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This is the second in a series of papers which intends to develop a new microscopic 
theory capable by itself to select the "optimum" collective path or, more generally, the 
"optimum" collective submanifold in the many-particle Hilbert space. The main content of 
this paper consists of i) a restatement of the basic equations of the theory, derived from the 
fundamental principle which leads us to the "maximal decoupling" between the collective 
and intrinsic modes and is called the "invariance principle of the Schrodinger equation", and 
ii) a proposal of a method of solving the basic equations in an appropriate way for the large
amplitude and highly non-linear collective vibrations about the Hartree-Fock ground state 
with a spherically symmetric equilibrium. 

§ l. Introduction 

This is the second in a senes of papers which intends to develop a new 

microscopic theory capable by itself to select the "optimum" collective path (or, 

more generally, the "optimum" collective submanifold in the many-particle Hilbert 

space), consistent with the specified boundary condition on the collective motion. 

In Paper I,ll the basic equations of the theory (within the framework of the 

Hartree-Fock approximation) were derived at some length with a major effort 

directed toward making clear the physical meaning of the fundamental principle 

to derive the equations, which was called the "invariance principle of the 

Schrodinger equation" and led us to the "maximal decoupling" between the collec

tive and the intrinsic modes. 

The main content of this paper is i) a restatement of the basic equations of 

the theory with further discussion from a different point of view2> and ii) a proposal 

of a new method of solving the basic equations, consistently with such a specified 

condition on the collective motion that we are considering the large amplitude 

collective vibrations about the Hartree-Fock ground state with a spherically sym-

n Present address: Research Institute for Fundamental Physics, Kyoto University, Kyoto. 
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Self-Consistent Collective-Coordinate 11.1ethod for the Large-Amplitude 1295 

metric equilibrium. The first part consists of §§ 2 and 3, and the second part is 

contained in § 4. 

Since the purpose of this paper is to formulate the basic idea in a simple and 

systematic way, in this paper we dispense with the complications of the pairing 

correlations, and will use the pure Hartree-Fock theory instead of the use of the 

Hartree-Fock-Bogoliubov theory. 

§ 2. Generalized moving frame associated with 

time-dependent self-consistent mean field 

It may never be an overstatement to say that the history 111 the study of 

nuclear dynamics has been the struggle to find the proper place for the comple

mentary concepts referring to the independent particle motion inside the nucleus 

and the collective behavior of the nucleus as a whole. aJ A starting point in explor

ing the nuclear dynamics involving such two modes of motion was the collective 

model of Bohr and Mottelson. The basic idea underlying this model is the follow

mg: In the shell model, the mean field in which the particles move independently 

is assumed to be of spherical shape and to be impossible to deform its shape. 

If we allow the mean field to be time-dependent and deformable, then the mean 

field is capable by itself to move self-consistently with the action of the particles. 

This is just the collective mode of motion. 

In investigating the dynamics underlying the collective mode of motion, there

fore, an essential element is the "particle-collective coupling" which represents 

the variations in the mean field. It must be emphasized that this coupling is 

just what organizes the self-consistent collective modes out of the particle excita

tions. A basis for such an investigation of the nuclear dynamics is provided by the 

cranking model 4J for the collective rotation. In the cranking model, one considers 

the particle motion in such a mean field with a deformed equilibrium that is 

uniformly rotating with frequency rorot· In the rotating (time-dependent) coordinate 

frame the "particle-collective coupling", which organizes the collective rotation, 

manifests itself as the Coriolis coupling -a>rot ·J. (Here and hereafter we use 

h = 1.) This coupling in the rotating frame gives rise to an increase in the energy 

of the particle motion, which is identified with the collective rotational energy, 

(2 ·1) 

Here I ¢ 0 )~ is the Hartree-Fock ground state with the deformation /3 and I¢ (Wrot)) ~ 

is the Hartree-Fock state in the rotating frame satisfying 

(2·2) 

where H'=H-rorot·J is the time-displacement operator describing the time-evolu

tion of the system in the rotating (time-dependent) frame. 

Now let us generalize this idea in order to describe the large-amplitude collec-
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1296 T. Jvfarumori, T. 1\faskawa, F. Sakata and A. Kuriyama 

tive vibration about the Hartree-Fock ground state I ¢ 0) with a spherically sym

metric equilibrium. An essential difference of this case from the above cranking 

model is in the fact that we do not know, in advance, the "particle-collective 

coupling " organizing the large amplitude collective vibration under consideration, 

out of the particle excitations. In order to find the "particle-collective coupling" 

in this case, we therefore introduce a generalized moving frame called a vibrating 

frame hereafter by a time-dependent unitary transformation with a complex parame

ter I) (t) and its complex conjugate r;* (t), 

1¢ (r;* (t), ·r; (t))) = U 1 (-r;* (t), ·r; (t)) [¢0). (2. 3) 

Here ]¢(r;*(t),r;(t))) is the Hartree-Fock state in the vibrating frame and the 

pair of parameters (r;* (t), I) (t)) specifies the time-dependent variations of the self

consistent field, associated with the collective vibration described by a collective 

coordinate a (t) and its conjugate 7: (t)' 

a= .. 1
1 {r;*+r;}, rr=£ 1 ~-={r;*-r;}. 

\ 2 \ 2 
(2·4a) 

In order to simplify the presentation of the theory, here we have restricted our

selves to a single pair of parameters (r;*, r;) =(a, 7:), although a set of pairs of 

parameters may be generally necessary to specify the realistic collective mode.*' 

An extension of the theory to any finite number of pairs of parameters is, of 

course, straightforward. 

Since the time-dependence of the pair of parameters (r;* (t), I) (t)) specifies 

the time-dependence of [¢ (r;*, r;) ), we obtain 

i g/PCr;*, r;))=i»:r;I¢Cr;*, r;))+i»*30-*l¢(r;*, r;)) 

= i ». 61 Cz C r;), r;*r;) 1 ¢ C r;*, ·r;)) - i »* · 6 C z C r;) , r;*r;) I¢ C r;*, r;) > , (2·5) 

where the operators 6 1 (z (r;), r;*r;) and 6 (z (r;), r;*1;) are the local infinitesimal 

generators with respect to r; and r;* respectively, defined by 

:TJ u-1 C r;*, TJ) ==6t (z (r;), TJ*r;) u--1 C TJ*, TJ), l 
/ * u-l (r;*, TJ) ~- 6 (z (TJ), r;*TJ) u-1 c r;*, TJ). 
uTj . 

(2·6) 

Here and hereafter we use the notation z to collectively denote a set of all the 

*' For the case of the shape vibrations of order .l=2, we need five pairs of parameters 
( r;,*, r; 1,; /I=- 2, -1, 0, 1, 2) associated with the collective coordinates and their conjugates, 

(2. 4b) 
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Self-Consistent Collective-Coordinate i\lethod for the Large-AmfJlitude 1297 

normal products of the one-body fermion pair operator~ under consideration, with 

respect to the Hartree-Fock ground state irp0), 

(2. 7) 

We also use the notation z (1;) to denote the same set of all the normal products 

of the one-body fermion pair operators \vith respect to the Hartree-Fock state 

i¢ , t;)) in the vibrating frame, 

(2. 8) 

In order that the state ir;S (-r;*, 'l/)) is the Hartree-Fock state, the local generators 

c)t (z (7;), ·r7*7) and 0 (z ('t;). 'l/*'fJ) must he linear functions of the fermion pair opera

tors z (17) and I. 

Since, by definition, the state ir/J ('lJ*, ·r;)) in the vibrating frame is completely 

specified by the values of ('r;*, ·r;). the generators must strictly satisfy the integrabil

ity condition 

Jl_Q_6 (z (-r;), rJ*'ll) + 3 6t (z ( 11), r1*1J) 
a-r; a-r;* 

+ [O(z(-r;), 'll*'lJ), Qt(z(-r;), 't7*t;)J} U 1 (r;*, 'll) =0 (2· 9a) 

which 1s derived from 

(2· 9b) 

Since the discussion so far is not affected by any variable transformation 7/ 
= f('lJ*, 'lJ), it is convenient to set up the following expectation values vvith the use 

of this freedom: 

(¢('ll*, -r;) iOt(z('lJ), 'lJ*'lJ) l¢(rl*, ·r;))= ~ -r;*, l 
(¢(-r;*, 'lJ) 10 (z('r;), ·r;*r;) l¢('ll*, -r;))=-t·r;. 

As is shown in Appendix C, it i;; generally po~sible to choose 

('lJ*, 'lj) that satisfy the condition (2 ·I 0). ~With the definition 

Ot (z (-r;), ·r;*'ll) = u-J (-r;*, ·r;) O' (z, 'll*r;) u (r;*, -r;), 

O(z(-r;), -r;*-r;) :c=U-1 (-r;*, r;)O(z, -r;*-r;)U('lJ*, -r;), 

(2 ·10) 

such pa r:J met t' rc; 

(2·1la) 

*' Throughout the paper, we adhere to the convention of denoting occupied single-particle 
orbits of l¢o) by the indices i, j, .... and unoccupied single-particle orbits of l¢o) by the indices /l, v, · ... 
We also use labels a, {3, ... to indicate the single-particle orbits when we need not specify to be 

occupied or unoccupied. 
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1298 T. Marumori, T. Maskawa, F. Sakata and A. Kuriyama 

i.e., 

6tc.z, r;*r;) =U(r;*, r;) :r; u-1 (r;*, r;), } 

6 (z, r;*r;) = - u (r;*, r;) a:* u-1 (r;*, r;), 

we then obtain from Eq. (2 ·10) 

I.e., 

:r; (! r;) +a:*(! r;*) =- :r; <¢ol U(r;*, r;) a:*U-1 (r;*, r;) l¢o) 

+ a:*<¢oiU(r;*, r;) :r; u-1 (r;*, r;) l¢o) 

=<¢Cr;*, r;) I [O(z(r;), r;*r;), 6t(z(r;), r;*r;)J 1¢Cr;*r;)>, 

<¢Cr;*r;) I [O(z(r;), r;*r;), 6t(.z(r;), r;*r;)J 1¢Cr;*, r;)> 

= <¢ol [0 (z, r;*r;), Ot (z, r;*r;)] I ¢o) = 1 , 

(2-llb) 

(2 ·12a) 

where we have used Eq. (2 · 9b). Hereafter we call Eq. (2 ·10) the canonical

variables condition which leads to the "weak" canonical commutation relation 

with 

where 

<¢ol [q (z, r;*r;), P (z, r;*r;)] I ¢o) = i 

q c.z, r;*r;) = "r; {Ot c.z, r;*r;) + 6 c.z, r;*r;)}, } 

:P (z, r;*r;) = ij-} {Ot (z, r;*r;) -6 (z, r;*r;)}, 

q(z(r;), r;*r;) =U-1 (r;*, r;)l](z, r;*r;) U(r;*, r;), 

p(z(r;), r;*r;) =U-1 (r;*, r;)p(z, r;*r;) U(r;*, r;), 

(2·12b) 

(2·13a) 

(2·13b) 

are the local infinitesimal generators with respect to the collective coordinate a 

and its conjugate n defined by 

i aaau-1 (r;*, r;) = p (z (r;)' r;*r;) u-1 (r;*, 1J)' } 

- i _i_u-1 (r;*, r;) = q (z (r;), r;*r;) u- 1 (r;*, r;). 
an 

(2·14) 

§ 3. Invariance principle of the Schrodinger equation 

The next task is to determine the vibrational frame as well as the structure 
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Self-Consistent Collective-Coordinate Jiethod for the Large-Amplitude 1299 

of the operators 6 1 (z (1/), 7J*'l) and 6 (z (1/), 7J*'l). For this purpose, we use the 

invariance princiPle of the Schrodinger equation, which was explained in Paper 

PJ in connection with the concept of "maximal decoupled" collective subspace. 

This principle can be simply stated as follows: The time-dependence of the 

parameters ('l* (t), 7J (t)), which specifies the time-variation of the vibrating frame, 

must be introduced in such a way that the Schrodinger equation always remains 

invariant. In the variational form, the principle is expressed as 

ao(¢(7l*, 1/) I {(i ~-H) 1¢(7/*, 1/))} =0 and h.c. (3 ·1) 

with the boundary condition at 7J = 7J* = 0, 

a(¢oiHI¢o)=O, a(¢ol¢o)=O,} 

U(7J*=0, 1/=0) =1, 
(3 ·2) 

where the variation lao¢ (1/*, 1/)) is defined by 

(3. 3) 

Needless to say, the uniformly rotating frame in the cranking model is one of 

the simplest which satisfies the invariance principle of the Schrodinger equation. 

With the use of Eq. (2 · 5), Eq. (3 ·1) can be written as 

a o < ¢ ( 1l *, 1l) I H - i ~ · 6t C z C 1l) , 1l * 1l) + i ·1 * · 6 ( z ( 1l) , 1l * 1l) I ¢ ( 7J *, 7J) > 
=a o( ¢ ( 7J*, 7J) I H- a· p (z ( 7J), 7J*7J) + ir · q_ (z ( 'l), 7J*7J) I¢ ( 7J*, 7J)) = o . (3. 4) 

By taking lao¢ (1/*, 1/)) = iq (z (1/), 'l*'l) 1¢ (1/*. 7J)) and lao¢ (1/*, 7J)) = ip (z (1/), 'l*'l) 

X 1¢ (1/*, 7J)) as variational directions, respectively, we obtain from Eq. (3. 4) 

i~ = -<¢C7J*, 7J) I [H, 6(z(7J), 7J*7J)] 1¢(7J*, 7J)) = + 0 ~--;;/lL('lJ*, 'l), l 
(3 · 5a) 

i~*= --(¢(7J*, 7J) I [H, 6t(z(7J) ,?7*7J)] 1¢(77*, ?7))= --: !JL(?l*, 1/), 
u?l 

I.e., 

(3·5b) 

with 

where we have used the weak canonical commutation relation (2 ·12) and the 

definition (2 · 6). 

Equation (3·4) with Eq. (3·5) is just the generalization of Eq. (2·2) in the 

simple cranking model into the vibrating frame. The operator 
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1300 T. Jfarumori. T. Jfasl.zawa, F. Sakata and A. Kuriyama 

H' = H- i0;. (jt (z (r;), r;*r;) + i0;*. 6 (z (r;), r;*r;) 

= H- a. fi (z (r;), r;*r;) + n-. q (z (r;), r;*r;) (3·6) 

corresponds to the time-displacement operator describing the time-evolution of the 

system in the vibrating frame. In this frame. thus the "particle-collective coupl

ing", which organizes the large-amplitude collective motion out of the particle 

excitations, manifests itself as the coupling H' -H= -i0;·01 (z(r;), r;*r;) +i0;* 

· 0 (z (r;), r;*r;). This coupling gives rise to an increase in the energy of the particle 

motion, which is identified with the collective vibrational energy 

.iJfc(r;*, r;) =="<rfi(r;*.r;) iHir/J(r;*.r;) )-(r/JoiHir/;0), (3·7) 

and is compatible with the canonical equation of motion (3 · 5) of the collective 

coordinate and its conjugate. 

The invariance principle (3 ·1) can also be expressed in a variational form for 

the local generators: 

(3·8a). 

with the boundary condition (3·2). Since l¢(r;*+r3'r;*, r;+IJr;))= {1+01 (z(r;), r;*r;) 

X ()r;- 6 (z ('r;) , ·r;*r;) (Jr;*} I rf; ( r;*. r;) ). this equation can be written as 

oo<¢Cr;*, r;) I [I:l, {or;-01 (z(r;), r;*r;) -or;*·O(z(r;), r;*r;)} J 

- ( gt {ior;. 01 (z (r;), r;*r;) - ior;*. 6 (z (r;), r;*r;)}) 1¢ (r;*, r;) > = o, 

from which we obtain 

oo<¢ (r;*, r;) I [H, 6• (z (r;), r;*r;)] - fJ'I_!lj_c . Ot (z (r;), IJ*r;) 
ar;ar;* 

- fJ2~{'c. 6 (z (r;)' r;*r;) - fJ!J(c. !!...ot (z (r;), r;*r;) 
ar;2 ar;* ar; 

+ 8 ~ c. 8 _~_*(jt (z (r;), r;*r;) 1¢ (r;*, r;) > = o, 

oo<¢ (r;*, r;) I [I:l, 6 (z (r;), r;*r;)] + :0~~ · 6 (z (r;), r;*r;) 

+ 82 !}-( c 6t Cz (r;), r;*r;) - ~_0_c_. !!...a (z (r;), r;*r;) 
(ar;*) 2 ar;* ar; 

+ 8:: c. 8 ~6 (z (r;), r;*r;) 1¢ (r;*, r;) > = o, 

(3·8b) 

(3·9) 
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Se(f-Consistent Collectiz,e-Coordinate Jfetlwd for the Large-Amplitude 1301 

where we have used Eq. (3·5a). Equation (3·9) is called the equation of path. 
Here it must be emphasized that Eq. (3 · 9) is essentially different from a set of 
fundamental equations of the "local harmonic approach"'), 6),,) and is completely 
equivalent to Eq. (3 ·1) itself. 

As has been shown in the above discussion, a set of the basi:: equati1m in our 
theory, which must be sol vee! self-consistently, consists of: 

(a) the in·variance jYrincijJ/e (3 ·1) 

o(¢oiU(r;*, r;) (if--H)u- 1 ('fJ*, TJ) !¢o)=0 and h.c., 
at 1 

(I) 

which is equivalently expressed in the form of the equation of path ( :3 · 9), 
(b) the canonical-variables condition (2 ·10) which is written as 

/.l.jOC(" ·*-)I'' 1 ,/po z, 7J 1 QJo/ =-;X 'I , (II) 

vvhere 0 1 (z, TJ*TJ) and 0 (z, TJ*TJ) are delinecl by Eq. (2 ·llb) and satisfy the integra
bility condition (2 · 9a). The canonical equation of motion (3 · 5) is obtained from 
(I) and (II). 

§ 4. A self-consistent solution of the basic equations 

In Paper I, a method is given to solve the set of the basic equation (I) (which 
1s expressed in the form of the equation of path (3 · 9)) and (II), with the explicit 
use of the integrability condition (2 · 9a). In this section we show a more general 
and simple method of solution consistent with the specified boundary condition on 
our collective motion. 

This method is based on the following two lemmata: 

Lemma 1 vVhen the infinitesimal generators 0 1 (z, r;*-r;) and 0 (z, TJ*Y;) are linear 
functions of the one-body fermion-pair operators z and l, there exists such a 
hermitian operator F (z, TJ*r;) that is a linear function of z and l and satisfies 

u-- 1 (TJ*. IJ) = exp {iF (z, IJ*TJ)}. (4 ·1) 

Definition x and y denote, respecti\'cly, a set of all the one-body particle-hole 
pairs and a set of all the one-body particle-particle and hole-hole pairs under con
sideration, 

(4 ·2) 

Lemma 2 
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1302 T. 111arumori. T. JIJaskawa, F. Sakata and A. Kuriyama 

(4· 3a) 

'.Vhere 

F (z, r;*r;) E zEB {I}, 

G(x, r;*r;) Ex, Go(:Y, r;*r;) EyEf:){I}. (4·3b) 

The proof of each lemma is given in Appendices A and B, respectively. Since 

y l¢o) = 0, we obtain 

where ()('r;*, TJ) 1s a c-number function. Because the basic equation (I) is inde

pendent of the phase ()(TJ*, TJ) by o(¢ol¢o)=0, we may choose ()(TJ*, TJ) =0 so that 

we obtain 

(4· 5) 

and the basic equation (II) becomes 

(4·6) 

In Appendix C it is shown that such a choice of parameter (TJ*, ·r;) that satisfies 

Eq. ( 4 · 6) is generally possible. It is now clear that the problem to solve the 

set of the basic equations (I) and (II) self-consistently can be reduced to finding 

the hermitian operator G (x, TJ*TJ) which satisfies Eqs. (4·5) and (4·6). 

In order to choose a solution G (x, TJ*TJ) appropriate for the collective motion 

under consideration, it is rather convenient to use the complete set of the RPA 

eigenmodes {X/. XJ instead of the set of the particle-hole pairs x= {c}c;, cite~}, 

(¢ol [X,, X!-) l¢o) =oH., <¢ol [X~., X,.] l¢o)=0, 

<¢ol [X~., [H, X!.]] l¢o)= w,oH.. (w,>O) 

In this case, Eq. ( 4 · 5) is written as 

<"' 1 [ ·x t -ia (H . . a .. * a ·) ia] 1 ,.~, > 0 Y'O Z 1.', C ·- llj- - llj ·· -- C 'f'O = 
ar; ar;* 

and 

which can be decomposed into 

(4·7) 

h.c., (4·8) 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

/a
rtic

le
/6

4
/4

/1
2
9
4
/1

9
2
4
0
3
2
 b

y
 g

u
e
s
t o

n
 2

1
 A

u
g
u
s
t 2

0
2
2



Self-Consistent Collective-Coordinate ilfethod for the Large-Amplitude 1303 

where 

and h.c., X,t4=X!,, 

<¢0 I [iOt, e-io H e;a- i~ · 01 + i~* ·OJ I ¢0) = 0 and h. c., 

(4 · 9a) 

(4 -9b) 

and X!, is the conventional RPA-phonon creation operator with the lowest eigen

value w,,. *) Since Eq. ( 4 · 9b) with Eq. ( 4 · 6) leads to the canonical equation of 

motion (3·5) of the collective variables, Eq. (4-5) 1s finally reduced to 

<"' 
1 

[ ·x 1 -iaH ;a ( fML) -iG o iG 'l'o z , , e e - --- -- · e -e 
or;* or; 

+ ( o3L) . e-ia o e;iJJ I ¢o) = 0 and h. c., 
or; or;* 

where we have used Eq. (3 · 5). 

With the use of the notations 

G(x, r;*r;) =L:;{G<'l(r;*r;) .x, +G<Al'(r;*r;) -X,t}, 
j 

-iiJ o ;iJ .oG 1 [-oG -c~] 1 [[·oG -c~J -c~] c or;e =z-80+2! za:q,z +3! z8Y/'z ,z +··· 

.~ .~ ~ 1 ~ ~--

e-'0Hc'0=H + [H, iG] +-[[H, iG], iG] + 
2! 

Eq. (4·10) is written as 

(4-10) 

(4·11) 

(4 ·12) 

(4 -13) 

*l When Eq. (4·9a) is satisfied, Eq. (4·9b) becomes equivalent to the equation with the RPA

phonon mode X!,, 
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1304 T. },farumori, T. i\faskawa, F. Sakata and A. Kuriyama 

+ )-~ - 1 - (¢ol [ix~.t, {[···[(ioG · o${_c 
m;l (2m+1)! . or; or;* 

2m 

~ ~ 

-i~~·§_~'),ic], .. -J,ic]}]r¢o)=O,*l J.=FJ.o. 

In the same way, Eq. ( 4 · 6) is \vritten as 

r;* -- ~ G<i.l. ~ - __ u __ .G<'l' { 
~c<i.)' ~c<J.) } 

~. or; or; 
(2m-!) 

---2 ~ ~ 1 --<¢ol [· .. [i oc, ic], · · ·], ic] l¢o) =0. 
m;:>2 (2m) ! or; 

Thus, Eqs. (4·14) and (4·15), with 

,iJ(,==(¢ol e-i!J Heil11¢o)- (¢o[HI¢o) 

(4·14) 

(4 ·15) 

(4 ·16) 

become the basic equations to specify the coefficients Gw (r;*r;) of G (x, r;*r;) in 

Eq. (4·11). 

We are now at a position to determine the coefficients Gw (r;*r;) as well as the 

collective Hamiltonian !]{" which are appropriate for our specified collective motion. 

To do this, we make the following expansion of Gw (r;*r;) with respect to (r;*, r;): 

cu.) ("fJ*r;) = G<i.) (1) +- G<'l (2) _,. · · · = ~~ c<~> (n), j 

G<i.J (n) = ~ c;;'. (r;*)" ('fJ)'. f 
(4 ·17) 

r, 8 

(r + S= n) 

Since the basic equations (4·14) and (4·15) with the (r;*, r;)-expansion (4·17) are 

supposed to be valid for continuous ranges of r;* and r;, we can equate the coef

ficients of each power of (r;*, ·r;) in these equations to zero. Thus, by starting with 

the coefficients with the lowest power of (r;*, r;) and by proceeding to the higher 

(r;*, r;) -coefficients step by step, we can determine the unknown quantities c~;) of 

Gw (r;*r;) in Eq. (-i ·17) as well as the collective Hamiltonian !}{c self-consistently. 

The important task in this expansion method is the choice of the lowest order 

term cw (1) to satisfy our specified condition on the collective motion. Since the 

term with the lowest power of ( r;*, r;) in Eq. ( 4 ·15) leads us to 

*J In Eq. (4·14) we have used the fact that each term of 
2m-1 

, 1 . l .. {I l( uD Ddt, DG D31,)] ~] .c;]}]l ,~ 1 (:Om)!<-¢ol iX; , L... i-fir; '81* - i ir;*.- 0 ~ , zG, ··· , zG ¢0c 

a] ways vanishes. 
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Self-Consistent Collective-Coordinate Method for the Lmxe-Am}Jlitudc 1305 

(4 ·18) 

and the term with the lowest power of (r;*, r;) in the collective Hamiltonian (4 ·16) 

lS 

with 

j(c(O)=_!_(¢ol [[H, iG (1) ], iG (1)] l¢o) 
2 

=I: OJ 1 • G("l (1) GUl' (1) 
l 

G (1) =I: {G(A) (1) . X d- GUl' (1) . X/}, 
i. 

we can choose 

GUl(1) =i·r;*·ou,, G(ll*(1) = -i·r;·ou, 

(4 ·19) 

(4. 20) 

(4·21) 

so that Eq. (4·18) is satisfied and !J(/0' becomes the I\PA-phonon Hamiltonian 

(4. 22) 

With the use of (4-21) and (4·22). Eqs. (4-14) and (4-15) can be written 

111 the following forms, respectively: 

1 ~--
+"~ n! (¢ol [iX,t, {[ ... [H, iG], ... ], iG]}] l¢o) 

--I.:- 1 (¢ol [ix/, {[ ... [( /'JG. o/}{c 
m?:l (2m+ 1)! ·. 0/j or;* 

2m 

~ ~ 

- i :~. o;:c), iG l··l iG ]} ] l¢o), X/do, (4. 23) 

(1--r;]._) {JGUol} _ r;* ]___ {JGUol*} 
or; ov 

= i. [ {JGUol'} . ]___ {JGUol} _ {.dG(lol} . ]___ {.dG(lol'} J 
ov ov 

+ i. L _v __ .GUl'- G<ll. v .. { ~co) ~cu)*} 

"'*'"' ov or; 
(2m-!) 

~~ 

-2i· I:- 1 (¢ol[ .. ·[i§.9,ic], ... J,z:c]l¢o)=f 
m?:2 (2m) ! O'fj 

(4. 24) 

with 
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1306 T. JY!arumori, T. fl;[askawa, F. Sakata and A. Kuriyama 

LJG<Aol= :E c<"•l (n). 
n:2::.2 

The quantity !J(~int) in Eq. (4·23) is defined by 

!J{ c (int)=${ c- !J{ c (0) = Wo • {i'l}* LJG(lo)*- i'lj LJGUol} 

+ Wo. LJG<lo). LJG<lo)* + :E (I) A. c<"lG<Al* 
).,,L).o 

1 ~ 
+ :E -(¢ol [··· [H, iG], ···], iG] l¢o) 

n;;>3 n! 

=h (3) + h (4) + · · · = :E h (n), 
n>-:3 

h(n)==" :E hr,('lJ*)r('lJ)'. 
r,' 

(r+S=n) 

(4. 25) 

(4. 26) 

Comparing the coefficients of ('lJ*, 'lJ) of both the sides of Eq. ( 4 · 24), we have 

(s-1)G$:•l+ (s+1)G;~l:r-l= -frs, (r+s>2) (4. 27) 

where the right-hand side of Eq. (4·24) is symbolically written as 

f=:Ef(n)=:E · :E frs' ('lJ*)"('lJ)'. (4. 28) 
n n r, s 

(r+s=n) 

From Eq. ( 4 · 27) and its complex conjugate equation, we obtain 

c;:o) = -- 1 { (2 -- r) frs + (s + 1) fs~l, r-1} 
2 (r + s -1) (r+s;;>2) 

(4·29a) 

which is formally expressed as 

c<lo) ('lJ*'lJ) = - _!_ ('lj.! + 'lj*~-- -1) -1 • { (2- 'l}*__!_-) . f + 'l}*_! f*}. (4. 29b) 
2 a'lj a'lj* a'lj* a'lj 

In the same sense, Eq. ( 4 · 23) can be formally ~xpressed as 

- :E --~ -(¢ol [ixt""'' {[ ... [(i 8G · ()!J(, 
m;,>l (2m+ 1)! - - a'lj a'lj* 

(4. 30) 
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Self-Consistent Collective-Coordinate l'vfethod }or the Large-Amplitude 1307 

The expressions (4·29b) and (4·30) of the basic equations are convenient for the 

(r;*, r;) -expansion method. With these equations with the (r;*, r;) -expansion we can 

easily determine the higher order terms em (n) (i.e., eg~ with r + s = n) suc

cessively, starting with the lowest-order term em (1) given by Eq. ( 4 · 21). Thus, 

for instance, we obtain 

and 

e<Aol (2) =o 0 , 

ec•+lo) (2) = {w. + w,,. ( "fj :"fj -r;* a:*)} -1 

X g<¢ol[iX/, [[H,iG(1)],iG(1)JJI¢o)}, 

1 ~ ~ ~ 

h (3) = -<¢o I [ [ [H, ie (1)], iG (1)], iG (1)] I ¢o) , 
3! 

e<Aol(3) = -l.(r;___Q_+"fJ*_j __ 1)-1 
2 or; or;* 

x {(2-r;*~-)!(3) +r;*__!__/*(3)} 
or;* or; ' 

(4·31a) 

(4·31b) 

(4. 32) 

(4·33a) 

ec•+•ol (3) = {w. + w,,. ( "fj :"fj - r;* a:*)} -1 

X ( { oe0 l (2) ah (3) 

or; or;* 

aeoJ (2) ah (3) 

or;* or; 

+ ~! (¢ol [iX,t, {[[H, iG (2) ], iG (1)] + [[H, iG (1)], iG (2) ]}] l¢o) 

+ l,<:¢ol [iX,t, {[[[H, iG (1)], iG (1) ], iG (1) ]} ] l¢o) 
3. 

- :!<¢ol[ix,t, {[[(ia~~1). B~~o) 

-i 0 ;r;~) · 8 :;~~),iG(1)],iG(1)]}]1¢o)), (4·33b) 

h (4) = Wo{iec•.J• (3) r;*- ie(l,) (3) r;} + L: w,ec•l (2) ec•J• (2) . .,.., 
1 ~ ~ ~ ~ 

+ 4! (¢ol [[[[H, ie (1) ], iG (1) ], ie (1) ], ie (1)] l¢o) 

+l.(¢ol {[[[H, iG (2) ], iG (1) ], iG (1) J 
3! 
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1308 T. Jl:farumori, T. A1askawa, F. Sakata and A. Kuriyama 

+ [ [ [H, iG (1) J, iG (2) J, iG (1) J + [ [ [ H, iG (1) J, iG (1) J, iG (2)]} 1 ¢o) , 

(4·34) 

where 

G(n)=L,;{GUl(n) ·Xd-GUl'(n) ·X,t}. (4. 35) 
l 
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Appendix A 

--Proof of Lemma 1--

Here we give a proof of Lemma 1 in a rather general form with k real 

parameters ~i (i = 1, 2, · ··, k). 

First of all, we notice the following important remark. 

[Remark] Let us represent a one-body hermitian operator G (g) as 

and regard g as an Nx 1V matrix with (a= 1, 2, · · ·, N). We then have the re

lation 

[G (g), c (g') J =G ([g, g'J) (A1·2) 

which shows an important correspondence 

(A1·3) 

Now, (corresponding to Eqs. (2 ·13a) and (2 ·14) with (2 ·llb)) the in

finitesimal generators in our general case are defined by 

with the condition 

G (gi) E zEB {I}, 

U(~=O) =1. 

(A1·4) 

(A1·5) 

Since the generators and so gi (~) satisfy the integrability condition, we can ob

tain the following unitary matrix u (~) satisfying 

ll (~) 8~iu-l en =igi (~). (i = 1, 2, ···, k) (A1·6) 
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Self-Consistent Collective-Coordinate iVfethod for the Large-Amplitude 1309 

Thus, it is always possible to find such a hermitian matrix g (~) that satisfies 

(A1 · 7) 

because u (f) is an 1'-lx N matrix. 

Corresponding to Eq. (AI · 7), let us introduce a unitary operator 

(A1· 8) 

Then, with the aid of Eq. (Al· 6) and with the use of Eq. (A1· 2), we obtain 

(A1·9) 

Since 

vve have 

Uo- 1 (f) U (f)= Uo- 1 (0) U(O) = 1. (A1·10) 

Thus, we have the following lemma: 

[Lemma 1] When we have Eq. (A1·4) with the condition (A1·5), there always 

exists such a hermitian operator G (g (f)) E zffi {l} that satisfies 

U (t;) = e ia(g(<>J, U (0) = 1 . 

Appendix B 

--Proof of Lemma 2--·-· 

Here we give an outline of a proof of Lemma 2. 

[Definition] Consider an Nx N matrix A. with A,,3 (a, /3= 1, 2, ···, N). When 

~4a 11 = 0 for (a>n, /3<n) and (a<n, {3>n) with a fixed number n satisfying 

n<N, we call the matrix A an If-type matrix. In the case Aap = 0 for (a<n, 

/3<n) and (a>n. tT:>n), the matrix A is called a K-type matrix. 

[Proposition 1] For an arbitrary NX JV unitary matrix u, we can choose such 

a hermitian K-type matrix K that makes e-iKu an H-type matrix, i.e., 

(A2·1) 

where 1-J is a hermitian H-type matrix. 

Before we give a proof of Proposition 1, we here make a few remarks. 

[Remur/;: 1] For an arbitrary square matrix Jf with det Al=/=0, there exists a 

unitary matrix u 1 and a positive-definite diagonal matrix h which can be written 

as JJJH' = uJz'u/. because Jfl'vf' is hermitian and its eigenvalues are positive. If we 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

/a
rtic

le
/6

4
/4

/1
2
9
4
/1

9
2
4
0
3
2
 b

y
 g

u
e
s
t o

n
 2

1
 A

u
g
u
s
t 2

0
2
2



1310 T. Marumori, T. Maskawa, F. Sakata and A. Kuriyama 

define U 2 '=h- 1u/M, then u 2 becomes a unitary matrix. Thus we can write lv1=u 1hu2 • 

For the sake of abbreviation, here we do not give a proof for the case det M = 0, 

although we can generally show that there exist such unitary matrices u1 and u2 

and a non-negative-definite diagonal matrix h that satisfy ll1 = u1hu2• 

[Remark 2] Suppose a matrix rfii (fJ.= 1, 2, ···, n; i= 1, 2, ···, m; n>m; m+ n= N) 

and regards [riL= (T 11 ;) (i = 1, 2, · · ·, m.) as m vectors with the components (fJ. = 1, 

2, ···, n). Then, there always exist such rn unitary matrices ui(i=1, 2, ···, m) 
that satisfy 

[umrm]I'=O except f.L=m, 

[um-!UmYm-!]1'=0 except !J.=7n,!J.=nz-1, 

[um-!UmJm]l'= [umrmL, 

and so on. Thus, it is always possible to make the following matrix: 

[u!u2· .. UmJi]l'= (u 1U2 .. ·UmT) l'i= 0 

for f.L>m. 

(A2·2) 

(A2 · 3) 

Now, we can show, with the aid of Remark 1, that there exist such an n X n uni

tary matrix u1 and an rn X m unitary matrix uu that satisfy 

(A2·4a) 

where 

(A2 · 4b) 

[Remark 3] When we represent an 1VX .l\f hermitian K-type matrix in a form 

with 

we obtain 

Kafl=kafl, (a<n, f3>n) 

Kafl=k1p, (a>n, {3<n) 

cosvkft' 

[Outline of a Proof of Proposition 1] 

(A2 · 5a) 

(A2 · 5b) 

(A2·6) 

For any unitary matrix v with the condition Vap = 0 (a<n and f3>n), we al

ways obtain v"p = 0 (a>n and {3<n) by definition. For a proof of Proposition 1, 
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Self-Consistent Collective-Coordinate J\1ethod for the Large-Amplitude 1311 

therefore, it is necessary and enough to show 

(A2 ·7) 

where K is the hermitian K-type matrix. With the use of Remark 3, the condition 

(A2 · 7) can be written as 

- sin.Jkkt 
cos.Jkkt ·a =i--Ekf- ·k· b, (A2·8) 

where k, a and b are n X m, n X m and m X m matrices with m = 1V-n, respectively, 

and are defined as 

ka/3= Ka/3, 

ba/3= UafJ 

aa13 = Ua/3 for a<n and fJ>n , } 

for a>n and fJ>n. 
(A2·9) 

For the sake of abbreviation, here we show that there exists a solution k for 

Eq. (A2 · 8) in the case det b=/=0. (An extension of this method to the case det 

b = 0, however, is straightforward.) With the use of Remark 2, we can write 

the n X m matrix ab-- 1 as 

n m 

(ab-- 1) "i = ~ · ~ (u1) "" · [h 1 o~jJ] · Cu2) Ji. (A2·10) 
IJ=l j=l 

The form of Eq. (2 · 8) shows that the matrix k can be put, with the same unitary 

matrices u1 and u2 , in the following form: 

(A2·11) 

Then Eq. (2 · 8) can be written as 

(A2·12) 

Thus, we may choose 01 as that satisfying 

(A2·13) 

(q.e.d.) 

We are now at a position to give a proof of the following lemma: 

[Lemma 2] When an 1VX N hermitian matrix g is given, there exist such hermi

tian H-type and K-type matrices, H and K, that satisfy 

(A2·14) 

where 
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1312 T. Marumori, T. lvfaskawa, F. Sakata and A. Kuriyama 

Proof According to Proposition 1, we choose the hermitian matrices K and H 

to satisfy eig = eiK ·em. Since we have 

(A2·15) 

we obtain the following relations: 

(A2·16) 

which imply that e-ia<m. e-ia<KJ · eiiJ<uJ is a e-n umber. Since we have 

G (g) IO) =G (H) IO> =G (K) IO) =0 (A2·17) 

for the "vacuum" state IO) satisfying Ca IO) = 0, this e-n umber Is unity. 

Appendix C 

--Canonical- 1/ariables Condition---

Here we show the possibility of choice of such collective parameters that 

satisfy the canonical-variables condition (2 ·10) in a rather general way with 2N 

real parameters ~; ( i = 1, 2, · · ·, 2N) . 

To do this, it is convenient to use the following theorem of Frobenius and 

Darboux: 

THEOREM When 

2N 

a>= ~f;(~)d~; and (A3 ·1) 
i=l 

there exist such variables (Pr (~), qr (~)) (r = 1, 2, · · ·, N) that satisfy 

(A3·2) 

Proof of the theorem For the sake of abbreviation, here we give a proof for 

the case N = 1. (For the general case, see Ref. 8) .) Consider an equation 

(A3·3) 

and represent its solution as 

(A3·4) 

where ~~ 0 is the initial value at ~ 2 = 0. With the variables transformation from 

(~~> ~ 2 ) to (~ 1 °, ~ 2 ), we then obtain the following relation: 
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Self-Consistent Collective-Coordinate ldethod for the Large-Amplitude 1313 

0) = /1d~1 + f2d~2 

=/1 ( 0 ~ 1 d~1°+ §J_!_d~z) + fzd~2 
8~1° 8~2 

= f !}__f}_d ~ o (A3 · 5) 
18~10 1, 

where we have used Eq. (A3 · 3). Thus we can set up 

(A3 ·6) 

so that w = pdq. 

[Corollary] For any function S(P, Q), we have 

2N N 

0) = .L; Ji (f) dfi = .L; P rdQr + dS (P, Q). (A3 · 7) 
i=l T-=1 

Proof There exist such variables (Pr, CJr) (r = 1, 2, · · ·, N) that satisfy both .L;J;dfi 

=~rPrdqr and ~rPrdQr+dS(P,Q)=~rPrdCJr· Thus weobtain (Pr(~),Qr(f)) 

(r = 1, 2, · · ·, N) from (Pr (f), CJr (~)) and (Pr (P, q), Qr (p, q)). 

We are now at a position to show the possibility of choice of 

parameters which satisfy the canonical variables condition (2 ·10). 

the infinitesimal generators of a unitary operator U(~) by 

and represent their expectation value with respect to I t/>0) by 

the collective 

Let us define 

(A:3-8) 

(A3·9) 

With the use of the integrability condition iJ2 [r' (f) /8fi · a;j = 82 U- 1 (~) ja;j · 8~i, 
we then obtain the following equation: 

(A3·10) 

According to the theorem of Frobenius and Darboux, it 1s possible to choose 

such variables (P,qr) (r=1,2, ···,N) for any S(p,q), which satisfy 

2N N 

- ~ F~;,d~,= .L; Prdqr+dS(p, q), (A3 ·11) 
i=l T=l 

so that we have 

(A3·12) 
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We now introduce the following infinitesimal generators: 

iir=U (~ (pq)) ~ -}-u-1 (~ (P, q)), } 
l uPr 

Pr=- U (~ (pq)) ~ ~-U- 1 (~ (P, q)). 
l aqr 

(A3-13) 

We then obtain 

(A3-14) 

Equation (A3 -10) for the new variables (Pn qr) now becomes 

(¢ol [~r, ~s] l¢o)=~,~ (¢ol [Pr, Ps] l¢o)=0, } 

(¢ol [qr, Ps] l¢o) =ZOrs. (r, s= 1, 2, ···, N) 
(A3-15) 

In Eq. (A3 -14), when we adopt 

(A3·16) 

we obtain Eq. (2 -10) with (2 -13a) in the general form. 
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