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Abstract

The moduli space M of semi-stable rank 2 vector bundles with fixed trivial determinant
over a non-hyperelliptic curve C of genus 3 is isomorphic to a quartic hypersurface in P7
(Coble’s quartic). We show that My is self-dual and that its polar map associates to a stable
bundle E € Mg a bundle F' which is characterized by dim H°(C, E® F') = 4. The projective
space PHY(C, E ® F) is equipped with a net of quadrics II and it is shown that the map
which associates to E € Mg the isomorphism class of the plane quartic Hessian curve of 11
is a dominant map to the moduli space of genus 3 curves.

1 Introduction

In his book [C] A.B. Coble constructs for any non-hyperelliptic curve C' of genus 3 a quartic
hypersurface in P” which is singular along the Kummer variety Ky C P7 of C. It is shown in [NR]
that this hypersurface is isomorphic to the moduli space M, of semi-stable rank 2 vector bundles
with fixed trivial determinant. For many reasons Coble’s quartic hypersurface may be viewed as
a genus-3-analogue of a Kummer surface,i.e. a quartic surface S C P? with 16 nodes. For example
the restriction of My to an eigenspace P3 C P7 for the action of a 2-torsion point o € JC[2] is
isomorphic to a Kummer surface (of the corresponding Prym variety). It is classically known (see
e.g. [GH]) that a Kummer surface S C P? is self-dual.

In this paper we show that this property also holds for the Coble quartic My (Theorem 3.1).
The rational polar map D : P7 — (P7)" maps M, birationally to M,, C (P")", where M,
(2 M) is the moduli space parametrizing vector bundles with fixed canonical determinant. More
precisely we show that the embedded tangent space at a stable bundle E to M, corresponds to a
semi-stable bundle D(E) = F' € M,,, which is characterized by the condition dim H°(C, EQF) = 4
(its maximum). We also show that D resolves to a morphism D by two successive blowing-ups,
and that D contracts the trisecant scroll of Ky to the Kummer variety K, C M,,.

The condition which relates F to its “tangent space bundle” F', namely dim H°(C, E® F) = 4,
leads to many geometric properties. First we observe that PH?(C, F ® F) is naturally equipped
with a net of quadrics IT whose base points (Cayley octad) correspond bijectively to the 8 line
subbundles of maximal degree of E' (and of F'). The Hessian curve Hess(E) of the net of quadrics
IT = |w|* is a plane quartic curve, which is everywhere tangent (Proposition 4.7) to the canonical
curve C' C |w|*,i.e. Hess(E)NC = 2A(E) for some divisor A(E) € |w?|. Since these constructions
are JC[2]-invariant, we introduce the quotient N = M,/JC[2] parametrizing PSLy-bundles over
C and we show (Proposition 4.13) that the map N =, |w?|, E — A(E) is the restriction of the
projection from the projective space N' C |L]* = P'? (L is the ample generator of Pic(N)) with



center of projection given by the linear span of the Kummer variety Ko C N (Ko parametrizes
decomposable PSLy-bundles).

We also show (Corollary 4.16) that the Hessian map N' — R, E +— Hess(F) is finite of degree
72, where R is the rational space parametrizing plane quartics everywhere tangent to C' C |w|* =
P2, Considering the isomorphism class of Hess(E), we deduce that the map Hess : N — Mj
is dominant, where M3 is the moduli space of smooth genus 3 curves. We actually prove that
some Galois-covers N' — N and P — R are birational (Proposition 4.15). In particular we
endow the space N , parametrizing PSLy-bundles £ with an ordered set of 8 line subbundles of £
of maximal degree, with an action of the Weyl group W (E;) such that the action of the central
element wy € W (E;) coincides with the polar map D.

We hope that these results will be useful for dealing with several open problems, e.g. rationality
of the moduli spaces M, and N

I would like to thank S. Ramanan for some inspiring discussions on Coble’s quartic.

2 The geometry of Coble’s quartic

In this section we briefly recall some known results related to Coble’s quartic hypersurface, which
can be found in the literature, e.g. [DO], [L2], [NR], [OPP]. We refer to [B1], [B2] for the results
on the geometry of the moduli of rank 2 vector bundles.

2.1 Coble’s quartic as moduli of vector bundles

Let C be a smooth non-hyperelliptic curve of genus 3 with canonical line bundle w. Let Pic?(C') be
the Picard variety parametrizing degree d line bundles over C' and JC := Pic’(C) be the Jacobian
variety. We denote by Ky the Kummer variety of JC and by K, the quotient of Pic*(C)) by the
involution & +— wé™!. Let © C Pic*(C) be the Riemann Theta divisor and let ©, C JC be a
symmetric Theta divisor, i.e. a translate of © by a theta-characteristic. We also recall that the
two linear systems |20| and |20 are canonically dual to each other via Wirtinger duality ([Mu2]
p. 335),i.e. we have an isomorphism [20]* = |20.

Let My (resp. M,,) denote the moduli space of semi-stable rank 2 vector bundles over C' with
fixed trivial (resp. canonical) determinant. The singular locus of M, is isomorphic to Ky and
points in Ky correspond to bundles E whose S-equivalence class [E] contains a decomposable
bundle of the form M @ M~! for M € JC. We have natural morphisms

Mo 25 20| =P7, M, 2 [20,| = |20,

which send a stable bundle £ € M, to the divisor D(F) whose support equals the set {L €
Pic?(C) | dim H(C,E ® L) > 0} (if E € M,, replace Pic’(C) by JC). On the semi-stable
boundary Ky (resp. K,) the morphism D restricts to the Kummer map. The moduli spaces
M, and M, are isomorphic, although non-canonically (consider tensor product with a theta-
characteristic). It is known that the Picard group Pic(M,) is Z and that |£|* = |26, where L is
the ample generator of Pic(My).

The main theorem of [NR] asserts that D embeds M, as a quartic hypersurface in |20 = P7,
which was originally described by A.B. Coble [C] (section 33(6)). Coble’s quartic is characterized



by a uniqueness property: it is the unique (Heisenberg-invariant) quartic which is singular along
the Kummer variety Ky (see [L2] Proposition 5).

We recall that Coble’s quartic hypersurfaces My C |20| and M,, C |20| contain some distin-
guished points. First ([C] section 48(4), [L1], [OPP]) there exists a unique stable bundle Ag € M,,
such that dim H°(C, Ag) = 3 (its maximal dimension). We define for any theta-characteristic &
and for any 2-torsion point a € JC[2] the stable bundles, called ezceptional bundles

A, =A@k e M, and Ay = Ay @ a € M,,. (2.1)

2.2 Global and local equations of Coble’s quartic

Let F be the Coble quartic,i.e. the equation of My C [20| = P7. Then the eight partials C; = g—fé

for 1 < i < 8 (X, are coordinates for [20]) define the Kummer variety Ky scheme-theoretically
([L2] Theorem IV.6). We also need the following results ([L2] Theorem 6 bis).

(i) The étale local equation (in affine space A7) of Coble’s quartic at the point [O @ O] is
T? = det [T};], with coordinates T, T}; with T;; = Tj; and 1 < 4,5 < 3.

(ii) The étale local equation at the point [M &M | with M? # O is a rank 4 quadric det[T};] = 0,

where T3, 1 <1,j < 2 are four coordinates on AT,

Hence any point [M & M~!] € Ky has multiplicity 2 on M.

2.3 Extension spaces

Given L € Pic'(C) we introduce the 3-dimensional space Po(L) := |wL?/* = PExt'(L,L7!). A
point e € Py(L) corresponds to an isomorphism class of extensions

0— L' —FE—L-—0 (e) (2.2)

and the composite of the classifying map Py(L) — M, followed by the embedding D : My — |20)|
is linear and injective ([B2] Lemme 3.6). It is shown that a point e € Py(L) represents a stable
bundle precisely away from o(C'), where ¢ is the map induced by the linear system |wL?|. A point
e = ¢(p) for p € C is represented by the decomposable bundle L(—p) & L™ (p).

We also introduce the projective spaces P, (L) := [w?L~2|* = PExt'(wL™!, L). A point f € P, (L)
corresponds to an extension

0—L—F—wLt'—0 (f) (2.3)

Similarly, we have an injective classifying map P, (L) — M. Although we will not use this fact,
we observe that Py(L) = P, (kL ™!) for any theta-characteristic .

It is well-known that the Kummer variety Ky C |20| admits a 4-dimensional family of trisecant
lines (e.g. [Mu3]). It follows from [OPP] Theorem 1.4 and Theorem 2.1 that any trisecant line
to Ko is contained in some space Py(L), where it is a trisecant to the curve ¢(C) C Py(L). We
denote by 7y the trisecant scroll, which is a divisor in M. Similarly we define 7, C M,,.

The main tool for the proof of the self-duality is that M, (resp. M,) can be covered by
the projective spaces Po(L) (resp. P,(L)). This is expressed by the following result [NR](see



also [OP2]): there exist rank 4 vector bundles Uy and U,, over Pic'(C) such that VL € Pic'(C),
(PUy),; = Py(L), (PU,), = P,(L) and their associated classifying morphisms 1y and 1,

PUy —2s M, C |20 PU, — M, C |20,
Pic'(0) Pic'(O)

are surjective (Nagata’s theorem) and of degree 8 (see section 4.1).

2.4 Tangent spaces to Theta-divisors

Following [B2] section 2, we associate to any [F] € M, C |20y] the divisor A(F) C My C |20|
which has the properties

1. supp A(F) = {[E] € M, | dim H*(C, E ® F) > 0},
2. A(F) € |£] 2 |20]* is mapped to [F] under the canonical duality [20[* & [20y].

Symmetrically, we associate to any E € M, the divisor A(E) C M,, with the analogous proper-
ties.

For any E, F with [E] € M, and [F] € M,, the rank 4 vector bundle F ® F' = Hom(E, F)
is equipped with a w-valued non-degenerate quadratic form (given by the determinant of local
sections), hence, by Mumford’s parity theorem [Mul], the parity of dim H°(C, E ® F') is constant
under degeneration. Considering e.g. a degeneration of either F or F' to a decomposable bundle,
we obtain that dim H°(C, E ® F) is even. The divisor A(F) is defined as the Pfaffian divisor
associated to a family £ ® F' of orthogonal bundles [LS] and satisfies the equality

2A(F) = detdiv(E ® F),
where detdiv(€ ® F) is the determinant divisor of the family £ ® F. Thus for any stable bundle
E € M, we have
1 1
mult; g A(F) = émult[E]detdiv(S ®F) > édim H(C,E® F).

The last inequality is Corollaire 11.3 [L1].

2.1 Lemma. Suppose that E is stable and that dim H°(C,E ® F) > 4. Then A(F) C M, is
singular at E and the embedded tangent space TgMy € 20" = |20¢| corresponds to the point
[F] € [20].

Proof. The first assertion is an immediate consequence of the previous inequality. To show the
second, it is enough to observe that, since E is a singular point of the divisor A(F'), we have
equality between the Zariski tangent spaces TpA(F) = TeMy and TeA(F) coincides with the
hyperplane cutting out the divisor A(F'), which corresponds to the point [F| by property (2). O

We will also need the dual version.

2.2 Lemma. Suppose that F' is stable and that dim H°(C,E ® F) > 4. Then A(E) C M,, is
singular at F' and the embedded tangent space TpM, € |20¢|" = [20]| corresponds to the point
[E] € |20].



3 Self-duality

3.1 Statement of the main theorem
Let D be the rational map defined by the polars of Coble’s quartic Fjy,i.e. the eight cubics Cj,
D: |20 — [20]" = |20

U U
M, M.,

Note that D is defined away from Ky. Geometrically, D maps a stable bundle £ € M, to the
hyperplane defined by the embedded tangent space TgpM, at the smooth point E. The main
theorem of this paper is the following

3.1 Theorem (Self-duality). The moduli space My is birationally mapped by D to M,,,i.e. M,,
15 the dual hypersurface of My. More precisely, we have

1. D restricts to an isomorphism Mg\ Ty — M, \ 7.
2. D contracts the divisor Ty (€ |L8]) to K,.

3. For any stable E € M, the moduli point D(E) € M,, can be represented by a semi-stable
bundle F', which satisfies dim H°(C, E® F) > 4. Moreover, if E € Mg\ 7y then there exists
a unique stable bundle F = D(FE) for which dim H°(C, E ® F') has its mazimal value 4.

4. D resolves to a morphism D from a blowing-up /T/lJo,

E c M,

3 l _
Ko C Bls(My) NP
l l

D

,CO C Mo — Mw

where /\/;l/o is obtained by two successive blowing-ups: first we blow-up the singular points
of Ko and secondly we blow-up Bly(My) along the smooth proper transform Ko of Ko. The
exceptional divisor £ is mapped by D onto the divisor 7T,,.

3.2 Restriction of D to the extension spaces

The strategy of the proof is to restrict D to the extension spaces Py(L). We start by defining a
map
DL . ]P)()(L> — Mw

as follows: consider a point e € Py(L) (2.2) and denote by W, C HY(C,wL?) the corresponding
3-dimensional linear subspace of divisors. If we suppose that e ¢ ¢(C'), then the evaluation map
Oc@W, =5 wL?is surjective and we define F, = Dy (e) to be the rank 2 vector bundle such that
ker (ev) = (F,L)"i.e. we have an exact sequence

0— (F.L) — Oc @ W, =% wL? — 0. (3.1)
If there is no ambiguity, we will drop the subscript e.

3.2 Lemma. Suppose that e ¢ o(C). Then



1. The bundle F, has canonical determinant, is semi-stable and F.L is generated by global
sections.

2. There exists a nonzero map L — F,, hence [F.] defines a point in P, (L).
3. We have dim H°(C, E ® F.) > 4, where E is the stable bundle associated to e (2.2).

Proof. (1) The first assertion is immediately deduced from the exact sequence (3.1). We take the
dual of (3.1)
0 —w'L? —0c@W*"— FL —0. (3.2)

Taking global sections leads to the inclusion W* C HY(FL), which proves the last assertion.
Let us check semi-stability: suppose that there exists a line subbundle M which destabilizes F'L
(assume M saturated),ie. 0 — M — FL — wL?M~' — 0. Then deg M > 4, which implies
that deg wL?M~1 < 2. Hence dim H°(wL?M 1) < 1, so the subspace H°(M) C HY(FL) has
codimension < 1, which contradicts that F'L is globally generated.

(2) Since det F' = w, we have (FL)" = FL 'w™!. Taking global sections of the exact sequence
(3.1) tensored with w leads to

0— HYFL') — H' W)@ W — HY(WL?*) — ---

Now we observe that dim H%(w) ® W = 9 and dim H°(w?L?) = 8 (Riemann-Roch), which implies
that dim HO(FL™') > 1.
(3) We tensor the exact sequence (2.2) defined by e with F' and take global sections

0— HY(FL™') — H(E®F) — H°(FL) =% HY(FL™') — - -

The coboundary map is the cup-product with the extension class e € H*(L~2) and, since detF' = w,
the coboundary map Ue is skew-symmetric (by Serre-duality H'(FL™') = HY(FL)*). Hence the
linear map € +— Ue factorizes as follows

H(wL?)* — A*H°(FL)* C Hom(H°(FL), H'(FL)), (3.3)

and its dual map A2H°(FL) - H°(wL?) coincides with exterior product of global sections (see
e.g. [L1]). On the other hand, it is easy to check that the image under y of the subspace A2W* C
A?H°(FL) equals W C H%wL?) and p restricts to the canonical isomorphism A?W* = W.
Therefore the linear map Ue is zero on W* C H°(F L), from which we deduce that dimH°(EQF) =
dim H°(FL™"') + dim ker (Ue) > 4. O

It follows that the map Dy, factorizes
Dy :Po(L) — P,(L) C M,,. (3.4)

Moreover, by Lemma 3.2(3) and Lemma 2.1 the point Dy, (e) corresponds to the embedded tangent
space at e € Py(L), hence Dy, is the restriction of D to Py(L). In particular, Dy is given by a
linear system of cubics through ¢(C).

We recall from section 2.3 that the restriction of the trisecant scroll 7y to Py(L) is the surface,
denoted by 7y(L), ruled out by the trisecants to ¢(C') C Py(L).

3.3 Lemma. Given a point e € Po(L) such that e ¢ o(C). The bundle F, is stable if and only if
e ¢ Ty. Moreover

e if dim HY(L?) = 0, then the trisecant pqr to ©(C) is contracted to the semi-stable point
[L(u) @wL™t(—u)] = ¢(u) € Py(L) for some point u € C, which satisfies p+q+r € |L*(u)|.
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e if dim H°(L?) > 0, then wL™2 = O¢(u + v) for some points u,v € C and any trisecant Dqr
is contracted to the semi-stable point [L(u) & L(v)].

Proof. The bundle F fits into an exact sequence 0 — L — F — wL™! — 0. Suppose that I has
a line subbundle M of degree 2 and consider the composite map o : M — F — wL™L.

First we consider the case @ = 0: then M = L(u) — F for some u € C, or equivalently
dim H°(FL™'(—u)) > 0. We tensor (3.1) with w(—u) and take global sections

0 — HYFL ' (~u)) — Hw(-u))@W " H'(WL*(~u)) — -

The second map m is the multiplication map of global sections. Since W C H°(wL?), let
us consider for a moment the extended multiplication map m : H°(w(—u)) @ H(wL?) —
H°(w?L?(—u)). By the base-point-free-pencil-trick applied to the pencil |w(—u)|, we have kerm =
HY(L*(u)) and a tensor in kerm is of the form s®ta—t® sa, with {s, ¢} a basis of H°(w(—u)) and
a € H°(L*(u)). We denote by p+ q+1 the zero divisor of a. Then we see that kerm # {0} if and
only if W contains the linear space spanned by ta and sa. Dually, this means that e € pgr, the
trisecant through the points p, ¢, r. Conversely, any e € pqr is mapped by Dy to [L(u)®wL ™ (—u)].

Secondly we consider the case o # 0: then M = wL™!'(—u) — F for some u € C, or equivalently
dim H°(Fw™'L(u)) > 0. As in the first case we take global sections of (3.1) tensored with
L?*(u) and we obtain that H°(Fw™'L(u)) is the kernel of the multiplication map HY(L?(u)) ®
W - H°(wL*(u)). Then ker 7 # {0} implies that dim H°(L?(u)) = 2. Hence L*(u) = w(—v)
for some point v € Cli.e. wL™? = O¢(u+v), which implies that dim H(wL~%) = dim H°(L?) > 0.
Furthermore the multiplication map becomes H(w(—v)) @ W - H°(w?L?*(—v)). We can now
conclude exactly as in the first case, with the additional observation that any trisecant pqgr is
contracted to the point [L(v) ® wL ™ (—v)] = [L(v) & L(u)]. O

Now we are going to construct along the same lines an inverse map to Dy, (3.4)
D) :P,(L) — Py(L).

Given an extension class f € P, (L) such that f ¢ ¢(C), we denote by Wy C H°(C,w*L~?) the
corresponding 3-dimensional linear space of divisors and we define Ey = D} (f) to be the rank 2
vector bundle which fits in the exact sequence

0— EfwflL — W; ® O¢ = WAL — 0.
Exactly as in Lemma 3.2 we show that £ has the following properties.
3.4 Lemma. Suppose that f ¢ o(C). Then

1. The bundle E; has trivial determinant, is semi-stable and E;wL™" is generated by global
sections.

2. There exists a nonzero map L™ — E;, hence [Ey| defines a point in Po(L).
3. We have dim H°(C, E; ® F) > 4, where F' is the stable bundle associated to f (2.3).
Similarly the analogue of Lemma 3.3 holds for the bundle F;.

3.5 Lemma. The map D} is the birational inverse of Dy ,i.e.

D} oDy, = Idpy) and Dy oDy = Idp, (1)



Proof. Start with e € Po(L) with e ¢ 75(L). Then (Lemma 3.3) Dr(e) = F, is stable and
(Lemma 3.2(3)) dim H°(C,EF ® F.) > 4. Now the stable bundle F, determines an extension
class f € P,(L) with f ¢ ¢©(C). Let us denote E; = D7(f). We know (Lemma 3.4(3)) that
dim H°(C,E; ® F,) > 4 and since F is stable we deduce from Lemma 2.2 that the embedded
tangent space TrM,, corresponds to [E] and [E]. Hence [E] = [E/] and since E is stable, we
have F = Fy. O

We deduce that Dy, restricts to an isomorphism Po(L) \ Zo(L) — P, (L) \ Z,(L). Since My is
covered by the spaces Py(L) and since D restricts to Dy, on Py(L), we obtain that D restricts to a
birational bijective morphism from Mg\ 7y to M, \ 7,. Hence by Zariski’s Main Theorem D is an
isomorphism on these open sets, which proves part (1) of Theorem 3.1. Lemma 3.3 implies part
(2). As for part (3), we choose a Py(L) containing £ € M. This determines a point e € Py(L)
and we consider F':= F, = Dr(e). By Lemma 3.2(3) and Lemma 2.1 Dy, (e) = D(e) - which shows
that this construction does not depend on the choice of L. Moreover if e ¢ 7j, then F is stable and
characterized by the property dim H°(C, E® F) > 4. One easily shows that dim H*(C,EQ F) > 6
cannot occur if e ¢ 7y (see also Remark 3.4(2)).

3.3 Blowing-up

Even if part (4) of Theorem 3.1 is a straight-forward consequence of the results obtained in [L.2], we
give the complete proof for the convenience of the reader. First we consider the blowing-up Bl,(P7)
of P” = |20 along the 64 singular points of Ky. Because of the invariance of Ky and Mg under
the Heisenberg group, it is enough to consider the blowing-up at the “origin” O =[O & O]. We
denote by Ky (resp. Bl,(Mo)) the proper transform of Ky (resp. M), and by P(ToP7) C Bl,(P7)

the exceptional divisor (over O).

By [L2] Remark 5 the Zariski tangent spaces ToKy and TpM, at the origin O to Ky and M,
satisfy the relations

Sym*HO(w)* 2 ToKy C ToMy =ToP"  and  ToMy/ToKy = A*HO(w)*.

Moreover with the notation of section 2.2 the equation of the hyperplane To Ky C To Mg is T =0
and Tj; are coordinates on Sym*H°(w)*. We deduce from the local equation of M at the origin
O (section 2.2(ii)) that Ky N PSym>H®(w)* is the Veronese surface S := VerH%(w)* and that K,
is smooth. Moreover the linear system spanned by the proper transforms of the cubics C; is given
by the six quadrics Q;; := 6%2-]- (det [T};]) vanishing on S.

Given a smooth point z = [M & M| € Ky with M? # O, the Zariski tangent spaces T,,K
and T, M, satisfy the relations

HY(W)* 2 T,Ko C TyMo =T,P"  and T, My/T,Ko = H (WM?)* @ H*(wM~?)*.

The tangent space T,Ky C T, M, is cut out by the four equations 7;; = 0, where the T;; are
natural coordinates on HO(wM?2)* ® H°(wM2)*. Let € be the exceptional divisor of the blowing-
up of Bl,(P7) along the smooth variety IEB and let &£ be its restriction to the proper transform
.K\/t/o. We denote by gx and &, the fibres of £ and & over a point z € Ky. Then for a smooth
point z, it follows from the local equation at x (section 2.2 (ii)) that &, is the Segre embedding
P! x P! = [wM2* x JwM 2" — PH(wM?)* @ H'(wM~2)* = £, and the linear system spanned
by the proper transforms of the cubics C; is given by the four linear forms 7;;.



At a singular point (we take x = O), it follows from the preceeding discussion that & is
the exceptional divisor of the blowing-up of PSym*H°(w)* along the Veronese surface S.i.e. the
projectivized normal bundle over S. It is a well-known fact (duality of conics) that the rational
map given by the quadrics @);; resolves by blowing-up S.

It remains to show that D maps £ onto the trisecant scroll 7,,. Since & is irreducible, it will be
enough to check this on an open subset of £. We consider again the extension spaces Py(L) C M.
For simplicity we choose L such that

(1) Po(L) does not contain a singular point of Ky,

(2) the morphism ¢ : C'— Py(L) is an embedding, or equivalently dim H°(L?) = 0.

P

Let Py(L) be the blowing-up of Py(L) along the curve C, with exceptional divisor ;. Because

of assumptions (1) and (2), we have an embedding Po(L) — M, € restricts to &, and & is
the projectivized normal bundle N of the embedded curve C' C Py(L). We have the following
commutative diagram

—_——

P(N) =& C Po(L)

I [N
C C Po(L) % Pu(L)

In order to study the image YSL(EL) we introduce, for a point u € C, the rank 2 bundle E, which
is defined by the exact sequence

0 — E — Oc® HO(wLQ(—u)) = wL2(—u) — 0.

Note that H°(wL?*(—u)) corresponds to the hyperplane defined by u € C' C Py(L). Then exactly
as in Lemma 3.2(1) we show that det £, = wL?*(—u), E, is stable and globally generated with
HY(E,) 2 H(wL?(—u))*. We introduce the Hecke line H,, defined as the set of bundles which are
(negative) elementary transformations of F, L™ (u) at the point u,i.e. the set of bundles which fit

into the exact sequence
0— F— E,L *(u) — C, — 0. (3.5)

Since E, is stable, any F' is semi-stable (and det F' = w) and we have a linear map (see [B2])
P!~ H, — M,.

3.6 Lemma. Given a point u € C, the fibre P(N,) = EL. is mapped by Dy to the Hecke line
H., C P,(L). Moreover H, coincides with the trisecant line pqr to C C P,(L), withp+q+1r €
WL ™2 (u).

Proof. The Zariski tangent space T,Py(L) at the point u is identified with H°(wL?(—u))* =
H°(E,). Under this identification the tangent space T,,C' corresponds to the subspace H°(E,(—u)).
Hence we obtain a canonical isomorphism of P(N,) with the projectivized fibre over the point u
of the bundle E, i.e. the Hecke line H,. It is straight-forward to check that 13L restricts to the
isomorphism P(N,) = H,. To show the last assertion, it is enough to observe that the Hecke line
H, intersects the curve C' C P, (L) at a point p if and only if dim H°(FE,L ' (u — p)) > 0 and to
continue as in the proof of Lemma 3.3. n

Since the union of those £y, such that L satisfies assumptions (1) and (2) form an open subset
of €, we conclude that D(E) = 7T,,. This completes the proof of Theorem 3.1.
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3.4 Some remarks

(1) The divisor 7, € |£8|. This is seen as follows: it suffices to restrict 7, to a general P,,(L) C M,,
and to compute the degree of the trisecant scroll 7,(L) C P,(L). By Lemma 3.6 7,(L) is the
image of £, = P(N) under the morphism D;. The hyperplane bundle over P, (L) pulls-back under
Dy, to Op(1) ® 7 (w3 L8) over the ruled surface P(N). Since Dy, is birational, we obtain that
deg 7T,,(L) = deg m.Op(1) ® w?L° = deg N*w?L°® = 8.

(2) Using the same methods as before, one can show a refinement of Theorem 3.1(3). Consider
E stable with ' € M, and F semi-stable with [F] € M,,.

e The only pairs (E, F) for which dim H°(C, E ® F) = 6 are the 64 exceptional pairs F = A,
and F' = k @ k for a theta-characteristic £ (2.1). We note that D(A,) = [k @ K.

e Suppose D(E) = [M ®@wM~!] for some M and E # A,,i.e. M? # w. Then there are exactly
three semi-stable bundles F' such that D(E) = [F] and dim H(C, E ® F) = 4, namely

(1) the decomposable bundle F' = M & wM ™" (note that dim H°(EM) = 2).

(2) two indecomposable bundles with extension classes in Ext'(M,wM~') = H°(M?)* and
Ext'(wM=, M) = H°(w?M~2)* defined by the images of the exterior product maps

AN HY(EM) — H°(M?) and ANHY (BoM™) — HY(W*M™?).

(3) As a corollary of Lemma 3.6 we obtain that the morphism D maps the exceptional divisor
& onto the dual hypersurface K of the Kummer variety Iy (more precisely D maps gx =P
isomorphically to the subsystem of divisors singular at x € K§™) and that the hypersurface
D(E) = K intersects (set-theoretically) M, along the trisecant scroll 7. It is worthwhile to
figure out the relationship with other distinguished hypersurfaces in |20, e.g. the octic Gg defined
by the equation D' (F,) = F) - Gg and the Hessian Hig of Coble’s quartic Fj.

4 Applications

4.1 The 8 maximal line subbundles of £ € M,

In this section we recall the results of [LN] (see also [OPP], [OP2]) on line subbundles of stable
bundles £ € Mg and F € M,,. We introduce the closed subsets My(E) and M,,(F) of Pic'(C)

parametrizing line subbundles of maximal degree of E and F,
My(E) :={L € Pic'(C) | L' < E} and  M,(F):={L € Pic'(C) | L — F}.

The next lemma follows from [LN] section 5 and Nagata’s theorem. For simplicity we assume that
C' is not bi-elliptic.

4.1 Lemma. The subsets My(E) and M,,(F) are non-empty and 0-dimensional, unless E and F
are exceptional (see (2.1)). In these cases we have

Mo(Ax) ={x(=p) [peC}=C  and  My(As) ={a(p) [peC}=C.
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Note that A, € 7y and A, € 7, (see [OPP] Theorem 5.3) and that in the bi-elliptic case, we
additionally have a JC[2]-orbit in M, (resp. M,,) of bundles E (resp. F') with 1-dimensional
Mo(E) (resp. Mo(F).

Since My(F) is non-empty, any stable ' € M lies in at least one extension space Py(L) for some
L € Pic’(C) with extension class e ¢ ¢(C). Now [LN] Proposition 2.4 says that there exists a
bijection between the sets of

(1) effective divisors p 4+ ¢ on C such that e lies on the secant line pg
(2) line bundles M € Pic'(C) such that M~! < E and M # L.

The two data are related by the equation
LeM=0Oc({p+q). (4.1)

Let us count secant lines to ¢(C) through a general point e € Py(L): composing ¢ with the
projection from e maps C' birationally to a plane nodal sextic S. By the genus formula, we obtain
that the number of nodes of S (= number of secants) equals 7. Hence, for E general, the cardinal
|Mo(E)| of the finite set My(F) is 8. We write

MO(E) = {le T >L8}-

From now on we assume that E is sufficiently general in order to have |My(F)| = 8. Since
E € Py(L;) for 1 <i <8, we deduce from relation (4.1) that

where D;; is an effective degree two divisor on C'.

4.2 Lemma. The 8 line bundles L; satisfy the relation ®§:1 L = w2

Proof. We represent E as a point e € Py(Lg) and assume that the plane sextic curve S C P?
obtained by projection with center e has 7 nodes as singularities. It will be enough to prove the
equality for such a bundle E. Then C —— S is the normalization of S and, by the adjunction
formula, we have w = 7*0g(3) ® Oc(—A), where A is the divisor lying over the 7 nodes of S,i.e.
A =37 Dis. Hence

w:wSLg< Zng;)—ng ®® Ls(—Djg)) = w ®®Li_la

where we used relations (4.2). O

4.8 Remark. Conversely, suppose we are given 8 line bundles L; which satisfy the 28 relations
(4.2). Then there exists a unique stable bundle E' € My such that Mo(E) = {L1, ..., Ls}. This is
seen as follows: take e.g. Lg and consider any two secant lines Dy and Djg (i < j < 8) in Po(Ls).
Then relations (4.2) imply that these two lines intersect in a point e. It is straight-forward to
check that the bundle F associated to e does not depend on the choices we made.
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4.2 Nets of quadrics

We consider E € M, and we assume that E ¢ 7, and |My(E)| = 8. Then F' = D(F) is stable
and dim H°(C,E ® F) = 4. We recall that the rank 4 vector bundle £ ® F is equipped with a
non-degenerate quadratic form (we note that £ = E*)

det : E® F = Hom(E, F) — w.

Taking global sections on both sides endows the projective space P? := PH?(C, Hom(FE, F)) with
anet IT = |w|* of quadrics. We denote by @, C P? the quadric associated to x € IT and, identifying
C with its canonical embedding C' C |w|* = II, we see that (the cone over) the quadric @, for
p € C corresponds to the sections

Q,:={¢¢c HO(C', Hom(E, F)) | E, R F,, not surjective}, (4.3)

where E,, F,, denote the fibres of E, F over p € C. It follows from Lemma 3.2(2) that My(E) =
M, (F), or equivalently any line bundle L; € My(E) fits into a sequence of maps

z, B —L;— F.
We denote by z; € P? the composite map (defined up to a scalar).
4.4 Lemma. The base locus of the net of quadrics I1 consists of the 8 distinct points x; € P3.

Proof. A base point = corresponds to a vector bundle map z : E — F such that rkz < 1 (since
r € QQp, Vp). Hence there exists a line bundle L such that £ — L — F and since E and F' are
stable, of slope 0 and 2, we obtain that deg L = 1 and L € My(F) = M,,(F). O

The set of base points T = {x1,...,zg} of a net of quadrics in P3 is self-associated (for the
definition of (self-)association of point sets we refer to [DO] chapter 3) and called a Cayley octad.
We recall ([DO] chapter 3 example 6) that ordered Cayley octads T = {x1,...,xs} are in 1-to-1
correspondence with ordered point sets ¥ = {y1,...,y7} in P? (note that we consider here general
ordered point sets up to projective equivalence). The correspondence goes as follows: starting
from Z we consider the projection with center zg, P3 . P2, and define 7 to be the projection of
the remaining seven points. Conversely, given 7 in P2, we obtain by association 7 points x, . .., x7
in P2, The missing 8-th point g of 7 is the additional base point of the net of quadrics through
the 7 points x4, ..., x7.

Consider a general E € M, and choose a line subbundle Lg € My(FE). We denote by xg the
corresponding base point of the net II. We consider the two (different) projections onto P2

(1) projection with center zg of P? = PH?(C, Hom(FE, F)) T P2, Let y = {y1,...,yr} C P?
be the projection of the 7 base points x1, ..., z7.
(2) projection with center e of Py(Lg) 2% P?. Let Z = {2, ..., z;} C IP? be the images of the 7

secant lines to ¢(C') through e. Note that z1, ..., z; are the 7 nodes of the plane sextic S.

4.5 Lemma. The two target P*’s of the projections (1) and (2) are canonically isomorphic (to
PW? ) and the two point sets y and Z coincide.

Proof. First we recall from the proof of Lemma 3.2 that we have an exact sequence

0— HYFL;Y) - HYE® F) = H°(FLg) — 0,
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and that H°(F Lg) = W7 and dimH°(FLg") = 1. Moreover it is easily seen that P(imi) = xg € P?3
hence the projectivized map 7 identifies with pr,,. The images pr,,(z;) for 1 < i < 7 are given
by the sections s; € H°(F Lg) vanishing at the divisor D;g (since L;Ls = O¢(Dyg) — FLg). It
remains to check that the section s; € HY(FLg) = W} correponds to the 2-dimensional subspace
H(wL*(—Dyg)) € W, C H°(wL?), which is standard. O

We introduce the non-empty open subset My C M, of stable bundles E which satisfy E ¢ 7y,
|IMy(E)| = 8 and for any L € My(E) the point set Z C P? is such that no three points in z are
collinear.

4.3 The Hessian construction

It is classical (see e.g. [DO] chapter 9) to associate to a net of quadrics IT on P? its Hessian curve
parametrizing singular quadrics,i.e.

Hess(F) := {z € Il = |w|" | Q. singular}.
Note that C' and Hess(E) lie in the same projective plane.
4.6 Lemma. We suppose that E € My™. Then the curve Hess(E) is a smooth plane quartic.

Proof. 1t follows from [DO] chapter 9 Lemma 5 that Hess(F) is smooth if and only if every 4
points of T = {x1,...,zg} span P2. Projecting from one of the z;’s and using Lemma 4.5 we see
that this condition holds for £ € M;%. O

First we determine for which bundles £ € M;® the Hessian curve Hess(E) equals the base
curve C'. We need to recall some facts about nets of quadrics and Cayley octads [DO]. The net II
determines an even theta-characteristic 6 over the smooth curve Hess(E), such that the Steinerian
embedding

Hess(E) Sp3 = lwd|", x — Sing(Q,),

is given by the complete linear system |wf|. The image St(E) is called the Steinerian curve. Given
two distinct base points z;,z; € P? of the net II, the pencil A;; of quadrics of the net IT which
contain the line 7;7; is a bitangent to the curve Hess(E). In this way we obtain all the 28 = (g)
bitangents to Hess(E). Let u,v be the two intersection points of the bitangent A;; with Hess(E).
Then the secant line to the Steinerian curve St(E) determined by St(u) and St(v) coincides with
T,Z;.

Conversely, given a smooth plane quartic X C P? with an even theta characteristic 6, taking
the symmetric resolution over P? of the sheaf § supported at the curve X gives a net of quadrics

IT whose Hessian curve equals X. Thus the correspondence between nets of quadrics II and the
data (X, 6) is 1-to-1.

This correspondence allows us to construct some more distinguished bundles in M,. We
consider a triple (0, L, x) consisting of an even theta-characteristic 6 over C, a square-root L €
Pic'(C),i.e. L? =0, and a base point = of the net of quadrics II associated to (C,6). We denote
by

A0, L,x) € My (4.4)

the stable bundle defined by the point = € Py(L) = |wf|*. Since C' is smooth, we have A(0, L, z) €
M. These bundles will be called Aronhold bundles (see Remark 4.12). We leave it to the
reader to deduce the following characterization: E is an Aronhold bundle if and only if the 28 line
bundles L;,L; (1 <i < j < 8) are the odd theta-characteristics, with L; € My(E).
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4.7 Proposition. Giwen a bundle E € M. Then
1. We have Hess(E) = C' if and only if E is an Aronhold bundle.

2. Assuming Hess(E) # C, the curves C' and Hess(E) are everywhere tangent. More precisely,
the scheme-theoretical intersection C' N Hess(E) is non-reduced of the form 2A(E), with
A(E) € |u?|.

Proof. We deduce from (4.3) that the intersection C' N Hess(E) corresponds (set-theoretically) to
the sets of points where the evaluation map of global sections

Oc ® H(C,Hom(E, F)) =% Hom(E, F) (4.5)

is not surjective.
Let us suppose that C' = Hess(F). Then ev is not generically surjective (rkev < 3). We choose
a line subbundle Lg € My(E) and we consider (as in Lemma 4.5) the exact sequence

0— HYFLZ') — H°(Hom(E,F)) — H°FLg) —0
l%’ lev lev’
0— Oc —  Hom(E, F) — & —0

where the vertical arrows are evaluation maps. Note that O «— FLg!' < Hom(E, F) corresponds
to the section of H'(FLg'). We denote by £ the rank 3 quotient. Then ev' : H'(FLg) — &
is not generically surjective either. But € has a quotient £ — FLg with kernel wLg? Now
since HY(F Lg) =%, FLg is surjective, we obtain a direct sum decomposition & = wL§2 ¢ FLsg.
Furthermore since £ ® F' is poly-stable (semi-stable and orthogonal) and of slope 2, we obtain
that wLg? is an orthogonal direct summand. Hence wLg? = 6 for some theta-characteristic 6.
Now we can do this reasoning for any line bundle L; € My(E), establishing that all wL;? are
theta-characteristics contained in Hom(FE, F'). Projecting to F'Lg shows that L? = L% = 6 for all
i and therefore the 28 line bundles L;L; are the odd theta-characteristics. It follows that E is an
Aronhold bundle.

Assuming C' # Hess(F), the evaluation map (4.5) is injective
0 — Oc ® H°(C,Hom(E, F)) — Hom(E, F) — Cam) — 0.

The cokernel is a sky-scraper sheaf supported at a divisor A(E). Since det Hom(E, F) = w?,
we have A(E) € |w?|. This shows that set-theoretically we have C' N Hess(E) = A(F). Let us
determine the local equation of Hess(E) at a point p € A(E). We denote by m the multiplicity of
A(F) at the point p. Then, since there is no section of Hom(E, F') vanishing twice at p (stability of
F and F'), we have dim H°(Hom(E, F)(—p)) = m. We choose a basis ¢1, .. ., ¢, of sections of the
subspace H’(Hom(E, F)(—p)) C H°(Hom(E, F)) and complete it (if necessary) by ¢pi1,- -, d4-
Let z be a local coordinate in an analytic neighbourhood centered at the point p. With these
notations the quadrics @), of the net can be written

Q:(M, ..., Ay) = det (Z )\icbi(z)) ;

where the ¢;(z) are a basis of the fibre Hom(F, F), for z # 0. By construction we have for
1 <i<m, ¢;(2) = 2¢;(2), and the local equation of Hess(E) is the determinant of the symmetric
4 x 4 matrix

Hess(E)(z) = det [B(¢;(2), ¢j(z>>]1§i,j§4’
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where B is the polarization of the determinant. We obtain that Hess(E)(z) is of the form z*™R(z).
Hence mult,(Hess(E)) > 2m, proving the statement. O

4.8 Definition. We call the divisor A(E) the discriminant divisor of E and the rational map
A My — |w?| the discriminant map.

In the sequel of this paper we will show that the bundle £ and its Hessian curve Hess(E) are in
bijective correspondence (modulo some discrete structure, which will be defined in section 4.5.2).
A first property is the following: given E € M;™, we associate to the 28 degree two effective
divisors D;; (4.2) on the curve C' their corresponding secant lines Dy; C |w]|*.

4.9 Proposition. The secant line Eij to the curve C' coincides with the bitangent A;; to the
smooth quartic curve Hess(E).

Proof. Since the bitangent A;; to Hess(E) corresponds to the pencil of quadrics in II containing
the line 7;z;, it will be enough to show that @, and @), belong to A;;, for D;; = a + b, with
a,b € C. Consider the vector bundle map m; ®; : £ — L; ® L;, where 7; and 7; are the natural
projection maps. Since L;L; = O(D;;), the map m; @ 7; has cokernel C, & Cy, which is equivalent
to saying that the two linear forms m;, : £, — L;, and 7, : £, — L;, are proportional (same
for b). This implies that any map ¢ € T;z; factorizes at the point a through m; , = 7;,, hence
det ¢, = 0. This means that 7;7; C Qq,i.e. Qq € A;; (same for b). H

4.4 Moduli of PSLy-bundles and the discriminant map A

The finite group JC2] of 2-torsion points of JC acts by tensor product on My and M,,. Since
Coble’s quartic is Heisenberg-invariant, it is easily seen that the polar map D : My — M, is
JC'[2]-equivariant,i.e. D(E ® o) = D(F) ® «, Yao € JC[2]. This implies that the constructions
we made in sections 4.2 and 4.3, namely the projective space P* = PH°(Hom(E, F)), the net
of quadrics II, its Hessian curve Hess(E) and discriminant divisor A(F), only depend on the
class of £ modulo JC[2], which we denote by E. It is therefore useful to introduce the quotient
N = M/ JC[2], which can be identified with the moduli space of semi-stable PSLy-vector bundles
with fixed trivial determinant. We observe that A is canonically isomorphic to the quotient
M.,/ JC|2]. Therefore the JC[2]-invariant polar map D descends to a birational involution

D:N—N. (4.6)

We recall [BLS] that the generator £ of Pic(N) = Z pulls-back under the quotient map ¢ : My —

N to ¢°L = L£* and that global sections H(N, L") correspond to JC[2]-invariant sections of
HOY (Mo, £5).

The Kummer variety Ko is contained in the singular locus of N: since the CQOII]pOSitQ map
JC - My - N, with i(L) = [L @ LY, is JC[2]-invariant, it factorizes JC BLoge N,
and the image i(JC) = Ky C N.

We also recall from [OP1] that we have a morphism

[N — 30|, =P¥  E+—T(E)={L€Pic*(C) | dim H°(C,Sym?*(F) ® L) > 0},

which is well-defined since I'(E) only depends on E. The subscript + denotes invariant (w.r.t.
& — wé1) theta-functions. When restricted to Ky the morphism T' is the Kummer map,i.e we
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have a commutative diagram
Ko 2 20| = PT

| |+e

N —L 130], =P
The main result of [OP1] is

4.10 Proposition. The morphism I : N — |30, is given by the complete linear system |L|,i.e.
there exists an isomorphism |L|* = |30

4.11 Remark. Using the same methods as in [NR], one can show that I' : N' — |30, is an
embedding. We do not use that result.

Since the open subset M;“ is JC[2]-invariant, we obtain that My = ¢~ 1(N"%). By passing
to the quotient A/, the Aronhold bundles (4.4) determine 36 - 8 = 288 distinct points A(f, z) :=
A, L,z) € N™ the exceptional bundles (2.1) determine one point in N, denoted by Ay, and
we obtain a (rational) discriminant map (4.8)

AN — W
defined on the open subset N7\ {A(f,z)}. We also note that the 28 line bundles L;L; for

L; € My(FE) only depend on E.

4.12 Remark. The 288 points A(f, x) are in 1-to-1 correspondence with unordered Aronhold sets
(see [DOJ page 167),i.e. sets of seven odd theta-characteristics 6; (1 <14 < 7) such that 6; +6; — 6y
is even Vi, j, k. The seven 6; are cut out on the Steinerian curve by the seven lines 7z;, where x, z;
are the base points of II.

The main result of this section is

4.13 Proposition. We have a canonical isomorphism |30g|y = |w?|,

diagram commute

which makes the right

Ko < N 2 w2
n I 1=
20] =2 30, 2 300

In other words, considering N (via T') as a subvariety in |30, the discriminant map A identifies
with the projection with center |20| = Span(Ky), or equivalently, with the restriction map of |30
to the Theta divisor © C Pic?*(C).

Proof. First we show that the discriminant map A is given by a linear subsystem of [£| (= [30[7).
Consider a line bundle L € Pic’(C) and the composite map

bp i PP = Py(L) — My — N 25 w2

Then it will be enough to show that ¢} (H) € |Ops(4)| (since ¢*L = L£*) for a hyperplane H in
|w?|. We denote by p (resp.q) the projection of P? x C onto C' (resp.P?). There exists a universal
extension bundle E over P? x C

0—p' L' —E—p'LRq¢gOps(—1) — 0 (4.7)
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such that Ve € Py(L) the vector bundle E|eyxc corresponds to the extension class e. We denote
by W — Ops ® H°(wL?) the universal rank 3 subbundle over P? and we define the family F over
U x C by the exact sequence

0— (FRp L) — ¢W % p*(wL?) — 0, (4.8)

where U is the open subset P*\ C. We have Fyxc = F. (see (3.1)). Note that Pic(U) = Pic(P?).
It follows immediately from (4.7) and (4.8) that detE = ¢*O(—1), detF = ¢*O(1) ® p*w, and that
det E® F = p*w?  After removing (if necessary) the point Ay from U (see Remark 3.4(2)), we
obtain that Ve € U, dim H°(C,E ® Fig¢yxc) = 4, hence by the base change theorems, the direct
image sheaves ¢,(E®@F) and R'¢.(E ® F) are locally free over U. Suppose that the hyperplane H
consists of divisors in |w?| containing a point p € C. Then ¢} (H) is given by the determinant of
the evaluation map over U (see (4.5))

q*(]E X IF) i> E X F\Ux{p}-

Since det (E ® Fyx(p) = Ov, the result will follow from the equality det ¢.(E ® F) = Oy(—4),
which we prove by using some properties of the determinant line bundles [KM]. Given any family
of bundles F over U x C, we denote the determinant line bundle associated to the family F by
det Rq.(F). First we observe that by relative duality [K] we have

(E@F) = (R'.EoF),
hence det Rg,(E ® F) = (det ¢,(E ® F))*?. Next we tensor (4.7) with F
0 —Fep L' —EQF —F®pLqg0O(-1) — 0.
Since det Rg, is multiplicative, we obtain
det Rq.(E®F) 2 det Rg.(F® p*L™') ® det Rq.(F® p*L @ ¢*O(—1)).

Again by relative duality we have det Rq,(F®p*L~!) = det Rq.(F ® p*L ® ¢*O(—1)), hence (since
Pic(U) = Z) we can divide by 2 to obtain

det (.(E® F) = det Rq.(F ® p*L ® ¢"O(—1)) = det Rg.(F ® p*L) ® O(-2).

The last equation holds since x(F.L) = 2. Finally, we apply the functor det Rgq, to the dual of
(4.8)

1%

det Rq.(F ® p*L) det Rq.(¢"W*) ® det Rq,(p*wL?)™"

(det W*)®X(©) >~ O(—2).
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which proves det ¢.(E ® F) = O(—4).

We also deduce from this construction that the exceptional locus of the rational discriminant
map A is the union of the Kummer variety Ky , the exceptional bundle Ag, and the 288 Aronhold
bundles A(f,x). Therefore the map A is given by the composite of I' with a projection map
7 |L|* 2 136|, — |w?|, whose center of projection ker m contains Span(iCy) = [20]. In order to
show that ker 7 = |20, it suffices (for dimensional reasons) to show that A is dominant:

Consider a general divisor § = a; + -+ + ag € |w?| and choose M € Pic*(C) such that
ap + -+ aq € |M?|, or equivalently as + -+ + ag € |w?M~2|. Using Lemma 3.3 we can find
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a stable E € 7, such that [D(E)] = [M & wM~!]. We easily deduce from Remark 3.4(2) that
A(E) = 6.

Finally, we deduce from the natural exact sequence associated to the divisor © C Pic*(C)
0 — H°(Pic%(C),20) X2 HO(Pic*(C),30), % H(©,300); — 0
that the projectivized restriction map resg identifies with the projection 7. O

4.14 Remark. Geometrically the assertion on the exceptional locus of A given in the proof means
that (we map N via I into |3©|,)

NN|120| =Ko U {Ag} U{A(0,2)},
or equivalently, that the 30-divisors I'(A4y) and I'(A(f, z)) are reducible of the form
['(Ag) = © +T7(Ay), I'(A(0,2)) = © +T"(A(0, x)),
where the residual divisors I'"**(A4) and I'"**(A(0, z)) lie in |20]|. This can be checked directly.

(1) exceptional bundle Ay: since © = Sym?C, the inclusion © C T'(4,) is equivalent to
dim H°(C,Sym?*(4g) ® w™(p + q)) > 0, Vp,q € C (here we take Ay € M,, see (2.1)),
or dim H(C,Sym?(Ag)(—u — v)) > 0, Yu,v € C. But this follows immediately from
dimH°(C, Ag) = 3, which implies that Vu there exists a nonzero section s, € H°(C, Ag(—u)).
Taking the symmetric product, we obtain s, - s, € H°(C, Sym?(Ag)(—u — v)).

(2) Aronhold bundles A(6, x): similarly we have to show that dim H°(C, Sym?*(A)®@w(—p—q)) >
0, Vp,q € C (take A = A(0,L,x) € My). Since My(A) is invariant under the involution
L; — OL;7", we have D(A) = A®6 and dim H*(C, A® A®0) = dim H°(C, Sym?*(A) ®0) = 4.
Hence Vp there exists a nonzero section s, € H*(C, Endy(A) ® §(—p)) (note that Endg(A) =
Sym?*(A)) and by taking the Endg-part of the composite section s, o s,, we obtain a nonzero
element of H°(C, Sym?(A) ® w(—p — q)).

Moreover it can be shown by standard methods that Sym?(A4,) and Sym?(A(#, x)) are stable
bundles. It would be interesting to describe explicitly the 260-divisors I'"**(Ag) and I'"**(A(6, x)),
which, we suspect, do not lie on the Coble quartic M.

4.5 The action of the Weyl group W (Er)

The aim of this section is to show that the Hessian map (section 4.3), which associates to a
PSLy-bundle E € N the isomorphism class of the smooth curve Hess(E) € M3, is dominant.
4.5.1 Some group theory related to genus 3 curves

We recall here (see e.g. [A], [DO], [Ma]) the main results on root lattices and Weyl groups. Let
I' C P? be a smooth plane quartic and let V' be its associated degree 2 del Pezzo surface,i.e.
the degree 2 cover m : V — P? branched along the curve I'. We choose an isomorphism (called
geometric marking of V') of the Picard group Pic(V),

¢ : Pic(V) — H; = @Ze“ (4.9)
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with the hyperbolic lattice Hz, such that ¢ is orthogonal for the intersection form on Pic(V)
and the quadratic form on H; defined by €3 = 1; e = —1, (i # 0); ¢;-¢; = 0, (i # j). The
anti-canonical class —k of V' equals 3eq — Zzzl e;. We put eg := ZZ:1 e; —2eq = eg+ k. Then the
63 positive roots of H; are of two types

(1)Oéij:€i—€j,1§’i<j§8, (2)Oéijk:€0—€i—€j—€k,1§i<j<k§7. (410)

The 28 roots of type (1) correspond to the 28 positive roots of the Lie algebra sly seen as a
subalgebra of the exceptional Lie algebra e;. Similarly the 56 exceptional lines of H; are of two
types

(1) lz‘j:(ji—{-ej—@g, (2) l;j:eo—ei—ej, 1 §Z<]§8 (411)
The Weyl group W(SLg) equals the symmetric group Xg and is generated by the reflections s;;
associated to the roots a;; of type (1). The action of the reflection s;; on the exceptional lines
lpg and [, is given by applying the transposition (ij) to the indices pg. The Weyl group W (Er)
is generated by the reflections s;; and s;;; (associated to «jx) and the reflection s;j, acts on the
exceptional lines as follows

o if [{i,7,k, 8} N {p,q}| =1, then s;;5(lpg) = lpg,

o if [{i,7,k,8} N{p,q}| =0 or 2, then s;x(l,,) = I}, such that {p,q,s,t} equals {7, j, k,8} or
its complement in {1,...,8}.

Let us consider the restriction map Pic(V') == Pic(I") to the ramification divisor I' € V. Then we
have the beautiful fact (see [DO] Lemma 8 page 190) that res maps bijectively the 63 positive roots
{aij, i} (4.10) to the 63 nonzero 2-torsion points JI'[2] \ {0}, thus endowing the Jacobian JT'
with a level-2-structure,i.e. a symplectic isomorphism v : JT'[2] 2 F3 x F3 (for the details, see [DO]
chapter 9). We also observe that the partition of JI'[2] into the two sets {res(c;;)} (28 points)
and {res(a;;r),0} (36 points) corresponds to the partition into odd and even points (w.r.t. the
level-2-structure ). Moreover the images of the 56 exceptional lines (4.11) are the 28 odd theta-
characteristics on I', which we denote by res(li;) = res(l};) = 0;;. Moreover 7(l;;) = w(l};) = Ay,
where A;; is the bitangent to I' corresponding to 6;;.

Two geometric markings ¢, ¢’ (4.9) differ by an element g € O(H7) = W(E;) and their induced
level-2-structures 1, v’ differ by g € Sp(6,Fs). The restriction map W (E;) — Sp(6,F3), g — g is
surjective with kernel Z/2 = (wy) = Center(W (E;)). The element wy € W (E;) acts as —1 on the
root lattice, leaves k invariant wy(k) = k and exchanges the exceptional lines wy(li;) = [};.

We also note that wy ¢ X C W(E7) and that the injective composite map Yg — W(E;) —
Sp(6,Fy) identifies Y3 with the stabilizer of an even theta-characteristic.

4.5.2 Two moduli spaces with W (FE;)-action

We introduce the Sg-Galois cover My — M parametrizing stable bundles E € M with an
order on the 8 line subbundles My(E) = {Ly,...,Lg}. The group JC[2] acts on M, and we
denote the quotient M, /JC[2] by N, which is a Yg-Galois cover N — N, The polar map
D: N — N (4.6) lifts to a Sg-equivariant birational involution D : N — A/

We also consider the moduli space P parametrizing pairs (T, ), with I' C |w[* = P? a smooth
plane quartic curve which satisfies I'NC' = 2A and A € |w?|, and ¢ a geometric marking (4.9)
for the Del Pezzo surface V' associated to I'. Then the forgetful map (I", ) — I realizes Pc as a
W (E7)-Galois cover of the space R of smooth quartic curves I' satisfying the above intersection
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property. Since the general fibre f~'(A) of the projection map R 7, |w?| corresponds to the
pencil of curves spanned by the curve C and the double conic Q? defined by Q N C' = A, we see
that R is an open subset of a P!-bundle over |w?|, hence rational.

4.15 Proposition. The Hessian map (section 4.3) induces a birational map
Hess : N — P,
which endows N with a W (E7)-action. The action of wq corresponds to the polar map D.

Proof. Let E € N be represented by E € M{® and by an ordered set My(E) = {Ly,..., Ls}.
In order to construct the data (T, ), we consider the Del Pezzo surface V —— P? associated to
the Hessian curve I' = Hess(F) C |w|* = P% Since I' N C' = 2A(FE), the preimage 7 '(C) C V
splits into two irreducible components C; U Cy, with C; = Cy = C. More generally, it can be
shown that the preimage 7—!(C' x R) C V has two irreducible components, where ¥V — R is
the family of Del Pezzo’s parametrized by R. This allows us to choose uniformly a component
(. Then by Proposition 4.9 the secant line El-j coincides with a bitangent to I'. Therefore the
preimage Wﬁl(ﬁzj) splits into two exceptional lines and we denote by [;; the line which cuts out
the divisor D;; on the curve C; = C. Then the other line [j; cuts out the divisor D;j; on C)
with D;; + Dj; € |w|. Now it is immediate to check that the classes e; = lig for 1 <7 < 7 and
ep = e; +e; — l;; — k determine a geometric marking (4.9).

Conversely, given V and a geometric marking ¢, we choose a line bundle Lg € Pic'(C) such
that wLZ = eojc=c,- Next we define L; for 1 < 7 < 7 by L;Lg = e;c—c,. Then one verifies
that lijjo—c, = L;L; and therefore by Remark 4.3 there exists a bundle £ € M, such that
Mo(E) = {Li, ..., Ls}. Since Ls is defined up to JC[2], this construction gives an element of .

Since the element E € A is determined by the 28 line bundles L;L;, it will be enough to describe
the action of D and wy € W (E7) on the L;L;’s. Suppose D(E) = F with My(F) ={M,..., Mg},
then it follows from the equality M, (F) = Mg(E) (assuming F' = D(E)) that M;M; = wL;'L; "
On the other hand we have wy(l;;) = li; and l;; + [i; = —k. Restricting to C' = C} (k¢ = w), we
obtain that wy = D. O

4.16 Corollary. The morphism Hess : N9 — R, E —— Hess(E) is finite of degree 72 and, if
C s general, the map

N9 — M, E +— iso class(Hess(E))
s dominant.

Proof. The first assertion follows from |W (FE7)/3s| = 72. For the second it suffices to show that
the forgetful map R — Mj is dominant: let [C] € |Op2(4)] = P denote the quartic equation
of C. Projection with center [C] maps |Op2(4)] — |w?|. We immediately see that R equals the
cone with vertex [C] over the Veronese variety Ver|w?| — |w?|. If C is general, one can show (e.g.
by computing the differential of the natural map PGL3 x R — |Op2(4)]) that the PGL3-orbit of
the cone R (note that dim R = 6) in |Op2(4)| = P is dense and since M3 = |Op2(4)|/PGL3, we
obtain the result.

[

4.17 Remark. The action of the reflection s,;;, € W(E7) on N is easily deduced from its action on
the exceptional lines [, and I, (see section 4.5.1). Representing an clement £ € N by e € |wL2|*,
it is easily checked that the restriction of s to |wL3|* is given by the linear system of quadrics
on |wLZ|* passing through the 6 points D, = Dig + Djs + Dyg. In this way we can construct the
72 = 2(1 + ({)) bundles in the fibre of Hess : N7 — R.

20



References

[A]

(B

[B2]

[BLS]

[LN]

[LA]

[L2]

J.F. Adams, Lectures on exceptional Lie groups, Chicago Lectures in Mathematics, Uni-
versity of Chicago Press, 1996

A. Beauville: Fibrés de rang 2 sur une courbe, fibré déterminant et fonctions théta, Bull.
Soc. Math. France 116 (1988), 431-448

A. Beauville: Fibrés de rang 2 sur une courbe, fibré déterminant et fonctions théta II, Bull.
Soc. Math. France 119 (1991), 259-291

A. Beauville, Y. Laszlo, C. Sorger: The Picard group of the moduli of G-bundles on a
curve, Compositio Math. 112 (1998), 183-216

A.B. Coble: Algebraic geometry and Theta Functions, AMS Colloquium Publications, vol.
10, 1929, reprinted 1961

I. Dolgachev, D. Ortland: Point sets in projective spaces and theta functions, Astérisque
165, 1988

P. Griffiths, J. Harris: Principles of algebraic geometry, J. Wiley and Sons, New York, 1978
S. Kleiman: Relative duality for quasi-coherent sheaves, Compositio Math. 41 (1980), 39-60

F. Knudsen, D. Mumford: The projectivity of the moduli space of stable curves I,
Math.Scand. 39 (1976), 19-55

H. Lange, M.S. Narasimhan: Maximal subbundles of rank 2 vector bundles on curves,
Math. Ann. 266 (1983), 55-72

Y. Laszlo: Un théoreme de Riemann pour les diviseurs Théta généralisés sur les espaces
de modules de fibrés stables sur une courbe, Duke Math. Journal 64 (1994), 333-347

Y. Laszlo: Local structure of the moduli space of vector bundles over curves, Comment.
Math. Helvetici 71 (1996), 373-401

Y. Laszlo, C. Sorger: The line bundle on the moduli of parabolic G-bundles over curves
and their sections, Ann. Sci. Ecole Norm. Sup. (4), 30 (4) (1997), 499-525

Y. Manin: Cubic Forms, North-Holland, Amsterdam 1974, 2nd edition 1986

D. Mumford: Theta characteristics of an algebraic curve, Ann. Sci. Ecole Norm Sup., t.4
(1971), 181-192

D. Mumford: Prym varieties I, in Contributions to Analysis (Ahlfors, Kra, Maskit, Nirem-
berg, eds.), Academic Press (1974), 325-350

D. Mumford: Curves and their Jacobians, Ann Arbor, 1975

M.S. Narasimhan, S. Ramanan: 26-linear system on abelian varieties, in Vector bundles
and algebraic varieties, Oxford University Press, (1987), 415-427

W.M. Oxbury, C. Pauly: SU(2)-Verlinde spaces as theta spaces on Pryms, International
J. of Math. Vol. 7, No. 3 (1996), 393-410

21



[OP2] W.M. Oxbury, C. Pauly: Heisenberg invariant quartics and SUq(2) for a curve of genus
four, Math. Proc. Camb. Phil. Soc. 125 (1999), 295-319

[OPP] W.M. Oxbury, C. Pauly, E. Previato: Subvarieties of SUq(2) and 26-divisors in the Jaco-
bian, Trans. of the Amer. Math. Soc. 350, No. 9 (1998), 3587-3617

Christian Pauly

Laboratoire J.-A. Dieudonné
Université de Nice Sophia Antipolis
Parc Valrose

F-06108 Nice Cedex 02, France
E-mail: pauly@math.unice.fr

22



