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The Van Hove self-correlation function, the intermediate incoherent scattering function and its
Laplace transform are determined asymptotically for a one component fluid in equilibrium, using
the mode coupling theory. The results reproduce in the hydrodynamic limit the predictions from
Fick’s law. The corrections to Fick’s law are consistent with a long time tail in the velocity
correlation function and with a diverging super Burnett coefficient in the linear diffusion equation.

1. Fick’s law and its extensions

The process of self-diffusion of a tagged particle in a three dimensional
classical fluid of identical particles in equilibrium is as a first approximation
well described by Fick’s law. It has been shown in the literature'™) that
extensions of Fick’s law involving higher order gradients of the tagged
particle density do not exist. In particular the super Burnett coefficient which
is the proportionality coefficient of the V'term in a generalized diffusion
equation is infinite. This result has been proven on the basis of mode coupling
theories'®) as well as from the kinetic theory of hard spheres?®).

"It is not immediately clear in what sense Fick’s law is a first approximation
and in which manner it can be extended. Zwanzig’) has introduced the concept
of hydrodynamic limit and showed that in that limit the predictions from
Fick’s law could possibly be exact. For three dimensional systems the mode
coupling theory and the kinetic theory of hard spheres are consistent with this
expectation.

Zwanzig’s ideas are used here to extend the Fick’s law predictions. The
correction terms are explicitly calculated using the mode coupling theory. The
inconsistency which arises in introducing higher order diffusion coefficients,
such as the super Burnett coefficient, in a generalized diffusion equation will
be avoided.

The quantity of interest in this paper is the Van Hove self-correlation
function

G(r,t) =(8(4r\(t) - r)), .10
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which expresses for a system in total equilibrium the probability of finding a
tagged particle (chosen to be number 1) at time ¢t at the position r when it was
initially (¢t = 0) at the position 0. The microscopic displacement is Ar(t) =
ri(t) — ri(0) and the brackets in (1.1) denote a canonical ensemble average at
temperature T (8 = (kgT)™") and number density n = N/V where each particle
has mass m. It is assumed that the thermodynamic limit in (1.1) has been
taken.

We also consider the intermediate incoherent scattering function which is
the spatial Fourier transform of G(r, t),

Gk, t)= Idr e *rG(r, 1)

= (g ik~ Ay a.2)
and the Laplace transform of G(k, t) with respect to time
Gk, 2) = f dt e *G(k, )
0
(1.3)

1
2+ K20k, 2)

Here we have introduced the wave number and frequency dependent
“diffusion coefficient” U(k, z). With the help of the projection operator
formalism®) it can be expressed as

Uk, 2) = (5 — L) i), (1.4)

where j, = exp(—ik * r)v, - k/k, which is the Fourier transform of the tagged-
particle current density, the asterisk denotes complex conjugation and L =
P LP,, where L is the Liouville operator and P, projects orthogonal to the
function exp(—ik - ry). ~

As a first approximation the quantities G(r, 1), G(k,t) and Gk, z) are
described by the hydrodynamic equation relevant for self-diffusion, i.e. Fick’s
law. It can be stated in the following equivalent forms

gt— G(r, t)~ DV’G(r, 1), (1.5)
5"; Gk, t) ~ — DK*G(k, 1), (1.6)
Gk, z) =~ — (1.7)
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Here D is the coefficient of self-diffusion in Fick’s law. The solution of (1.5)
and (1.6) is

G(r, t) = (4mwDt) Y2 g 71400 (1.8)
Gk, t)=e D (1.9

The relations (1.5)—(1.9) are assumed to be approximately valid if distances
(c.q. times) are large compared to microscopic lengths (c.q. times) and wave
vectors (c.q. frequencies) small compared to inverse microscopic lengths (c.q.
inverse microscopic times).

The concept of hydrodynamic limit is used to show in what sense the
predictions (1.5)-(1.9) can possibly be exact relations. We illustrate this
concept by means of Einstein’s displacement formula, stating that the mean
square displacement of the tagged particle in the x direction is proportional to
t for large times, i.e. {(Ax,(¢))*) = 2Dt. In fact this relation is a consequence of
Fick’s law as it is the second moment of G(r,t) in (1.8). Einstein’s formula
implies that, for large times, the displacement measured in units VDt is a
dimensionless quantity of order 1, namely {(Ax,(t)/VDt)*)=2. This obser-
vation suggests to measure typical distances in the diffusion problem in units
VD¢, and one expects these scaled lengths to be of order 1 for large times.
We, therefore, study for large times G(r, t) as function of the scaled distance
p = r/V/Dt and of the time t, where p is considered to be of order 1 and ¢ is
considered to be large. If for a function of length and time, the limit ¢ >« is
taken at fixed values of the scaled length p, this limit is referred to as the
hydrodynamic limit. The expectation, as expressed by Zwanzig, is that Fick’s
law may be true exactly in this hydrodynamic limit. .

Let us apply these ideas to the functions G(r, t), G(k, t) and G(k, z). We
consider G(r, t) as a function of p and ¢. For finite values of p and large ¢t one
sees from (1.8) that G(pV Dt, t) = (4wDt) *? exp(—p*/4). The function G(r, t)
is said to satisfy Fick’s law if

lim (47Dt)>G(pV' Dt, t) = exp(—p*/4) (1.10)

p fixed

is an exact relation. Next we consider the function G(k,t) in the hydro-
dynamic limit. Since G(k, t) is the Fourier transform of G(r, t) we study this
function, for large t, as function of dimensionless scaled wave number
x = kV'Dt, where 1/t is considered as the small parameter. Inversely we may
consider G(k,t) as a function of a dimensionless scaled time r (r = Dk*),
while k is used as the small parameter. From (1.9) follows then that
G(k, 7/Dk* = exp(—17) for finite values of = and small values of k. Now,
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G(k, t) satisfies Fick’s law, if

lkin(} Gk, 7/ Dk? = exp(—1). (1.1D

7 fixed

Since (:}(k, z) is the Laplace transform of G~(k,~t), we measure the frequency
in units Dk? (z = {Dk?) and study the function G(k, z) as a function of ¢, while
k is used as the small parameter. For finite { and k small, Fick’s law predicts
Dk*G(k, {Dk* = ({ + 1)”". Hence, G(k, z) satisfies Fick’s law, if

1}213 Dk*G(k, (Dk*) = (1.12)

Re (>0

1
i+

In this relation we excluded Re ¢ =0, since G(k, z) is only defined for values
of z with Re z > 0. (It may of course be continued analytically into Re z =0.)

The expressions (1.10)-(1.12) contain the diffusion coefficient D. If G(r, 1),
G(k, t) and G(k, z) satisfy Fick’s law, D must be equal to

lim Uk, z)=D (1.13)

-0
Re z/k< fixed>0

for any chosen value of z/k® This statement is a consequence of the exact
relation (1.3).

We assume in this paper that the relations (1.10)-(1.13) are valid for
systems in three dimensions. B

The ansatz that G(r,t), G(k,t) and G(k, z) are essentially functions of a
scaled quantity of order 1 and a small ordering parameter will be used here to
extend the Fick’s law predictions (1.10)-(1.13) beyond the lowest order terms.
The small parameters are used systematically as expansion parameters. This
means that e.g. G(k, t) is expressed as a power series in k with coefficients
which are functions of = = Dk’t, the first term being Fick’s law (1.11). Similar
expansions will be derived for G(r, t) and G~(k, z) and for U(k, z), Uk, t),
which is the inverse Laplace transform of U(k, z) and its inverse Fourier
transform U(r, t).

In section 2 we review the mode coupling theory and show that it allows
expansions of the proposed form. The explicit calculations will be performed
in section 3. The predictions for the moments of displacement are given in
section 4.

2. Review of the mode coupling theory

The mode coupling theory states that for large times ¢t and small wave
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numbers k the correlation function U(k, t) is given by’%)
Ok )= [ da@m 3 $*(a, DG (@, DG D), @.1)
A

where U(k, t) is the inverse Laplace transform of the generalized diffusion
coefficient U(k,z) (1.4). Here [=k—q and the prime on the integra-
tion sign indicates, here and in the following, that g < ko. In a dilute gas k;'
is of the order of the mean free path, in a liquid it is of the order of the
range of the intermolecular forces. The parameter A in (2.1) runs over the five
hydrodynamic modes of the fluid: the heat mode (T), two opposite sound
modes (o = =) and two shear modes (7,, 7,), the functions G*(q, t) represent
the corresponding hydrodynamic propagators, to which we will return later
on. The diffusive propagator G(l, t) is itself defined in terms of the Laplace
transform of U(l, t) via (1.3). The quantities S* are to lowest order in ¢ and !
given by™®)

$"(a.1) = 3 S™a,h=(Bmn)( -k 97, 2.2)

S7(q, ) = 2Bmn)"'(k - ¢), (2.3)

where k and § denote unit vectors in the k and g-direction. The function S7 is
vanishing to lowest order in ¢ and I.

The mode coupling equation (2.1) is supposed to be approximately valid for
small wave numbers, k < k, and large times t > t,, where t, is the average time
a particle needs to traverse the distance kg'.

Even if the G*(k, t) are given, the set of equations (1.3) and (2.1) is not a
closed set for U(k, t) and G(k, t), since the Laplace transform U (k, z) involves
also the short time behaviour of U (k, t). The mode coupling theory assumes that
this short time behaviour is given by a bare correlation function, which decays
fast for all values of k. For the long times of interest (¢ > t,) it can essentially be
described as a delta function in time 8(t) with a coefficient D* independent of k.
We therefore have for the Laplace transform of U(k, t)

Uk, z) = D* + f dt e *Q2m)™ ] "dg 3 S*4, NG (g, )G, 1), (2.4)
0

which is only valid for values of z with |z] <z, = t; ', and k <k,. The constant
D* is determined by the requirement U(0,0) = D, the Fick’s law diffusion
constant. As discussed in section 1, we are interested in the solutions of the
mode coupling equations in the region, where k approaches zero and t
approaches infinity, such that k’t remains finite; or equivalently in Laplace
language in the region, where z and k approach zero such that z/k” is finite.
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Our basic assumption is that the mode coupling equations describe the
dominant singularities in the correlation functions U(k, z), U(k,t) and the
hydrodynamic propagators G(k, z), G(k, t) for k -0 and z — 0 with z/(Dk? = ¢
is finite, or k —0 and t — o with Dk*t = r is finite.

Before developing a systematic solution to these equations we make a
preliminary investigation. Assume according to (1.13) that when k approaches
zero U(k, ak?) approaches a constant independent of a which then, by
definition, is equal to the diffusion coefficient D. As a first approximation we
write according to (1.9) G(k, t) = exp(— Dk*t). The hydrodynamic propagators
of the fluid are in the same approximation given by’) G"(k, t) =~ exp(— vk*t)
and G°(k, t) = exp(—iockt —iI.k’t), where ¢ is the speed of sound, I, the
sound damping constant and » the kinematic viscosity, v = n/mn where 7 is
the shear viscosity.

After substitution of these propagators into (2.4) and using (2.2) and (2.3)
one finds the following results. U(k, z) is continuous around k =0, z = 0 and
therefore satisfies eq. (1.13). This means that the mode coupling theory is
consistent with Fick’s law stated in the rigorous sense of eq. (1.13). Further-
more one finds that deviations of that limiting value are of the form ~ kh(¢)
for the shear mode contributions in (2.4) and of the form k%h(¢) for the sound
mode contributions. Here and in the sequal hi({), h({), h(¢) denote functions
of ¢ = z/ Dk

A systematic expansion for the functions U and G can be obtained as
follows. We define AU (k, z) as

Uk, 2)= D+ AUk, 2), (2.5)

where D is defined according to (1.13). B

The preliminary calculation showed that A~U (k, z) is a small quantity of
order kh(¢). By means of (1.3) we expand G(k, z) in powers of the small
quantity AU, yielding for finite ¢ = z/(Dk?)

1 AUk, (DK

Dk*G(k, ({Dk*) = 41 D+

+ O(k*h()), (2.6)

where the first term represents Fick’s law (1.12). The function Alj follows
from (2.4) and (2.5)

= [ —a d o -
AU (k, Z)=f dre f (2_#5”(4, NG (g, t) e >

0
‘ ! dq n N ol —Dk?2t 2

- [t [ 35" @06 @ e ™ 0KRG). @D
0
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The second term represents at fixed ¢ the k =0 limit of the first term, and
must be introduced due to the_definition (2.5). In this paper we will not
consider the contributions to AU proportional to k*h({), so that in (2.4) the
sound modes may be neglected. In (2.7) we have used that G(k,t)=
exp(— Dk*t) which corresponds to the first term in the expression (2.6). One
can verify that the second term in (2.6) yields corrections to AU of order
k*h(). ;

After carrying out the time integrals in (2.7) the function AUk, 2) is
expressed in the Laplace transform G"(k, z) of G"(k, t)

sino-f

+ O(k*h(2)). (2.8)

{S"(q, )G (g, z + DIY) — S"(q, —q)G (g, Dk)}

In order to evaluate (2.8) we use the result for é”(k, z) obtained from the
mode coupling theory applied to the case of the general fluid®)

Gk, 2)= (2 + k) + 3 A, (n)k>Pn(z + vk 2+ Ok h(D) 2.9)
n=1

valid for small k and z/k*>~ ¢ finite. The quantities p, are rational numbers
between zero and one

p,=1-2" (n=12,...). (2.10)
Expressions for the coeflicients A,(n) are given in ref. 8. We quote only the

formula for n =1

Cl/2
An(l) :777T2123mnris¥2, (2'11)

where I is the sound damping constant given by
I = (y — DAl(nc,) + ((413)n + Ol (mn), (2.12)

with ¥y = ¢,/cv, A is the heat conductivity, and ¢ is the bulk viscosity.

Substitution of eq. (2.9) into (2.8) yields the mode coupling prediction for
AU (k, z). One verifies that the term of order k™'h({) in (2.9) will give rise to
terms of order k*h(¢) in (2.8), so that AU(k, z) follows, up to terms of the
form k®h(Z). Explicit calculations will be performed in the next section.

3.1. The functions U(k, z) and G(k, 2)

In order to evaluate the integrals (2.8) and (2.9) for AU we introduce the
following quantities

8 =DI(D+ ), G.1)
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thus § is a real number between zero and one;

k* = 47BmnD(D + v), 3.2)
which has the dimension of an inverse microscopic length such as kg;

a,=A,(n)D7'8"" (n=1,2,..), 3.3)
which have the dimension of a length to the power p,;

yo(k) = kol(8k), (3.4

which is a large dimensionless quantity for the small k-values to be con-
sidered below. Instead of ¢ = 2/Dk? it will be more convenient to define the
dimensionless frequency s to be

s(k, z) = 8 '(z/(Dk® + 1). 3.5)

The g-integral in (2.8) is written as an integral over x = k - § and y = |q|/(5k).
In this way we arrive at

Aﬁ(k, z)=8D —l;k; u(y,, s)+ 6D Tck; 21 a.kPru, (yo, 8) + O(k*h(s)), 3.6)
with
Yo +1 ,
u(yo,s)=7r"fdy j dx(1-x? {}TQ%FF—I}, (3.7)
0 -1
Yo +1 4
u,(yo, 8) = 7" I dy f dx(1— x*y? {(—S—_—Z;’—W— 1}. 3.8)
-1

0

The functions u,(y,, s) will be considered for variable values of p with
0<p<1. The functions u(yo, s) and u,(yo, s) can be studied for fixed values
of s and k-0 (i.e. yo— ). One finds straightforwardly from the asymptotic
behaviour of the integrand for large y

u(yo, s) = u(s) + O(h(s)yo), 39
up(yo, 8) = up(s) + OCh(s)/yo), (3.10)

where u(s) and u,(s) are given by the integrals (3.7) and (3.8) respectively
with y, replaced by infinity. It follows from (3.4) that the correction terms in
(3.9) and (3.10) contribute at least to order k*A(s) in (3.6).

The integrals in (3.7) and (3.8) with y,= = are carried out in Appendix A
with the result

u(s)=—5V5F (3.~ 3312

5,—'2';5,; (3.11a)
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1

=i(s—2)\/s_—7—is2tan_' Vi (3.11b)

-G (132, 132 0
~ reasoe 1y oo )

- lp sin{(2+p) tan"\/%}]. (3.12b)

Here ,F(a,b;c;z) is Gauss’ hypergeometric function. The presentation of our
results in hypergeometric functions is convenient in view of the inverse
Laplace transforms to be carried out below. Properties of the hypergeometric
function ,F;, the confluent hypergeometric function Fi(a;b;z) and the
generalized hypergeometric functions ,F,(a,,...,a,;b,. ..., b;;z), which we
will need, are given in ref. 9. Integral representations and asymptotic expan-
sions for large values of argument z are given in ref. 10. The result (3.11b) for
u(s) has also been obtained in ref. 11.

The singularities of u(s) and u,(s) with largest Re s are square root branch
points, located in s = 1, where the functions behave as

u(s) = —%—%(s — D+ @23)s — D+ 0(s - 1)), (3.13)

3+p

u,(s) = TS tg(pm/2)— Vs —1+0(s —1). (3.14)

The branch point s =1 corresponds to z =—(1—8)Dk? in the complex z-
plane. The functions are made unique by a cut in the complex s-plane on the
real s axis from —o to 1. The behaviour of u(s) and u,(s) for large values of s
is obtained from (3.11a) and (3.12a)

u(s) =-QI3)s" {1+ 0(s ™, (3.15)

___3+p (+p)2 ~1
u,(s) = Icos(orlD) cos(pl2) s [1+0(s™ )] (3.16)
The generalized diffusion coeflicient ﬁ (k, z) is now_ obtained up to order k?
(for z/k* finite). The desired series expansion for G(k, z) follows from 2.6)
and (3.6). Using the variable s instead of ¢ = z/Dk? yields

1 k u(ye,s) k &
s[l k* s k*g,

ak? "L(_Z’L‘_) + O(kzh(s))] (3.17

and the first term represents Fick’s law (1.12).
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3.2. The functions U(k, t) and G(k, t)

We calculate the functions AU(k, t) and G(k,t) from the results of the
previous section. As explained in section | we measure time in units k™2 and
define therefore

T = Dk, (3.18)

thus the functions AU (k, t) and G(k, t) are expressed in the variables k and 7,
instead of k and t. We start from

2 =
AUk, t) = (Sz?rki e” f ds e* AU (k, Dk*(8s — 1)), (3.19)
r
~ 2 -~
Gk, )= ‘Z?Tki e’ f ds ¢*'G (k, Dk*(8s — 1)). (3.20)
r

These expressions reduce to the relations for the inverse Laplace transforms
if one substitutes (3.5) for s and (3.18) for 7. The contour I" runs through the
complex s plane from 1+ € —i© to 1+ € + i, with € > 0. From (3.6) and (3.17)
one finds expansions for AU(k, t) and G(k, t) of the following form

AUk, t) = 8*D*k? [——,:‘* e’ { v(yo, 67) + i a.k" v, (yo, 57)} + @(kzh(T))],
n=1
3.21)

Gk, t)y=¢" [1 — Ek; w(yo, 87) — % nzl akPrw, (yo, 87) + O’(kzh('r))] » (3.22)

where the functions v, v,, w and w, are given by

1 or
v(yo, T) = 57—;[ ds e”"u(yq, s), 3.23)
r
1
vp(¥o, 7) =371 f ds e"u,(yo, 5), (3.24)
r
w(yo, 7) = ﬁ—l f ds e u(yo, s)/s?, (3.25)
r

W0, ) = 5 [ ds (3o, )52 (3.26)
r
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The integrals (3.23) and (3.24) are evaluated in Appendix A, with the result
(yo = ko/ 8k =0 and 7# 0)

0(¥o, 7) = v(r) + O(e %), (3.27)

0,(¥o, 7) = 0p(7) + O(e ™), (3.28)

The correction terms of order exp(— y3r) will not contribute to any term in the
series expansion (3.21) in k since they are non-analytic for k—0. The
functions v(7) and v,(7) are given by (v# 0)

L g (351)
= — F = 3.29a
v(7) 3\/77 1 23 5T ( )
= =T el - ), (3.29b)
w(n == T (358) m o F (F52:3i). (3.30)

The expression (3.29b) is derived from (3.29a) using properties of the
confluent hypergeometric function ,F, and the relation'?)

F, (1;%;—7) =1 PF"), 3.31)

where %(x) is Dawson’s integral, related to the error function as %(x)=
V& iexp(—x?) erf(—ix).

The behaviour of v(7) and v,(r) for small (and for large) values of 7 is
obtained from (asymptotic) series expansions of F, %)

o(r) = 37}: 71+ O(0)], (.32)

0y (1) = 2= r (5 tp ) P 4 0(7)], (3.33)
D S -1

v(7) N et 1+ O0(r7)], (3.34)
1 i

v,(1) = v et [1+ O(r ). (3.35)

It follows from the asymptotic behaviour of u(s) for s — (3.15) and v(7) for
7—0 (3.32) that u(s) is not the Laplace transform of v(7); this means that the
limit y,— % in (3.23) may not be interchanged with the s-integral. The same
observation can be made for the functions u,(s) and v,(s).
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The asymptotic behaviour of u(s) and u,(s) for large s allows the inter-
change of the limit y,— « and the s integral in (3.25) and (3.26). One finds
from (3.9) and (3.10) for yy—>

W30, 7) = w(r) + O ("(Z)) (3.36)

w,(¥o, TV = wo()+ O (ZET)) 3.37)

The correction terms contribute to order k*h(7) in (3.22). The functions w(r)
and w,(7) are the inverse Laplace transforms of u(s)/s* and u,(s)/s>, respec-
tively. Using the representations (3.11a) and (3.12a) for u(s) and u,(s) and eq.
5.21 (1) of ref. 13 yields

4 S ( 15 )
wir) = — F 3.38a
() v BT ( )
= —1_ e [T 2 F (D) {472 - 47 — 1} =21 + 1], (3.38b)
AV
—8I'((5+ p)/2) Lo (5+p 1+p3-p 5. )
Wo (1) = (1= p?) L B Rk (3-39)

Eq. (3.38b) is derived from (3.38a) using properties of F; and the relation
(3.31). The behaviour of w(r) and w,(r) for small and large 7 is given by

w(r)=— 3\‘}; {1+ 0(7)}, (3.40)
8I(S+P)2) -py

w,(1) = e P21+ 0(7)}, (3.41)

w(r) = et 1+ 00"}, (3.42)
1 ~ _

w,(1) = v et 1 + O(r"H}. (3.43)

The results (3.21) and (3.22) express AU(k, t) and G(k, t) as series expansions
in the smallness parameter k while r = Dk’t is kept fixed. These expansions
may equivalently be considered as expansions in the smallness parameters 1/t
with coefficients, which are functions of the dimensionless wave number k,
defined as

x = kVDt. (3.44)
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Thus

T D’ 3 .—«2 2 2
AU(k,t)=k—*(Bt—)3/§K e {U(SK)+Z(I)T)I’_,.7—K v,,n(SK )}
+ O(h(x)/t?), (3.45)

Gk, t)=e™ [1 - WI")’)@ w(8k?)

— T S, e K, (5 | + 0 (22), (3.46)

where we have used (3.27, 28) and (3.36, 37).

3.3. The functions U(r,t) and G(r, t)

We calculate the functions AU(r, t) and G(r, t), where G(r, t) is defined in
(1.1) and AU(r, t) is defined as the inverse Fourier transform of AU(k, t). As
explained in section 1 we use the variables p and ¢ instead of r and ¢ to
describe these functions, where p is defined as

p=r/VDt. (3.47)

For fixed values of p the inverse time 1/¢ is used as small parameter, to obtain
expansions beyond the lowest order Fick’s law prediction (1.10). We start
from the relations

AU, t)=Q27n)" f dk e* "AU (k, 1), (3.48)

G(r,t)=Q2n)? f dk e* "Gk, 1). (3.49)

The parameter p is substituted in these expressions and the integration
variable k is changed into (x, k) where x = kDt (compare (3.44), so that
X =K).

The series expansions (3.45) for AU (k, t) and (3.46) for G(k, t) are inserted
and we arrive at expressions for G(r, t) and AU(r, t) of the final form

—p2/4

G(r, t)=(7;l-)t—)m

h(p)
x [1 k*(Dt)”i g(p) k*(Dt)lT 2 (Dt)"—ﬁ gp..(P) +0 ( )]
(3.50)
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and
82e ™ S h(p)
AU 0 =g £+ S s o+ 0 ()] (3.5

The first term in (3.50) represents Fick’s law prediction (1.10).
The functions g(p), g,(p). f(p) and f,(p) are given by

p2/4
g(p)— fdx sin(xp)x? e ¥ w(6x?), (3.52)
4 o4 s
g(p) = fdx sin(xp)x**? e “w,(8x?), (3.53)
24
fo) =1 * e p(ax), (3.54)
4 p2l4 )
fr(p)= jdx sin(xp)x**? e v, (6x7). (3.53)

These functions also depend on the variable 8. The functions g(p) and g,(p)
are calculated in appendix B, with the result

s =2 {2 iR (33~ 1%5)
5

1 {_33._
_1f1-3 P 1s 2 & vV
2(0) 4{#5} (1= 55+ 13p exp( 4(1—5))+x/571?5p

xerf(\/4(f ){ (1-8)(1+38)+(1—38)8p2+16%%].  (3.57)

Eq. (3.56) is expressed in more elementary functions (3.57) by means
of elementary properties of (F; and the relation'?) erf(x)=
2x Fy(1/2;3/2;—x)1V 7.

For g,(p) we obtained in appendix B a hypergeometric series of two
variables, 8 and 6p*/4 respectively, which can also be written as a series



SELF-DIFFUSION BEYOND FICK'S LAW 203

expansion in powers of p

ooy _ ALG DI & (5‘;P)m (_ 1 ;p)m
| SR ()

5+p 1+p ~ 3-p, ){ P }{—8;)2}’"
><2F1(m+ ) ,m 2 ym+ ) ;6191 Im 16 ! s

(3.58)

where we used Pochhammer’s symbol (a), = I'(a + n)/I'(a). The functions
f(p) and f,(p) are hypergeometric series in two variables, 8 and 8p*/4, which
converge absolutely in the whole complex p-plane. This result, and asymp-
totic expansions, can be obtained by the same method as used in appendix B for
g,(p). We only quote the results

=312 3
fp) = 3v—61(2 ) (3.59)

folp) = 2I(5 +p)[2) 5-G+p)2] (5—+£;p), (3.60)

3 2

where I(a;p) can be written as a series in p?,

20 2yn
I@ip) = 3 oF ( +n,%+n;%+n;5)5(—a)"—'{—6%}. 3.61)

G)."

The small p behaviour of g(p), g,(p), f(p) and f,(p) is given by

glp)= -2 \/ ﬂ?—) +0(p?), (3.62)
_ 45+ p)2)s! " 5+p 1+p 3—-p.
gr(p) = - TP F (52 - 15225 R5) oG, (363)

—3/2
foy=2— m€35%mw

\/ ™ 2’2’2’
f,(p) = r((s +p)/2)s PR, (5 ; p ; ; ) +0(p). (3.65)

The behaviour of g(p), g,(p), f(p) and f,(p) for large values of p is given by
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asymptotic series expansions and we quote only the first terms

g(p) = (1/16)8p[1 + O(p™?)], (3.66)
_ 5 - ]

fp) =287p7[1+ O(p™), (3.68)

fo(p) = =4/ m)3 + p)[' 2+ p) sin(p7/2)6™"p~*[1+ O(p™)]. (3.69)

4. Moments of displacement and related quantities

In this section we calculate the predictions from mode coupling theory for
the moments of displacements M™(¢), the cumulants M™(¢) and the time
dependent diffusion coefficients D™(t). These quantities are defined as

M®™(t) = ((Axi(t)"), 4.1

where Ax(t) = x,(t) — x;(0) is the x-component of the displacement vector
Ar(t). The odd moments vanish due to symmetry properties of the ensemble
average. The even moments occur in the expansion of G(k, t) in powers of k.
From (1.2) follows

Gk, t)= i MP(t) 4.2

and therefore

Men(e) = (- L% i (25) Gk, 0. @.3)
The cumulants M{(¢) are defined for even n by the series expansion

Gk, t)= exp{z ((2"2))," M ‘“’(t)} 4.4)
therefore one has forn =1,2,...

ME(t) = (=) - (2n) lim (a?c’) log G(k, t). 4.5)

The time dependent diffusion coefficients are defined by the equation

% Gk, t)=—k* {5) (- k2)"D‘2"’(t)} Gk, 1). (4.6)
n=0
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From this and (4.4) follows that

s

D) = o i o

M @n9(t). 4.7

The prediction for M™(t) is obtained from (4.3) and the series expansion
(3.22) for G(k, t). We choose a fixed time ¢ and define x = 87 = 8Dk’t.
One obtains a series expansion for M*(t) of the form

)]

@i 4) — ant j [ __m
M“(t) it (Dty |1 k*(DnH"
- a, : 1
_ ’Z] ——__rk*(Dt)““’") > mf,’: +0 (;)] 4.8)
valid for ¢+ much larger than t; and j =0, 1,.... The dimensionless quantities
m® and m? are given by
G0 _ si-127; FAY ~408 12
m® = 8" 1im <~ 5—;) e w(x), 4.9
i
my = gi-a+e)n2 lim (—— 56;) e Mox 12y (x). 4.10)

By substitution of the explicit expressions (3.38) and (3.39) for w(x) and w,(x)
one finds

12
mo — 48 _ 1F,< ]+1—1§8), 4.11)
22
» _ 8iC((5 + p)[2)8" " ( S+p _14p53-p )
W —
mp = 377_(1_ 2) 3F2 .’+l 2 b ,2, 2 ,5 . (4.12)
In these expressions ,Fi(....;8) and ;Fy(....;8) are polynomials in § in
degree j— 1.

For j=0 we have m®=0 and mY =0, which is consistent with the
property MO(¢t) = 1 for all ¢, as follows from (4.1). For j = 1, the polynomials
2Fi(....;8) and 3F5(...;8) in (4.11, 12) are equal to 1, so that the second
moment of displacement is given by

1 2
377BmnD(D + v)"t™ " 37’BmnD

i I(G+p)/A,(n) o (1)]
)1

“ (1-p)XD+ v)ﬁ(“’"—htlw

M9ty =2Dt [1 -

(4.13)

where we have used the relations (3.1), (3.2) and (3.3) for 8, k* and a,.
The time dependent diffusion coefficient D”(¢). defined by (4.6) is related to
MP(t) by D(t) = 3(3/ at)M®(t), as follows from (4.7) and the property that
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M3(t) = MP(t). For t > t, we find therefore

1 1
Oy — _ B
D (t) D [1 67T3/2anD(D+ V)3/2t172 37TZanD
S L'((5+ pa)I2)4,(n) 1
8 =+ p,f)(D f ,,)(5+p,,7)'/2t(1+7n)/§ +0 (;)] (4.14)

The velocity correlation function C(t) = (v,v,(1)), where v,, is the x-com-
ponent of the tagged particle velocity. Using C(t) = 4/at D(t) yields for t > t,

1 1
C(t) - 127T3IZan(D—+— V)m?ﬂi
< 2I((5 + p)I2)A,(n) 1 1
X {1 +n=l 77(]/2(D+ V)(2+p1,,,)/2 't_ﬂli} ) (?) (4.15)

Next we consider the mode coupling prediction for the cumulants M{(t)
defined in (4.4). Choosing a fixed time ¢ > t,, the result (3.22) for G(k, t) may
be substituted in the expression (4.5) for M@X(¢t). For j=1 we have the
relation M2(t) = M®(t), where the prediction for M®(¢t) is given by (4.13).

Series expansions for the higher cumulants are obtained from (4.5) and
(3.22) by writing log{e "(1 — €)} = — 7 — € + O(e?), where € represents the terms
in (3.22), which are at least of order k, at fixed values of 7. The result for ¢t > ¢,
and j=2is

meon) = oy [~ E
-3 i+ o (1)) (4.16)
The dimensionless functions g%’ and q¥ are determined from the relations
q% = (-ys' " lim (‘éa}) x!w(x), (4.17)
q¥ = (=Y lim (%)ix‘”"’/zwp(x). (4.18)

By substitution of the expressions (3.38) and (3.39) for w(x) and w,(x) one
obtains

a9 = () o= , 4.19)
Va2 + DRj— 1)(2j-3)
q® = () 2iC(j + (3 + p)/2)s! +PF (4.20)

VaQRj—1-p)2i—3-p)IG+3/2)

Expressions for the time dependent diffusion coefficients D*(¢) defined in
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(4.6) are obtained from (4.7) and (4.16). The result for t > t,and j=1,2,...is

D) = (4 DY pi-2
272j — 1D(2j + 3)j! Bmn(D + v)™

o Qi =DI'G+ (S +pa)l2)  Ay(n)
8 [1 +nz:l Qj—1=p)IG+3/2) (D+ )

7 t_P,,/2+ 0([“1/2)].

4.21)
For j =1 we have
2
() = - 12
D (t) - 10773/Zan(D+ V)mt
S 4L((T+p)l2)  A,(n) ., p i
: ™ "o : 42

X[ +n§=:1 3Va(l-p,) (D+ V)|+p,,/zt +O0(t )J (4.22)

The function D“(t) is known as the time dependent super Burnett
coefficient?).

5. Discussion

We derived an expression for the Van Hove self-correlation function
G(r, t), as defined in (1.1), using the mode coupling theory. The result (3.50)
expresses G(r,t) as a series in the smallness parameter 1/t, where the
coefficients are functions of the scaled distance p = r/\VDt. The functions
g(p) and g,(p) are given by (3.57) and (3.58). The leading term in (3.50)
represents the prediction for G(r, t) according to Fick’s law (1.8) and (1.10).
The corrections to Fick’s law are at fixed p of relative order t 2, ¢4, ¢7%, .
in time. The infinite series in (3.50) converges for fixed values of p, and ¢
sufficiently large®). Our result implies that G(r, t) satisfies Fick’s law in the
hydrodynamic limit (i.e. p fixed, t—-x). However, for fixed values of ¢,
however large, and r tending to infinity the subsequent terms in (3.50) become
increasingly larger, as follows from the asymptotic behaviour of g(p) and
g,(p) given in (3.66) and (3.67). This indicates that Fick’s law is not valid for
fixed but large ¢t and r —» .

The intermediate scattering function G(k, t) is defined in (1.2). The predic-
tion from the mode coupling theory is given in (3.22). This result expresses
G(k,t) as a series in the small parameter k where the coefficients are
functions of the scaled time 7 = Dk’t. The functions w(y,, 87) and w,(y,, 87)
are given by (3.36-39), and the ratio é is defined in (3.1). Fick’s law holds for
G(k, t) in the hydrodynamic limit (+ fixed, k —0). It is not valid for finite k,
however small, and ¢ — c. This follows from the asymptotic behaviour of w(r)
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and w,(7) given in (3.42, 43). It means that G(k,t) does not behave as
exp(— Dk’t) for finite but small k and t — .

The mode coupling prediction for G(k, z) defined in (1.3) is given in (3.17).
The result is a series expansion in k with coefficients which are functions of
the scaled frequency s, defined in (3.5). The leading term in (3.17) has a pole
in the complex z-plane located at z = — Dk? (Fick’s law). The functions u(s)
and u,(s) in (3.9, 10) have square root branch point singularities, located at
s = 1 corresponding to z = (6 — 1)Dk? (see (3.13, 14)). These singularities are
to the right of the hydrodynamic pole at z = — Dk’. It means that for small but
fixed values of k, the hydrodynamic pole is not the singularity of G(k, z)
closest to the origin in the complex z-plane. Consequently Fick’s law predic-
tion G(k, t) ~ exp(— Dk?t) is not the dominant behaviour of G(k, t) for large ¢,
as already mentioned above. However Fick’s law is still valid in the hydro-
dynamic limit (s fixed, k - 0).

The mode coupling theory yields an equation for the generalized diffusion
coefficient U(k, z) defined in (1.4). The theory predicts U(k, z) to be con-
tinuous around k =0, z =0 so that Fick’s law (1.13) is satisfied. The explicit
predictions for AUk, z) = U(k, z) — D, its inverse Laplace transform AU (k, t)
and the inverse Fourier transform AU (r, t) are given in (3.6), (3.21) and (3.51),
respectively. The structure of the series expansions is similar to that of
G(k, ), G(k, t) and G(r, ).

The long time behaviour of the moments of displacement M”(¢), defined in
(4.1), follows from the result for G(k, t) via (4.3). M™(t) diverges dominantly
as t"?, as given in (4.8). The result for M?(¢) implies the series (4.15) for the
velocity correlation function C(t). For large times the contributions to C(t)
are proportional to 72 774 ¢1%® __ This agrees with results reported in
the literature®').

The cumulants of the moments of displacement, M{"(¢) are obtained from
(4.5). According to (4.16) M(t) diverges for t — o proportional to ¢">,

We also considered the time dependent diffusion coefficients D™(¢) in the
formally exact linear diffusion equation (4.6). The function D(t) converges
for large times to Fick’s law diffusion coefficient D, as follows from (4.14). All
the remaining functions D"(t) diverge however proportional to t"* "2 For
large times a linear diffusion equation involving higher order transport
coefficients, such as the super Burnett coefficient, does not exist.

We are not aware of experiments accurate enough to verify the validity of
the series expansions for G(k, z), G(k,t), G(r,t) beyond the lowest order
term. However, the implicit theoretical predictions for the long time
behaviour of the velocity correlation function (4.16) and the time dependent
super Burnett coefficient (4.23) do agree with results from molecular dynamics
experiments?).
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The main results given in this paper have been published before as part of a
doctoral dissertation').

Appendix A

Here we will calculate the functions u(s) and u,(s) defined in eqgs. (3.7-10)
and the functions v(r) and v,(7) defined in eqs. (3.23-28). The integral (3.7)
with y, = « for u(s) can be transformed into

. l > i y’ y’
u(s) = (27) fdx(l—x) f dy {s~2xy+y2+s+2xy+y2—2}.
0 —

The y integral can be performed by contour integration, yielding

]

1
u(s) f dx(1 - x)Q2x2—s)(s —x) " (A.1a)
0

1
Vs—1

An expression for u(s) in terms of hypergeometric functions can be obtained
by substitution of y = x? in (A.la),

s —2)Vs—1-Ls?tan™

I

(A.1b)

1
u(s) = S"Zf dyy (1 — y{—(1— y/$)"*+ 31 - y/s)™"}. (A.2)
0

From properties of Gauss’ hypergeometric functions®) follows
__ - 1 151\ (1151
us)= -V {2:F (3-3355) -oF (333:5)}
3 15 1)

=—@PRV5F (3-5:55). (A3)

Next we calculate the function u,(s) for real values of p between zero and
one. After carrying out the x integration in (3.8) one obtains for y, =

1f 4_ 5.1 1oy +
w(s) = [ dyy {=5-y+ 1y + 9 log 2L (A4)
0

First we substitute in (A.4) z=y e™ and secondly z =y e ™, next we add up
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both expressions with the result

sin(p)u,(s) = f dzz?

Ir+r,
4 2z+ s
x{ 3772 ——z(z +8)lo g—m} (A.5)

where the contour I is situated just above the branch cut of z?, from — to 0,
and I, just below, from 0 to —o. Apart from the branch cut along the negative
real z-axis, the integrand in (A.5) has two branch cuts along line segments
from z, to z;3 and z, to z, respectively, where zy,. .., z4 are logarithmic branch
points, with z,,=1+iVs -1 and Zig=—1= iV's — 1. If we define T; and I'; as
closed contours around the upper and lower logarithmic branch cut respec-
tively, both in the positive sense, we obtain, due to the behaviour of the
integrand for |z| - o, the following result

sin(pm)u,(s) = % f dzz? ‘1—12(22 + s) log z : ?

Iy

+% f dzz"}‘z(zz+ s)logi:z2
Iy
Next we substitute z =iVs — 1 + x *ie for I'sand z = —iVs —1+x +ie for
I',, where € - 0%, and x runs from —1 to + 1. The upper signs have to be taken
along the upper sides of the branch cuts, the lower signs along the lower
sides. This yields

+1
sin(pm)u,(s) =1 sin pTTr f dx{(Vs —1+ix)’? —s(Vs — 1 +ix)**1,
-1
which gives the final resuit

s (p+4/2

1. L1
4ytan™' ——
2 cos(pl2) [p +4sm{(”+ ) tan \/s—l}

1 . sin{(p +2) tan™ \/sl— 1}] (A.6)

u,(s) =

It is again convenient to have an expression for u,(s) in terms of hyper-
geometric functions, which can be obtained from the relation

p+l_ 2—_ 3 2) _ sin(pz)
2F1< 2 92’(8 ) _psinZ,
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with the choice tan z = 1/Vs — 1.
By using properties of contiguous functions®) one finds

(p + 3)s+V2 (p +5 p+15 1)

Up(s) == 3cos(pai2) 2 '\ 2 T 2 2% (A7)

The function v(y,, 7) follows from (3.23) and (3.7). The s-integral is per-
formed by contour integration, so that

o(y0, ) == f@f‘ﬁfﬁﬂfﬂém—%waﬂ (A8)

-1

The second term is omitted for 7# 0. The limit for y,— = of the first term is
denoted by v(7). The correction is estimated as

v(yo, T) = v(7) + O(e™"%). (A.9)

The x-integral in (A.8) can be represented in terms of the generalized
hypergeometric function (F; %)

f dx(1-x) e =3 4 F ( ) (A.10)
Thus
o(r) = f dyy?e ™" oF, (% yzrz). (A.11)

0

The integral takes the form of a Laplace transform after substitution of
y = Vt/7. The result is

_ 35
v(r) = — 3’21F1(2,2,7). (A.12)

The function v,(y,, ) with 0 < p <1 follows from (3.24) and (3.8). Performing
the s-integral yields

vp(Yo, T) =;TT- f dyy’** e
0

p+1

3 5 8- (A.13)

+1
X ] dx(1— x?) e —

For v# 0 and y,— = we have

0,(Yo, 7) = 1,(7) + O(e ), (A.14)
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where v,(7) is the limit of v,(y,, 7) for yo— «. Using (A.10) yields

0 (M =52 [ dyyrete oF (3ir?). (A.15)

0

Substitution of y = Vt/r yields a Laplace transform, thus

S+DY o 5+p 5
o(r) == T (352) o2 Py (S R3357). (A.16)

Appendix B

Here we calculate the functions g(p) and g,(p) defined in (3.52) and (3.53).
The function g(p) can be obtained from the following Fourier sine transform

I(a,B,y)= f dx sin(xy)x e |F, (B ;%;xz), (B.1)
)

which we will calculate first, for complex values of 8 with Re B <3/2 and real
values of a larger than one. In order to calculate (B.1) we need the following
integral representation valid for Re 8 <3/2°%)

3 3 3
1Fi (B;Eixz) =e~ F (E— B;ii—xz)

1+)

_IepIra-p f du ™Ay — 1P 0 ®2)

I'Gl2-p)2wi

The contour of integration is a loop starting (and ending) at ¥ =0 and
encircling 1 once in the positive sense. After substitution of (B.2) into (B.1)
the x integration can be carried out with the result

1+)

— F(3/2)F(1 - B) f d 1/2-8 _3/2e_y2/(4v) (B3)

I -1 Y
(aa B9 )’)"4 my F(3/2 B)27T
where 1/v = a — 1+ u. The substitution # = (a — 1)t/(a — t), leaves the contour

invariant, so that

1= e TG~ B)
e By =g Vmy e O TP TGl - By i

(1+)

2
X J’ dtt”z_ﬁ(t — 1At exp{—za—(h(l - t)} (B.4)
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Using the integral representation (B.2) again gives finally

abf 312 3 —
e (83, (B.5)

Ha. B, y) = \/’T data—1)
The result (B.5) is in fact valid for all complex B, as can be shown by using a
different integral representation for F,. For our purposes, Re 8 <3/2 is
sufficient.

The function g(p) can be calculated from the result (B.5) and from (3.52).
By inserting for w(8x? the expression (3.38a) and applying the property

2 (1S \_ p(_13.\_ (33
§y lFl <_§,§,)’)* IFI (—iiz’y) lFl( 2,2,)’), (B-6)

we arrive at the result

glp)=-2 {1,:38}”2 {'Fl (‘ %‘%;— 4(;3625))

oo (35

The previous method fails in the calculation of g,(p), and we have not been able
to calculate g,(p) in closed form.

Here we will derive a series expansion in powers of p, which converges
absolutely for all values of p, and an asymptotic expansion for large values of
p. From (3.53) and (3.39) we have

_ 321 ((5+ p)[2)8" PR el
gp(p) = 3,”_3/2(1 — 2)p

3 g2 5+p 1+p3—-p 35 )
f dx sin(xp)x’ e Fz( P 1P 3P 3 (B.8)

We insert the absolutely convergent expahsion for ,F; in (B.8), and integrate
term by term using')

f dx sin(xp) e~ x>+ = % FG/2)5/2)p e F, (— m— 1;%; p2/4), (B.9)

where F; is a polynomial of degree (m + 1) in p>. The result is a hyper-
geometric series in two variables, p? and 8, where & is a given quantity smaller
than 1.

The most convenient representation for our purpose is

4r(s +p)/2)26“-"”2 & (5-42-p)m (’ : ;p>m
S NORE

g(p)=—
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5+p 1+p 3-p o’ -8p 1"

xaF (m+ 250 m 132, ) e

dhm A m s Em T W - el T S
(B.10)

The asymptotic expansion of g,(p) can also be obtained from (B.8), if we
extend in (B.8) the x integral from —® to +, write sin(xp) =Ime'* and
substitute x = z +3ip. Because ,F. is an analytic function everywhere in the
complex z-plane, the integration path may be shifted such that —oc < z < 400,
For fixed p we may expand (z+3ip)’,Fs(. .. ;8(z +3%ip)?), occurring in the
resulting expression, in powers of z and perform the z integrals. This yields
an expansion of the form

_2I(5+p))8" PP (& ()™ (3 V"
&) =3 0 )p {,,,=0 m! (6p) }

5+ 1+p3—-p 5 —8p°
x 0*oF; (TR, - 522 5E 370, (B.11)

From the asymptotic expansion of ,F, as given in ref. 10 one can deduce the
asymptotic expansion of g,(p) and we give only the first four terms

_ 8 3 (_)m i 2m o 2y
80 = 37 5y cosorn 2o mT (3g) #1706
— 8 +p -
=3@7p) costrpa) P L+ O} (B.12)
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