams due to the conservation of total angular momentum [4f]. At the present 

time methods (1) and (2) have yielded J(r) profile measurements to about  \5% 

accuracy at the plasma center. But the accuracy is rather poor near the 

edge. However, fairly precise measurements of T (r) profiles are available 

via (1) laser Thomson scattering [47], (2) black-body electron cyclotron 

emission [48,49,50], and (3) soft X-ray energy spectrum measurements along 

radial chords and subsequent Abel inversion [51]. Hence, in this paper we 

will take the Tg(r) profile and not the J{r) profile as the only reasonably 

precisely measurable profile at the present time. With this in mind the self-

consistency examination procedure we will use is as follows: 
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Step 1; Since we know the total plasma current I D and hence the limiter q a, 

we will first fit a reasonable analytic function Te[r, aT(q )] for 

the measured T.(r) profile, where Che function ciT.(q_) is a measure of c ^ a 

the q -dependent width of the measured temperature profile. 

Step 2; Now we deduce J[rf a i{q a)] = 6(r) {Tefr, a T(q a)]}^
/ 2 from Ohm's law 

[se? wq. (1.6)]. Here the measure of the current profile width 

a, (qa) is determined by the corresponding measure of the temperature 

profile width a T(q a). In almost all cases a, = Oa^/2). First, as 

is usually done by theoreticians, we will assume for simplicity a 

Spitzer form of resistivity and 2 g f. f independent of r. This implies 

that 3 is a constant independent of r. Later we will try some 

reasonable neoclassical form factors. The procedure from step 1 to 

step 2 is illustrated by the reversible lines [with arrows pointing 

in both directions] connecting the box Tg(r, a™) with the box j(r, 

a A in the flow chart diagram of Fig. 1. Ideally, a pure theorist 

will fallow the reversed direction. If j(r) is more precisely 

measurable than T e(r), then we would have first fitted a reasonable 

analytic function J[r,  aAqR)] and then deduced T [r, aT(q )] from 

Ohm's law in agreement with the procedure used by the theorist. 

Step 3: We now calculate the poloidal magnetic field froiu Biot and Savart 

(and/or Ampere's law) [52]; 

V r ' a j ( q a ) ] = T" ô d r r J [ r' a j ( q a ) ] ' ( K 8 ) 

where u 0 i_ the free-space permeability. 
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Step  t: Thus, we calculate 

q[r, «j(qa)] = {rBT/RB8[r, a <qa) 

Hence 

q[r. Qj(qa)] - V
r V a > B j ( q a ) ] / a B e [ r ' ° j { qa ) ] >' ( 1 ' 9 ) 

Step 5: Now we solve for the normalized sawtooth inversion radius (r^a) as a 

function of a,(qa) from the equation 

q[«y «j(qa>] » V l V a ' «j(qa) 1/aB̂ r,, ̂ (q^]} = 1. 

(1.10) 

Since it is found experimentally that (r^a) = F,{1/q ) •» (1/q a), we 

demand that this experimentally measured function is a solution of 

Eq. (1.10). This, in turn, yields the explicit functional dependence 

of a. on q, such that (r^a) * <1/qa) is a solution of Eq. (1.10). 

It is Interesting to note from Eqs. (1.8) and (1.10) that [ID(o to 

r^/I-Co to a)] = (q r*/a ), where Ir/° to r) is the plasma current 

inside the minor radius r. That is, the empirical profile-

consistency relation (r^'a) = 0/q a) implies that [ID(o to r^/I (o 

to a) J » (Vq a). 
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Step 6: We then calculate the volume-averaged electron temperature 

<T >  I 5 dr r {T [r, a (q )]} 
-^ = ­~~ 2 " "— • (1.11) 

eo ^eo f a dr r dr 

Since we know o T{q g) in terms of cij(qa), we now express [
<T

e

>''T

ec,J °f 

Eq. (1.11) as a function of (Vq a) and obtain the theoretically 

predicted function Fp(1/qa) which is consistent with the function 

F ](l/q a) = (1/q a). If this theoretically predicted function F"2^ 1 / cW 

describes well the experimentally measured plot of [<T e>/T e Q] vs 

(1/q a), then thare is self-consistency in the predictions of the 

principle of profile consistency. 

Step 7: From step 5 we know  a. as an explicit function of q a> Then from Eq. 

(1.9) one can easily show that the central peak current density J 

may be written 

J o  ­. (Ip/Tra2) F 3(q a) = <J> (Q a/q o) (1.12) 

[see  Sec.  IID],  where  F 3 ( q a )  =  ( q a / q 0 ) ,  <J>  =  ( I p / * a 2 ) T  aQ 

(2B T /u 0 Rj 0 ) ,  and  q a  =  (2ira 2 B T /u 0 RI p ) .  Also  from  the  Ohm's  law  [ i . e . 

Eqs.  (1.6)  and  (1.7)] 

J o : (V L/2wbHZ e f f) T ^
2 , (1. 1 3) 

since by definition f (r=o) r 1. 

Thus, from Eqs. (1.12) and (1.13) we get 
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T

l i
2  z < 2 b I „ R 2 ^ / a 2 v r > F,(q). (1.1U) 

eo p eff L 3 a 

It may be noted from Eqs. (1.12) and (1.11) that T ^ 2 * (I R 

2eff/a
2V, ) if Fi(q a) - (Q a

/ (1 0) " constant, a result that is true for 

all qa-independent profiles; and T | £ 2 <• (B TZ e f f/V L) if F 3(q a)  ­

(q /q ) « q , a result that is true for all qa-dependent profiles 

when (r.|/a) = (1/q a). That is, the former T e Q scaling is profile 

consistency independent, and the latter one is profile consistency 

dependent via the empirical relation r,/a s 1/q For low-density 

regimes, for example, associating  \ A T ) of the electron thermal 

energy-balance Eq. (1.2) with the presence of resistive reconnecting 

modes [see also Eqs. (2.54) and (2.55) for the INTOR and Ohkawa 

models of xe(r)] that allow for a stable j(r) profile, following 

Coppi's [3] simple dimensional arguments one can easily show that 

V L * F 4(R, a, B T, I , 2 e f f , n g, m., etc.) (1.15) 

[see Sec. IID]. Thus from Eqs. (1.14) and (1.15) we get the scaling 

law for the central electron temperature T , 

This entire sequence of steps 1 to 7 is shown in the analytic self-

consistency loop [or flow chart] diagram of Fig. 1. The reversible lines 

(with arrows pointing in both directions in this figure) imply that there 

should exist an intrinsic self-consistency among the forms of J(r), f-Cr), 

T e(r), and x e(r) so as to satisfy the Ohm's law and the electron thermal 

energy balance equation simult?neously as pointed out by Furth [27], In this 

figure the two large bold type connecting flow lines emanating from the box 
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labelled "solution Oj(qa)" [one leading to the box labelled "<T e>/T e o = 

F2(q ). Experimental check 4", and the other leading to the box labelled "T D O-

scaling law S.,(Vr), Experimental check 5"] are uniquely due to the principle 

of profile consistency. That is to say that if the tokamak discharges do not 

satisfy the requirements of the principle of profile consistency these two 

large bold type connecting flow lines will be absent in the flow chart 

diagram. In this figure we have also indicated seven distinct boxes where one 

can experimentally check the corresponding theoretical predictions. For 

example, first one can check whether the experimentally measured current 

profile is consistent with the theoretical predictions for macroscopic 

stability requirements for long-wavelength tearing modes. Second, are the 

experimentally measured T (r) and j(r) profiles consistent with Ohm's law? 

Finally, are the experimentally measured functions F 1 f F 2,
 T

e o t \ ) i expression 

for V,, and the final form of T _ scaling consistent with the corresponding 

theoretical predictions based on the principle of profile consistency? 

II. COPPI-TANG MODEL 

A. Coppi-Tang diffusive model for T (r, q } with Spitzer type 

resistivity. 

It is found experimentally in Alcator A and Frascati (FT) tokamaks [3] 

that the electron temperature takes on a diffusion-like profile in impurity-

free plasmas. Also Taroni and Tibone [4] have shown that for regions outside 

the q = 1 surface [i.e., for r > r^], a Gaussian profile shape provides an 

excellent fit to the large r.ajority of JET steady-state T -profiles. Later, 

Pfirsch and Pohl [11] have shown theoretically that these Gaussian T -profiles 

lead in many cases to very good agreement with those predicted by their 

"entropy principle." Then, to the extent that the longitudinal resiscivity is 
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proportional to the classical value [i.e., to the extent a of Eq. (1.6) is 

independent of  r], the current density profile j(r) is also Gaussian. Hence, 

the profile shapes in this model are: 

T (r) = T exp(-aT r
2/a 2), (2,1) 

e eo l 

and 

J(r) = Jo expC-o. r
2/a 2), (2.2) 

where by Ohm's law a, = (3<̂ /'2). Here, a, and  a*, are functions of q [i.e., 

a. = ai^a^ a n d a T = a T(q a)]. From Eq. (2.2) we get the poloidal magnetic 

field 

V r ) =  ~21^  $o d r r e x P ^ - Q j r 2 / a 2 ) 

(u oj oa
2/2r a j) [1 - exp(-a r

2/a 2)].  (2.1) 

Then 

(2B-B./RU 1 )(r2/a2) 
q{r) = [rBT/RBe(r)] = U ° ° , (2.i,) 

1  ­  exp(­a  r  /a  ) 

and 

q a  ­­ q(a)  =  <2B T <yRu o J o ) / [ l  ­  exp(­a  ) ] .  (2.5) 
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Hence 

q (r2/a2)[1 - exp(-a )] 
q(r)  ­  — J - p ( 2- 6 ) 

1 - exp(-a r /a ) 

and 

q(o) = (qa/«j)[1 - Bxp{-ajJ]. (2.7) 

For sawtoothing discharges q{o) < 1, then from Eq. (2.7) it follows that a. > 

qa- The sawtooth inversion radius r^ is then given by 

q <r2/a2)[1 - exp<-«.)] 
q(r.) = -^—^ J = 1- (2.8) 

1 - exp(-« r*/ac) 

If we demand that (r^/a) = (l/qa) is the solution of Eq. (2.8), then 

a. = -qf log[1 - 1/q ] + q 2 log[1 - (1/q )exp{-a,(1 - 1/q2)}]. (2.9) 
J a d a . a- J a 

The iterative solution of the transcendental Eq. (2.9) may be written 

a, •  A
0 )

  *  % l 0 8 t 1 " (Vq )exp{-a{.0) (1 - 1/qf)}], (2.10) 
j j a a j a 

where the 2ero-order solution 

i< 0 ) = -q 2 log[1 - 1/qaJ. (2.11) 
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For our cases of interest q, > 2 and hence 

J Q ) * q + 0.5 + (1/3q } +-.. (2.12) 
j ^a ^a 

This is the solution given by Tang [5]. From Eqs. (1.11) and (2.1) we get 

<T e>/T £ o  ­­ {1/aT)[1 - exp(-«T)J 

= (3/2«j>[1 - exp(-2o /3)]. (2-13) 

Figure 2 shows clearly that the soft X-ray measurements of the sawtooth 

inversion radii in TFTR satisfy the relation (r^/a) = (1/q a). In Fig. 3a we 

show a comparison between experiment and tneory of [<Tfi>/T J. The data of 

this figure include all the discharges used in Fig. 2. It appears that the 

relationship between the experimental measurements and the theoretical 

predictions of Coppi-Tang model is [<T

e

>'''r

e0]ExP
 = ^ < Te > / Teo^TH + 0 , ° 5 - ftt 

the peak of the sawtooth rise the T g(r) profile is peaked, while at the bottom 

of the sawtooth crash the T e(r) profile is fairly flat up to r,. Thus, t t = 

j2\ _ T avr.f_0~ /-3r,2l 

,2, 

Te< r1> = Teo " P f - V S ' = Teo exp(-2 0 j/3q*). Hence [<T e>/T e 1J T H 

{[<T e>/T e Q] T H exp(2aj/3q|)}. In Fig. 3b we show a comparison between 

[<T e>/T e ol E x p and the corresponding t^e^el^TH f o r t n e 3 a f f i e s e t o f d a t a a s 

in Fig. 3a. The agreement between the theory using the peak T e ] = Ted^) at 

the bottom of the sawtooth instead of the peak T at the top of the sawtooth 

and experiment is rather poor. In Figs. 4a and 4b we show a comparison 

between the experimentally measured T g{r) profiles and the corresponding 

theoretically predicted ones from Eqs. (2.1) and (2.10) for (low) q = 2.9 and 
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(high) q = f 3 discharges, respectively. These measurements are the second 

harmonic electi-on cyclotron black-body emission as measured by a Michelson 

interferometer, and are averaged over a couple of sawtooth periods. In the 

Appendix we show that the fraction of the cotal plasma current that is flowing 

outside L'e limiter for this model is 

[I (a to -)/I (o to -)] = exp(-a.). (2.14) 
P P J 

Since a. =  a\
0

'  ­ q. + 0.5, it appears that from an eKperimentai standpoint 
J J a 

this is not an unreasonable fraction for values of q a > 2. 

Thus far we have taken the view that the best fit for the experimental 

plot of Fig. 2 is (rj/a) = (1/q ). However, in Fig. 2 one could possibly also 

fit an equation of the form 

(r./a) = (m/q J + b. (2.15) 
I  a 

Then the approximate solution of Eq. (2.8) is 

o.(m;b) =» a,(1;o)[1 + {(m2- 1) + 2bnra + b2}/2a .(1 ,-o) ] (2.16) 
J J a J 

where aJljO) is the same a. of Eq. (2,10). Since by definition when 

(r.j/a) - 1, q a must also tend to unity, it follows that b = (1 - m) in Eq. 

(2.15). It is found that it is impossible to find a pair of values of m and b 

even with b * (1 - in) that will yield good fits to both the plots of (r^a) vs 

(1/qa) and [<1 e>/T e o] E X p vs [ <T e

>/T e ol T H simultaneously. That is, the pair 

that gives a good fit for one plot yields a very poor fit for the other plot 

and vice versa. 
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B. Chopped Coppi-Tang model for T e(r, q a) with Spitzer-type resistivity. 

This model assumes that the profiles are flat inside some radius r„ < r, 

and is a Gaussian for r > r^. That is, 

{T for r < r„ 

T e o exp[-aT (r
2 - r 2)/a 2] for r > r f , (2.17) 

and 

for r < r f 

j( r) = { 1 ovr.r-„ CT- 2 _ r. 2l/a 2 - ) j 0 exp[- a j ( r - rp/a'] for r > r f , (2.18) 

where a, = (3^/2) by Ohm's law. Then one can show that 

q (r 2/a 2)[(r 2/a 2) • (1/a.)(1 - exp{-a.(1 - r 2/a 2)})] 
q(D = -^ 5—J-* J =J  5—

L

3 . (2.19) 
UrpaT)  * {1/a ) (1 - eap{-a {r* -  r*)/&'})) 

We now write (rf/a) = cf^/a) where c<l. If we demand that(r1'a) = 0/q a) is 

the solution of qfr^) = 1, then a. of Eq. (2.19) is given by 

a.(c) = a.(c = o) - q 2 [log (1 + a.c2/q2) - (a,c2/q2)] (2.20) 
J J a J 3 J a 

for c near 2ero, and 

(c2/qa)(1 - 1/qa) 

a j ( c ) [(1 - exp{-aj(1 - c
2/q 2)}) - q a (1 - exp{(-aj/q

2)(1 - c 2)})] 

(2.21) 

for c near unity, where a,(c = o) is given by Eq. (2.10). It may be noted 

that the zero-order solutions to the lowest order are 
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a ( . ° ' (c  =  o)  =  ­  q 2  log(1  ­  1/q  )  = q  +  0.5  for  c  =. o,  (2.22) 
j  a  a  a 

and 

a ( o )  (c  =•  1)  »  q  /(1  ­  Vq  )  =  n  +  1  for  c  =  1  and  q  2  2.  (2.23) 

From  Eq.  (2.17) ,  we  get 

[<T e >/T e Q ]  =  (3/2«j)[1  ­  exp{­  (2a  /3K1  ­  r 2 / a 2 ) } ]  +  ( r j / a 2 ) . 

(2.2.U) 

In Fig. 5 we have shown a comparison of [<T e>/T e o]g Xp vs  i^^^go^'m f o r 

c = 1 and the same set of data as in Fig. 3. Here the agreement between 

theory and experiment is better than that of Fig. 3a. In Figs. (6a) and (6b) 

we show a comparison between the experimental and theoretical T e(r) profiles 

for discharges with (low) q a » 2.9 and (high) q a = 6.2, respectively. The 

overall agreement between the experimental measurements and the theoretical 

predictions of this chopped Coppi-Tang model with c = 1 seems fairly 

reasonable. 

C. Coppi-Tang Model With Some Neoclassical Form Factors. 

We now wish ta examine the effects of the neoclassical corrections (to 

the Spitzer resistivity n 3) on the profile consistency set of functions, 

F.,{1/qa) = (rya), FgU/qJ = I < V / T e o ] ' a n d ^ a ' = <W- A n 

approximate analytic formula for the neoclassical conductivity form factor 

f N C(r) = o N C/a s = n3/tiNC may be written f N C(r) =. [ 1 - fT/(1 + 5 u»)] [l + 

Cfj./< 1 + 5 u»)], where frj. is the fraction of trapped particles (with banana 

orbits), u* is the electron collisionality pararueter, C is the conductivity 
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reduction coefficient due to electron-electron collisions, and 5 is an 

effective ion charge-dependent numerical factor. Detailed formulae for these 

coefficients fT, u#. C and 5 are given by Hirshman and Sigmar [37]. 

Generally, Q.U < f^r) ^ 1, and fj^r) h a s a minimum at some value of r > 

a/2. The flatter the temperature profile, the larger is the value of r t • 

At the plasma center f T = 0 and hence f*NC(r = 0) = 1. Since j = a E = o 

(VT/2TTR), the neoclassical corrections to n s tend to narrow the current 

profile j(r). That is, for a given T e(r), the neoclassical j(jC(r) is narrower 

than the Spitzer J s(r). Hence, for a given q a and F^l/q ) = (r^a) = 

(1/q ), the value of the current profile width parameter a  (n. ) for jH(-(f) 

must be less than the corresponding value given by Eq. (2.12) for Js(r) [i.e., 

1. < q a + 0.5]. Thus, for a given q a and T e(r), the neoclassical corrections 

tend to increase the value of F2(1/qa) = [<Te>/Teoi « M/a.(qa)] since we 

demand that F-j(l/qa) = (l/q a). That is, one would expect the neoclassical 

corrections to improve the fit between theory and experiment in Fig. 3a since 

these corrections tend to increase the values of [<T e>/T e o] T H. 

However, it is extremely difficult if not impossible to derive explicit 

closed form analytic expressions for this set of functions F^, F,, and Fn even 

with this approximate f N C(r). Thus, it is natural to assume that a point by 

point computer numerical solution for each q a is the most effective one. But, 

this way does not help very much in comprehension of the physics of the 

phenomena. Hence, we will now try to mock up this ffjc(̂ ) via conductivity 

form factors fa(r) that are some simple but physically reasonable functions of 

(r/a). We find that fQ(r) = (1 - d r
2/a 2) and f0(r) * exp (- r

2/a 2) fit 

reasonably well with the JET group resistivity measurements of Campbell 

et al., [Figs. 3 and 13 of Ref 13] and Bartlett et al., [Fig. 9 of Ref. 31]. 

Further, since these functions F«, Fo, and F,.depend only on the moments of 
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J(r) and T (r) and not on their local derivatives and since these functions 

are sensitive primarily to the behavior of fa(r) in the main body of the 

plasma and are fairly insensitive to the nature of fa(r) near the plasma edge, 

we f?el that these f.(r) are reasonably adequate approximations to f M r(r) for 
a 

the problem under study. 

Case 1: First we will try 

f (r) = (1 - dr2/a2} (2.25) 
a 

where d <1. Hence, the profiles are 

e 

and 

Te(r) = T e o expi-ty^/a
2), (2.26) 

J(r) = J Q (1 - d r
2/a 2)exp(-o jr

2/a 2), (2.27) 

where a T = (2aj/3). Then 

q a (r2/a2)((1 - d/a.) - {1 - d/a,- d)exp(-«.)] 
q(r) = — J J J . 

[{1 - d/a,) - (1 - d/a.- dr2/a2)exp(-a,r2/a2)] 
J J J (2.28) 

If we demand that (i^/a) = (1/qa) is the solution of the 

transcendental equation qfr^ = 1, then we get for a, of Eq. (2.28) 

», = <ij0) + 6 , (2.29) 
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where 

a(.0) = - qf log(1 - 1/q ), (2.30) 
J a a 

and 

« ^ - q2[log(1 - d/a.) - log(1 - d/a. - d/q2)] 
a j J a 

O - d/a - d) 
+ q; log[1 J = — exp{-a (1 - Vqf)}]. 

q (1 - d/a. - d/q ) 
a. J a 

(2.31) 

For our cases of interest q, > 2. Then the zero-order solution of 

Eq. (2.29) to the lowest order is 

a = a
l 0 )

  ­  <i* [logd - d/a ) - iog(l - d/a - d/q2)) 

= q + 0.5 - d + (1/3q ) (2.32) 
a a 

From Eq. (2.26) we get 

[ < V / T e o ] = ( 3 / 2 a j ) [ ' " «P(-2«j/3)]. (2.33) 

In Fig. 7 we show a comparison between the [<T >/Te0Ic-Yp
 a n d the 

corresponding [ < T

e

>/ T

e Q]TH
 f o r d " °-5 a n d t n e s a j n e s e t o f d a t a a s i n 

Fig. 3. Here the agreement between theory and experiment is better 

than that of Fig. 3a and is somewhat similar to that of Fig. 5 
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Case 2: Second we will try 

f (r) = exp(-r2/a2). (2.34) 
a 

For this conductivity form factor, it is relatively easy to show from 

Eq. (2.9) that if (rr'a) = (1/q ) is the solution of  q(r}) = 1, then 

the corresponding  a, is given by 

a .  = -1  ­q£ log[1 - 1/qa] * q^ log[1 - (1/qa) exp{- (<y 1)(1 - 1/q^)}]. 

(2.35) 

For our cases of interest q > 2, then the lowest order form of Eq. 

(2.35) may be written 

o, => -1 -q2 log[l - 1/qJ » q - 0.5 + (1/3 qj-... (2.36) 
J a a a. a 

Comparing Eq. (2.36) with Eq. (2-32), it is apparent that this case 2 

is more or less the same as the previous ease 1 with d =1 in Eq. 

(2.32). This is a reflection of the fact that the functions, F 1 ? F 2, 

and F-5 ŝ re sensitive primarily to the behavior of i" (r) in the main 

body of the plasma and are fairly insensitive to its behavior near 

the plas-c edge since fQ(r) = exp (-r
2/a2) = (1 - r 2/a 2) for r 2 < 

a . Also it is now apparent why both the conductivity form factors 

fa£r) of ca3e 1 [see Eq. (2.25)] and case 2 [see Eq. (2.34)] fit 

reasonably well with the JET group measurements of Campbell et al. 

[13] and Bartlett et al. [31] for the main body of the plasma. They 

do however differ near the plasma edge. 
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Case  3: Third we will try the theoretically expected conductivity form factor 

f (r) when x e(
r) n

e (
r ) * constant independent of r [i.e., the INTOR 

and the Ohicawa type x€(r)J if the electron thermal energy-balance Eq. 

(1.2). Then from the low-density regime [i.e., neglecting the Q , 

term] of Eq. (1.2), we get for Ohmic impurity-free plasmas 

<j r dr dr e 

= [1 - (aTr
2/a2)]exp(aTr

2/2a2) (2.37) 

for Te(r) = T e o exp(-<>Tr
2/a2). Then, 

j(r) = Jo[l - (cy^/a^Jexpt-o^/a
2). (2.38) 

It should be noted from Eqs. (1.1), (1.2) and (2.37) that for low 

density Ohmic impurity-free plasmas with a constant  <e = xe(f) n (r), 

a given Tg(r) uniquely determines f0(r) and vice versa. Thus, if 

Tg(r> is a Gaussian of Eq. (2.1), then f0(r) * fMC^ r^ '•or 

equivalently, if f0(r) =
 fNC^ r'' t h e n T e ^ c a t l n o t b e a Gaussian] for 

these Ohmic plasmas with a constant  <  . This is a natural 

consequence of the fact that there must exist an intrinsic self-

consistency among the forms of j(r), f (r), Te(r),x (r), and n (r) so 

as to satisfy the Ohm's law and the electron thermal energy balance 

equation simultaneously as pointed out by Furth [271 and illustrated 

by the reversible lines in Fig. 1. 

Comparing Eq. (2.38) with Eq. (2.27) of case 1 [with a T i-splacing 

both d and a,], it follows from Eq. (2.28) that 
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q(r) = q a exp[-aT(1 - r
2/a 2)]. (2.39) 

If we now demand that^/a) = (1/<Ja) *-
s t n e solution of the equation 

q(r.|)  ­ 1, then from Eq. (2.39) we get 

a T = (log qa)/(1 - 1/q
2). (2.40) 

Since Te(r) = T e o expt-o^/a
2), we get 

[<Te>/TeQ] = (1/aT)[1 - exp(-aT)]. (2.41) 

It is found that a comparison between the [ < T

e

> / T

e olExp
 a n d t h e 

corresponding t^e^Teo^TH f o r t h e s a m e 3 e t o f d a t a a s i n F i g ' ^ 

yields C<T e>/T e ; j] E Xp = [<Te>/Teo
]TH - 0-15. This is a poorer 

agreement than that of case 1. This may imply that either xe(r) n (r) 

* constant or the T (r) i3 not really Gaussian for the discharges 

under study. 

D. Principle of profile consistency predictions for central electron 

temperature T e o scaling from Coppi-"ang model. 

By definition 

q = [aB_/RB (a)] =  [Z*a\/v HI ]. (2.42) 
a I t ? i O p 

Also from Eq. (2.5) 

q a = ( 2 B T O J / U 0 R J 0 ) / ( 1 - exp(- a j)]. (2.5) 
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The principle of profile consistency for sawtoothing discharges implies that 

(r^/a) = (1/qa) which in turn demands [see Eq. (2.12)] that a, =  <x{°) = q a + 

0.5. For q a > 2, [1 - exp(-a,)] = 1. Then from Eqs. (2.42) and (2.5) we get 

j = (I a./*a2) = (I /na2)(q= + 0.5). (2.43) 
o p J p a 

From Eqs. (1.12) and (2.43) it is seen that £ 3 ^ ) = (Q a/q 0)
 s q a

 + 0.5 for 

this model. By Ohm's law [see Eqs. (1.6) and (1.7)] 

Jo = < V 2 , r b 2 e f f R ) Teo 2" ( 2 - 4 4 ) 

Then from Eqs. (2.42), (2.43), and (2.44) we get 

T e o . (4trb/uo)
2/3 < Z r f f V V 2 / 3 [1 + (uQRI /4ita

2BT)l
2/3. (2.45) 

For q a > 2, (uQRI /4na
2B.j.) = (0.5/qa) << 1. Hence, the profile consistency 

dependent scaling law for large q is 

Teo  " ( Z e f f W 2 / 3 ( 2- 4 6 ) 

and there is no explicit dependence on I , R, ard a. 

We now wish to obtain an expression for the loop voltage V, . Here we 

will foLlow the dimensional analysis arguments of Coppi [3]. First we 

consider the low-density regime where the Q e i terra in the electron thermal 

energy-balance Eq. (1.2) can be neglected. If we associate xe(r) with the 
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presence of resistive reconnecting modes that allow for stable J{r) profile, 

following Coppi [33, it is relatively easy to show that 

Vr = (iren/2e)(3ir
1/2bem c 2/2) 2 / 5(RZ 3^ny 5/amy 5), (2.47) 

L D e eii e 1 

where e n is a numerical coefficient [of order 0.3/8n - 10
-<=] that is evaluated 

by a fit to the experimental data. One may note from Eqs. (1.15) and (2.47) 

that the function Fj, « R z|£| n ^ a-1 m -
1 / 5 f o r t n i s m o ciel profile and 

Coppi's form of x e(r). Hence from Eqs. (2.46) and (2.47), it follows that the 

scaling law in the low-density regime is 

T - B 2 /3 R"
2'3 a 2 / 3 Z 4'! 5 m 2 / 1 5 n" 2 / 1 5. (2.48) 

eo T erl I e 

This may be compared with the Taylor et al. [25] regression analysis of the 

TFTR data which yielded 

T ^ B ^ R - ^ ' a ^ Z ^ r 0 - 2 * , (2.49) 

and the THR data [1] which yield T e o « B^"°° for constant I_, n g, R, a, and 

We now consider the high-density regimes where T^fr) is strongly coupled 

to T g(r). That is, when the electron-ion equilibration time is much shorter 

than the energy replacement time the approximate form of Eq. (1.2) and (1.3) 

become 
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E • J(r)  n q e i * « e l(r) ne(r) yr)[1 - T.(r)/Te(r)]/m.. (2.50) 

That is, 

(E2/n) = (VL/2nR)
2 (1/n) « v e i n e T e [1 - T./T^/tn.. (2.51) 

Since TI = (m ec
2 v e i/n e e

2 ) , Eq. (2.5') yields 

V, - (RT 1 / 2 [1 - T./T ] 1 / 2 v ./m!/2> 
L e l e ei I 

(Rn eZ e f f(1 - T./T e]
1 / 2/T e m j

/ 2 ) , (2.52) 

where we have used the fact that \>ei « (
n

e

Zeff / Te '"  '
n i u s

'
  C r o m 

Eqs. (2.46) and (2.52), the high-density regime scaling law may be written 

eo 10 T l e 

In deriving Eq. (2.53) we have used the values of Eqs. (2.50), (2.51) and 

(2.52) at r = o. However, a better form of the scaling law can be obtained by 

using the volume-averaged forms of Eqs. (2.50), (2.51), and (2.52). 

Equation (2.48) gives the T e Q scaling if we associate xe(f) with the 

presence of resistive reconnecting modes that allow for stable j(r) profiles 

[33. In the literature several authors [2-5,29-34] have used various 

different models for the electron thermal diffusivity x e(r). The INTOR 

studies [32] have used a constant electron heat conduction coefficient * e = 

n

e (
p ) xe(r) = 5 x 10'' cm

- 1 see . Ohkawa [33] has proposed a xe(r) model 

based on magnetic reconnection due to the small-scale current filamentation 
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around the singular points  v = 1/q = n/m. He argues that the mixing length or 

the "random walk" step length is the collisionless skin depth c/u and the 

characteristic time is the transit time of the electrons around the closed 

field lines (qfi/ve) where the electron thermal speed v e = (2< T e / m e )
1 / 2 . That 

is, x e * (
c 2 / une^ ve / T T R qa^' H e n c e f o r t h e 0 h l £awa model 

<e  ­­ Xe(r) ne(r) « (T^
2/Rq a). (2.54) 

Subsequently, Kadomtsev and Pogutse [34] have shown that this Qhkawa result 

also follows from considerations of the magnetic reconnection [around flux 

surfaces where q takes on rational values] as a result of microturbulence in 

the drift frequency range. It is physically instructive to examine the T 

scaling for the INTOR and the Ohkawa xe's using the Coppi-Tang diffusive 

profiles of Eqs. (2.1) and (2.2). 

On making use of Eqs. (1.7), (2.1), and (2.2) in Eq. (1.2) one can show 

that for low-density Ohmic impurity-free plasmas with constant  K ; xe(i*) 

ne(r)[i.e., Q 

V 2 , {32ir2b/3Kv».|R2Zeff./a
2T^2). (2.55) 

When r.|/a => 1/qa, u, = q a + 0.5 = q a for large q a [see Eq. (2.12)]. Hence, 

from Eqs. (2.46) and (2.55) we find that the profile consistency-dependent T e o 

scaling law may be written 

2/5 T2/5 -2/5 --2/5 ,- - M 

Teo BT *p Zeff R ( 2 - 5 6 ) 

for the INTOR form of x e<r), and 
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eo T eff 

for the Ohkawa form of Xe(r). Comparing Eqs. (2.48), (2.56), and (2.57) with 

the empirical Eq. (2.4?) and with the TFR data [1], which yield T e o « B T ° -
8 6 , 

one can see that Coppi's and Ohkawa's forms of  xQ(r) yield T scalings that 

are closer to physical reality than the INTOR form of x e(r). 

III. EXPONENTIAL PROFILES 

Electron temperature profiles have been measured under a wide range of 

discharge conditions in TFTR. Boyd and Stauffer [7] have presented these 

normalized Te-profiles [i.e., plots of Te(r}/Te(o) vs r/a) for a wide range of 

values of the limiter q. They find that for low q a the shape is trapezoidal, 

and at higher q the profile is centrally peaked and falls exponentially in 

the range 0.1 < r/a < 0.6. However, Fredrickson et al. [8] have taken an 

altogether different viewpoint in analyzing these Tg(r) profiles in TFTR. In 

particular, these authors chose to normalize the Te(r) profiles to the value 

at the half minor radius point and have presented plots of Te(r)/Tg(a/2) vs 

r/a. That is, Boyd and Stauffer have put more emphasis on the data for (r/a) 

< 0.6 and less emphasis on the data for (r/a) > 0.6; while Fredrickson et al. 

have put more emphasis on the data for (r/a) > 0.4 and less emphasis on the 

data for (r/a) < 0.4, particularly for high q discharges. Taking their 

empirically fitted profile for high q a Ohmic discharges (with very small 

sawteeth) as the "limit" profile, Fredrickson et al. found that the profile 

shapes outside the core region can be approximately fitted with a modified 

exponential function [see Sec. IV, Eqs. (4.1), (4.2) and (4.15)]. Inside the 

core region this limit profile shape is flattened for sawtoothing discharges. 
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A comparison of the conventional normalizing procedure used by Boyd and 

Stauffer [i.e., plots of Te(r)/T (o) vs r/a] with those used by Fredrickson §_£ 

al. [i.e., plots of Te(r)/Te(a/2) vs r/a] can be found in the paper by Becker 

et al. [30]. In this Sec. Ill and in Sees. IV and V we will examine the 

predictions of the generalized versions of these profile shapes [i.e., 

exponential, modified exponential, and trapezoidal profile shapes, 

respectively]. 

A. q„ - dependent exponential profile fits for T fr,q„) a e a 

In this model, the profiles are given by 

T J r ) = T

Q „ exp(-a r/a), (3-D 
e eo l 

and 

j (r) = j Q exp(-o r/a), (3.2) 

where  <>T  =  (2a./Z).  Then , 

qa(r
2/a2)[1 - (̂   * pexp^)] 

q ( r ) = [1 - {(ajr/a) + 1}exp(-a r/a)] ' ( 3 , 3 > 

where 

q a - (BTd
2/yoRJo)/[l - { Q j + 1)exp(-a )] . (3.4) 
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From Eq. (3.3), we get 

q (o) = (2q/a2)£l - (a. + 1)exp(-a.)]. (3-5) 
3 J J J 

For sawtoothing discharges q(o)  < 1 and, therefore, a1? > 2qa. If{r1/a) = 

(1/q ), then from Eq. (3.3) the iterative solution of the transcenaental 

equation q(r^ = 1 may be written 

. a ( o ) + , 

a 2 = [ a ( o ) 2 • 2q2 log(1 -  ­ L exp{-a { o ) {1 - 1/q )})]/Y(a(o)/q ) 
J J  a.  +  o "* ^ ­ j  •  q. 

(3.6) 

where 

Y (a5 0 , / q a )  = ­  2{log  {1  *  *\
0)

/%)  ­  U< o ) /q a )} / (a<°>/q a )
2  (3.7) 

and  the  zero  order  solution 

2 
a ( o ) = - 2qf log<1 - 1/qJ « 2q + 1. (3.8) 
j a a a 

From Eq. (3.1) we get 

<T e>/T e Q = (2/oJ)[1 - (<xT + 1)exp(-aT); 

= (9/2o2)[1 - (1 + 2a /3)exp(-2a /3)]. (3-9) 

It is found that the Tfi(r) profiles of Eq. (3.1) witn a. of Eq. (3.6) in 

general gives a very poor fit to the experimentally measured T (r), 
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profiles. The agreement between t < T

e

>^ T

eo'EXP
 a r K i t h e corresponding 

[<T e>/T e oJ T H of Eq. (3.9) is also found to be rather poor. Further, in the 

Appendix we show that the fraction of the total plasma current flowing outside 

the limiter for this model is 

[I (a to «)]/I (o to «0] = (a + 1)exp(-a ). (3-10) 

Since a. = ai 0^ = (2ca+1) , it appears that from an experimental standpoint 

this is an unacceptable fraction for values of q > 2. 

B. T e o scaling for q a - dependent exponential profiles. 

From Eqs. (2.42) and (3-4) we get 

2ira2flT (B a 2/ URJ > 
T  T  i  o  ­"o  , .  . . . 

q a  =

  U n R I p

  =  [1  ­  (a,  •  1)exp(­aJ]  *  u " n ' 
O f  ;  J 

I f  ( r ^ a )  =  ( 1 / q a ) ,  then  from  Eq.  (3 .8)  a , 2  =  o . ^ 0 '  *  ( 2 q a  + 1 ) .  For  our 

cases  of  i n t e r e s t  q a  >  2,  then  [1  ­  ( a .  +  1)  e x p t ­ a j ]  =  1.  Thus  from  Eq. 

(3­11)  we  g e t 

1  =  {I  a 2 / 2 n a 2 )  =*  ( I „ / n a 2 ) ( q  +  0 . 5 ) .  (3­12) 
o  p  j  p  a 

Then using Eq. (2.14) we find that for q >> 1 

Teo " ( Z e f f W 2 / 3 - <3.13) 

Using Eq. (3.1) in the electron thermal energy-balance Eq. (1.2) for low-

density regimes [i.e., neglecting the Q g i term in t?q. (1.2)] and since hy 
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definition <j/j0'
1 = qa/q(o) and rj = (C/UTI) d (rBe)/dr, one can show that [3] 

2 
• q n eV . 

X = <  ~^­)[  ~ *§], (3.14) 
e la q (8nq a_/q )T pe Ma ^o T Ma e 

where o T = (2oj/3) and for (r^a) r (1/q a), a
2 = a<j

0 ) = (2q& * 1) = 2q a for 

q a > 2 and fl9e = (eB6(r)/mec). Since the general properties of resistive 

reconnecting modes depend on characteristic fractional powers (1/3 to 2/5) of 

the classical electrical resistivity, following Coppi [3], in Eq. (3.14) one 

may take 

eV. i, u . 0 / (-

[ f B„ n „ /fl ) T R ] = £ n <*„  ^  • ( 3 - 1 5 ) 

(8TTq oa T/q a) T g R D ti V T H 

where x„ = U ^ A n ) and nj_ = (3*/32) n, = (3ir/32)(bZ e f f/T|
/ 2), e D is a 

numerical coefficient that is evaluated by a fit to the experimental data and 

uni = ( i < 1 , z

eff
n

e

e 2'' mi) 1 / 2- Thus, from Eq. (3.15) we get for the low-density 

regime 

„3/2 T1/2 3/5 1/5 
» / 1̂ 2 1/2 ,, w , 1/2. 2.0,2/5 p eff e , 
VL * (* uo V 3 e ) ( 3 1 1 b e r a e c / 2 ) ( 2 „1/2 1/5 ) j 

a B_ m 
T x (3.16) 

where from Eqs. (2 T ) and (3.8) we have used [q(o)aT/qa] = (2/cq) {2a./3) = 

(2/3) ( 2 / q a )
1 / 2 = (2/3)  (vQ^)

U2 (R 1 / 2 I p

1 / 2/a B T

1 / 2 ) . Hence from Eq. 

(3.13), for the low-density regime we get 

T . (Z e f fB T/V L)
2'3 . B T R"' a

4' 3 zJ'JS I" 1' 3 n ? ' * . ( 3.1 7) 
eo ell I L r erf p e 

It is interesting and physically instructive to note from Eqs. (2.46) and 
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(3.13) that the profile consistency dependent T g 0 scaling law for sawtoothing 

tokamatc discharges in terms of the loop voltage T e o » (Z^^B^/V^) 2' * is 

universal and unique and is independent of the profile shapes. However, the 

expression for V, for macroscopic stability requirements for the plasma column 

under study depends critically on the profile shapes and, in particular, on 

the T„(r) profiles. This is due to the fact that the electron thermal energy-

balance equation which determines the macroscopic stability of the plasma 

column is a very sensitive function of the profile shapes for low-density 

regimes. This is the reason that the Gaussian temperature profile scaling law 

of Eq. (2.48) is somewhat different from the corresponding exponential Te(r) 

profile scaling law of Eq. (3-17). However, in the high-density regime, the 

dominant terra in the electron energy-balance Eq. (1.2) is Q g i and consequently 

the T e Q scaling is still given by Eq. (2.53) and is independent of the Te(r) 

profile. 

C. qa-dependent chopped exponential profile fits for Te(r,q ). 

The profile shapes for this model are 

iT for r < r. 
T e ( r ) = j T*° espf-o^r - rf)/a} for r > r f ,

 ( 3 , 1 8 ) 

and 

j Q for r < r f 

J ( r l = <J 0 expf-Ojtr - rf)/a} for r > r f ,
 ( 3- 1 9> 

where a T = (2a,/3). These profiles are flat up to some radius r f < r1 and are 

exponential for r > r f. Then for r> r f, 
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q (r 2/a 2)[(r 2/a 2) + <1/a2) ((1 • a rf/a) - (1 * a )exp{-a (1-r /a):)] 
q{p)  z - — — 'J -.-*!• — — - — J . J , ••.„•. 

(r 2/a 2) * (1/a2)[(1 + a rf/a) - (1 * a r/a)exp{-a.(r - rf)/a}] 

(3.20) 

where 

(2B T/, oRJ o) 

a (r 2/a 2) • (1/a2)[(1 * « rJa) - (1 * a.)exp{-a,(l - r./a)}] 
1 J J 1 J J x (32 1) 

If (r,/a) = C/q a) and (rf/a) = (cr^a) = (c/q ) with c < 1, then from Eq. 

(3.20) the iterative solution of the transcendental equation q(r,) - 1 may be 

written 

a-T(c) - a^(c=0) - 2qf{lOg(1 - ea; U |/q a 

J  J  a  J  a 

•  c V , 0 ) 2 / q 2 )  ­  <e* (.°Vq  )}/YCa { . 0 ' /q)  (3­22) 
j a j a j a 

for  c  near  z e r o ,  and  for  c  near  u n i t y 

a : 2 ( c )  =  <c 2 / q  H1­1 /q  ) [ < U a . c / q  ) ( 1 ­ q J  ­  ( Ua  J e x p { ­ a . { U c / q  )) 
j  a a j a a  j  j  a 

+  ( a J + q a ) e x p { ­ ( a j / q a ) ( 1 ­ c ) } ] " 1 ,  ( 3 . 2 3 ! 

where a.(c=0), Y{a^°'/qa) are given by Eqs. (3.6) and (3.7), and the zero-

order solutions to the lowest order are 

a ( p ) (c s 0) = [-2qf log( 1 - 1/q  )]
VZ = (2qa • 1 ) V 2 , (3.24) 

J 3. a 3 

and 
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^ 0 ) <c = 1) » [q /(1 - 1/qJ] 1 /" • (qa + 1 )
, / 2 , (3.25) 

J 3 3 3. 

for o near zero and c near unity, respectively. From Eq. (3.18) we get 

<T>/Teo = (9/2<»j >[1 + (2oo /3qa) +  ^ A ^ ^ 

- (1 + 2aj/3)exp{ - (2a /3 )(1 - c/qa)}], (3.26) 

where we have set o T = (2a,/3) and (rf/a) = (c r^/a) = (c/q a). Here again it 

is found that the Te(r) of Eq. (3.18) with a. of Eq. (3.22) and (3-23) gives a 

very poor fit to the experimentally measured T (r) profiles for any value of c 

< 1. For c = 1, the agreement between t<T^/T 0 ] E x p and the corresponding 

[<T e>/T e o] T H of Eq. (3-26) is found to be extremely poor. However, it is 

shown in Fig. 8 that the agreement between [ < T

e

> /" r

e o]EXP
 a n d t h e corresponding 

[<T e>/T e oJ T H of Eq. (3.26) for c = 0.5 is reasonably good. 

D. q a - independent exponential profile fits for T (r). 

In this model we assume the following profile shapes 

Te(r) = T e Q exp(-4r/3a), (3.27) 

and 

j(r) = J o exp(-2r/a). (3.28) 

Then 

qa(r
2/a2)[1 - 3 exp(-2)] 

q ( r ) = [1 - (1 • 2r/a)exp(-2r/a)] ' ( 3 - 2 9 ) 
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where 

q = (4B„/0.594y RJ ) (3-30) 
â I o o 

since [1 - 3 exp (-2)] = 0.594. If (r^/a) = (1/qa) is the solution of the 

equation q (r^ - 1, then 

0.594/q = 1 - (1 + 2/qa)exp(-2/qa). (3.31) 

The solution of Eq. (3.3D is (i/qa) = 0.8 and, therefore, q a = 1.25. Also, 

one can easily show that (r^/a) > o implies that (1/qa? - 0.297, i.e., q a < 

3.367. From Eq. (3.27) we get 

<T >/T rt = (9/8)[1 - (7/3)exp(-4/3)] = 0.4̂ ,3 (3-32) 
e eo 

regardless of the value of q a. It is clear that q a - independent profiles 

cannot have (r./a) = (1/qa) as a solution of q (r«) = 1 for any continuous 

range of values of q a and, consequently, <T e>/T g 0 * F2( 1/qa) for any finite 

range of q g. 

E. T scaling for q a - independent exponential profiles, a scaling that 

does not depend on the principle of profile consistency. 

From Eqs. (2.42) and (3.30), we get 

q a = (2Tta
2BT/voRl ) = (6.734BT/iiQRjo). (3.33) 
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That  i s , 

J  =  {6.7341  /2Tra 2 ) .  (3 .34) 
o  p 

Then  ..sing  Eq.  ( 2 . 4 4 ) ,  we  ge t 

| ° ­ l 3 , V e f f  ^ ^ 
"eo 

/ 6 . 7 3 4 b l  RZ  V
n

  , 
T  =1  ^  c "  1  ­  ( I  R Z . i , c . / V r a

2 ) 2 / 3 .  (3 .35) 

L 

By comparing Eqs. (2.46), (3-13), and (3.35), it is apparent that if 

j(r) and T (r) profiles are q a - dependent, then T e o scales as T e Q « 

( B T Z e f f / V L )
2 / ^ for large q a as a consequence of the principle of profile 

consistency relation (r.j/a) = (1/q a), while if these profiles are q a -

independent then T g 0 « (IpRZeff./VLa )
 3, a scaling law that does not depend 

on the principle of profile consistency. These two types of T g 0 scaling laws 

are indeed a consequence of tne fact that for qa-dependent profiles which 

satisfy the empirical relation  (r^/a) => (1/qa), Fa(qa) = (q a/q 0) * q a [i.e., 

q Q = constant] for large q a; while for q -independent profiles ?3(qa)  ­

{q=y<J»J  ­ constant [i.e., q„ = q.j for all q_ and is independent of the 

condition (r«/a) s (1/q ). It is our belief that these are the only two 

fundamental types of T e o scaling laws for all toVcamak discharges when Q 3 Q0hi„ 

in Eq. (1.2). However, the expression for V, depends on the type of mode that 

determines the stable J (r) profile for the plasma column under study. Again 

in this case following Coppi [31» one can easily show that V^ is roughly given 

by Eq. (2.47) and (2.52) for the low-density and the high-density regimes, 

respectively. Hence for the low-density regime 

- T2/3 ,4/15 -2/3 _2/15 „-2/l5 ,, ,-, 
Teo " !p Zeff a mi ne • ( 3 ' 3 6 ) 
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and for the high-density regime 

(T - T. ) - I 2 i... n~ 2 a"4. (3.37) 
en 10 p i e 

It is interesting to note that there is no B T or R dependence on these T Q 0 

scaling laws. 

F, q - independent chopped exponential fits for T (r). 

In this model we assume that the profiles are given by 

!

T  for  r  <  r_ 

C  e x P M ( r  "  r f ) /3a}  for  r  >  r f  ,  ( 3 * 3 8 ) 

and 

\t 
j  for  r  <  r„ 

J ( r )  =  *  <  exp{­2(r  ­  r  )/a}  for  r  >  r  ( 3 ' 3 9 ) 

Then 

q{r)  =  a 

q  ( r 2 / a 2 ) [ ( r 2 / a 2 )  +  (1 /4 ) ( (1  +  2 r „ /a )  ­  3  exp{­2(1  ­  r  / a ) } ) ] 

[ ( r f

2 / a 2 )  +  (1/4)  ((1  +  2 r f / a )  ­  (1  +  2r/a>exp{­2(r  ­  r f ) / a } ) ] 

(3.40) 

and 

< V / T e o  =  (9/8)[1  +  (4r f /3a)  +  (8 r 2 / 9a 2 ) 

l7/3)exp{­(4/3)(1  ­  r f / a ) } ] .  (3.41) 
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For r- - r 1 f q (r1) = 1 yields 

1/q = (r2/a2) + (1/H)[(1 + 2r,/a) - 3 exp{-2(1 - r^a)}] • (3.42) 

If (r^a) = C/q a) is the solution of the Eq. (3-42), then 

1/qa = 1/qf + (V4)[(1 + 2/qa) - 3 exp{-2(1 - Vq a)}] . (3.43) 

The graphical solution of Eq. (3.43) is 0/q a) = 0.32, i.e., q a = 3.125. Then 

from Eq. (3-41) we get <T e>/T e o = 0.647. However, for 0 < (r^a) = F1(l/qa) * 

(l/qa), Eq. (3.42) has solutions for all values of q & < [U/{l - 3 exp(-2)}] = 

6.7, and this is shown in curve A of Fig. 9- In this figure the agreement 

between theory and experiment is good for medium and low values of q and is 

poor for high values of q a. But the corresponding agreement in curve A of 

Fig. 10 is terrible. This curve A is obtained from Eq. (3.41) with r f  ­ r 1 t 

where r 1 is given by Eq. (3-42). 

IV. MODIFIED EXPONENTIAL PROFILES 

In contrast to the exponential profiles of the previous section, the 

modified exponential profiles to be considered here will have a natural cutoff 

at a certain value of r/a. Thus, the purpose of this section is primarily to 

ilustrate the effects of profile truncation on the consistent set of functions 

F.j, Fo, and F^. 

A. q a - dependent modified exponential profile fits for T e(r,q a). 



48 

In this model we will assume the following profile shapes: 

J(p)  =  j Q ( l  ­  ajtVcalexpC­ajtVa),  (4.1) 

and 

T  (r)  = T  (1  ­  a , r / c a ) 2 / 3  exp(­2a.r /3a) .  (4.2) 
e  eo  j  j 

Then 

q  ( r 2 / a 2 ) [ { ( a 2 / c )  ­  (1  +  a . )H  ­  2/c)}exp(­a.)  +  (1  ­  2/c)] 
q ( r )  =  —  J  J—  J 

[ { ( a 2 r 2 / c a 2 )  ­  (1  +  a  r /a) (1  ­  2/c)}exp(­a  r /a)  *  (1  ­  2/c)] 

(4.3) 

where 

"vfrw 
{ ( * j / e )  ­  (1  +  a j ) ( 1  ­  2 /c ) }exp{ ­a J )  +  (1  ­  2/c) 

(4.4) 

and 

q(o)  =  (2q  / o 2 ) [ { ( a 2 / c )  ­  (1  +  a . ) (1  ­  2 /c) }exp( ­a . )  +  (1  ­  2 / c ) ] . 
3  J  J  J  J 

(i».5> 

Since  i t  is  impossible  to  obtain  a  closed  analyt ic  form  for  <Te>  of  Eq.  (4 .2 ) , 

we  will  approximate  th i s  T e ( r )  profi le  as 

T e ( r )  a  T e Q ( 1  ­  c y / c a j e x p t ­ c y / a )  ,  (4.6) 

where  oj  =  (2a^/3).  Then 
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< T e V T e o = (2/^)[{(o^/c) - (1 + aT)(1 - 2/c)}e>cp(-aT) + (1 - 2/c)]. 

(4.7) 

It may be noted that when c * », Eqs. (4.1), (4,2), (4.3), (4.4), (4.5) and 

(4.7) reduces to the Eqs. (3-2), (3.1), (3-3), (3.4), (3.5) and (3.9), 

respectively, as they should. It is clear from Eqs. (4.3), (4.4), (4.5), and 

(4.7) that the simplest case occurs for c = 2. For this simplest case 

j(r) = Jo(1 - ~. r/2a)exp(-a r/a). (4.8) 

From Eq. (4.5) for c = 2 we get 

q{0) = q = exp(-a.). (4.9) 
a J 

For sawtoothing discharges q(0) < 1, and hence a, > log q a. From Eq. (4.3) 

q(r) = q exp{-o.(l - r/a)}. (4.10) 
a J 

If (r^a) = (1/Qa) is the solution of q(r) = 1, then 

flj = log qa/(1 - 1/qa). (4.11) 
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Then from Eq. (4.7) 

<T >/T = exp(-o_) = exp(-2o,/3). (4.12) 
e eo l j 

Here again it is found that the agreement between [ ̂ T^/Tg^gxp a n d 

[<T e>/T e o] T H is very poor. 

B. q - independent modified exponential profile fits for T e(r). 

In this model we will examine the following two cases: case 1, c  ­ 2 and 

a,* ai(qa) = 2, and case 2, (oj/c) = 0.95 and a, * <*j(qa) = 2 in Eq. (4.1). 

In the literature, the second case with a flattened core has been considered 

by Fredciekson et al. [8]. 

Case 1: o = a. = 2 in Eq. (4.1). 

That is 

J(r) = J oM - r/a)exp(-2r/a). (4.13) 

If (r^/a) = O/q ) is the solution of q  {r,) = 1, then from Eq. 

(4.11) we get 

log  a = 2(1 - 1/qJ. (4.14) 

The graphical solution of Eq. (4.14) is (1/qa) = 0.203, i.e., q a = 

4.92 and from Eq. (4.7), <T„>/Ta„ * e
- 2 = 0.135. These results are, 

of course, in complete disagreement with the existing experimental 
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measurements [1,25,53]. In particular, for example, the temperature 

profile peakedness T e Q/<T e> is not a function of q a. 

Case 2: a, = 2 ,'nd (a,/c) = 0.95 in Eq. (4.1). 

That is 

j (r) = j0(1 - 0.95r/a)exp{-2r/a). (4.15) 

Then from Eq. (4.3) we get 

5.736q(r2/a2) 
q(r) = =—= S  r (4.16) 

[1 + {38 (rVa*) - 2(r/a) - l}exp(-2r/a)] 
and from Eq. (4.5) we get 

q(0) a 0.l434q, = q Z6.973. (4.17) 

For sawtoothing discharges q(o) < 1 and hence q a  < 6.973. Now 

qfr-i) = 1 implies that 

[1 - 5.736qa (r
2/a2)] = [1 + 2 (r^a) 

- SS^/a^Jexpf-a^/a). (4.18) 

If (r^a) = (1/qa) is the solution of the Eq. (4.18), then 

1/a = (1/2) log[(1 + 2/qo - 38/qf)/(1 - 5.736/q  )]. (4.19) 

3 3  Si  3. 
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The graphical solution of Eq. (t.'N) yields (1/qa) = 0, or (1/qa) = 

0.222, i.e., q a = « or q a = 4.505. Since for sawtoothing discharges 

q a < 6.973, the only physically meaningful solution of Eq. (4.19) is 

q = s 4.505. Setting s, = 2 in Eq. (4.12), we find that <T_>/T = 
a J C cO 

exp(-4/3) = 0.264. Again these results are in complete disagreement 

with the existing experimental measurements [1,25,531- In parti­

cular, neither the sawtooth inversioii radius nor the temperature 

profile peakedness is a function of the limiter safety factor [i.e., 

F 1 * F^l/q ) and F 2 * F2(1/qa) for any finite range of values of 

q a ] . It may be noted that in general F^ F 2, and F, cannot be 

functions of q a for any q -independent profile. 

C. T scaling from q -dependent modified exponential profile. 

Here we will only consider the simplest case of c = 2 in Eqs. (4.1) and 

(4.2). For (r^a)  * 1/qa, one can show from Eqs. (1.12), (4.5), and (4.11) 

that 

1/(1 - 1/q ) 
F 3(q a) = (qa/qQ) = exp[log q^/O - 1/qJJ = q &

 a 

» q for q= >> 1. (4.20) 
3. 3 

Using  Eq.  (4.2)  [with  c  = 2]  in  Eq.  (1.2)  we  get  for  the  low­density  regime 

3 ° 2 q o V  e V T ( 1  "  V / 2 a )  a 
e  W q  lt<"jW  V>  B  ' 

pe^a  J 

where 
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-1/(1 - 1/q ) 
(a. q /q ) = a exp(-a,) = [log q /(I - 1/q )] q 

q"1 log q for q >> 1. (4.22) 
3 S 3 . 

Following Coppi [3] and associating xe(r) with the presence of resistive 

reconnecting modes that allow for stable j{r) profile, one can show from 

dimensional analysis arguments that 

V L - ( Q jq o/q a)(RZ^ n^5 / a i ) )V5 ) i ( 1 ) 2 3 ) 

Hence from Eqs. (1.14), (4.20), (4.22), and (4.23), it follows that the 

scaling law in the low-density regime is 

T - a"1 exp(2a1) 1 m ? / 5  Z%\ a"1 n' 1' 5 

eo j J p i eff e 

^ R 4 / 3 a2 -4/15 2/15 n-2/15 --4/3 T-2/3x 
( B T a Zeff mi ne R !p > 

[log(2na 2B T/ U oRI p)]"
2 / 3 (4.24) 

for q a > > 1. 

In the high-density regime V L  in again given by Eq. (2.52). From Eqs. 

(4.20) and (2.52) one can easily show that the high-density regime scaling law 

for large q a is again given by Eq. (2.53). 

D. T e 0 scaling from qa-independent modified exponential profiles. 

Jtere again we will examine the following two cases: Case 1, a, = c = 2, 

and Case 2, a = 2 and (a./c)  ­ 0.95 in Eqs. (4.1) and (4.2). From Eqs. 
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(1.12), (4.9), and (4.17) we get 

!

7.389 for Case 1 
(4.25) 

6.973 for Case 2 

and is independent of the condition (r^a) = ( V q a ) . That is, for qfl-

independent profiles q 0 « q a for all values of q a; while for q a-dependent 

profiles q = constant for large q a when (r^a) = 1/q [see Figs. 15a and 

15b]. Again in these cases following Coppi [3] one can easily show that V L is 

roughly given by Eqs. (2.47) and (2.52) for the low-density and the high-

density regimes, respectively. Hence for the low and high density regimes the 

T scaling law is given by Eqs. (3-32) and (3-33), respectively. 

E. Fredrickson et al. model. 

In this model the profile shapes are: 

J 0 for r < r f 

j(r) = 

S j 0t(1 - 0.95 r/a)/(1 - 0.95 rf/a)]exp{-2(r - r f)/a} for r > r f 

(4.26) 

and 

I T e o for r < r f 

T e ( r ) =• 

[T e o[(1 - 0.95 r/a)/(1 - 0.95 r f / a ) ]
2 / 3 exp{-4(r - r f)/3a} for r > r f 

(4.27) 

where we have assumed Spitzer resistivity and thus j =° T ^' . This model is a 
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special tase of the qg-independent chopped modified exponential profiles. 

Here we will only consider the case where r̂. = r-|. That is, we will assume 

that the profiles are flat up to the sawtooth inversion radius. Then from 

Eq.(4.26) one can show that q(^) = 1 yields 

(Vq a>  , (r^/a 2)  + (1/40X1 - 0.95 r ^ a ) - 1 [35 exp .{-2(1 - r,/a)} 

- { 38 r,2/a2 - 2 r^a - l}]. (4.28) 

If we now demand that (r^a) = F1(1/qa) = (1/qa> f then Eq. (4.28) has a 

solution for only one value of q a, namely for q = 1. However, for 0 < (r^'a) 

= F1(1/qa) * 0/q aK
 £q- (4.28) has solutions for all values of q a < [40/(35 

exp(-2) + l}] = 7 and this is shown in curve B of Fig. 9. In this figure the 

agreement between theory and experiment is good for medium and low values of 

q a and is poor for high values of q . Indeed for q a > 7, (r^a) < 0. Hence, 

tokamak discharges with this model profile cannot be sawtoothing for values of 

q a > 7. It should be noted that the critical value of q =» 7 below which the 

discharges are sawtoothing and above which the discharges are nonsawtoothing 

in this model is only true for r^ = r.. If r^ is different from r,, then this 

critical value of q a will also be different from 7. 

Since Eq. (4.27) contains powers of r that are nonintegers, it is 

impossible to obtain a closed analytic form for <Te> of Eq. (4.27). For r << 

a, (1 - 0.95 r/a)2/3 a (1 - 0.63 r/a). Thus for the sake of analytical 

simplicity we will approximate [(1 - 0.95 r/a)/(1 - 0.95 r f/a)]
2 /3 i n Eq. 

(4.27) by [(1 - cr/a)/(1 - crf/a)], where 0.63 < c = (0.63 + 0.95)/2 s 0.8 < 

0.95. As we will see later, choosing this mean value of c = 0.8 is not a bad 

approximation for the range of q a values studied in Figs. 9 and 10. With this 

approximation, one can show from Eqs. (4.27) and (1.11) that 
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<T e>/T e o = (r f

2/a 2) + (9/8)(1 - cr f/a)"
1 [(4.833c - 2.333) 

exp{- (4/3)(1 - rf/a)} - e{(4/3)(rf/a)
2 + 2(rf/a) * 1.5} + (4/3)(rf/a) * 1), 

(4.29) 

where for our purposes r» : r, and (r./a) is given by Eq. (4.28). This self-

consistent theoretical prediction of Eqs. (4.29) and (4.28) is shown in curve 

B of Fig. 10 for c  ­ 0.8. In this figure the agreement between the theory and 

experiment is indeed remarkable. For a given q a, the higher (or lower) values 

of c in Eq. (4.29) tend to lower (or raise) the predicted values of < T

e

> / T

e o 

(by approximately equal amounts). For example, for c  ­ 0.95 (or c - 0.63) one 

gets a parallel curve displaced downwards (or upwards) from that for c = 0.8 

by approximately 0.05 along the < T

e

> / T

e o axis. Thus, from Figs, 9 and 10 in 

conjunction with the earlier 7 (r) profile - fit studies of Fredrickson et al. 

[8], it is apparent that these chopped modified exponential profiles are in 

good overall agreement with the existing TFTR data. It is interesting to note 

from Eqs- (4.12), (4.28), and (4.29) that by chopping a qa-independent profile 

such that rr. « r., one ends up with a q -dependent profile. That is, for a 

qa-independent profile the inverse of the temperature profile peakedness 

<T >/T * F2(Vq„), while the same profile when chopped up to the sawtooth 

inversion radius yields <T e>/T e o =
 F2^ 1 / C ,a^ v i a t h e r e J - a t i o n ' r V a ^ " Fl^ 1 / C 1a^ 

* d / q a ) . 

V. TRAPEZOIDAL FITS FOR T e<r). 

In this model .."! take the profiles to be given by 

(Teo f o r r " rf 
T e ( r ) = J T e o [(1 - r/a)/(1 - rf/a)J for r > r f ,

 ( 5 " U 
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and 

j ( r )  , \  ° 
( j  [(\  ­  r / a ) / ( l  ­  r f / a ) r ' c  for  r  >  r f  , 

for  r  <  r_ 
1  (5.2) 

Then 

q ( r )  =  q , ( r 2 / 2 5 a 2 } [ 8  ­  I 2 ( r f / a )  +  1 5 ( r f / a ) 2 ] [ ( r f / a ) 2  +  ( 4 / 7 ) ( 1  ­  r f / a ) ~ 3 / 2 

( (1  ­  r / a ) 7 / 2  ­  ( 1 ­  r f / a ) 7 / 2 }  ­  ( 4 / 5 X 1  ­  r f / a ) " 3 / 2  { ( 1  ­  r / a ) 5 / 2  ­  {1  ­  r f / a ) 5 / 2 }  J " 1 , 

( 5 . 3 ) 

where 

C2B_/u  Rj  > 
1 o o / , - I, > q  =  =­  ,  (5.4) 

a  [(8/35)  +  (12/35)( r f /a )  +  < 3 / 7 ) ( r f / a r ] 

and 

q(o)  =  (2B T /u Q RJ 0 ) .  (5.5) 

If the flat region of the profile r f = r^ then from Eq. (5.3) q(r.|) 

yields 

(1/qa) = (8/35)  * (12/35)(rya) ^ (3/7)(r 1/a)
2. (5.6) 

It may be noted that for r^ = r^ q(0) = 1 and hence Eq. (5.6) also follows 

trivially from Eqa. (5.4) and (5.5). Equation (5.6) can easily be rewritten 
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[(rya) + (2/5)]2 = (7/3)[(l/qa> - <"/25)]. (5.7) 

This is the equation for a parabola with the vortex 1/q = 4/25 = 0.16 and 

r,/a  ­ -2/5 = -0.4 and this is shown in curve C of Fig. 9. If we demand that 

r,/a = 1/qa is the solution of Eq. (5.6), then 1/qa = 1 or (16/30) = 0.533. 

From Eq. (5.1) we get 

<T >/T  ­. C1/3)LI * (cP/a) + (r,/a)
2]. (5.8) 

e eo i t 

For r f = r 1 

< V / T e o  ­­ (1/3)[1 + (r^a) + r,/a)2] 

= (1/9) + (35/36)(1/qa) - ( l / ^ K ^ / a )
2 , (5.9) 

where we have made use of Eq. (5.6). If we neglect the (1/12)(r.|/a)2 in Eq. 

(5.9), this is the equation for a straight line with a slope (35/36) = 0.972 

and intercept on the [<Te>/T ] axi3 of (1/9) » 0.111. We have illustrated 

this in curve C of Fig. 10. In this figure the agreement between the theory 

and experiment is indeed remarkable for medium and low values of q However, 

the corresponding agreement in Fig. 9 is poor for high and medium values of 

q a, and is fair for low values of q . The trapezoidal fits to the 

experimentally measured T (r) profiles are very good for low q - discharges 

and are poor for the high q, - discharges. Indeed it is interesting to note 
a 

from Figs. 6a, 9, and 10 that the trapezoidal profile is an "ideal limit 

profile" for very low values of q a [i.e., for q a < 3] in agreement with the 
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experimental observations of Boyd and Stauffer [7]. It is clear from Eqs. 

(5.6) or (5-7) that (r./a) > 0 only when (1>qa>  2 (8/35), i.e., only when q a  i 

(35/8) = 4.4. Hence, tokamak discharges with trapezoidal profiles cannot be 

sawtoothing for q > 4.4. It may be noted that this critical value of q = 

4.4 for the trapezoidal model is much less than the corresponding value of q a 

= 7 for the Fredricksott et al. model of Sec. IVE. Finally, since in this 

model the current is automatically truncated at r = a, no current flows 

outside the limiter. 

VI. KADOMTSEV MODEL 

A. Kadomtsev optimal profile fits for Te(r, q a ) . 

Kadomtsev [9-11] argues that the optimal profiles with respect to 

perturbations of the tearing mode type are the ones that satisfy the 

variational minimum energy principle for the total energy with the current 

conservation constraint. If we assume that the toroidal coils fix the 

longitudinal flux and hence the longitudinal magnetic field energy remains 

unchanged, then the integral 

F = J dr 2nr [(B?/8ff) + (P/(Y - 1)} + xj] (6.1) 

is a minimum for the correct flux function ¥(r) where  {dt/dr) = B

Q ( r ) ,  k is 

the Lagrange tndetermined multiplier, and  y is the adiabatio index. The 

current conservation constraint is a consequence of the indestructibility of 

the magnetic configuration far from the islands [i.e., far from the singular 

points of ii = 1/q ^ n/m]. Let • r (d*/dr2)  ­ (1/2r) (d*/dr) = (Bfl/2r) r 

(BT/2R){l/q(r)} = {BT/2R)u(r}; then from Eq. (6.1), the variational minimum 

energy principle yields that 
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«F = / dr 2 6? [|f - - % —i = 0 , (6.2) 

where 

f[r2, ¥(r 2}, ?] = [(1/2) r 2 ¥ 2 + {Trp/(Y - 1)} * i,xj]. (6.3) 

Hence, '.̂ s optimal profiles must satisfy 

3" dr 3Y 

If we now assume that p and j are not explicit functions of ? [i.e., (3f/a?) = 

0] and since • = (aj./2R)v, Eq. (6.4) yields that the optimal profiles must 

then satisfy 

[r2u + (4R 2/B T){(:T/Y - 1)(3p/3u) + irx (3J/3u)}] = constant. (6.5) 

The simplest choice that will satisfy Eq. (6.5) is (3p/3u) « u and <3j/3u) 

v. That is, p =  p'Q\£ and j = j 0P
2- Then from Eq. (6.5) we get 

2 
(constant/a,) . 

"
, r ) " t , . A 4 ,  ­**• ( 6

-
6 ) 

uhere 

a 2 = (87TR 2/B 2)[( P^Y - 1) *  \  Jo]. (6.7) 

From Eq. (6.6) we get 

(1/qa) = (constant/a
2)/[1 + a2/a£], 
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and 

v(r) = [l/q(r)l = [(1 + a2/a?,)/<1 + r2/a£)](1/qa). (6.8) 

From Eq. (6.8) 

q(o) -- qa/(1 + a
2/ajf). (6.9) 

Hence. Kadomtsev optimal profiles are: 

J(r) = j0/(1 * r
2/ai) 2 , (6.10) 

and 

p(r) - ne(r) Tg(r) = pQ/(1 + r
2/a^) 2. (6.11) 

It may be noted from Eqs. (6.10) and (6.11) that if J <* l \ / 2 , then n g • T^
/ 2 

[11]. 

Now from Eq. (6.10) and Biot and Savart's law, it is relatively easy to 

show that 

q(r) = qa(1 • r
2/ajj)/(1 • a2/a§), (6.12) 

where 

q a = (2B T/u 0RJ 0H1 • a
2/a|). (6.13) 

If we now demand that (r^a) = < 1/q a) ia the solutie:, of the equation q(rt) 

1, then from Eq. (6.12) we get 
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(a£/a2) = (l/q_) for q * 1. (6.14) 

Hence, the Kadoratsev optimal profiles that satisfy the principle of profile 

consistency relation (r^/a) = ( 1 /q a)
 a r e [9,10] 

j(r) = [j 0A1 + r
2/a£)2] = [jQ/(1 + q ar

2/a 2) 2], (6.15) 

and 

T e ( r )  =  [T e o / ( 1  •  r 2 / a £ ) 4 / 3 ]  =  [ T w / ( 1  +  q a r 2 / a 2 ) 4 / 3 ] ,  (6.16) 

where we have assumed that j • T | • Then, 

<T e>/T e o = (3/qa)f1 - 1/(qa + 1)
1 / 3 ] . (6.17) 

These are also the same profiles given by Biskamp [10], This T (r) profile of 

Eq. (6.16) gives a fairly reasonable fit for high q a - discharges, but yields 

a very poor fit to the low q - discharges, particularly for larger values of 

(r/a). This is tied to the fact that this Kadoratsev model allows an 

appreciable fraction of the total plasma current to flow outaide the limiter 

for low q a - discharges. Indeed, we show in the Appendix that this fraction 

is given by 

[I (a to «)/I (o to «)] = [1 + a^a 2]" 1 = (1 + qJ" 1 (6.18) 
P P a 

for (r^/a) = (1/q ). In Fig. 11a we show a comparison between [<T

e

>''Tec>]EYp 

and the corresponding [ <T e>/T e o] T H. It appears that the relationship between 
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the experimental measurements and the theoretical predictions of the Kadomtsev 

model is [ < T

e

> / T

e o]EKP
 = £<Te>,'Teo^TH + 0- 0 5- T n i s result is exactly the same 

as that of the Coppi-Tang model of Fig. 3a. 

B. Chopped Kadomtsev Model. 

In this model we take 

1
j  for  r  < r­

2  2  2  2  2  C 6 ­ 1 y ) 

J o [ ( 1  *  r ^ / a ; ) / ( i  *  r V a J i r  fo r r  > r f  , 
and 

T  for  r  < r . 
T  (r) =  e o  ,  (6.20) 

e  T  [(1 + r;/a;)/(1  + rVa,)l  3  f o r  p a r . ' 
eo  t  *  "  i 

Here, the profiles are flat up to some radius r f < r^, and is of the Kadomtsev 

type for r > r f. Then 

q a(r
2/a 2)[ (r 2/a 2) + ((1 * r 2/a 2)(a 2 - r 2)/(a 2 + a 2)}] 

[(r2/a2) + {(1 + r 2/a 2)(r 2 - r 2)/(r 2 + a2)}] 
(6.21) 

where 

(2B T/u oRJ 0)(a
2/a 2) 

Qo = 5—5 5—5 5 5 5 5 • (6.22) 
3 [(r£/a;> + {{1 + rJ/aJjHa* - r^/U* * a*)}] 

If r f = r 1 and (r^a) = (
1/Qa) is the solution of the equation q(r-j) = 1, then 

(a 2/a 2) = (1/q )[{1 - (2/q > + (1/q3)}/(1 - 1/qJJ. (6.23) 
a. a a a 

From Eq. (6.20) we get 

r 
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<T >/T  = (r2/a2) + (3a2/a2)[(1 + r 2/a 2) 
e eo i " i 

{(1 + r 2/a 2) 4 / 3/(1 + a 2/a 2) 1 / 3}]. (6.24) 

For (rf/a) = (r^a) = (1/qa), Eq. (6.24) becomes 

<T >/T = (1/q2) + (3a2/a2)[1 + (1/qf)(a2/a2), 
e eo a a 

(1 + (l/qjxa'/a 2)} 1* 7 3 

2 2 1/3 ]' ( 6 " 2 5 ) 

where (a*/a ) is given by Eq. (6.23). In Fig. 11b we have shown a comparison 

of KT e>/T e o] E ; Xp vs [<T e>/T e o] T H of Eqs. (6.25) and (6.23) for the same set of 

data as jn Fig. 3. Here, the agreement between theory and experiment is 

better than that of Fig. 11a. 

C. T e 0 scaling from Kadomtsev optimal profiles. 

For (r-j/a) =» 1 / Q a )

 i f c c a n °e shown from Eqs. (1.12), (6.9), and (6.14) 

that the function 3̂(0,3) Is 

F 3(q a) = (qa/qo) - qfl + 1. (6.26) 

Using Eq. (6.26) in Eq. (1.14) we get 

T e o  = (4 1,b/p o)
2 / 3(B TZ e f fyV L)

2 / 3[1 • (y oRI p/2 1.a
2B T)]

2 / 3. (6.27) 

For q a = (2na2BT/u0Bl ) >> 1, Eq. (6.27) yields the approximate form of the 

scaling law as T e 0 « (B TZ e f f/V L)
2 /3. Then for the low-density regime 

neglecting the Q * term in the electron thermal energy balance Eq. (1.2) and 
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making use of Eq. (6.16) we get 

3c2aq ft ev (1 - qa«-
2/a2) 

*e ( r> ' ( „•  2
  ] t q T f ) |1 - (6.28) 

16™ rq ^o e 
pe Ma 

Since q  ­ [q a/(q a + 1)] =• 1 for q a >> 1, following Coppi [3] one can show 

from Eq. (6.28) that the T e o scaling law in the low-density regime for large 

values of q a is again given by Eq. (2.48). Also, for large values of q a it 

can easily be seen from Eq, (6.27) and (2.52) that the T e Q scaling law in the 

high-density regime is again given by Ecj. (2.53). That is, the Kadomtsev 

model yields the same T e o scaling law as that of the Coppi-Tang model for both 

the low-and high-density regimes. 

VII. CAMPBELL et al. MODEL 

A. Fits for TQ(r,q,) used by Campbell et al. of the JET group. 

Campbell et al. of the JET group [13] have claimed that the theoretical 

predictions of the behavior of tokamak discharges ba3ed on a simplified 

current profile of the form j(r) = J 0 [1 - r 2 / a 2 ] v , where v = [{qa/q(0)) - 1] 

is in remarkable agreement with their experimental observations in JET, This 

model was used earlier by Wesson [12] to examine the various MHD instability 

regimes in tokamaks. Here, we will generalize this model and take the 

profiles as given by 

T g(r) = T e o[l - r
2/a 2] T, (7.1) 

and 
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J(r) = Jo[1 - r
2/a 2] J , '7.2) 

where by Ohm's law v T = (2 v/3). Then 

q(r) = q,(r2/a2)/t1 - (1 - r2/a2) J ], (7-3) 
a 

where 

q a = (2BT/uoRJo)(v * 1). (7.4) 

From Eq. (7.3) 

q(O) = q,/(v. + 1), (7.5) 
a J 

i.e., [v< = (qa/q(0)) - 1] in complete agreement with Campbell et al. If we 

demand that {r-j/a) = (1^Qa) is
 t n e solution of qfr^) = 1, then 

(», + 1 ) = log(1 - 1/q )/log(1 - 1/qf). • (7.6) 
j a a 

It may be noted from Eq. (7-6) that for q a >> 1,  v, = (qa - 0.5), 

From Eq. (7.1) we get 

<T e>/T e Q  ­. (vT + 1)"
1 = [(2/3>U, + D + (V3)T 1, (7.7) 

where (v. + 1/ is given by Eq. (7.6). 

In Figs. (12a) and (12b) we show a comparison between the experin^ntally 

measured T (r) profiles and the corresponding theoretically predicted ones 

from Eqs. (7.1) and (7.6) for low q a (=»2.9), and high q a (= 6.2) discharges, 
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respectively. Here, the agreement between theory and experiment for T e(r) 

profiles is better than that of the Kadomtsev model ar H is somewhat similar 

to that of the Coppi-Tang model for both the low and high q a - discharges. 

This is tied to the fact that these profiles have an automatic cut-off at r ; 

a, and thus no current flows outside the limiter. In Fig. 13a we show a 

compari; jn between [<T >/T6C)]£XP
 a n d t n e corresponding [<T >/Te0].nu for the 

same set of data as in Fig. 3- It appears that the relationship between the 

experimental measurements and the theoretical predictions of the Campbell e^ 

al. model is [ < T

e

> / Teo^EXP = ^ < Te > / Teo^TH * 0 - 0 5-  l t i s i n d e e d remarkable 

that this result is identical to that of both the Coppi-Tang model of Fig. 3a 

and the Kadomtsev model of Fig. 11a. It is not very clear to us what 

intrinsic connection exists among these three models [i.e., the Coppi-Tang, 

Kadomtsev, and Camobell et al. models] that leads to the same relationship of 

[ < T e > / T e o ] E X p = [<T e>/T e c.] T H

 + 0-05 for- all these three models. 

B. Chopped Campbell et al. Model. 

In this model ue will take the profiles as flat up to some radius r f < 

r., and is of the Campbell et al. type for r > r f. 

That is, the profiles are: 

( T for r < r„ 
T e(r) =

 e ° 2 2 2 2 v f (7.8) 

( T

e o

 [ ( 1 " r / a ) / ( 1 " r f / a  ) ] f o r  v

  ~ r f ' 

and 

j for r < r 

I 2 2 2 2 u1 ( 7 " 9 ) 

( J0 [(1 - rV)/(1 -  rpa
d

)] J for r > r 

where v T = (2 v./3) by Ohm's law. Then 
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qa(r
2/a2)[(r^/a2) + (1-r2/a2)/(v +1)] 

q(r) = ^-^f-J 

[(r2/a2) + (1-r 2/a 2)/N J +1) - {(1-r
2/a2) J /(1-r2/a2) J {v +1)}] 

(7.10) 

where 

q a = (2BT/yQRjQ)/[(r
2/a2) + (1 - r 2/a 2)/Nj + 1)] (7.11) 

For r f s r 1 and if (r^/a) = (1/qa) is the solution of the equation q(r^) = 1, 

then we get 

w. = q for q * 1. (7.12) 
J a a 

From Eq. (7.8) we get 

<Te>/Teo= [(r
2/a2) + (1 - r2/a2)/(vT + 1)]. (7.13) 

Then for (rf/a) = (r^a) = ( V q a ) , Eq. (7.13) becomes 

< T e > / T e o = [ ( 1 / q a ) +  ^ " 1 / q a > / { 1 + < 2 V 3 ) } ] - ( 7 - 1 4 ) 

Here the agreement between theory and experiment for T (r) profiles is 

somewhat better for low q a - discharges than those for the high q a -

discharges and is fair for all discharges. In Fig. 13b we show a comparison 

of [<T

e>/
Teo^EXP v s f < Te > / , Teo^TH o f E q- < 7- 1 4^ f o r t n e s a m e s e t o f d a t a a s i n 

Fig. 3. The agreement between theory and experiment is rather poor for q„ > 4 

and is somewhat reasonable for q < 4. 



69 

C. T scaling from Campbell et al. Model 

For (r.|/a) = l/qa one can show from Eqs. (1.12), (7.5), and (7.6) that 

F3(qa)  ­ < V V = [ l o g ( 1 " 1 / ( i a >
/ l o g < 1  ~ 1/c^" 

= <q„  f 0.5) for q„ >> 1. (7.15) 
a a 

From Eqs. (1.11) and (7.15) one finds that T g o is given by Eq. ,2.45) which 

for large q, reduces to Eq. (2.46), Using Eq. (7-D in Eq. (1.2) we get for 
a. 

the low-density regime 

3c2aq a eV.(v, + 1)(1 - r 2/a 2) 

ara rq J e 
pe a J 

Since fr^m Eq. (7.6), [(MJ + 1)/vj] => [(qa + 0.5)/(qa - 0.5)] » (1 + l/qa) = 1 

for q >> 1, we find that V, is given by Eq. (2.47). Thus, here again ue find 

that the Campbell et al. model yitlJs the same T e 0 scaling law as that of the 

Coppi-Tang model for both the low [Eq. (2.48)1 and the high [Eq. (2.53)) 

density regimes. 

VIII. PROFILE CONSISTENCY AND THE UNIVERSALITY OF PROFILES IN THE REDUCED 

COORDINATES 

Recently, Soltwisch et al. [41] have measured the current density J(r) 

and, hence, the safety factor q(r) profiles by the Faraday rotation method in 

the Textor tokamak (to about 15% accuracy at the center). Also West et al. 

[42] have measured the axial safety factor q Q in the Texas Experimental 

Tokamak by the use of laser-induced fluorescence of an injected Li" beam. 

Their experimental results show that for sawtoothing discharges q < 1, and 



70 

when the sawtooth phenomenon is not observed, q Q is measured to be above one 

and when q is raised, q also increases. We have also shown their 

measurements of q Q vs q a in Fig. 15a. 

Further, Soltwisch et al. have observed that in stationary conditions in 

sawtoothing discharges, current density and q-profiles assume a unique 

shape. They find that this can be expressed in reduced coordinates (depending 

only on the "external" tokamak parameters R, B̂ ., and I ) as a result of the 

critical effect of the m = 1 tearing mode on transport: [ j/{BT/u0R) ], 

[r/(u0RI_/BT)
1/'2]. It is physically instructive to note that (BT/uQR) = 

(Ip/Tra
2)qa = q 0 j 0 [see Eq. (1.12)] and (u 0RI p/B T) = (2ira

2/qa). Hence the 

reduced coordinates of Soltwisch et al. are tj/q J J and [r/a e f f] where a^ff = 

(2ira2/qa). That is, their empirical observation of the universality of the 

current profiles imply that the normalized current profiles are functions of 

r/a e f f * (r q a

/ 2/a) [11,41]. 

One can show that all the qa-dependent profiles considered in this paper 

except the ones used by Campbell et al. [see Eq. (7.2)] will lead to the 

universality of profiles in some reduced coordinates (J/J0) and (r/a e f f) where 

(aeff/a) is some function of Q a . For example, it is apparent from Eq. 

(2.2) that if we plot [j(r)/JQ] vs <r/a e f f) where a
2

f f = (a 2/aj we will 

obtain a universal Coppi-Tang diffusive profile. Here it follows from Eqs. 

(2,5) and (2.7) that the reduced coordinates j Q and aeff are given by 

J 0 = (2B T/u 0Rq 0), (8.1) 

and 

aeff = < a 2 / aj) = a ^ o ^ a ^ 1 * exP<-ajJ s a 2(q Q/q a) 
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= (q 0u 0RI ?/2TrB T), (8.2) 

respectively, since for sawtoothing discharges q_,  '. 1 implies that a, • q 
O J a 

which in turn yields that [1 - exp(-a,)] s 1 for large q a > Now if the 

sawtooth inversion radius r 1 satisfies the empirical principle of profile 

consistency relation (r-j/a) = 1/qa, then  a, =  a\  '  ~ q, * 0.5 [see Eq. 

(2.12)]. Hence q Q = (qa.'oj)  ~ [<V ( tla + °- 5 ) l = t 1 - 0.5/qaJ = 1 for q a >> 

1. Since q = (2Ta2Bm/u0RI ), if (r^a) = 1/qa, then the reduced coordinates 

j 0 and a f f of Eqs. (8.1) and (8.2) depend only on the "external" toksmak 

parameters B T, I D, R, and a. The weak dependence on the I-miter radius a 

comes from the weak dependence of q Q on q a when (r^/a) = 1/qa- Hence, for 

large q and when (r^a) = 1/qar
 o u r reduced coordinates of Eqs. (8.1) and 

(8.2) become equal to those of Soltwisch et al. It is interesting to note 

that if Soltwisch et al. would have used the reduced coordinate of Eq. (8.K 

in their Fig. 6, then the central current density (for r = 0) would have taken 

the values 0.67 * 2.95 » 1.98, 0.74 * 2.64 = 1.95, 0.72  * 2.75  * 1.98, 0.78 « 

2.55 = 1.99, 0.80 * 2.50 = 2.00, and 0.88 * 2.30 = 2.02 for the curves 1, 2, 

3, 4, 5, and 6, respectively, chus yielding a reduced spread from 1.9 to 2.02 

instead of the spread from 2.30 to 2.95. Also, if one used che a  ** of Eq. 

(8.2), then the values of r have to be divided by tiie corresponding q 0

1 / 2 -

Hence, it appears that the use of the reduced coordinates of Eqs. (8.1) and 

(8.2) would improve the universality of Soltwisch et al.'s profile plots of 

Fig. 6. 

Similarly, one can show from Eqs. (3.2), (3.4), (3.5), and (3.8) that the 

proper reduced coordinates for the qa-dependent exponential profiles to yield 

the universality of the profiles are (J/J0) and r/a e f f, where J 0 = (2B T/u QRq 0) 

and a^ff«  =  a?/<£  => (q 0/2q a)a
2 = (q 0u QRI /4irBT) for large q a. F-om Eqs. (4.1), 
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(1.4;, (4.5), (4.8), (4.9), and (4.11), the reduced coordinates for the qa-

dependent modified exDonential profiles for the simplest case of c - 2 may be 

written (j/J0) and rVa e f f I where J Q = (2BT/u0Rq0) and a g J-J> = (a/a.)  ­

[a/log(q /q„)] - [a/(1 - 1/qa)log q a] = (a/log q a) for large q &. Also, from 

Eqs. (6.9), (6.10), (6.13), and (6.14) it follows that the proper reduced 

coordinates for the Kadomtsev optimal profiles are (j/J0) and >"/aeff> where J 

= (2BT/v0Hq0) and a| f f = (a
2/qa)  ­­ (ugRIp^irRp). 

'X is, of course, apparent that for q -independent profiles (such as the 

qa-independent exponential and modified exponential, and trapezoidal profiles) 

and for the profile used by Campbell et al. of the JET group, it is not 

possible to find any suitable reduced coordinates that will lead to a 

universality of profiles as observed by Soltwisch et al. 

IX. RADIAL AND q. DEPENDENCE OF THE NORMALIZED SAWTOOTH AMPLITUDE 
a 

We now wish to examine the dependence of the normalized sawtooth 

amplitude on the limiter safety factor q for those models which satisfy the 

empirical profile consistency relation (r^a) = (1/q ). During the rising 

portion of the sawtooth, which occurs on a .Uow resistive Joule heating time 

scale [14-23], the Tfi(r) profile, and presumably the J(r) profile, keeps on 

peaking up and the central q keeps on decreasing steadily from unity. At the 

end of the sawtooth crash, which occurs on a fast time scale associated with 

either the resistive internal kink mode [15-20], the pressure-driven ideal 

kink mode [19,22,23], or with enhanced transport due to micro-turbulence 

and/or global stochastization of the magnetic field lines by the overlap of 

secondary islands [23,26,55], these profiles get flattened over the entire 

core region of the plasma [15,16,17,24,25]. Kadomtsev [15,16,17] has shown 
4 

that this flat core region extends up to a minor radius r Q = c ^ =  /l r1 and 
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in this region q = 1. This is shown schematically by the dashed lines in the 

inserts of Figs. 14a and b. Here the volume integrals of the two shaded 

regions are equal to each cither, implying the conservation of total plasma 

thermal energy and total plasma current for the T e(r) profile [of Fig. !4a] 

and J(r) profile [of Fig. I4b], respectively. Hence, the radial dependence of 

the normalized sawtooth amplitude is given by 

(AT /T ) = 2[T ( B ){r) - T ( T )(r)]/[T ( B )(r) + T ( T )(r)j, (9.1) 
e e e e e e 

where T'B'(r) and T^~'(r) are the temperature profiles at the bottom of the 

sawtooth [i.e., the dashed lines in the inserts of Figs. 14a and b] and at the 

top of the sawtooth [i.e., the solid lines in these inserts of Figs. 14a and 

b], respectively. Thus, the normalized sawtooth amplitude at the plasma 

center [i.e., at r = 0]. 

<*Wo s 2 [ V a / q a > " T e o 1 / [ T e U / q a ) + V ' ( 9 ' 2 ) 

where we have set T g(r) = T^"'(r) and T e o = T e(o) and we have used the 

empirical profile consistency relation (r,/a)  a (1/q ), 

From Eqs. (2.1), (2.9), (2.12), and (9-2) we get for the Coppi-Tang model 

< 4V TJ„ s " 2 [ 1 " exp(-2a./3q?)]/[1 + exp(-2aH/3q?)] 6  Q o j a, j a 

=• - (2/3qJ for q = >> 1, (9.3) 

since when (r^a) » C / q a ) . a*
  a -q a log(1 - 1/qa)

 a q a + 0.5. That is, the 

normalized sawtooth amplitude increases linearly with increasing limiter 

rotational transform q~1 for large q a. From Eq. (9.3) we get (AT e/T e) 0 = 0.28 

and 0.12 for q a = 2.9 and 6.2, respectively, while experimentally (AT e/T e) Q a 



74 

0.18 and 0.10 for q a = 2.9 and 6.2, respectively. Similarly, from Eqs. (3-1), 

(3.6), (3.8), and (9-2) we get for the q -dependent exponential profiles 

(AT /T )  ~ -2(1 - exp(-2a./3q)]/[1 +• exp(-2a,/3q 
e e o j d. j a" 

=> - (8/9q ) 1 / 2 for q >> 1, (9.4) 
3. a 

since when (r^a) = (Vq a), <*j = -2q| log(1 - Vq a) = (2qa + 1). Equation 

(9.4) yields (AT e/T e) Q = 0.58 and 0.39 for q a = 2.9 and 6.2, respectively. 

From an experimentalist point of view these are very unreasonable numbers. 

Also for the q -dependent modified exponential of Eq. (1.8), we find that 
a. 

(AT  n  )  ­­ ­[1 ­  d  ­  o,/3q,)exp(­2a  /3q  ) ] / [ ! + (1  ­  a  /3q  )exp(­2n  /3q  ) ] 
e e o  J a  J  a  J  a  J  a 

(log  q  )/(q  ­1)  for  q  >> 1,  (9.5) 

a  a  a 

where  o.  is  given  by Eq.  (4.11) .  This  gives  U T e / T e ) Q  => 0.56 and 0.35 for  q g 

= 2 . 9  and 6.2,  respectively.  For the Kadomtsev  model,  we get  from  Eqs.  (6.16) 

and (9.2) 

(AT  /T )  *  ­2[1 ­  (1 +  1 /qJ" V 3 ] / [1  + (1 + Vq  )"" / 3 ]  = ­  (4/3q  )  (9­6) 
6 G 0 3 a ^ 

for q a >> 1. This yields (AT e/T e) Q => 0.39 and 0.20 for q a = 2.9 and 6.2, 

respectively. For the Campbell et al. model we find from Eqs. (7.1), (7.6), 

and (9.2) that 

3 2v /3 n 2v,/3 
(AT /T ) * -2[1 - (1 - 1Af) J ]/[i + (1 - 1/qf) J ] 

6 6 O  a. 3 
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= - (2/3q ) for q >> 1. (9-7) 
3. a 

This yields U T 'TK = 0.20 and 0.1' for q a = 2.9 and 6.2, respectively, 
^ H t; CJ fit 

•while the corresponding experimental values are (AT e/T e) Q = 0.18 and 0.10. It 

is interesting to note that all the qa-dependent profiles considered, here 

predict that <AT e/T e) 0 decreases with increasing q a wnen (r^/a) = (l/q a), and 

at the end of the sawtooth crash these profiles get flattened over the entire 

core region such that in this flat region q = 1. This qualitative behavior is 

in good agreement with the experimental observations of the TFR group [1], It 

appears, however, that quantitatively speaking only the Campbell et al. and 

the Coppi-Tang models are reasonably close to the experimental observations in 

TFTR and TFR. 

Let us now examine the radial dependence of the sawtooth amplitude 

(aT_/Te) of Eq. (9.1) for the two simple cases illustrated by the inserts in 

Figs. lUa and 14b. According to Kadomtsev [15,16,17] the transfer of heat 

from the shaded region of r s r1 to the shaded region in the range r 1  < r <  rQ 

is by convection induced by the tearing-mode perturbations to the magnetic 

field. Thus, the evolution of the excess heat or "heat pulse" in the region r 

> r Q *  J2 r1 should be determined only by the transport properties of the 

stable plasma since the tearing-mode perturbations do not exist in this 

region. In the light of such a transport study by Jahns et al. [see Fig. 2 of 

Ref. 17], it is apparent that a straight line approximation for T^B'(r) and 

j'°'(r) [at the bottom of the sawtooth crash] in the region r Q < r < c T r1 and 

c, r1 for these inserts in Figs. 14a and 14b, respectively, is a very 

reasonable one. For the Coppi-Tang diffusive profiles of Eqs. (2.1) and 

(2.2), it is relatively easy to show that the equation of this straight line 

is 
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-1 2 2 
y(c; C Q ) r (c - c ) [(c - r/r^expt-a r^a ) 

{c - r/r1)exp(-c
2a r 2/a 2)], (9.8) 

where y(c;  cQ) = (T e(r)/T e o), c = c T, and o = a T for the flattened T e'
B*(r) 

profile of Fig. 14a; and y(c; c Q) = (J(r)/jQ) = (T e(r)/T e o)
3 / 2, c = C j l and a 

=  a., for the flattened j'B'(r) profile of Fig. 14b. By equating the volume 

integrals of the two shaded regions [i.e., by the conservation of total plasma 

thermal energy and/or total plasma current], one can show after a certain 

amount of lengthy algebra that c of Eq. (9.8) is given by 

(c + c / 2 ) 2 = {[(3a2/ar2)expUr2/a2) - (3c2/4)] - [(3a2/ar2) 
O 7 1 O 1 

• (2c2 - o c - c^)]eap[(1 -  a°) ar 2/a 2)]). (9.9) 

Here a, = (3^/2) is given by Eqs. (2.10) and (2.11) for (r,/a) = {1/q ). For 

iterative purposes the lowest order solution c, of Eq. (9-9) may be written 

(cL + c o/2)
2 =. [(3a2/a r2)exp(ar2/a2) - (3rf/t)J, (9.10) 

since c > c Q > 1 and (a r
2/a 2) - q~1 << 1 for large qa- By using this value 

of C|_ for c on the right side of Eq. (9.9), one obtains the more accurate 

first order iterative solution for c. Thus, from Eqs. (2.1), (2.2), (2.10), 

(2.11), (9.1), (9.8), (9.9), and (9.10) one can obtaLn the radial dependence 

of the normalized sawtooth amplitude, i.e., (ATe/Te) vs r. For the flattened 

Tfiu ' profile of Fig. 14a with conservation of total plasma thermal energy we 

get 
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-2(1 - exp[-aT(r^ - r
2)/a 2]) 

for r  < c r. 
{1 + exp[-c T(r

2 - r 2)/a 2]} " ° 1 

(AT e/T e) / (9.11) 

2{y(c T;c o) - • p(-a Tr
2/a 2)} 
_ _ for c^ r, < r < c„ r, 

r  r \  I 2 . 2, , 0 1 1 1 

(y{c T;c o) + exp(-aTr /a )} 

and is zero for r > c^r-j. Similarly, for one flattened j(r) profile of Fig. 

Tib with conservation of total plasma current we get 

2Uy(c,;o ) ] 2 / 3 - exp<- a_r
2/a 2)} 

(AT /T ) = • J— (9 12) 
" ([y(cy%)V  * + B n p { - Y / a ) ) 

for c Q r 1 < r  < c,r l r is given by Eq. (9.11) for r < c Q r 1 t and is zero for r 

> c, r ;. These radial dependences of UT f i/T e) for q a - ^ are shown in Figs. 

lHa and 14b. In both these figures the solid line corresponds to the 

Kadomtsev case of c =  /2, and the dashed line is for c = 1. The somewhat 

symmetric solid line curve of Fig. 14b for the Kadomtsev case of c =  /2 with 

the current conservation constraint seems to have the same shape as the 

experimental results of Fig. 3 of Ref. 21 and Fig. 5 of Yamada et al. [20]. 

However, the experimental curve of Fig. 2C of Ref. 14 has a rather assymmetric 

shape for r > r^ Finally, it is interesting to note from our simple physical 

picture that one can, in principle, unfold the T„ T'(r) [and presumably j'T^(r) 

via Ohm's laj] profiles from precise measurements of (AT /T ) va r for r < c 

Tj = /2 a/qa. Then the precise measurement of (ATg/T ) vs r for r > c r, 

will yield TJ,B'(r) in this range, which in turn will shed light on the heat 

pulse propagation diffjsion coefficient x e(r). 
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X. CONCLUSIONS 

In this paper we have presented a rather complete and detailed 

theoretical examination of the self-consistency of the principle of profile 

consistency results for sawtoothing tokamak discharges. In Sec. I we have 

outlined very clearly the theoretical procedure that we used to examine this 

self-consistency. It should be apparent from our procedural outline that the 

method used here is for the most part a pedestrian approach. Table 1 

summarizes our principal results and conclusions. Most of these models in 

this table have been proposed earlier in the literature and used with computer 

simulation techniques. Here, we have tried to present a rather rigorous 

theoretical analysis of these models and compare them with some of the 

existing TFTR data for sawtoothing Otunic and low-power neutral beam injection 

discharges. We have not included any high-power neutral beam injection 

results from TFTR, since: (1) for the sawtoothing high-power neutral beam 

injection TFTR die charges the beam-induced plasma current is an appreciable 

fraction of the total plasma current and it is not clear what type of Ohm's 

law relates this part of j(r) to T (r) [while for the Ohmic part of the 

current J(r) » f0(r) T|'
2(r)], and (2) most of the high-power neutral beam 

injection TFTR discharges are high-T; discharges with no sawtooth behavior 

[5**], and in this case there exists no function F 1. Now we will present a 

section by section sumiary and conclusions. 

In Sec. I we have presented an operational working definition of the 

principle of profile consistency for sawtoothing tokamak discharges. The 

three basic mathematical statements of this principle for sawtoothing 

discharges [i.e., discharges with q(0) < 1] are: (1) (r^a) = F1(l/qa) 

[» (Vq a) empirically 1, (2) [<Te>/TeQ] = F 2(1/q a), and (3) the scaling law for 

the central electron temperature T|£ 2 *  (I  RZefr/a^L) Fj(qa). In the rest of 

the sections we have examined the self-consistency of the measured T (r) 
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profiles, the functions F«, FT, and FT for sawtoothing TFTR discharges with 

the corresponding ones predicted by the various theoretical models proposed 

earlier in she literature by several authors. 

In general, as seen from Fig. 2, (r^a) = F1(1/qa) = (
1 /1 a) gives a very 

good fit to the experimental data. Because of une limited range of q a -

measurements, one can also get a reasonable fit to tt'e experimental data of 

Fig. 2 with an equation of the form (r^a) = (m/qa) + b. For example, the 

pair of values m = 1.23 and b = 0.076 and the pair m = 1.6 and b = - 0.2 both 

yield a reasonably good fit to the experimental data of Fig. 2. However, from 

a theoretical standpoint the relation (r./a) = (1/q ) seems much more 

fundamental and physically appealing than the relation (r^a) = (m/qa) + b. 

This observed functional relationship (r,/a) = (1/q ) for the range of q -

values necessarily implies that for these TFTR discharges j(r) and, hence, by 

Ohm's law T_(r) are both not only functions of r but also functions of q_, 

i.e., J = j(r, q a) [and consequently q = q (r, q a)] and T g = Tg(r, q a ) . 

Ir. Sec. II, we find that (r^/a) = (1/q.) is an admissible solution to the 

transcendental equation qfr^ : 1 for the Coppi-Tang model. Considering the 

fact that at the top of the sawtooth the measured Te(r) profile is peaked with 

a peak value of T and at the bottom of the sawtooth crash T (r) is flat 

within the q = 1 surface such that T g l = Tg(r = r.,) = T g 0 exp(-20,^1*) = T g 0 

exp[-2(qa + 0.5)/3q|], one can see that the Coppi-Tang model with Spitzer-type 

resistivity is in reasonable agreement with the measured Tg(r) profiles. The 

best fitting relationship between the experimental measurements and the 

theoretical predictions of the Coppi-Tang model appears to be [<T

e

>/"r

eQ]p;xp = 

[<T e>/T e oJ T H +• 0.05. However, the agreement between [<Te>/'reo^EXP a n d 

[<T e>''T e l] T H is rather poor. The trial function (r,/a) = (m/qa) + b with b  ­

(1 - m) yields a better fit for the plot of [<T e>/T e oJ E X p vs [
< T

e > / T e o ] T H hut 

worsens the fit for the plot of (r«/a) vs (1/q,) and vice versa. However, 
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unusual and theoretically unrealistic pairs of values of m and b * {1 - m), 

for example m = 1.6 and b = - 0.2, will to sime extent yield reasonably good 

fits to both the plots of (r^/a) vs (1/qa) and [ < T e > / T e o ] E X p vs ['T e>/T e o] T H 

simultaneously. [These plots are not shown in this paper.] 

The Coppi-Tang model with some reasonable neoclassical conductivity form 

factors yields a better fit than factors with simple Spitzer-type 

resistivity. However, the theoretically deduced neoclassical correction by 

assuming that x_(r) n (r) = constant in the electron thermal energy balance 

equation yields the best fitting relationship as [ < T

e

> / Teo^EXP = ^ Te > /" reo^TH 

- 0.15- This may imply that either x e(r) n e(r) is not really constant but has 

some weak functional dependence on r or the T e(r) is not really Gaussian for 

these TFTR discharges under study. 

On the whole, the chopped Coppi-Tang model yields reasonably good fits to 

all three experimental plots of T (r) vs. r (r-j/a) vs. (l/q a), and 

[ < T e > / T e o ] E X p vs [<T e>/T e ( J] T H simultaneously. 

The principle of profile consistency predictionr for the scaling law fc-

the central electron temperature T e o from the Coppi-Tang model is found to be 

in fairly reasonable agreement with the Taylor et al.'s. regression analysis 

of the corresponding TFTR data, and the TFR data. The Ohkawa's form of x e(r) 

yields a T e o scaling law that is rather similar to that yielded by the Coppi's 

form of x e(r). However, the IKTOR form of x e(r) predicts a somewhat different 

T e ( ? scaling law, in particular, a weaker dependence on B T and no dependence on 

the minor radius a. 

In Sec. Ill we have shown that, in general, the q - dependent 

exponential profiles give a poor fit to the experimental data. The fits for 

Tfi(r) vs. r plots are worse for low q a - data and ̂ re somewhat better for the 

high q a - data. But the ratio of T e o at the top of the sawtooth to T  ^ at the 

bottom of the sawtooth crash, i.e., T e Q/[T e 1 s T

e (
r i ) = T

e o expC-o^/a) ] 
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seems unrealistically large compared to the TFTE1 data of Taylor et al. The 

profile consistency predictions of the T scaling law for this model are 

somewhat different from that of the diffusive profiles of the Coppi-Tang model 

of Sec. II. 

The chopped q a - dependent exponential profiles with (rf/a) = (r^a) = 

(l/qa) yield a poor fit for f<T e>/T e o] E J (p vs f<T e>/T e oJ T H plots. However, 

when chopped up to 0.5r1 [i.e., (r^/a) = (O.Srj/a) z (0.5/qa)], they yield 

reasonably good fits on this plot of [ < T

e

> / T

e olEXP
 v s ^ < Te > / Teo^TH-

The q - independent exponential profiles, in general, give very poor 

fits all around. Further, the q - independent profiles can have {r^a) = 

(1/qa) as a solution of the equation q(r-() = 1 for only one value of q a, and 

they yield a single value for C<T ? / T e o l T H regardless of the value of q a. 

These same remarks also apply to the chopped q a - independent exponential 

profiles. However, the chopped q -independent exponential profiles have 0 < 

(r.,/a) = F.,(1/qa) * d/q a) as solutions of the equation qfr^ = 1 for all 

values of q a < [4/{l - 3 exp(-2)}] => 6.7. That is, when chopped up to the 

sawtooth inversion radius (or when r<. « r.j), all qa-independent profiles (with 

<T e>/T e o * F2(1/qa)] in general become qa-dependent [with <T e>/T e Q = 

F2(1/qa)]. In deriving the T S Q scaling law from any q a - independent profiles 

one does not make use of the principle of profile consistency in sharp 

contrast to those of vhe q a - dependent profiles. The q - independent 

profiles always seem to yield a scaling law of the form T » (I RZ ff/V> 

a 2 ) 2 ' ^ Whiie the q a - dependent profiles always yield T g 0 <* (B TZ e f f/V L)^
/3 as 

a direct consequence of the profile consistency relation (r,/a) = (1/q ). 

Further, for q a - independent profiles T Q Q is independent of B T, while for q 

- dependent profiles T e o is a strong function of B T. 

The modified exponential profiles of See. IV also seem to give very poor 

fits to the experimental plots of [<Te>/Te(J] £ x p vs (<T e>/T e o] T H. In a broad 
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sense the same conclusions of the exponential profiles of Sec. Ill apply 

equally well here. However, the chopped modified exponential profiles of 

Fredrickson et al. [8] yield good overall agreement with the existing TFTR 

data. 

As seen from the results in Sec. V, the trapezoidal fits to the 

experimentally measured T (r) profiles are very good for low q - discharges 

and are poor for high q_ - discharges. For these profiles the equation for 

(r^a) as a function of (1/qa) is a parabola, and is in very poor agreement 

with the experimental measurements which yield the straight line (r^a) * 

(1/q.) as the best fit. However, amusingly enough, the trapezoidal model 

yields t<T e>/T e o] values that are in remarkable agreement with the TFTR 

experimental measurements. 

In general, the behavior of the Kadomtsev model of Sec. VI and the 

CampbeU et al. model of Sec. VII are very similar to those of the Coppi-Tang 

model of Sec. II. However, from an experimental standpoint the Kadomtsev 

model yields unrealistically large values for the fractional c ./-rent flowing 

outside the limiter, while the other two models yield practically realistic 

values for this fractional current. It is indeed remarkable and is somewhat 

amusing to find that all these three models yield ^<Te>'/Teo-'EXP = 

[<T e>/T e 0] T H + 0.05 £3 the best fit to the TFTR data. The exact reason and 

the intrinsic connection that may exist among these three models [i.e., the 

Coppi-Tang, Kadomtsev, and the Campbell et al. models] that leads to the same 

relationship of [ < T

e

> / T

e cJEXP
 = f < Te > / Teo^TH + ° - 0 5 f o r a 1 1 t h e s e three models 

is not very clear to us. 

In Sec. VIII we have shown that all the q -dependent profiles considered 
d. 

in this paper, except the ones used by Campbell et al., lead to the 

universality of profiles in some reduced coordinates which depend mainly on 

the external tokaraak parameters in agreement with the observations of 
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Soltwisch et al. CU1 ] and also with the predictions of Pfirsch and Pohl 

[11]. It is, of course, impossible to find any suitable reduced coordinates 

that will lead to a universality of profiles for all qa-independent profiles 

and for the profile used by Campbell et al. 

In Sec. IX we have examined the radial and q dependence of the 

normalized sawtooth amplitude (AT /T ). We find that for large q , the Coppi-

Tang, Kadomtsev, and Campbell et. al models all predict that (AT /Tg) •= (1/qa) 

in agreement with the experimental observations. The assumption of the 

flattening of the current profile for 0 £ r < c r 1  ­  J% a/qa at the end of the 

sawtooth crash subject to the current conservation constraint, yields a radial 

dependence of (AT /Tg) that is in reasonable semi-quantitative agreement with 

the existing experimental measurements. 

Finally, in the Appendix we have examined the fractional amount of 

current flowing outside the liraiter, and ihe dependence of the central q(o) on 

the limiter safety factor q_. It is interesting to note from Figs. 15a and 

15b that the recent measurements of q{o) as a function of q a by Soltwisch et 

al. [11] and by West et al. [42] seem to favor the predictions of the Coppi-

Tang, Kadomtsev, and Campbell et al. models. 
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APPENDIX 

For the sake of completeness in this appendix we will examine the 

fractional amount of current flowing outside the limiter, and the dependence 

of the central q(o> on the umiter q a for these models. From an 

experimentalist point of view, it is of course physically instructive to know 

offhand whether the selected profiles predict reasonable values for the 

fractions F n - [In(a to °0/I_(o to *)], and [q(o)/qa]. 

Case A: Coppi-Tang model. 

For this inodPl from Eq. (2.2) we get 

I (o to r) r fr dr iirr 1 exp(-a,r /a ) 
p  J

o o J 

= (Ta 2J a/a )[1 - e x p ( - a r V ) ] . fA.1) 

Hence, 

I (o to a) = (fla2Jo/a ) [1 - exp(-a.)], (A.2) 

and 

I (o to ») = (ita2Jo/a,). (A.3) 

Thus, 

F = [I (a to «}/In{o to •)] = ejp(-«,). (A.U) 

If (r.,/a) = (1/q a), then from Eq. (2.12) to the lowest order 
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c^ 0 ) = -qf logH " Vq aI • q a * 0-5. (A.5) 

Thus, for low q, = 3, the fractional current flowing outside the limiter 

is about  3%; and for high q a = 8, this fraction is about 0.02%. From an 

experimentalist point of view these are very reasonable numbers. 

Case B: Exponential profiles. 

For this model from Eq. (3-D we get 

I (o to rl = T dr2irrj exp(-a,r/a) 
p J o o J 

= (2*J  a
2

/a.h[1  ­ (1 • a.r/a)exp[-a,r/a)]. (A.6) 

Hence, 

F = [I (a to -)/I (o to -}] = (1 + a )exp(-a ). (A.7) 
r*  r H J J 

If (r.|/a)  ­ (1/q a), then from Eq. (3.8) to the lowest order 

a (. o ) » [-2qf 10g(! - 1/q > ] 1 / 2 . (2qa + 1 )
1 / 2 . 'A.8) 

J  o, <i a 

Thus, for low q a =• 3, this fraction of Eq. (A.7) is about 26jt and for 

high q a a 8, this fraction is about 8.3?. From an experimentalist point 

of view these are very unreasonable numbers. 

Case C: Modified exponential profiles. 

For this model from Eq (1.1) we get 

I <o to r) = J*£dr 3irrJo(1 - » r/ca)exp(-a r/a) = (2Tra
2Jo/a

2) 
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[{(a2r2/ca2) - (1 + a r/a)(1 - 2/o))exp(-a r/a) + (1 - 2/c}]. 

{A.9) 

Here attain we will only consider the simplest case of c = 2. Then, frorr, 

Eq. (A.9) we gee 

I (o to r) = (nj0r
2)exp(-a r/a). (A.10) 

It is clear from Eq. (4.8) that the current profile must truncate when (1 

- a,r/2a) = o,  i.e., when r  ­  (2a./a,). 

Hence, 

I [o to r = (2a/a )] = (4nJoa
2/a2)exp(-2), iA.ll) 

and 

I lo to a] = (irJoa
2)exp(-a ). (A.12) 

Thus the fractional current flowing outside the limiter is 

F p = [I (a to r = 2a/a,)]/[! <o to r = 2a/a.) 

[1 - {a2A)exp(2 - B j ) ] . (A.13) 

For q a - dependent modified exponential profiles which satisfy the 

http://iA.ll
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principle of profile consistency relation (r-t/a) = (1/q ), 

a. = log q /(l - 1/q ). (A.14) 

Then, for example, for q = 3 the fractional current of Eq. (A.13) is 

about 3.55, while for q = 8 this fraction is about 3-1?. From an 

experimentalist point of view these are very reasonable umbers. 

Finally, it is interesting and physically instructive to note from Eq. 

(A.13) that for a q - independent modified exponential profile with  a, = 

2, the fractional current flowing outside the limiter is exactly zero. 

Case D: Trapezoidal profiles. 

These profiles by definition are automatically truncated at r = a. 

Hence, no current flows outside the limiter for these profiles of Eq. 

(5.2). 

Case E: Kadomtsev optimal profiles. 

For this model froa: Eq. (6.10) we get 

2 n r J n 3 (^/a2) 
I (o to r) = r dr  T^T?~­ <*a»Jn> p - 5 ~ • ( A - 1 5 ) 

p ° (1 + r 2 / a 2 ) 2 ° [1 *(r 2/a 2)] 

Hence T 

I (o to a) = (nail ) =--. , (A.16) 
p * ° [ 1 +(a

2/a 2)] 

and 
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I (o to ») = (irajjj0). (A.17) 

Thus, 

F = [I (a to = )/I (o to «)] = [1/(1 + a

2 / a 2 ) ] . (A.18) 
P P P 

If (r^a) = (1/q a), then from Eq. (6.14) 

(a2/a») = q . (A.19) 
* a 

Thus from Eqs. (A.18) and (A.19) we find for low q a = 3 this fra-tion is 

about 25?; while por high q a  <• 8 this fraction is 11?. f.-om an 

experimentalist point of view these are very unreasonable numbers. 

Case F: Campbell et al. model. 

These profiles of Eq. (7.2) are automatically truncated at r = a. 

Hence, for these profiles no current flows outside the limiter. 

In a similar way  one can show that the fractional amount of current 

flowing O'-.-side the limiter F for the chopped Coppi-Tang, Coppi-Tang with 

neoclassical f a(r) = (1 - d r 2 / a 2 ) , qa-dependent chopped exponential, q -

independent exponential, q -independent chopped exponential, q -independent 

modified exponential of Eq. (1.13), chopped Kadomtsev, and chopped Campbell et 

al. models are given by 

I, (a to •) exp[-a (1 - rl/a2)] 
F =  ­£ - J -  (i 201 
F P ID(o to -) " , .  W  • ( A ' 2 0 ) p 1 V r 7 3 
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I (a to d " 1 / 2 ) (1 - d - d/a )exp(-a J + (d/a )exp(-a /d) 

FP = IP(o to d " 1 / 2 ) = 1 " d / a j + (d/aj)ex P(- a j/d) 
(A.21) 

I (a to =) (1 + a )exp[-a (1 - r./a)] 
F ,  •^­— r ^ 1 1 ' , (A.22) 
• I (o to =) , / 2 2 , 2 
y 1 ( j ( u  w 1 + „ r f/a

 + a l r f / a 

I (a to  *) 
P =  l2!—z 7 r 3 exp(-2) = 0.406  , (A.23) p " I (o to <*) 

I (a to *> 3 exp[-2(1 - r /a) ] 
F = T ^ T — r = 5—5- , (A.24) 
p Ip(o to «) 1 + 2 P f / a + 4 r 2 / a 2 

F = 0 [since these profiles are naturally truncated at r = a], (A.25) 

I (a to «) (1 + rf/a 2) 2 

p - -2 £__! (A 26) 
r p I (o to «) " ,, 2 , , 2 W , -„2. 2, ' i«.*°/ 

p (1 + a /a,){l + 2r f/a #) 

and 

'/  ­ 0 [since these profiles are automatically truncated at r = a] , (A.27) 

respectively. For most of the chopped models considered here we have set 

(rf/a) = (r^a) * (1/q a). 

In Figs. 15a and b we shew the behavior of the central safety factor q(o) 

as a function of  tl.e limiter q for the models considered in this paper. It 

may again be noted from these two figures that the Coppi-Tang and Campbell et 

u.^ models are very similar both in magnitude and shape for medium and high q 

discharges; and further the Kadomtsev model is very similar [although slightly 

low in values of q(o)] to that of Coppi-Tang model. Also, it is interesting 

to note from these figures that »-he recent measurements of q(o) as a function 
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of q, by Soltwisch et al. and by West et al. seem to favor the predictions of 

the Coppi-Tang, Kadomtsev, and Campbell et al. models. As we pointed out 

earlier, we see here that fcr qa-independent profiles q(o) is proportional to 

q a [i.e., F, = (qa/qQ) = constant * F, (Q a)], while for q -dependent profiles 

q{o) tends to constant values for large q [i.e., F, = ^V^a' " qa f o r qa > : > 

1]. This difference naturally leads to two distinct types of T e o scaling laws 

for Ohmic plasmas. For q.-independent profiles one gets the profile 

consistency independent scaling law T e o = (I RZ e fj./a
2V L)

2 /3, and for q a-

dependent profiles one gets the profile consistency dependent scaling law T 

1 ^^T^eff / VL^ 2 /^ f o r l a r & e 9a-
 H e r e w e h a v e u s e d t n « f a c t t h a t ft"" Q a~ 

dependent profiles F,{qa) * q a for large q a if and only if (r^a)  ­ F'i( 1 / C3 a'
 a 

H/qa). 
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FIGURE CAPTIONS 

FIG. 1 Analytic self-consistency loop  [or the flow chart] diagram for 

sawtoothing tokamak discharges. Here, the two large bold type 

connecting flow lines emanating from either side of the box 

labelled "Solution a,(qa)" are uniquely due to the principle of 

profile consistency. The reversible lines with arrows pointing in 

both directions imply that an intrinsic self-consistency should 

exist among the forms of J(r), f^r), T e(r), and xe(r) so as to 

safisfy the Ohm's law and the electron thermal energy-balance 

equation simultaneously. 

FIG. 2 A plot of the normalized sawtooth inversion radius (r.,/a) vs (1/q_) 

for some TFTR discharges. Here, q a is the limiter safety factor, 

and the dashed line is (r^a) = (1/qa). 

FIG. 3a A comparison of t<T e>/T e oJ E X p

 vs [ < T

e

> / Teo^TH f o r C°ppi-Tang model 

for some TFTR discharges including all those of Fig. 2. Here, 

is [<T e>/T e o] E X p = [ < V / T e o ] T H , ^ d — is [ < V / T e o ] E X p = 

t<V / Teol TH ̂ - O S -

FIG. 3b A comparison of [<T e>/T e o] E X p vs [<T g>/T e l JTH- for the same TFTR 

discharges. Here, [<V / Te1 ]TH =. [<T e>
/ Teo ]TH exp{2(qa * 

0.5)/3q|}. Here, the solid line is [<T e>/T e o] E x p = t<
Te > / Tel ]TH' 

FIG. 4a A comparison of the theoretical and the experimental T (r) profiles 

for a low q a (= 2.9] TFTR discharge from Coppi-Tang model. Here, 

la experimental, and — is theoretical. 
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FIG. 4b ft comparison of the theoretical and the experimental T e(r) profiles 

for a high q [= 6.2] TFTR discharge from Coppi-Tang model. Here, 

is experimental, and — is theoretical. 

FIG. 5 A comparison of i: <T e>/T e o J E x p  vs [<T G>/T e o] T H for the chopped 

Coppi-Tang model for the same TFTR discharges with c = ', i.e., 

(r~/a) - (r.|/a) = (1/qa). Here, the solid line is theory. 

FIG. 6a A comparison of the theoreticl and experimental T (r) profiles for 

a low q [= 2.9] TFTR discharge from the chopped Coppi-Tang model 

with c  = 1. Here, is experimental, and — is theoretical. 

FIG. 6b A comparison of the theoretical and experimental T (r) profiles for 

a high q a [=> 6.2] TFTR discharge from the chopped Coppi-Tang model 

with c = 1. Here, is experimental, and is theoretical. 

FIG. 7 A comparison of [ < T

e

> / Teo^EXP v s ^ c Te > / Teo^TH f o r t h e C oPPi- T a ng 

model with a neoclassical conductivity from factor f0(r) = 

(1 - 0.5 r 2/a 2). Here, the solid line is thecvy. 

FIG. 8 A comparison of  [^^^QQI^XP V S t < Te > / Teo^TH f o r qa"dependent 

chopped exponential model with (rf/a) = (0.5r,/a) = (0.5/qa). 

Here, the solid line is theory. 

FIG. 9 A plot of (r^a) vs (Vq a) for some TFTR discharges. Here, the 

curves A, 8, and C are the theory for the chopped q,-independent 
a 

exponential, Fredrickson et al., and the trapezoidal models, 

respectively, and the dashed line is (r^'a) = (1/q a). 
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FIG. 10 A plot of [<T_.'/T„_] vs (Vq,) for some TFTR discharges. Here !:he 

curves A, B, and C are the theory for the chopped qa-independent 

exponential, Fredrickson et al.. and the trapezoidal models, 

respectively. 

FIG. 11a A comparison of [<T e>/T g 0J E x p vs [ <T e>/T e ol T H for the Kadomtsev 

optimal prof-.le fits. Here, is [ < T

e >
/ T

e o ] £ X P =
 [ < T

s

> / T e o ] T H ' 

and — is [<T e>/T e o] E X p = [<T e>/T e ol T H * 0.05- _ 

FIG. lib A comparison of ( < T

e

> / T

e o]EXP
 v s ^ < To > / Teo'TH f o r t h e c h o P P e d 

Kadomtsev model. Here the solid line is theory. 

FIG. 12a A comparison of the theoretical and experimental T (r) profiles for 

a low q a (= 2,9) TFTR discharge from Campbell et al. of JET 

model. Here, is experimental, and is theoretical. 

FIG. 12b A comparison of the theoretical and experimental Te(r) profiles 

for a high q a (* 6.2) TFTR discharge from Campbell et al. model. 

Here, is experimental, and — is theoretical. 

FIG. 13a A comparison of t<T e>/T e o] E Xp vs [<T e>/T e oJ T H for the Campbell et 

al, model. Here, is [<T e>/T e o] E X p = [<T e>/T e o] T H, and — is 

KV'WEXP- KV'WTH * °-os-

FIG. 13b A comparison of [ < T

e

> / T

e o]EXP
 v a ' < Te > / Teo^TH f o r t h e c h o P P e d 

Campbell et al. model. Here, the solid line is theory. 
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FIG. 14a fladiai dependence of the sawtooth amplitude for the flattened T (r) 

profile with conservation of total plasma thermal energy as shown 

in the insert. The solid line is for the Kadomtsev value of c = 

Jl and the dashed line is for c Q = 1. 

FIG. 14b Radial dependence  of the sawtooth amplitude for the flattened j(r) 

profile with conservation of total plasma current as shown in the 

insert. The solid line is for the Kadoratsev value of c Q =  /2 and 

the dashed line is for c Q = 1. 

FIG. 15a Plots of the central safety factor q(0) vs the limiter q for 

Coppi-Tang, Kadomtsev, and exponential models. Here, o and • are 

the measurements of Soltwisch et al. and West et al. respectively. 

FIG. 15b. Plots of q(0) vs q a for the modified exponential, and the Campbell 

et al. models. 
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9 .  Mod i f i ed  Exponent ia l 
[ q . ­ I ndependen t , 
En?  ( 1 . 1 3 ) 1 
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l ( r , / a )  vs  q " 1  I s 
parabo la ] 

F 2  *  F 2 ( 1 / q a )  =  1  or  0 .61 
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F 2  =  3 q a ' ( l ­ ( q a  *  I ) " 1 ' 3 ]  EXP  a  Til  +  0.05 

12.  Chopped  Kadomtsev 
(c=1) 

( a « / a ) 2 = ( q a ­ 1 ) ­ 1 

M ­ 2 q a

1 + q a

3 l 

F 2  =  q a

2 * 3 ( a , / a ) 2 ( l  +  q " 2 

( a 2 / e i ) ­ ( 1  +  a 2 / a i ) ' 1 / 3 

l . + q a

2 ( a 2 / a i ) ) | ^ 3 
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2 .  Good  Fa i r  f o r  r  >  r* 

aerr  "" <io>'o R Ip / 2" BT , i  < Y e a ) 

Fp  =  r ,^ /q !> ­ 1 

e x p [ ­ Q j ( l ­ 1 / q | ) ] 
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F  =  < 1  +  c i j ) e x p ( ­ a j ) 

5.  Bad  Bad  f o r  c = 1 ,  but 

f a i r  f o r  r  )  r 1 

and  c=0.5 
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HEN  ( r , / a )  .  1 /q a 
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