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Many authors!) have tried to extend the 
Veneziano model to the N-particle ampli
tude satisfying the duality condition. Re
cently Namiki and the present author2) 
and Sugawara3) proposed possible methods 
to formulate the off-mass-shell amplitudes 
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with the help of a "spurion" having the 
vacuum quantum numbers. In this letter 
we first point out an ambiguity in Suga
wara's method to eliminate unwanted singu
larities and propose a possible prescription 
to formulate the off-mass-shell amplitude 
from the generalized Veneziano model. 

Hereafter we follow Koba and Nielsen's 
notation.!) The invariant mass squared and 
the corresponding trajectory of channel (i, 
j) are denoted respectively by Sij and aij. 

The channel (i,j) consists of particles from 
the i-th particle to the j-th one. Suga
wara3) tried to obtain the four-point func
tion corresponding to (current+hadron~ 

current + hadron) from the six-point func
tion including two spurions. This function 
comes to be a possible off-shell four-point 
function in the limit of zero spurion mo
menta, which has such unwanted singulari
ties as double and/or triple poles. To 
eliminate them, Sugawara proposed the fol
lowing rule: When some of the Si,i +l or 
Sj,j+2 become identical in the limit of zero 
spurion momenta, put all variables x equal 
to zero keeping only a certain one,say 

Xi,i+l=-I-ai,i+1 or Yj,j+2=-2-aj,j+2 

(=xj,j+2-1). We can remark that there 
remains an ambiguity in choosing the non
zero variable mentioned above, and his 
method of making certain y's eq ual to zero 

seems to be unreasonable. 

Here we are concerned only with the 
highest satellite terms. Our method is first 
to choose the nonzero variables in a unique 
way using the notion of the duality, and 
then to put the other variables Xi,j=O (but 
never Yi,i+2=0), in order to eliminate the 
un wan ted singularities: 

(i) Let one of i-th and (i + 1) -th par
ticles be a spurion, then we can 
regard channel (i, i+ 1) as an off
shell current. 

(ii) Put all the variables Xi,i+1 =0 cor
responding to the channels dual to 
channel (i, i+ 1). (It is to be noted 

that two off-shell currents are never 
constructed from two channels dual 
to each other.) 

It will be seen later that the (N-n)-point 
function, obtained by our method from N
point function with n spurions, is identi
cal with the (N-n)-generalized Veneziano 
function on the mass shell of (N - n) par
ticles. Sugawara's function never has such 
a property. 

Now we apply our method to some simple 
examples. It is easy to show that three
point vertex function obtained from the 
four-point function becomes the simple pole 
term. We can get the four-point function 
including one off-shell current from the 
five-point Veneziano function in the limit 
P2 (or Ps) =0 in Fig. 1. Following the 
rule (ii), we put X12=X34=0 and write the 

503~H 
I ,2P4 K 

I (2,3) 

Fig. 1. 

amplitude as 

x ( )x 1 Xu 13 W ,,~----
3 23 W 23 

where wij=l- II~~iur. Around the pole 
at X 23 = -1 we get 

where the residue is nothing other than 
the four-point Veneziano function. We 
can generally show that the (N-l)-point 
function including one off-shell current can 
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be derived from the N-point function in a 
similar way. 

We can also derive the four-point func
tion with two off-shell currents from the 

six-point Veneziano function. There are 
two cases as shown in Fig. 2. Since the 
channels (5, 6), (2,4) and (3,4) are dual 
to channel (4, 5) in case (a), we get 

6a~--4~ 
/' 3 

I ,'2 ~t~r 
(0) 

(2,3) 

Fig. 2. 

~t{4 
I (2,3) 

(b) 

ro . 1 
= L] B(xz3+ 1,l+n+1)B(x45 +1, m+n+1) +l+l+ + 

l,7n,n=O Xu m n 

r(XZ3 +1 +l) r(X45 +l+m) r(-X61 +n) 
X r(xz3+ 1)r(l+1)r(x45+1)r(m+1)r(-x61)r(n+1) (3) 

Around poles at XZ3= -1 and X45 = -1, we have 

B(a) (6~4)- (xzs +1)\X45 +1) B(xls+1, X61 +1). (4) 

Similarly in case (b), we can get the amplitude 

= ~ B(xz3+1,l+m+1)r(xz~+1-x24+l)r(x24+m) , 
l."'."~O (X56 + 1 + m+ n) (xu + 1 +l +m+ n) r (xzs + 1-x24 ) r (l+ 1) r (XZ4) r (m + 1) 

(5) 

which yields the pole term at X2S= -1 and X56= -I, 

In Eqs. (4) and (6) the residues are just 
the four-point Veneziano amplitude. 

SugawaraS) suggested that the procedure 
like the rule (ii) may yield fixed poles. 
It is easy to see that Eq. (3) has the fixed 
pole at nonsense point in the t-channel 
angular momentum plane. The residue at 
J = 1 is obtained by substituting Eq. (3) 
into Gribov-Froissart formula4l as follows: 

ro 

L] {sFz(-x61>l+1,m+1; x Z3+ l + 2, 
L,m=O 

x 45 +m+2; 1) }/{ (XZ3 +1 +l) 

X (x45+1+m)}. 

For XZS =X45 =O Eq. (7) becomes 

ro 1 
+l*~O m-l [B(X61 +1, l+l) 

-B(x61+ 1,m+1)], 

(6) 

(7) 

(8) 

which has certainly simple poles at X61 

D
ow

nloaded from
 https://academ

ic.oup.com
/ptp/article/42/2/432/1841856 by guest on 21 August 2022



Letters to the Editor 435 

= -1, -2, .... The pole-approximated form 

factor is obtained by making use of the 

current conservation and the s-channel 
pion-pole dominance.4) 

In this letter we have tried to formulate 
the off-shell current from the two-particle 
correlation. Our method will be extended 

to the case including more than three
particle correlations. 

The author whould like to thank Pro
fessor M. Namiki for stimulating discus
sions and a kind reading of the manuscript. 
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