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We study a two-component asymmetric simple exclusion process (ASEP) that is
equivalent to the ASEP with second-class particles. We prove self-duality with
respect to a family of duality functions which are shown to arise from the
reversible measures of the process and the symmetry of the generator under the
quantum algebra U,[al3]. We construct all invariant measures in explicit form
and discuss some of their properties. We also prove a sum rule for the duality
functions. © 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4929663]

. INTRODUCTION

We consider an asymmetric simple exclusion process (ASEP) with two species of particles on
the one-dimensional finite lattice A = {-L + 1,...,L}. Its Markovian dynamics can be described
informally as follows. Each site i can be either empty (denoted by 0) or occupied by at most
one particle of type A or of type B. Thus, we have local occupation numbers 7(k) € {A,0, B}.
We define the bonds (k,k + 1) of A where —L +1 < k < L —1. Each bond carries a clock i
which rings independent of all other clocks after an exponentially distributed random time with
parameter 7, where 7, = r if (n(k),n(k + 1)) € {(A,0),(0,B),(A,B)} and 7, = € if (n(k),n(k + 1)) €
{(0,A),(B,0),(B,A)}. When the clock rings, the particle occupation variables are interchanged and
the clock acquires the corresponding new parameter. Symbolically, this process can be presented by
the nearest neighbour particle jumps

A0 — 0A
0B — B0 ; withrate r, €))
AB — BA

0A — A0
B0 — OB ; withrate £. 2)
BA — AB

We have reflecting boundary conditions, which means that no jumps from the left boundary site
—L +1 to the left and no jumps from the right boundary site L to the right are allowed. We
shall assume partially asymmetric hopping, i.e., 0 < r,{ < co. By interchanging the B-particles
and vacancies, this process turns into the ASEP with second-class particles.!! We choose an even
number of lattice sites exclusively for the sake of convenience of notation.

The objective of this work is to construct for the finite lattice in explicit form all reversible
measures and to prove self-duality with respect to a family of duality functions that allows for the
computation of expectations of the many-particle system in terms of transition probabilities of the
same process with only a small number of particles. It will transpire that this property, analogous
to the well-known self-duality of the simple symmetric exclusion process,'® arises from the fact
proved in Ref. 3 that the generator of this process commutes with a set of matrices which form
a representation of the quantum algebra U,[g[(3)], which is the g-deformed universal enveloping
algebra of the Lie algebra gl(3) defined below ((22)-(26)).
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The idea of deriving duality relations from the representation matrices of a non-abelian sym-
metry algebra of a generator of a Markov process goes back to Schiitz and Sandow?? where this
strategy was applied to the symmetric partial exclusion process on arbitrary lattices. This is an inter-
acting particle system with a SU(2) symmetry where each lattice site can be occupied by at most a
finite number of particles. Next, this symmetry approach was extended to prove self-duality of the
asymmetric simple exclusion process,> which is symmetric under the action of quantum algebra
U,[a1(2)] and which is an integrable model solvable by Bethe ansatz. The self-duality together with
the integrability was used in Ref. 2 to study the time evolution of shock measures and in Ref. 15
to study current moments. By mapping the ASEP to a lattice model of interface growth, the duality
function can be interpreted as a lattice Cole-Hopf transformation®? and therefore yields information
on Kardar-Parisi-Zhang (KPZ) interface growth and the moments of the partition function of a
directed polymer.'3

The idea of using symmetries of the generator to obtain duality functions was employed again
by Giardina et al.'? to study heat conduction in the Kipnis-Marchioro-Pressutti (KMP) model with
SU(1,1) symmetry and subsequently extended to other interacting particle systems, including par-
ticle systems without conservation of particle number.%%142! Recently, the U,[8l(2)] symmetry was
extended to the non-integrable asymmetric generalization of the SU(2)-symmetric partial exclusion
process.’ Duality relations for new integrable models that can be solved by Bethe ansatz and related
methods were studied very recently in Refs. 4 and 10.

Here, we prove self-duality for the two-component ASEP mentioned above whose symmetry
algebra U,[gl(3)] is larger than SU(2), SU(1,1), or their g-deformations. We shall consider only
finite systems, the construction and characterization of the properties of the process on Z is out of
the scope of this work. The main novel feature is the presence of more than one conserved species
of particles. This leads to interesting non-local properties of the duality functions and, through the
integrability of the model, to the possibility of applications in the infinite volume limit employing
exact computations along the lines of Refs. 9 and 26.

The paper is structured as follows. In Sec. II, we define the process and mention some of
its properties. In Sec. III, we state the main results of the present work. Sec. IV is included for
self-containedness. We describe some tools from linear algebra?’>* used in the proofs, which are
convenient, but not widely known in the probabilistic treatment of interacting particle systems. In
Sec. V, we present the proofs of our results.

Il. THE TWO-COMPONENT ASEP

We define the process, introduce notation, and mention some results used in the proofs.

A. State space and configurations

It is convenient to introduce ternary local state variables n(k) € S where S = {0,1,2}. We
say that O represents occupation of a site of a particle of type A, 1 represents a vacant site,
and 2 represents occupation by a particle of type B. Thus, a configuration is denoted by 5 =
{n(=L+1),...,n(L)} € S*. We call this characterization of a configuration the occupation vari-
able representation. We shall repeatedly consider configurations with a fixed number N particles of
type A and M particles of type B. We denote configurations with this property by i, s and the set
of all such configurations by S3,,.

Equivalently, we can specify a configuration 1 uniquely by indicating the particle positions z on
the lattice and write

z={x,y} 3)
with

x={x; : n(x;)) =0}, y:={y : n(y)=2}. “4)

We call this the position representation.
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Throughout this work, we use the Kronecker-symbol defined by

5GB={1 ifa=p -
' 0 else
for @, B from any set. We also introduce for &,/ € A,
Ok.1) = {1 ket ®)
0 k>1
and the indicator function
1 ifpeA
La(m) = {0 else )

for subsets A C S, Some other functions of the configurations will play a role in our treatment.
Definition 2.1. For 1 < k < L, we define the local permutation

) = (=L + 1),k = D,k + 1,n(k),n(k +2),...,n(L)} = gL, ®)

Definition 2.2. We define local occupation number variables

ar(m) = Oy, k(M) = Oy 1, i) = Op2 ©)
and the global particle and vacancy numbers
L L L
Na= D @ M= ) b Vo= ) ue (10)
k=—L+1 k=—L+1 k=—L+1

The argument of the local occupation number variables will be suppressed throughout this paper,
but not the argument of the global particle and vacancy numbers. We note, for z = 5, the trivial but
frequently used identities

N(@)=N@) =xl, M) =M@)=lyl an
N(z) M (z)

W= Seko be= ) Sy (12)
i=1 i=1

Definition 2.3. For configurations z = {X,y}, we define the number Ny(z) of A-particles to the
left of site k € A and analogously the number M(z) of B-particles to the left of site k € A,

N@ k-1 M) k-1
Ni(z) = Z a= > O Mia)= Z b=, DL Sy (13)
—L+1 i=1 I=—L+1 —L+1 i=1 l=—-L+1
and
Ai(z) = 2Ni(z) — N(z), Bi(z) =2M;(z) — M(z). (14)

Notice that the functions N(-), Ni(+),ax(+), Ax(-) depend only on the x-coordinates (positions of the
A-particles) of a configuration z, while M(-), Mi(-), bi(-), Bi(-) depend only on the y-coordinates.

B. Definition of the two-component ASEP
Recalling definitions (8) and (12), the two-component ASEP 7, described informally in the
introduction is defined by the generator

L-1

Lfm= ), o @@ - fo)] (15)

k=—L+1
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with the local hopping rates
w () = r (arvke + vkbier + akbisr) + € (k@i + vy + bdger) (16)
for a transition from a configuration 7 to a configuration 5’ with transition rate

L-1

wy — 5') = Z w )6, . (17)
k=—L+1

It will turn out to be convenient to introduce the asymmetry parameter g and time scale factor w,

qz\/;, w = Vre. (18)

The time scale will play no significant role below.
The general form of the evolution equation of a Markov chain with state space Q and transition
rates w(n — n’) for a transition from a configuration 5 € Q to a configuration’ € Q is

Lfm=" qwl =)L) = )l (19)

where the prime at the summation indicates the absence of the term 1’ = 1. We define the transition
matrix H of the process by the matrix elements

. {—w(n ) nEy 0
nn = ’ , v
Zn,w(nﬁn) n=1
Defining Equation (19) then becomes
L) == f@)Hyy. @1)

n’eQ

The r.h.s. of (21) represents the multiplication of the matrix H with a vector whose components
are f(n’) in the canonical basis. In slight abuse of language, we shall call also H the generator of
the process. Below we shall construct H for the two-component exclusion process in a judiciously
chosen basis.

C. The quantum algebra Ug[gl(n)]

For the Lie algebra gl(n), the quantum algebra U,[al(n)] is the associative algebra over C

generated by L¥',i = 1,...,nand X%, i = 1,...,n — 1 with the relations™'”
[LlsLj] :Os (22)
L,‘X;’-r = qi(éi,j+l_5i,j)/zxji_Li, (23)
L; L2 - L; L-H)2
[Xi*,X,‘.]z(S,-j( 4L (_]+1 ) 24)
’ q9—49
and, for 1 <i,j < n— 1, the quadratic and cubic Serre relations
[X7.X71=0 |i—jl#]1, (25)
XX - 2, XXX + XX’ =0 |i—jl=1. (26)
Here, the symmetric g-number is defined by
qx _ q—x
[xlg = —= 27
q9—49

for ¢, ¢! # 0 and x € C. (Notice the replacement g> — ¢ that we made in the definitions of Ref. 5.)
The notion of symmetry of the generator under the action of the algebra means that there exist
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representation matrices ¥;* and L; of the algebra that all commute with the transition matrix H of
the process, i.e.,

[H.Y*]=[H,L]=0. (28)

For the present case n = 3, these representation matrices, given in (108) and (117), were constructed
in Ref. 3.

lll. RESULTS

In order to state the first main result, we first define the g-factorial

. 1 n=20 )
[n]q. = l—ln: [k]q a1 ( 9)

and the g-multinomial coefficients

[K],! Cr(N.M) = (K], . (30)

W)= [N K - NI, M) = INIMLIK - N - ],

Theorem 3.1. Tivo-component exclusion process (15) restricted to the subset Si,f u of N parti-
cles of type A and M particles of type B has the unique invariant measure

. Lo (n)
v m(m) = mﬂ(ﬂ) (31)
with the reversible measure
() = qE ke CR Db Sl (B @bka-bia) 32)
and the normalization factor
Z1(N, M) = Cor(N, M). (33)

We shall call these invariant measures, characterized in the following theorem, the canonical
equilibrium distributions of the process. Particle number conservation yields the following corol-
lary.

Corollary 3.2. The convex combinations

2L 2L-N vN+/1MZZL(N M) VN(’I)+MM('])
DIDIE M) = = ———n() (34)
N=0 M=0 ZL(Vsl‘l) ZL(V,I'L)
with the normalization factor
2L 2L-N
Grnw =, D &N Mz (N, M) (35)
N=0 M=0

are invariant measures for two-component exclusion process (15).

The second equality in (34) follows from the trivial identity e”V+#M ISZL () = evNm+pMam)
ISZL (17). We call these measures the grand canonical equilibrium d1str1but1ons The normalization

YgL(v 1) is a homogeneous bivariate Rogers-Szegd polynomial'? and is called the grand canonical
partition function.
The limits 4 — —oo or v — —oo lead to the pure grand canonical measures

a3 EEGUN)
Qv(n)—];) %) (36)
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2L

. C2L(M)
0% (n) = — (n), 37
! MZ:lO Kol o

with the Rogers-Szegé polynomial X, () = Y12 e Oe”KCzL(K). From (31) follows that ”7v,o(’l) =
SZL (M7o(n)/Z2L(N,0) with 7g(n) = ZI<=—L+1(2k Yk Since Z»1(N,0) = Co1(N), one finds that

QA*(n) is a product measure in SZLO with marginals Q2*(k) = (1 + ax(e"g*~' = 1))/(e"¢** ' + 1),
reminiscent of the blocking measure of the single-species ASEP on Z.'° Likewise, Qf*(l]) is a
product measure in Sg%;, with marginals QF*(k) = (1 + bi(eq~>**' = 1))/(e#q~>**! + 1). The den-
sity profiles { ax )0 and { by ), in the pure grand canonical measures follow by straightforward
computation. One has shock profiles

v 2k-1
_ €q 1 k—ka
<ak>v’0_rq2k_l_§ 1+tanh( é—‘ ):|, (38)
e/Jq—2k+l 1 k—KB
<bk >0’#:Tq—2k+l = E l—tanh ‘(;__ N (39)

with the shock width & = 1/ 1n ¢ and shock positions k4 = (1 —v/Ing)/2, kg = (1 + u/ Ing)/2.
In order to describe the self-duality of the process, we define for configurations 5 € S** the
functions

x— _yy-1 L
04(n) = gH- L Thvtka,, QB(y) = g Hera MK Ty, (40)
From these functions, we construct the product

N(z) M(z)

o.m = ]etm || ebm (41)
i=1 i=1

indexed by z = {x,y}, interpreted as a set of coordinates x;,y; € A and unrelated to 5. With this
definition, we are in a position to state the second main result of this work.

Theorem 3.3. Let z and n be two configurations of the two-component exclusion process
defined by (15) with asymmetry parameter (18). The process is self-dual with respect to the family of
duality functions

D(z,n) = n”'(2)Q,(n), (42)

where n~\(z) is reversible measure (32).

We remark that reversible measure (32) can be expressed as

M(Z>[

n(z) = 2xi-1-Myx,@)]-2M P[2y;-1-N,@)] (43)

by using (12). Particle number conservation trivially induces independent duality relations for
each combination of particle number pairs (N, M) = (N (i), M(n)) and (N’,M’) = (N(z), M(z)) with
duality functions

vo (1) = Dlavn vl Dl (2). (44)
Therefore, we refer to a “family of duality functions” rather than just the “duality function.”
One has D M v Z.1) =0 if N'> N or M’ > M. Using particle number conservation, one can
construct s1m11ar duality functions from Q4 := Q44N = 4* Zk=—L+l“"ax and Q5 = Q8¢ @) =

-1 -
g Zi'f=—L+lb’<by. For the one-component ASEP, 04 is the duality function of Ref. 23. A family
of duality functions for the ASEP with second-class particles is given by (42) via the replacement
by — vg. Duality and reversibility of the process yield the following corollary, see (142).
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Corollary 3.4. For an initial distribution Py(n) with an arbitrary number N of particles of type
A and M particles of type B we have for the time-dependent expectation

(QuD))py= D (Qu)pF(z:1]20), (45)

where F(z;t|2';0) is the transition probability of the two-component ASEP with N = N(z) particles
of type A and M = M (z) particles of type B.

Explicit exact expressions for F(z;¢|z’; 0) have been obtained in Ref. 26 for the infinite system.

Finally, we present some simple properties characterizing the invariant measures. First, we
remark that by the definition of the process—in which the jumps of the A-particles “do not see”
whether the neighbouring site is vacant or occupied by a B-particle—expectations of the form
(ak,...ar,)n,m 1in canonical equilibrium measure (31) do not depend on M, ie.,
(ak,...ar, )n,m = ax, - .. ax, )n,0. Likewise, ( by, ...bx, )n.m = (bi, ... by, )om does not de-
pend on N.

The second characterization is a sum rule involving the canonical invariant measures and the
duality function.

Theorem 3.5. Let nn a be a configuration in S%VL u With N particles of type A and M particles

of type B and let z be the coordinate representation of a configuration in S%‘,’ A With N’ particles of

L 2L

type A and M’ particles of type B. Then for all z € S%\,,’ wandi €S one has the sum rule

N,M’
Troae@)™ D T @)= T Q) = AN (46)

with a constant /l% 1\1/‘1/[ independent of n and z and canonical stationary distribution given by (31).

We remark that /1%:’1&4, =0if N >NorM' > M.

IV. SOME TOOLS
A. More notation

A generic time-dependent probability measure Prob[n, = | is denoted by P(5,t) or P(n,).
For ¢ = 0, we use the notation Py(n7) := P(n,0). If ¢ is irrelevant, we omit the argument ¢ and write
P(1n7). We also define the transition probability

P(n’,t|n,0) :=Prob[n, = n'|lno =7 47)

from a configuration 7 to a configuration 1.
The expectation of a function f(1) is denoted by ( f') := ¥, f(17)P(n). If we specify time and
consider an initial distribution Py(17), we use for the expectation of a function f(7,) the notation

(F@))pe= ). Pom) Y. fy')P(ay’ el 0) (48)
n n

or simply ( f() ) p,- For an initial distribution Po(5") = 6,5, concentrated on a configuration n, we

write { f(17¢) ) or { £(1) ).

B. Matrix form of the generator

It turns out to be convenient to write generator (15) in the so-called quantum Hamiltonian
form>* which is widely used in the physics literature on stochastic interacting particle systems and
which was given as a formal probabilistic description in Ref. 20. However, this approach does not
seem to be well-known in the probabilistic literature. For self-containedness and for introduction of
our notation, we summarize the main ingredients.
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1. Choice of basis, inner product, and tensor product

In order to write the matrix H explicitly, one has to choose a concrete basis, i.e., to each
configuration 7 one has to assign a specific canonical basis vector. We use ternary ordering, i.e., we
assign to each configuration ) the canonical basis vector

2L
) =1+ Y (i - L3 (49)
j=1

of the complex vector space C¢ with dimension d = 3%. This basis vector has component 1 at posi-
tion ¢(n) and O else. We work with a vector space over C rather than over R since in computations
one encounters eigenvectors of H which may be complex.

We denote the basis vectors, which we consider to be column vectors, by | 77 ). We shall also use
the notations |z ) and | X,y ) instead of | 57 ). The basis vectors for configurations with a fixed number
N of particles of type A and M particles of type B are denoted by |77, as ). We define also the dual
basis (5| = | )7, where the superscript T on vectors or matrices denotes transposition.

The inner product of two arbitrary vectors ( w | with components w; and v | with components
v; is defined by

d
(wlv)= > w; (50)
i=1
without complex conjugation. In particular, we have the biorthogonality relation

<’7|’7’>:6rm’- (51)
Next, we introduce the tensor product |v) ® (w | = |v ){w|. This tensor product is a d X d-

matrix with matrix elements (| v ){ w |);,; = v;w;. Specifically, we have the representation
1=>"n)n| (52)

n

of the d-dimensional unit matrix, expressing completeness of the basis.

2. Measures and expectation values

A probability measure P(7) is represented by the probability vector
|PY=>" P()In). (53)
n

From inner product (51) and from (21), we find

Lfm)=—=(f|H|n), (54)

where the vector ( f | = 3, f(n){n | has components f(n). The semigroup property of the Markov
chain is reflected in the time-evolution equation

| Py =e"Py) (55)
of a probability measure Py(1).
Normalization implies
(s|P)=1, (56)
where the summation vector
(s]:=>nl (57)
n

is the row vector where all components are equal to 1. As a consequence, one has

(s|H=0 (58)
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which means that the summation vector is a left eigenvector of H with eigenvector 0. This property
follows from the fact that a diagonal element of Hy,, is by construction the sum of all transition rates
that appear with negative sign in the same column 5 of H. The vector corresponding to a stationary
distribution is denoted | 7* ). This is a right eigenvector of H with eigenvalue 0,

H|n")=0 (59)
and normalization (s |7*) = 1. An unnormalized right eigenvector with eigenvalue O is denoted
| 7).

The expectation { f )p of a function f(5) with respect to a probability distribution P(1n) be-
comes the inner product

(fyp=(fIPY=(s|fIP), (60)

where

F=2 FainXn (61)
n

is a diagonal matrix with diagonal elements f(n). Notice that

fay=<nlfin) = (sifim). (62)

For an initial distribution Py, we can now use definitions (51), (53), (57) and representation (52) of
the unit matrix to recover (48) in the matrix form

(F@)py= Y Pom) D, F)Py'stln, 0)
n n

= > (s1flw' X n'le ) (63)
’7/

= (s|fe B Py).
Here,
P(n’,t|n,0) = (n’le"""|n) (64)

is transition probability (47).
For a normalized stationary distribution, we also define the diagonal matrix

A= ) wmln )l (65)
n

For ergodic processes with finite state space, one has 0 < 7*(57) < 1 for all 5. Then, all powers (7*)*
exist. In terms of this diagonal matrix, we can write the generator of the reversed dynamics as

H™ = #*H (") (66)
Reversibility means H"¢Y = H. An unnormalized stationary distribution 7 for which

H# =#HT (67)

R

holds with

#= ) x@lnXnl (68)
n

is called a reversible measure.
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3. Explicit form of the generator

In order to write the generator H explicitly, we define the following matrices:

01 0 0 00 0 0 1
a"=({0 0 0|, b*=(0 0 O, c":==|0 O O], (69)
0 0 O 010 0 0O
0 0O 0 0 0 0 0O
a=|1 0 0f, b~:=(0 0 1|, ¢ =|0 0 Of, (70)
0 0O 0 0O 1 00
the diagonal projectors
1 00 0 0O 0 0O
a=|0 0 of, o:=|10 1 of, b=[0 0 0O (71)
0 0O 0 0O 0 0 1
and the three-dimensional unit matrix
T=a+0+b. (72)

For matrices M, the expression M ®/ will denote the j-fold tensor product of M with itself if
j > 1.For j =1, we define M®' := M and for j = 0 we define M®° = 1 with the c-number 1. For
arbitrary 3 X 3-matrices u, we define tensor operators

we =180 @y @ 18040 (73)

which allow us to write the generator H for the two-component ASEP on the lattice {—L +
1,...,L}as’

L-1
H= > hoa (74)
k

=—L+1
with the hopping matrices

L A A - 4+ A T - A 3§ -+
hk’kJrl =r (akvkﬂ —aa,.,+ l)kka - bkbk+1 + akbk+1 - CkLkH)
A A + - oA — 7+ roA + -
+¢ (vkak+1 —agay ., + bbby — bpbp + by — ckck+l) . (75)

With (18), we split H = H; + H,, into its offdiagonal part

L-1
H, =-w Z [CI (alzaltﬂ + bltb;H + CIZC;H) + q_l (altalz-#l + bzbltﬂ + CI-:CI;H)] (76)
k=—L+1

and its diagonal part

L1
A A P PN 1A A A N
Hy=w Z [61 (akvk+1 + Obrer + Clkbk+1) +q (Ukak+1 + by + bkak+1)] - (TN
k=—L+1

C. Duality

We recall the concept of duality in matrix form,'*?> see also Ref. 16 for a detailed discussion.

In this subsection, X and Q represent arbitrary finite-dimensional state spaces. Consider two pro-
cesses x; and w; and a function D : X X Q + C. Notice that the function D(x,w) can be understood
as a family of functions f : Q + C indexed by x and defined by f,(w) := D(x,w), or, alternatively
as a family of functions g,, : X +— C indexed by w and defined by g,,(x) := D(x,w).

The two processes are said to be dual to each other if

(D(x,w) )0 = (D(x1,w) )x. (78)
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We remark that with the definitions introduced above, we have

(DX, = Y D& )PW110,0) = (f1(1) o (79)
(D(x1,0) )y = ) DI, @)P(,11,0) = ( gult) Das (80)

so that duality can be stated as

(fx(®) o = {8u() )x (81)

with ( fx(0) )oo = (8w(0) )x = D(x,w).

In order to make contact with the quantum Hamiltonian formalism, we define | x ) as a canon-
ical basis vector of C'Xl and |w) as a canonical basis vector of CI%. Let (s| and (5| be the
corresponding summation vectors. Define the matrix

D= Dxn)lx)w] (82)

with matrix elements { x |[D|w ) = D(x,w). The processes w, and x, with generators H and G are
dual to each other with respect to the duality function D(x,w) if

DH =G™D. (83)

It is easy to prove the equivalence of this definition with original definition (78). Since the
kind of arguments underlying this equivalence are important for the present matrix formulation of
duality, we present them here in detail,

(D(x,w;) Yoy = Zw,D(x,w’)P(w',nw,O) (84)
= > {xIDl Yo' e w) (85)
= (x|De™w) (86)
= (x]e ¢ " D|w) (87)
= > (x1e7 ¥ X ¥ IDlw) (88)
= ZXlD(x’,w)P(x’,ﬂx,O) = (D(x1, ) )x. (89)

In going from (85) to (86) and from (88) to (89), we use the representation of the unit matrix
constructed in analogy to (52). In the step from (86) to (87) we apply definition (83). Since we have
a chain of equalities, it can be read in both directions. Thus, the equivalence is established.

In order to express alternative definition (81) in matrix form, we introduce the diagonal
matrices

fe= Y. DxwloXwl go=) Dxw)xXx|. (90)

Duality relation (81) reads
(slfse™w) = (51gue™ " x). 1)

To prove equivalence of (91) with (83), we note that by construction
(slfx=(xID, §u=15)=Dlw). 92)
Then, it follows that

(slfve™w) (x|De ™ w) 93)
=(x|e¢"'Dlw) (94)
= (x1e 012, §) = (51207 x) (95)

which establishes the equivalence.
We end this discussion with a reformulation of Theorem 2.6 of Ref. 14.
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Theorem 4.1. Let H be the matrix representation of the generator of an ergodic Markov pro-
cess 1, with countable state space and H"°’ be the matrix form of the generator of the reversed
process &,. Assume that there exists an intertwiner S such that

SH = H"°"S. (96)

Then H is self-dual with duality function D(€,17) = Dg ,, given by the matrix elements of the duality
matrix

D=#""s. 7
with diagonal stationary distribution matrix (68).

The proof that SH = H"¢"S implies self-duality with duality matrix D = (#*)71S is elementary
and follows from the chain of equalities

DH = #7'SH = #7'H"**S = #7'"H"**4#D = H' D. (98)

The first and the third equality are definition (97), the second equality is hypothesis (96) of the
theorem, and the fourth equality is reversibility relation (67).

Remark 4.2. It follows that if H is reversible then hypothesis (96) reads SH = HS, i.e., Sisa
symmetry of H. Unlike Ref. 14 we do not require S to be invertible.

D. Representation matrices for Ug[g1(3)]

1. Relation between Ugq[gl(n)] and Uq[s1(n)]
It is convenient to introduce generators H; and H; through
g =L, M= 0 - (99)

Then the quantum algebra U, [sI(n)] is the subalgebra generated by ¢*Hi/2, and X5i=1,...,n-1
with relations (25), (26), and

gl Mil2 = M2 W2 (100)
GHil2gHi12 = M2 Hi)2 (101)
g XM = g XS, (102)
(X}, X7 ] = 6;[Hil,. (103)

with the unit / and the Cartan matrix A of simple Lie algebras of type A,,

2 i=j
Ajj=4-1 j=ixl. (104)
0 else

The fact that U,[s[(n)] is a subalgebra of U,[gl(n)] can be seen by noticing that ", H; belongs to
the center of U,[gl,,]."”

2. Tensor representation forn = 3

In order to distinguish the three-dimensional matrices corresponding to the fundamental repre-
sentation from the abstract generators we use lower case letters. In terms of (69)—(71), the funda-
mental representation of U, [g1(3)] is given by

=

T=ada5, x3=0% (105)
=4, hy=0, hy=b, (106)

Byl
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corresponding to
h=da—-0, hy=0-b, (107)

for the representation of the generators H; of U,[s[(3)]. It is convenient to work both with /; and the
projectors /; expressed in terms of projectors (71).

In terms of the fundamental representation, a tensor representation of U,[sI(3)], denoted by
boldface capital letters, is given by?

L
YE= ) YAk (108)
k=—L+1
with
Yk = g2t 0 S D gt
(k) = qFi=—La T 21mkn Pl g (109)
Ylf(k) =q Z;c:_—]LﬂlerzlL:kHdlal; (110)
Y, (k) = qu:_—lulﬁl_zfzkn];lb;’ (111)
Yy (k) = g~ Zi=Ln S Yt (112)
and
L
H; = Z H;(k) (113)
k=—L+1
with
Hi(k) = 1811 @ p; @ 1907, (114)

Notice that Hy(k) = @ — o and Ha(k) = i — by.
For the full quantum algebra U,[gl(3)], we have the diagonal representation matrices

L L L
M= > a=N M= ) & HB= ) bh=MN (115)
k=—L+1 k=—L+1 k=—L+1

Here, N and M are the particle number operators satisfying

Ninnm)=Nlnnu) Mignam) = Mgy ). (116)

From these matrices, one obtains the representation matrices
L;=q "2 (117)

The unit 7 is represented by the 3*-dimensional unit matrix 1 := 1%%L,

The crucial property of representation (108) and (117) that was proved in Ref. 3 and which is
used heavily below are commutation relations (28) which express the symmetry of generator H (74)
under the action of the quantum algebra U, [gl(3)].

V. PROOFS
A. Proof of Theorem 3.1

() Uniqueness: We note that uniqueness of ry, ,, follows from ergodicity of the process
defined on the subset S?\,L’ » Which is ensured by the fact that the process is a random sequence of
permutations o%-%*1(x).

(i1) Reversibility: According to the discussion of Section IV B, we prove transformation prop-
erty (67) with generator (74). Since 7 is diagonal, one has #~'H# = H, for the diagonal part (77)
of H. It remains to show that #-'H,# = H! for offdiagonal part (76). To this end, we first prove the
basic transformation lemma.
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Lemma 5.1. For any finite p # 0, we have

pllatp = p*oLxg, p’glafcp”;l = at, (118)
pﬁ,b)icp—ﬁl _ pﬂsl,xbi, dlbﬁp_d’ = b*, (119)
Pt it = 01 g (120)
pd,émb;p—dzém = p*omxdip= (121)

Proof. A projector #i has the property it = #i%. Thus, its exponential can be written p% = 1 + (p —
1)i. Since d;b,, is a projector, one has

pd’l;’“rl =1+ Q) - 1)&13k+1. (122)

The tensor construction implies that ugu; = wuy for k # [ and any u. For k = [, we observe that one
obtains by direct computation the relations

ata=btad=b"d=c"a=0, ad=a, ca=c (123)

a0=b0=ctv=c0=0, a'v=a", bO=0>b" (124)

atb=ab=bb=ch=0, bh=b, ch=c" (125)
and

da  =abt=a4b  =adc =0, da*=a", act=c* (126)

va*=ab"=0ct=0c =0, Oa =a, Ob =b" (127)

ba*=ba =bb-=bc* =0, bb*=b", bc =c". (128)

By multilinearity of the tensor product these relations remain valid on each subspace k. Relations
(118) - (121) then follow from (122). ]
Now we decompose

# = ABU (129)
with
L-1 &k o
A= quz_w(zk—l)ak’ B= q—Z]%:_LH(zk—l)bk’ U= 1_[ n gl1bra1=bidi (130)
k=—L+1 I=1

Together with ¢* = a*b™ one has from (118) and (119) of Lemma 5.1 for—L + 1 < k < L,

AatA™" = g** Vgt AbFA™" = b, Act AT = ¢* Ve, (131)
BB = "% Vbt BatB = af, BB = ¢* Ve (132)
For the transformation U,, one obtains from (120) and (121) of Lemma 5.1 for—-L +1 < k < L,
UaiU' = ¢* i B };la,f, (133)
ObE0~" = ¢ 2= L T A1, (134)
U0 = g7 S Labroan=Si ., bran s (135)

Putting these results together and using projector property (122) together with (123)-(128)
yieldfor—-L+1 <k <L -1,

Adgai, A7 = P aiag,,, Abgh AT = by Acicl AT = g, (136)
Bbibi (B™" = q*bb7,, Bagag, B = agai,,. Beicl, B = ¢ el (137)
and

7yt F ol 2 F 7% 5 o R K iy F -1 2+ F
Uagag U™ = agag, Ubibe U™ = biby Ucie U = g7ciery- (138)
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Since (a*)” = a™ (and similarly for b* and c*) applying decomposition (129) to the individual terms
in (74) yields #7'H,# = H! and therefore reversibility of 7. We remark that in Ref. 3 we proved
reversibility using quantum algebra symmetry (28) which the present direct proof does not require.

(iii) Normalization: We complete the proof of Theorem 3.1 by proving the normalization fac-
tor. For a configuration z = {x,y}, define §; := y; — N,,(z). We have by definition of the partition
function

ZuNM) = Y (e ) = . qEm @ DEECIAND, (139)
IN,.M IN,M
Consider the points 7 in the Weyl alcove Wzl = {F: =L < x; < --- < xg < L}. We also define
the punctuated Weyl alcove Wp'(7) = W\ 7 for 7 € Wit. This allows us to write 3, ,, =
Zi’eWIZVL Zy*ewg}(fy
Next, observe that by construction )’ Few2k(z) f(g) =X Jew2L-N f(y;). Therefore,

Zo1(N, M) = Z Z qZ?il(in—1)—2,-:1(2yi+N—1) (140)

vewil gew:L-N

which implies that Z; (N, M) = Z;1.(N,0)Z,.-n(0, M). A classical result from the theory of integer
partitions' yields for the single-species partition functions Z,;(N,0) = C>1(N), Z».(0,M) = C>1.
(M) with g-binomial coefficient Cx(N) (30). Observing that Cor(N)Cop-n(M) = Co(N, M) con-
cludes the proof. O

B. Proof of Theorem 3.3
1. Reformulation of the problem

Step 1: We first apply the general considerations of Sec. IV C to the present case of the
two-component ASEP. It is convenient to use the occupation variable presentation 7, for one pro-
cess and the coordinate representation z, for the dual. The duality function, given by (z|D|n ) in
terms of the duality matrix D, is therefore denoted by D(z,n). If self-duality is valid for some
duality function D(z,n) then according to (90) we can define a diagonal matrix D, such that

D(z.n) = (s|Ddn) (141)
with the summation vector (s |. Then self-duality yields
(s1De™™ )= (2l 2)(s|Dn) (142)

and, as a consequence from reversibility, Corollary (45).

Step 2: We have the symmetry of the generator under the action of U,[gl(3)] and also revers-
ibility H = H"°" of the two-component ASEP with reversible measure (32). Then for any matrix S
satisfying [S, H] = 0, Theorem 4.1 yields a duality function

D(z,n) = (z|(#"(2))"'S|n) = n”'(2)Xz|S|n) (143)
which means that we can construct duality functions from the symmetry operators of the model,
i.e., from tensor representation (108) and (113).

Step 3: On the other hand, from (141), one has D(z,n) = ( s|D,|n ) for all n € S*~. Therefore, one
can express the duality function

D(z.n) = 7~ (@)Qu(n) = 7™ (2)( 5104l m) (144)
of Theorem 3.3 in terms of a diagonal matrix 0, satisfying
(215 = (510, (145)

and (5|0, 1) = Q,(y7) given in (41). Therefore, the task at hand is to find a symmetry operator S
that satisfies (145) with the diagonal matrix 0, with matrix elements given by (41).
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Step 4: In order to choose S we observe that D(0,57) = 1, corresponding to Dy = Qp = 1. The
non-trivial information one gains is that (@|S = (s | which means that the symmetry operator S
generates the summation vector from the vacuum vector { 0 |. From explicit representation (108), we
find as a candidate

_ 1 2
=2 2 Tl (146

Since n(z) is known, the remaining task is to construct D(z,n) as stated in the theorem by proving
(145).

2. Technical lemmas

We prove the following lemmas.

Lemma 5.2. Consider coordinate sets X’ = xUrandy =yUs. Fork ¢ rand [ ¢ s, one has

Ne({x U t,-}) = Ni({x,-}) + Ni({r, 1) (147)
N({r,-})
= Ne({x-D+N{r D= D Ok.ry), (148)
i=1
Mi({y Us}) = Mi({,y}) + Mi({-,s}) (149)
M{-s})
= My +M{shH = D Osy). (150)

i=1

Proof. The function O(r, x) defined in (6) satisfies

O(r,x) =1-0(x,r) — 6, .x, (151)
x-1 L
D 6k =00rx), Y 6k =0(xr). (152)
k=—L+1 k=x+1
From (10), (12), and (13) we have
N(z) L N(z)
DD S =N@ = N2~ ) 6xr (153)
i=1 l=r+l i=1
M@ L M (z)
DD =M@ - M@= ) 5y (154)
i=1 I=r+1 i=1
Specifically, for N(z) = 1 or M(z) = 1, respectively, we obtain from (151)-(154),
Nr({x’.}) = ®(x,r), Mr(y) =®(U,”)’ (155)
and more generally one finds for z = {x,y} from (13) and (152),
N(z) M (z)
N(x D = Y OGnr), MA{yh = ). Oyir). (156)
i=1 i=1
With (155) and (156), one then finds
N(z) M(z)
Nx D = D N (). MEyh = D M), (157)
i=1 i=1

The first equality (147) in the lemma then follows from (157). The second equality (148) arises
from (151) and (156), bearing in mind that by assumption k& ¢ r. The proof of (149) and (150) is
analogous. O
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In particular, for x =y = 0 one obtains from Lemma 5.2 for k ¢ r and [ ¢ s the inversion
formulas

N({r,-})

N} = N = D Nk, (158)
i=1
M({-s})

Mi{s) = M({sh = D M({ 1), (159)

i=1
We also derive the projector lemma.
Lemma 5.3. The tensor occupation operators dy, by act as projectors

N(@p)

) =adn) =) Sexlm), (160)
i=1

A Mp)

bilm)=biln) =) 6yulm), (161)
i=1

with the occupation variables a; and by (9) (or particle coordinates x; and y;, respectively)
understood as functions of n orz = 1.

Proof. The first equality in each equation is inherited from the definition of projectors (71) by
multilinearity of the tensor product, the second equality follows from (12). O

Finally, we note two combinatorial identities for sums over the permutation group S,,. One has

Z q—22§‘=12'5;f T@(rirp)in(n=1)/2 _ [n],! q—zz;;lzf;l' @(r,-,r,»’ (162)
oeSy
which can be proved by induction using [1], = Y725 ¢**"*!, and
L L
DD S =) fe . ) (163)
ri=—L+1 rp=—L+1 Pn OESK

for functions that vanish whenever r; = r;. Here, the sum over 7, denotes the summation over the
Weyl alcove W2L.

3. Main steps
After these preparations, we go on to prove for z = {x,y} the property

N({xy}) M({x.y})

<X,yIS=<sI( [1 o) [1 in). (164)

i=1 i=1
The matrices on the r.h.s. are the operator form of the functions Q, , defined in (40). According to

(145), proving (164) proves the theorem.
From representation (110), from (160), and from definition (14), one finds

(xy Y7 () = ¢ A N(xuryl. (165)
By iteration
(YY) - Y () = g~ Z A g,y | (166)
with the definition ry = @. Since from (14), (147), and (151), one can write

j-1
A (X UTZ)) = 2N, (1)) +2 ) Oy = (N({x, 1)+ - 1), (167)
i=1
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one has

n n n j-1
1
DAy {XUE L) =2 ) Ny ) = aN({x 1) +2 ) > OGriry) = snln = 1). (168)
i=1 =1 j=1i=1
Now we observe that the term Z" 12N, ({x,-}) = N({x,-})) is invariant under permutations of

the coordinates r;. Using the fact that (¥ (r))2 0 and combinatorial properties (162) and (163)
then yields

Yo" gn _
( ,y|([ ]) = 3 g H N NI (169)

The next step is to invoke Lemma 5.2 to express N, ({x,-}) in terms of single-particle step functions
Ny,({rj,-}) with inverted arguments. This initiates the following chain of equalities for the exponent

Ed({x.}) = = S, [2N,({x.-}) - N({x.-D] of g:
n N{x,-})
E{x- ==Y [N@x-D-2 >, No({r,h

j=1 i=1

n

n_ N({x-})
=> > N h-1) (170)
=1

i=1
N{x-})

= > Aqdr .

i=1
Since trivially
(XUr,y|=(xUry,Yylay,...ax,, (171)
one arrives at
N({xy}

) N
M x,(ry)
(x,y| o E | | q ay; |[{xUr,y|

7 i=1

Ny
=[] ™™y, |(rayl, (172)

i=1

where the summation in the second equality has been changed to the extended Weyl alcove with
it = N({x,y}) + n. This is possible since the product of indicators ay, ... ax, cancels all terms not
belonging to the original Weyl alcove n.

Next, one uses definitions (14), (40), and projector property (160) to express A,,({r,y}) in
terms of projectors. The result is

NSO o
Z<r"’Y| ]_[ qzj=l 4 Zj=xi+lajaf\x[

N({xy})

=Dyl [] 02 (173)

i=1

Using commutator relation [¥,~,¥,"] = 0 (24), and going through similar steps yields

(Y )n (Y+)m N({xy}) . M({x.y}) .
(xylp, ZZm,sml( ]_[ on 1] Qiji) (174)

i=1

with m = M({x,y}) + m and

0f = g~ Heen Tk b, (175)
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Observe now that the summation on the r.h.s involves only the vector (rs,s;;|. Since the
summation is over the Weyl alcove, one has

DU Urnsal = (saml. (176)

ra Sm

Therefore,

< |(le_)n (Y2+)m < | (N({x,y}) . M({x,y}) R
X,y =\ Si,m

A B
[n],! ml! or |1 Qw)- a7

i=1 i=1
Notice that on the r.h.s. the only dependence on the n and m is in the summation vector ( s; 5 | for
the sector with 7i = N({x,y}) + n particles of type A and m = M({x,y}) + m particles of type B.
The final step is to take double sum (146). Terms with n + m > 2L — N({x,y}) - M({x,y}) are
zero since { sy 20—~ Y] = (sn,20-~|Y," = 0, corresponding to the exclusion principle that forbids
creating configurations with more than 2L particles on A. On the other hand,

i=1 i=1

N({xy}) M({x,y})
Caml| ] 0% ] 05]=0ifn< Ndixy}orm < M{xy}), (178)

due to the projectors contained in the operators QAfA’B This yields (164) with
0, = 007 (179)
and proves Theorem 3.3 by taking the scalar product with ( s | and | 57 ). O

C. Proof of Theorem 3.5

The first equality follows from duality and ergodicity by taking the limit # — oo in expectation
(45) with coordinate sets z’ representing configurations with N’ particles of type A and M’ particles
of type B.

We also have from (45) by taking Py = 7y ,,, i.e., by considering the canonical equilibrium
distribution for N particles of type A and M particles of type B,

(Qa)rs, ,, = (2l Vi m), (180)

with a vector

Vi) = D Qs 12, (181)

that has support in the subspace corresponding to configurations with N’ particles of type A and M’
particles of type B.

Because of stationarity, the Lh.s. of (180) does not depend on time. By ergodicity, this implies
that | Vy,ar ) on the r.h.s. of (180) must be proportional to the (unique) stationary probability vector

for configurations in vaL, - Hence,

(Qu)ry oy = ANt Troad@) V2 €S53y (182)
where /lx:’lcf/ is some constant with N’ = N(z) = N(z') and M’ = M(z) = M(z’). This proves the
second equality in the theorem. O

ACKNOWLEDGMENTS

This work was supported by DFG and by CNPq through the Grant No. 307347/2013-3. G.M.S.
thanks the University of Sao Paulo, where part of this work was done, for kind hospitality.

' G. E. Andrews, The Theory of Partitions, Encyclopedia of Mathematics and its Applications Vol. 2 (Addison Wesley, Lon-
don, 1976).



083302-20 V. Belitsky and G. M. Schiitz J. Math. Phys. 56, 083302 (2015)

2 V. Belitsky and G. M. Schiitz, “Diffusion and coalescence of shocks in the partially asymmetric exclusion process,” Electron.
J. Probab. 7(11), 1-21 (2002).

3 V. Belitsky and G. M. Schiitz, “Quantum algebra symmetry of the ASEP with second-class particles,” e-print arXiv:1504.
06958 (2015).

4 A. Borodin, I. Corwin, and T. Sasamoto, “From duality to determinants for Q-TASEP and ASEP,” Ann. Probab. 42,
2314-2382 (2014).

5 €. Burdik, M. Havli¢ek, and A. Vanlura, “Irreducible highest weight representations of quantum groups U (gl(n, C)),”
Commun. Math. Phys. 148(2), 417-423 (1992).

6 G. Carinci, C. Giardina, C. Giberti, and F. Redig, “Duality for stochastic models of transport,” J. Stat. Phys. 152(4), 657-697
(2013).

7 G. Carinci, C. Giardina, F. Redig, and T. Sasamoto, “A generalized asymmetric exclusion process with Uq(sl2) stochastic
duality,” e-print arXiv:1407.3367 (2014).

8 G. Carinci, C. Giardina, C. Giberti, and F. Redig, “Dualities in population genetics: A fresh look with new dualities,”
Stochastic Processes Appl. 125(3), 941-969 (2015).

9S. Chatterjee and G. M. Schiitz, “Determinant representation for some transition probabilities in the TASEP with second
class particles,” J. Stat. Phys. 140, 900-916 (2010).

107, Corwin and L. Petrov, “Stochastic higher spin vertex models on the line,” e-print arXiv:1502.07374 (2015).

1'P. A. Ferrari, C. Kipnis, and E. Saada, “Microscopic structure of travelling waves in the asymmetric simple exclusion
process,” Ann. Probab. 19(1), 226-244 (1991).

12 G. Gasper and M. Rahman, Basic Hypergeometric Series, Encyclopedia of Mathematics and its Applications Vol. 96, 2nd
ed. (Cambridge University Press, Cambridge, 2004).

13 C. Giardina, J. Kurchan, and F. Redig, “Duality and exact correlations for a model of heat conduction,” J. Math. Phys. 48(3),
033301 (2007).

14 C. Giardina, J. Kurchan, F. Redig, and K. Vafayi, “Duality and hidden symmetries in interacting particle systems,” J. Stat.
Phys. 135, 25-55 (2009).

15T Imamura and T. Sasamoto, “Current moments of 1D ASEP by duality,” J. Stat. Phys. 142(5), 919-930 (2011).

16§ Jansen and N. Kurt, “On the notion(s) of duality for Markov processes,” Probab. Surv. 11, 59—-120 (2014).

17 M. Jimbo, “A g-analogue of U (gI(N + 1)), Hecke algebra, and the Yang-Baxter equation,” Lett. Math. Phys. 11, 247-252
(1986).

18 P Le Doussal and P. Calabrese, “The KPZ equation with flat initial condition and the directed polymer with one free end,”
J. Stat. Mech. 2012, P06001.

19 T. M. Liggett, Interacting Particle Systems (Springer, Berlin, 1985).

20 p, Lloyd, A. Sudbury, and P. Donnelly, “Quantum operators in classical probability theory: I. Quantum spin techniques and
the exclusion model of diffusion,” Stochastic Processes Appl. 61(2), 205-221 (1996).

21 J. Ohkubo, “Duality in interacting particle systems and boson representation,” J. Stat. Phys. 139, 454-465 (2010).

22 G. Schiitz and S. Sandow, “Non-abelian symmetries of stochastic processes: Derivation of correlation functions for random
vertex models and disordered interacting many-particle systems,” Phys. Rev. E 49, 2726-2744 (1994).

23 G. ML. Schiitz, “Duality relations for asymmetric exclusion processes,” J. Stat. Phys. 86(5-6), 1265-1287 (1997).

24 G. M. Schiitz, “Exactly solvable models for many-body systems far from equilibrium,” in Phase Transitions and Critical
Phenomena, edited by C. Domb and J. Lebowitz (Academic Press, London, 2001), Vol. 19.

25 A. Sudbury and P. Lloyd, “Quantum operators in classical probability theory. IT: The concept of duality in interacting particle
systems,” Ann. Probab. 23(4), 1816-1830 (1995).

26 C. A. Tracy and H. Widom, “On the asymmetric simple exclusion process with multiple species,” J. Stat. Phys. 150, 457-470
(2013).


http://dx.doi.org/10.1214/EJP.v7-110
http://dx.doi.org/10.1214/EJP.v7-110
http://arxiv.org/abs/1504.06958
http://arxiv.org/abs/1504.06958
http://arxiv.org/abs/1504.06958
http://arxiv.org/abs/1504.06958
http://arxiv.org/abs/1504.06958
http://arxiv.org/abs/1504.06958
http://arxiv.org/abs/1504.06958
http://arxiv.org/abs/1504.06958
http://arxiv.org/abs/1504.06958
http://arxiv.org/abs/1504.06958
http://arxiv.org/abs/1504.06958
http://arxiv.org/abs/1504.06958
http://arxiv.org/abs/1504.06958
http://arxiv.org/abs/1504.06958
http://arxiv.org/abs/1504.06958
http://arxiv.org/abs/1504.06958
http://dx.doi.org/10.1214/13-AOP868
http://dx.doi.org/10.1007/BF02100869
http://dx.doi.org/10.1007/s10955-013-0786-9
http://arxiv.org/abs/1407.3367
http://arxiv.org/abs/1407.3367
http://arxiv.org/abs/1407.3367
http://arxiv.org/abs/1407.3367
http://arxiv.org/abs/1407.3367
http://arxiv.org/abs/1407.3367
http://arxiv.org/abs/1407.3367
http://arxiv.org/abs/1407.3367
http://arxiv.org/abs/1407.3367
http://arxiv.org/abs/1407.3367
http://arxiv.org/abs/1407.3367
http://arxiv.org/abs/1407.3367
http://arxiv.org/abs/1407.3367
http://arxiv.org/abs/1407.3367
http://arxiv.org/abs/1407.3367
http://dx.doi.org/10.1016/j.spa.2014.10.009
http://dx.doi.org/10.1007/s10955-010-0022-9
http://arxiv.org/abs/1502.07374
http://arxiv.org/abs/1502.07374
http://arxiv.org/abs/1502.07374
http://arxiv.org/abs/1502.07374
http://arxiv.org/abs/1502.07374
http://arxiv.org/abs/1502.07374
http://arxiv.org/abs/1502.07374
http://arxiv.org/abs/1502.07374
http://arxiv.org/abs/1502.07374
http://arxiv.org/abs/1502.07374
http://arxiv.org/abs/1502.07374
http://arxiv.org/abs/1502.07374
http://arxiv.org/abs/1502.07374
http://arxiv.org/abs/1502.07374
http://arxiv.org/abs/1502.07374
http://arxiv.org/abs/1502.07374
http://dx.doi.org/10.1214/aop/1176990542
http://dx.doi.org/10.1063/1.2711373
http://dx.doi.org/10.1007/s10955-009-9716-2
http://dx.doi.org/10.1007/s10955-009-9716-2
http://dx.doi.org/10.1007/s10955-011-0149-3
http://dx.doi.org/10.1214/12-PS206
http://dx.doi.org/10.1007/BF00400222
http://dx.doi.org/10.1088/1742-5468/2012/06/p06001
http://dx.doi.org/10.1016/0304-4149(96)84552-2
http://dx.doi.org/10.1007/s10955-009-9910-2
http://dx.doi.org/10.1103/PhysRevE.49.2726
http://dx.doi.org/10.1007/BF02183623
http://dx.doi.org/10.1214/aop/1176987804
http://dx.doi.org/10.1007/s10955-012-0531-9

