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ABSTRACT 

The sel f -s teepening,  o r  change i n  shape, of l i g h t  pu lses  

due t o  propagation i n  a medium with an intensi ty-dependent 

index of r e f r a c t i o n  is i nves t iga ted .  The t i m e  requi red f o r  

t h e  pu lse  t o  steepen i n t o  an optical shock i s  found, and t h e  

t i m e  development of t h e  pulses s tud ied  f o r  both zero and f i n i t e  

t i m e s  of re laxa t i on  of the index of r e f r a c t i o n .  Analyt ic and 

numerical so lu t i ons  a r e  given f o r  t h e  pu lse  development i n  a 

number of cases .  The frequency spectrum is  obtained i n  t h e  

zero  re laxa t i on  t i m e  l i m i t  and t h e  l a r g e s t  peak i n t e n s i t i e s  

a r e  found on t h e  lower frequency side of t h e  input spec t rum.  

Although t h e  r a t e  of steepening is  modified when the decay t i m e  

of t h e  pu lse  becomes a s  shor t  as the re laxa t i on  t i m e  f o r  t h e  

non l inear  p a r t  of the index of re f rac t i on ,  the t i m e  of decay 

can become a r b i t r a r i l y  shor t  when t h e r e  is no d ispers ion .  

Est imates a r e  given of t he  th ickness of t h e  o p t i c a l  shock region 

and of t h e  frequency spreading allowed by d ispers ion  with t h e  

ef fect  of re laxa t i on  included. The in f luence of sel f -s teepening 

or pu lse  d i s t o r t i o n  i n  nonl inear o p t i c a l  experiments is dis-  

cussed.  
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I .  INTRODUCTION 

An intensi ty-dependent index of re f ract ion ’  w i l l  d i s t o r t  

an o p t i c a l  pu lse  along i t s  d i rec t i on  of propagation and can 

g ive  rise t o  o p t i c a l  shocks (pulse se l f - s teepen ing ) .  I f  t h e  

index inc reases  due t o  t h e  non l i nea r i t y  (due, f o r  example, t o  

t h e  K e r r  ef fect )  t h e  t r a i l i n g  edge of t h e  pu lse  steepens u n t i l  

i t s  i n t e n s i t y  f a l l s  a s  rap id ly  as t h e  d ispers ion  w i l l  al low, 

t h i s  steepening being analogous t o  t h e  development of an acous t ic  

shock on t h e  leading edge of a sound wave. 

t h e  t r a i l i n g  part of the pulse i n  mater ia ls  where t h e  ve loc i t y  

of t h e  peak of t h e  pu lse  is slower than t h a t  of t h e  wings, because 

t h e  t r a i l i n g  p a r t  of t h e  pulse catches up with t h e  peak. 

Steepening occurs on 

I n  t h e  absence of d ispers ion,  a d iscon t inu i t y  is produced 

on t h e  t r a i l i n g  edge which t r a v e l s  wi th a ve loc i t y  appropr ia te 

f o r  t h e  maximum energy dens i ty  i n  t h e  pu lse  and t h e  p u l s e  tends 

asymptot ica l ly  t o  a t r i a n g u l a r  shape. The f r o n t  of t h e  pu lse  

t r a v e l s  faster than t h e  rear and the pu lse  cont inues t o  broaden 

even a f t e r  t h e  d i scon t inu i t y  has occurred. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAs i nd ica ted  above, 

d i spe rs ion  prevents t h e  development of an i n f i n i t e l y  sharp jump 

and hence l i m i t s  t h e  Four ier  spectrum of t h e  pu lse  from spreading 

i n d e f i n i t e l y  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. 
1 I n  t h e  s i t u a t i o n  where the  pu lse  e x h i b i t s  a pe r iod i c  modu- 

l a t i o n  (due, f o r  example, t o  the bea t ing  of t w o  nearby modes of 

the l a s e r )  t h e  steepening occurs i n  each per iod of t h e  bea t  and 

t h e  pu lse  eventua l l y  appears,,a series of sawteeth.  The frequency 

spectrum spreads and has i t s  most i n tense components on t h e  lower 

as 
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frequency side. Such e f f e c t s  are observed i n  t h e  spectrum of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

. 

t h e  output pu lse  from l i qu ids  such a s  CS2 when two o r  more 

frequency components a r e  i n i t i a l l y  p resent  i n  t h e  It 

should be noted t h a t  t h e  asymmetry of t h e  spec t rum occurs even 

i n  t h e  l i m i t  of zero re laxa t ion  t i m e .  

Electromagnetic shocks i n  t h e  microwave frequency region 

and a t  lower f requencies have been d i s c ~ s s e d . ~  In  these  cases 

a t t e n t i o n  was concentrated on shocks which form on t h e  leading 

edge of t h e  pulse,  such a s  may occur i n  f e r r i t e  mater ia ls ,  t ran-  

s i t i o n  l aye rs  i n  semiconductors, and i n  t ransmission l i n e s .  The 

formation of e lectromagnet ic shocks i n  t h e  o p t i c a l  range has been 

d iscussed by Iku ta  and Taniut i4  and by Rosen. 5 However, these 

authors emphasize shocks which occur dur ing an o p t i c a l  per iod 

due t o  t h e  generat ion of o p t i c a l  harmonics, a s  may be seen from 

t h e  t i m e  of shock formation they give,  which i s  r e l a t e d  t o  t h e  

per iod  of t h e  l i g h t  wave. Although t h e  response of n o n l i n e a r i t i e s  

i n  e l e c t r o n i c  po la r i za t i on  i s  very rap id  (of order of t h e  o p t i c a l  

p e r i o d ) ;  shocks dur ing an o p t i c a l  per iod cannot be highly  developed 

i n  r e a l  media because of co lor  d ispers ion  and absorpt ion.  Further-  

m o r e ,  t h e  nonl inear  po la r i za t i on  responsib le  f o r  t h e  harmonic 

response is usua l ly  an order  of magnitude smal ler  than, f o r  example, 

t h a t  due t o  molecular o r i e n t a t i o n .  Opt ica l  shock formation has 

also been considered by Broer,' including t h e  r o l e  of d ispers ion .  

A brief report on o p t i c a l  shocks by Joenk and Landauer7 is r a t h e r  

c l o s e l y  r e l a t e d  t o  t h e  considerat ions presented here,  and does 

app ly  t o  t h e  case of molecular o r i e n t a t i o n .  
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Assume, now, an o p t i c a l  medium with a nonl inear  d i e l e c t r i c  

response which is t o o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAslow f o r  o p t i c a l  f requencies,  bu t  which 

decreases t h e  wave ve loc i t y  w i t h  i nc reas ing  o p t i c a l  i n t e n s i t y .  

The c h a r a c t e r i s t i c  d is tance f o r  shock formation, assuming a very 

s h o r t  re laxa t i on  t i m e  and neglect ing d ispers ion ,  is given approxi- 

where p zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= n2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE2/8n i s  approxi- mately by = 3v2 (dp/dtIMin/vo, 
2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0 

mately t h e  energy dens i ty  i n  t h e  wave. The symbol (dp/dt)Min 

i nd i ca tes  t h e  l a r g e s t  negat ive s lope of t he  i n i t i a l  pu lse i n  t i m e ,  

and no i s  t h e  l i n e a r  r e f r a c t i v e  index. 

of t h e  ma te r ia l  given by v2 = 8-rrn2vo/no, where v 

v e l o c i t y  of propagation, and t h e  index of r e f r a c t i o n  is given by 

n = n + n2E . Note t h a t  t h e  per iod of t h e  electromagnet ic wave 

does not  appear.  For a Gaussian pulse,  t h e  shock d is tance i s  

Further ,  v2 is a constant 

3 i s  t h e  l i n e a r  
0 

2 
0 

found t o  be zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz s =  0.19 no,8/6n, where 

width of t he  Gaussian i n  time, and 6n i s  t h e  nonl inear index change 

= t v ta being t h e  i n i t i a l  a 0' 

a t  t h e  peak of t h e  pu lse .  I n  a "smal l -scale t rapp ing"  f i lament i n  

CS2, 6n/no of t h e  order  of 10-1 can be obta ined.  For Q-switched 

pu lses  normally ava i l ab le ,  t i s  about 10 nsec, g iv ing z about 

5 m e t e r s .  However, f o r  a "mode-locked" l a s e r  t can be less than 

a S 

a 
sec and hence pu lse  steepening can occur over propagation 

pa th  lengths  of less than a cent imeter .  Shocks may a l s o  develop 

i n  such s h o r t  d i s tances  when t h e  l i g h t  i n t e n s i t y  i s  rap id l y  

modulated due t o  t h e  mixture of B r i l l ou in  or Rayleigh-scattered 

waves w i th  l a s e r  l i g h t .  
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I n  t h e  case of an i n i t i a l l y  s inuso ida l  i n t e n s i t y  va r ia t i on ,  

sidebands s h i f t e d  by mul t ip les of t h e  modulation frequency a r e  

developed by t h e  shock, with t h e  most i n tense  sidebands s h i f t e d  

downwards by about 15% a t  t h e  shock d i s tance .  Fur ther  down 

s h i f t i n g  w i l l  occur beyond the  shock d i s tance .  

I n  genera l ,  t h e  intensity-dependent p a r t  of t h e  r e f r a c t i v e  

index can respond a t  t h e  sum o r  d i f fe rence of nearby o p t i c a l  fre- 

quencies i n  t h e  l a s e r  pu l se .  I n  l i q u i d s ,  t h e  most prominent non- 

l i n e a r i t y  which responds t o  d i f f e rence  frequencies is normally due 

t o  t h e  K e r r  e f f e c t .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA dominant p a r t  of t h e  K e r r  effect  corresponds 

t o  molecular alignment by t h e  o p t i c a l  f i e l d s ,  an alignment which 
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w i l l  respond appreciably t o  frequency d i f f e rences  Ow i n  t h e  

range Ow7 < 1 where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAT i s  t h e  re laxa t i on  time f o r  alignment and 

i s  normally i n  t h e  range 10 - sec. Molecular alignment 

i s  a l s o  a t  least  p a r t l y  responsible f o r  sel f - t rapping, ’  self- 

focusing, 

by- l igh t  s c a t t e r i n g .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
-9 

10 
st imulated Rayleigh-wing sca t te r i ng , ”  and l i g h t -  

1 2  

A f u r t h e r  important d i f fe rence frequency non l inear i ty ,  

which can a l s o  produce se l f -s teepening,  i s  intensity-dependent 

anomalous d ispers ion  due t o  s a t u r a t i o n  of an atomic o r  molecu- 

l a r  t r a n s i t i o n .  For a normal d i s t r i b u t i o n  of populat ion,  t h e  

se l f -s teepen ing  due t o  t h i s  process w i l l  occur on t h e  leading 

edge of the pu lse  i f  t h e  l i g h t  frequency i s  below the  atomic 

frequency and on t h e  t r a i l i n g  edge of t h e  pu lse  i f  t h e  l i g h t  

frequency i s  above t h e  atomic frequency. For an inver ted  popu- 

l a t i o n ,  t h e  leading and t r a i l i n g  edges exchange r o l e s .  This 

effect i s  analogous t o  t h e  induct ion of se l f - focus ing and self- 

def ocusing13 due t o  intensity-dependent anomalous d ispers ion,  

and can produce steepening i n  laser pu lses .  Est imates of t h e  

m a x i m u m  intensi ty-dependent index change g ive v a r i a t i o n s  from 

2 X i n  t h e  X e  gas laser t o  5 x i n  t h e  G a A s  s e m i -  

conductor laser. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
11. THE LIGm-PULSE EQUATIONS WITHOUT RELAXATION 

The l i gh t -pu l se  equation i s  r e a d i l y  obtained from t h e  

Poynting equat ion,  which f o r  a nonmagnetic ma te r ia l  may be 

w r i t t e n  as 
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I -  
I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Assuming a l inear ly -po la r ized  plane wave propagat ing i n  t h e  

z -d i rec t ion ,  we may w r i t e  (1) as 

_. 

- 0 + c - -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa D  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 &H2 
E - +  

a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAat a2  

where t h e  b a r  i nd i ca tes  averaging over o p t i c a l  pe r iods .  This 

averaging i s  c a r r i e d  out s i n c e  we consider t h e  case where t h e  

# 

o p t i c a l  frequency components of the energy dens i ty  do - not  

con t r i bu te  t o  t h e  non l i nea r i t y .  I n  the s p a t i a l  de r i va t i ve  

term we may replace EH, using Maxwell's equat ions,  a s  fol lows 
- 

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp i s  given by 

and v ( p )  is t h e  phase ve loc i ty ,  which is taken t o  be a nonl inear  

func t ion  of p .  I n  w r i t i n g  ( 3 ) ,  terms of o rder  of the wave length  

over t h e  c h a r a c t e r i s t i c  pulse d is tance and t h e  e f f e c t s  of color 

P 

d ispe rs ion  have been neglected. W e  may 

d e r i v a t i v e  t e r m  

a l s o  r e w r i t e  t h e  t i m e -  

87-r&+>- 47-r a€ 
a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE a t  

w h e r e  D = E E  and w h e r e  E = c"/v" 

t h e n  

The l i gh t -pu l se  equat ion i s  
P'  
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a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2€ a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa Z  

o r ,  rep lac ing zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE by t h e  phase ve loc i ty ,  

I n  add i t ion  t o  t h e  equation for  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp w e  a l s o  have the approxi- 

mate equat ion of motion of the phase 

- 0  . + v  - -  
a@ a@ 

a t  p az  
- 

Assuming t h a t  t h e  wave cons is t s  of a dominant i n i t i a l  Four ier  

component a t  o r  near  frequency uo and propagation vector  

ko = uo/vo then we may wr i t e  

Q = k z - uot + @ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 

and we have for  @ 

I n  genera l ,  v i s  a funct ion of o the r  va r iab les  ( i n  
P 

add i t i on  t o  p )  such a s  temperature and p ressu re .  W e  assume 

t h e s e  do no t  change i n  t i m e  or  space enough t o  s i g n i f i c a n t l y  

a f f e c t  t h e  nonl inear  terms of importance. I f  r e laxa t i on  is 

s u f f i c i e n t l y  rap id ,  we can take v 

instantaneous value of p and equat ion (7a) may be rewr i t t en  

t o  be a funct ion of t h e  
P 
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O r ,  int roducing t h e  quan t i t y  

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAoo is independent of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp and time, we may w r i t e  t h e  l i g h t -  

pu lse  equat ion a s  

a t  dZ 

I f  t h e  ma te r ia l  system has a high h e a t  capaci ty  and rap id  

exchange of energy between i ts  modes, then molecular or ien-  

t a t i o n  does no t  apprec iab ly  change i t s  temperature.  I n  th is  

case,  t h e  system i s  isothermal dur ing passage of t h e  l i g h t  

pu l se  and cs is t h e  G i b b s  f r e e  energy. The change i n  v e l o c i t y  

due t o  t h e  non l i nea r i t y  may be w r i t t e n  

(13) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 
v = v  - v2p + v4p + ... P 0 

For m o s t  s i t u a t i o n s  of in terest  v2 > 0. 

h igher  powers a r e  neglected i n  (13), and assuming v2p << v 

we may approximate (7b) by 

I f  t e r m s  i n  p 2  and 

14 
0’ 
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H e r e ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

3 1 v E v o - ~ v 2 p = v  - p 2 p  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. 
e P 

Also (10) becomes zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 obeys t h e  same equat ion as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp provided v p << v . Equation 

(14) may be recognized a s  t h e  cont inu i ty  equat ion f o r  energy 

dens i ty ,  wi th t h e  e f f e c t i v e  ve loc i t y  of t h e  energy flow through 

a boundary given by ve. 

2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 

I n  t h e  frame moving with l i n e a r  ve loc i t y  vo along t h e  z 

a x i s ,  (14) becomes 

where z is now t h e  coordinate i n  t h e  moving frame,15 and (16) 

becomes 

The so lu t i on  of (ll), the  l i g h t  pu lse  equat ion,  can be 

obta ined by t h e  method of c h a r a c t e r i s t i c s  and is given i n  imp l i c i t  

form ( f o r  t h e  boundary condi t ion of an input 

t i m e  a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz = 0 )  by t h e  set of equat ions 

s i g n a l  varying i n  



1 2  

Equation (19) i nd i ca tes  t h a t  along each c h a r a c t e r i s t i c  curve 

leav ing zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0 a t  t = t 

Equation (20)  determines t h e  family of c h a r a c t e r i s t i c  curves, 

i n  t h i s  case s t r a i g h t  l i n e s .  Taken together  (19) and (20) 

describe t h e  d i s t o r t i o n  of a pu lse .  

the  dens i ty  p remains cons tan t .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0’ 

Another form of the so lu t ion  of (14) i s  p [ z  - (v0-3v2p) (t-to) ] 

where p i s  an a r b i t r a r y  funct ion.  However, f o r  phys ica l  reasons 

it m u s t  be s i n g l e  valued. It fol lows from t h i s  f o r m ,  or f r o m  

(19) and (20),  t h a t  t h e  peak i n t e n s i t y  of t h e  pulse is constant ,  

and t h a t  t h e  pu lse  may be constructed a t  any d is tance be fore  

formation of a shock by t r a n s l a t i n g  i n  t i m e  a given i n t e n s i t y  

f r o m  i t s  i n i t i a l  t i m e ,  an amount propor t ional  t o  the product of 

(vo- 3v2p) and t h e  d is tance.  -1 

There a r e  thus  t h r e e  d i s t i n c t  v e l o c i t i e s  of importance. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2 v 0 - v2p. One i s  the phase ve loc i t y  of the o p t i c a l  wave, v 

A second is t h e  e f f e c t i v e  ve loc i ty  of energy flow, 
ve 

The t h i r d  i s  t h e  envelope ve loc i ty ,  o r  t h e  ve loc i t y  of a given 

f i e l d  i n t e n s i t y  on the envelope of t h e  o p t i c a l  wave, which is 

P 

v 0 - 3/2 v2p. 

v = v - 3v2p. en 0 

A t  some d is tance  a d iscont inu i ty  or shock forms due t o  t h e  

c ross ing  of two c h a r a c t e r i s t i c s .  

found from (20 )  as fo l lows.  

This cross ing d is tance i s  
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t h a t  is ,  

1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- 1 

1 0 0 
v -3v2p (0,t;) v -3v2p (0 

- =  

to - t; 

The c h a r a c t e r i s t i c s  that  cross  f i r s t  must be i n i t i a l l y  adjacent 

so t h a t  w e  can take  t h e  l i m i t  t& + t  t o  ob ta in  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 

The smal les t  d is tance occurs when t h e  r ight-hand s i d e  of (23) is 

l a r g e s t  and p o s i t i v e  (s ince  t h e  le f t -hand s i d e  of (23) i s  p o s i t i v e ) .  

Th is  occurs f o r  t i m e s  g r e a t e r  than t h e  t i m e  when t h e  peak passes .  

I n  o t h e r  words, t h e  steepening occurs on t h e  t r a i l i n g  edge of t h e  

p u l s e .  The steepening d is tance zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz s  i s  then  given by 

- 3v 
-1 (24) 

‘ V  
0 

2 2  For a Gaussian i n i t i a l  pu lse  ( p ( 0 , t )  = po ~ X P  ( -4t  / t j ) I ,  

(24) g ives  t h e  steepening d is tance 



i .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA14 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I J  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1l0 
2 

t v  
z -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 \ 2  I' vt Pz = .194 - 6n 

where 6n is t h e  nonl inear r e f r a c t i v e  index change a t  t h e  pu lse  

maximum and j = v t . 
o a  

I f  t h e  boundary condi t ions are those of a given va r ia t i on  

i n  space a t  an i n i t i a l  t i m e  t = 0, the so lu t i on  of (14) can be 

w r i t t e n  i n  the form 

P ( Z , t )  = P ( Z o Y t o )  (26 1 

z - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 0 = (vo - 3v2p ( 0 ,  to) 1 t . 

The characterist ics w i l l  f i r s t  cross a t  a t i m e  given by 

-1 = v  z *I o s  
- -1 

ts - 3v2 dzo Max 

To solve t h e  phase equation 

Four ie r  spectrum of t h e  pulse we int roduce t h e  coordinates 

i n  o rder  t o  determine t h e  

1 
(z/vo + t) , zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr )  = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7 (z/vo - t)  . 1 

2 
c = -  

T h e  phase equat ion (16) becomes 

which has  t h e  so lu t ion ,  assuming = 0 a t  z = 0,  
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W e  then use t h e  c h a r a c t e r i s t i c  equat ion (20) w r i t t e n  i n  t h e  

form zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 

t o  change t h e  va r iab le  of i n teg ra t i on  from zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI: t o  t b  

where t b  = t - z/[ vo-3v2p (ti) ] . 

Equation (33) may be in tegra ted  by p a r t s  t o  g ive 

The las t  t w o  i n t e g r a l s  can be e a s i l y  c a r r i e d  out  f o r  s p e c i f i c  

i npu t  s i g n a l s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp (to). 



16 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Appendix A gives some f u r t h e r  p roper t i es  of t h e  l i g h t -  

pu lse equat ion (14 ) .  

Figure 1 shows t h e  development of a Gaussian pu lse  f o r  

t h e  two types of boundary condi t ions discussed above. Note i n  

F ig .  l b  t h a t  t he  pulse moves backwards i n  t h e  moving frame 

because of t h e  intensity-dependent decrease i n  ve loc i t y .  

Figures 2a-e show t h e  evolut ion i n  shape and Four ier  spec- 

t r u m  of a pu lse which is i n i t i a l l y  s inuso ida l l y  modulated. This 

modulation could a r i s e  from t h e  beat ing  of t w o  l a s e r  modes o r  

from sidebands produced by a st imulated s c a t t e r i n g  process (e.g.  

B r i l l o u i n  or  Rayleigh sca t te r ing16)  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. Bloembergen and Lallemand 2 

have a l ready discussed t h e  beat ing of two frequencies together  

t o  produce, through K e r r  e f f e c t s ,  add i t i ona l  sidebands. Their  

pe r tu rba t i on  approach i s  usefu l  f o r  t h e  i n i t i a l  growth of 

a d d i t i o n a l  frequency components. T h e  present  approach allows 

c a l c u l a t i o n  of t h e  frequency s p e c t r a l  d i s t r i b u t i o n  f o r  cases 

where t h e  add i t i ona l  components have become a r b i t r a r i l y  i n tense .  

T o  examine t h e  frequency spectrum of a p u l s e  w e  t a k e  t h e  

t i m e  Four ier  t ransform a t  a given po in t  i n  space along t h e  

d i r e c t i o n  of propagat ion.  To ob ta in  t h e  spectrum shown i n  F igs .  

2d and 2 e  we have used a spat ia l  boundary cond i t ion .  The spec- 

trum i s  given by 

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAm i s  t h e  frequency s h i f t  r e l a t i v e  t o  t h e  frequency cue. 

For a per iod i c  pu lse  T is taken t o  be t h e  modulation per iod .  
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The second l i n e  of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 3 5 ) ,  used t o  f i nd  the  spec t ra  

holds i n  t he  l i m i t  vo zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA>> v 2 p .  This approximation 

i n  2d and 2e, 

tends t o  in -  

crease the  high frequency components r e l a t i v e  t o  t h e  lower f r e -  

quency components. The quant i ty  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS (z JW0 + ho) i s  t he  average power 

flowing per cm2 per second i n  t he  s p e c t r a l  component a t  frequency 

+ h. Using the  f i e l d  equations t h i s  quant i t y  can be shown 

1 7  
cuO 

i n  t he  l o s s l e s s  case t o  obey the  genera l ized Manley-Rowe r e l a t i o n s .  

We note t h a t  t he  power spectrum develops one o r  more s t rong peaks 

on e i t h e r  s ide  of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAuo; as z increases the  s h i f t s  become more pre- 

dominant. The prominent downward s h i f t s  come from the  leading 

p a r t  of t he  pulse while the  upward s h i f t s  come from t h e  steepened 

region i n  t he  t a i l .  The upward peaks s h i f t  i n  frequency f a s t e r  

because of t he  s teepness of the  t a i l .  The r a t i o  of peak spec t ra l  

i n t e n s i t y  on the  upper s ide  t o  t he  peak spec t ra l  i n t e n s i t y  on the  

lower s ide  becomes progress ive ly  smal ler  with d i s tance .  

of upward s h i f t i n g  w i l l  decrease when t h e  re laxa t ion  time i s  taken 

t o  be non-zero. 

power spec t ra  of o the r  pulses such as  the  Gaussian. 

i n  t h e  spec t ra  on the  high frequency s ide  occur when the  steepness 

of t h e  shock becomes comparable t o  the  o p t i c a l  wavelength, because 

t h e  approximations used t o  obta in  the  l i g h t  pulse equations break 

The amount 

The same general  f ea tu res  are  observed i n  t he  

Deviations 

down. 

The downward frequency s h i f t  h, est imated i n  Appendix B 

f o r  t he  p a r t i c u l a r  case of an N-wave o r  asymptotic pulse i s  
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A zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs i m i l a r  r e s u l t  has been obtained by Joenk and Landauer.7 I f  

expression (36) is used fo r  t h e  case of s inuso ida l  modulation, 

it p r e d i c t s  a 30 percent  s h i f t  i n  frequency a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAzs  f o r  t h e  most 

prominent peak, which i s  t o  be compared with the15 percent  s h i f t  

shown i n  F igs .  2d and 2 e .  

l a r g e r  than z s ,  f u r t h e r  downward s h i f t i n g  of t h e  most i n tense  

s p e c t r a l  components w i l l  occur.  

As t h e  pulse develops f o r  d is tances  

Even though present  considerat ions a r e  not s t r i c t l y  v a l i d  

i n  t h e  shock range (t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA> ts) because of t h e  f i n i t e  re laxa t i on  t i m e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
r of t h e  nonl inear  d i e l e c t r i c  response and because of d i spe rs ion ,  

a s  w e l l  a s  t h e  breakdown assumption t h a t  t h e  c h a r a c t e r i s t i c  pu lse 

lengths  a r e  much g r e a t e r  than t h e  o p t i c a l  wavelength, it i s  never- 

t h e l e s s  valuable t o  examine t h e  pu lse  behavior assuming t h e  

re laxa t i on  t o  be i n f i n i t e l y  f a s t  t o  gain i n s i g h t  i n t o  t h e  behavior 

of so lu t i ons ,  p a r t i c u l a r l y  when t >> zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAT .  After t h e  d i scon t inu i t y  R 
f i r s t  occurs a t  ts, t h e  conservation equation (14) i n  d i f f e r e n t i a l  

form must be replaced by one i n  i n t e g r a l  form. It is poss ib le  t o  

show i n  t h e  frame moving with ve loc i t y  vo t h a t  t h e  ve loc i t y  of 

t h e  shock f r o n t  is given by t h e  Rankine-Hugoniot equat ion 

where [ ] i n d i c a t e s  t h e  jump across  t h e  shock f r o n t  of t h e  

q u a n t i t y  contained i n s i d e .  

d e n s i t i e s  immediately i n  f r o n t  of and immediately behind t h e  

d i s c o n t i n u i t y .  T h e  negat ive s ign  shows t h a t  t h e  shock moves 

backwards i n  t h e  moving frame wi th  a speed propor t ional  t o  t h e  

average of t h e  i n i t i a l  and f i n a l  energy d e n s i t i e s .  For t h e  

p a r t s  of t h e  pu lse  not on the  d i scon t inu i t y ,  the ve loc i t y  is 

and p a r e  respec t i ve l y  energy 
p+ 
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where v are t h e  v e l o c i t i e s  of t h e  pulse j u s t  i n  f r o n t  of and 

behind t h e  shock. Equation (38) i n d i c a t e s  t h e  t a i l  of t h e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp+ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- 

pulse i s  catch ing up wi th  t he  shock, increas ing t h e  d i scon t inu i t y  

w i t h  time, and thereby fu r the r  increas ing i t s  backwards v e l o c i t y  

( i n  t h e  moving frame). This process cont inues u n t i l  a l l  o r  m o s t  

of the t a i l  catches up w i t h  t h e  pulse d i scon t inu i t y .  

The e n t i r e  pu lse spreads i n  t i m e  because t h e  f r o n t  of t h e  

pu lse  t r a v e l s  faster than t h e  shock reg ion.  Eventual ly the shock 

d i scon t inu i t y  begins t o  decrease i n  he igh t  because of t h i s  spread- 

i ng .  It can be shown I 8 t h a t  t h e  shape of t h e  pulse tends, f o r  

t 4 0 3 ,  t o  a t r i a n g l e  (N-wave) for  an i n i t i a l  funct ion which i s  

zero ou ts ide  a f i n i t e  i n t e r v a l .  The he igh t  of t h e  shock f r o n t  

i n  the  N-wave decreases as t -'I2 and t h e  width inc reases  as t +1/2 
J 

t h e  t o t a l  energy being constant .  

w i th  per iod p (the case of a s inuso ida l  modulated pulse)  the 

I f  the energy dens i ty  is per iod i c  

asymptotic so lu t i on  i s  a s e r i e s  of sawtooth funct ions ( i .e .  a series 

of N-waves) w i th  t h e  d iscont inu i ty  i n  each per iod propor t iona l  t o  

P/t 

As t h e  pu lse  steepens, more and m o r e  Four ier  components 

appear i n  t h e  pulse,  t h e  spread i n  Four ier  components being 

given by dAk =: 2n,where d is t h e  th ickness  of t h e  shock. I f  t h e  

medium is d ispers ive ,  t h e  spread i n  A k  g ives  a spread i n  l i n e a r  

v e l o c i t y  Avo = = - I = l A k .  This spread i n  v e l o c i t i e s  

tends  t o  dissipate t h e  shock f r o n t .  Equating t h i s  spreading 

v e l o c i t y  t o  t h e  nonl inear  ve loc i ty  change which steepens t h e  

V2 
dvO o dn 

n zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 

pu lse ,  w e  ob ta in  the fol lowing approximate r e s u l t  f o r  the s t a b l e  

th i ckness  
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2 

- 2nvo dn 
d o -  3v p n 1 %  2 0 0  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 3 9 )  

where 6n i s  t h e  nonl inear  index change. This d is tance is some- 

what analogous t o  t h e  Taylor th ickness i n  acous t i ca l  shocks. 

The frequency spread, a s  opposed t o  t h e  downward s h i f t  given by 

(36) ,  is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA18 

dn -6 In  CS2, I=( =: 5 x 10 c m  and i n  a small  s c a l e  t rapped f i l a -  

ment, t h e  percentage changes i n  index range f r o m  about 0.1% up t o  

a few t e n s  of pe rcen t .  Choosing dn/n =: .l, w e  ob ta in  

b7/d =: 10 c m  , and do = 10 cm,  a d is tance smal ler  than a 

wavelength, which is s m a l l  enough t h a t  some of t h e  approximations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 

5 -1 -5 

0 

used are no longer c o r r e c t .  W e  must include h igher  de r i va t i ve  

t e r m s  which w e r e  dropped i n  obta in ing t h e  energy dens i ty  and phase 

equationsbecause of t h e  assumption t h a t  t h e  d is tance (or t i m e )  

over which t h e  pu lse  changes is l a r g e  compared t o  a wavelength 

(or p e r i o d ) .  The a c t u a l  th ickness is considerably increased and 

t h e  frequency spread correspondingly reduced by re laxa t i on  of t h e  

non l inear  index a s  w i l l  be shown i n  t h e  next s e c t i o n .  

111. THE LIGHT PULSE EQUATIONS WITH RELAXATION 

In  Sec t ion  I1 t h e  pulse s teepening equat ions a r e  der ived 

assuming an i n f i n i t e l y  f a s t  response of t h e  nonl inear  p o l a r i z a t i o n .  

I f  t h e  re laxa t i on  process is exponent ia l ,  then t h e  nonl inear  index 
19 

change zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6~ (where 6~ = E - E ) can be wr i t t en ,  t o  f i r s t  o rder  i n  p ,  
0 



2 1  

2 E ~  v2 it d t ‘  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- (t-t’ ) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA/r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
6€ ( z , t )  = - p ( z , t ’ )  e 

V 7 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 --03 

I n  d i f f e r e n t i a l  form, equation (41) i s  

(41 I 

v - r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7 
0 

a t  

T h i s  may a l s o  be w r i t t e n  a s  an equat ion f o r  the phase ve loc i t y  

where 6v = v - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAv . I n  the moving f r a m e  (41) becomes P 0 

(44) 6€ ( z , t )  = 2E0v2 it - dt‘ p ( z  + v o [ t - t ’ ] , t ’ ) e  - (t-t’ ) / r  
v r  7- 
0 -03 

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz i s  i n  t h e  moving frame. In  d i f f e r e n t i a l  form w e  have 

a h €  as€ - 25 0v2 P 6€ - - .  7 -  

v r  7- vo - 
0 

at 
(45 1 

Equations (7a) and (8) together  with (43) f o r m  a set  of coupled 

equat ions descr ib ing  t h e  development of pu lse  steepening i n  t h e  

case of t h e  nonzero re laxa t ion  t i m e .  I n  t h e  l i m i t  when r + 0 

(7a) and (43) combine t o  give (15 ) .  

I f  w e  so lve  equat ion (43) for  p and i n s e r t  it i n t o  t h e  second 

t e r m  on t h e  l e f t  of (7a )  and approximate v 

n a t o r  of t h i s  t e r m ,  t h e  equation becomes 

by vo i n  t h e  denomi- 
P 
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where 

(6v) 
+ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAO O  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAo =  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp +  

2v2v0 
(47 1 

and oo i s  independent of time. 

rep resen ts  the i r r e v e r s i b l e  p a r t  of t h e  work done by t h e  

e x t e r n a l  sources on the volume element under cons idera t ion .  

S ince t h i s  work must be p o s i t i v e  un less  t h e  medium ampl i f ies  

t h e  wave, or t h e r e  are other  over r id ing  l o s s e s  such as those 

due t o  res i s tance ,  v2 i s  normally p o s i t i v e .  

system, 0 i s  j u s t  the G i b b s  f r e e  energy made up of the energy 

s t o r e d  i n  t h e  f i e l d  and d i e l e c t r i c  and t h e  remaining f r e e  

energy.  Furthermore, i n  t he  case of t h e  alignment of po la r i -  

zable molecules, v2 = K/T, where K is a constant  and T t h e  

temperature.  

d e n s i t y  due t o  alignment i s  

The second t e r m  i n  (46) 

For an isothermal 

It can then be shown t h a t  the p a r t  of t h e  entropy 

The electromagnet ic f i e l d  does no t  appear i n  t h i s  r e s u l t  

s i n c e  t h e  entropy is an i n t r i n s i c  proper ty  of the a l ignab le  

molecules.  The i n t e r n a l  energy densi ty ,  u, is found t o  be equal 

t o  p [de f ined by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(4) ]  e i t h e r  f r o m  t h e  r e l a t i o n  u = o - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBATs o r  

from i n t e g r a t i n g  EdD + HdH holding entropy (and hence zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 ~ )  

c o n s t a n t .  

heat f lows ou t  of t h e  alignment degree of freedom i n t o  t h e  

I n  a l i gn ing  t h e  molecules under isothermal condi t ions,  
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surroundings. If t h e  re laxa t ion  t i m e  i s  nonzero, then p a r t  of 

t h i s  hea t  flow i s  i r r e v e r s i b l e ,  t h i s  p a r t  being r e l a t e d  t o  t h e  

r a t i o  of t h e  re laxa t i on  time t o  t h e  t i m e  over which t h e  pu lse  

i s  changing. 

Equations (7a) and (43) s t i l l  i nd i ca te  t h e  b u i l d  up of a 

r a r e f a c t i o n  shock. For pulse widths which a r e  long compared t o  

t h e  re laxa t i on  time, t h e  pulse b u i l d s  up a sharp t r a i l i n g  edge 

of width T V ~  i n  a d is tance given by ( 2 4 ) .  

occurs wi th  t h e  th ickness decaying t o  zero (neglect ing zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAloss and 

d i s p e r s i o n ) .  The f i n i t e  re laxa t i on  t i m e  of t h e  non l i nea r i t y  does 

no t  i n t r i n s i c a l l y  l i m i t  steepening and frequency broadening of 

t h e  pu lse .  Af ter  steepening of t h e  t r a i l i n g  edge t o  a width 

somewhat smal ler  than rvo has occurred, t h e  ve loc i t y  change 6v i n  

t h e  s t e e p  region and t h e  t a i l  should be determined pr imar i l y  by 

t h e  exponent ia l  decay of t he  peak v e l o c i t y .  Therefore 

Fur ther  sharpening zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

(2- zo) /vor 
dv (z )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= - 6vo e f o r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz < zo (49) 

w h e r e  zo is t h e  leading point  o r  peak of t h e  s t e e p  region and 

w h e r e  6vo is determined a t  t h i s  peak. 

the ve loc i t y  i s  i n s i g n i f i c a n t l y  a f fec ted  by t h e  f i e l d  i n  t h e  t a i l  

r eg ion .  

I n  o the r  words, we assume 

The r a t e  a t  which a po in t  z is  catching up w i th  t h e  f r o n t  

of the steep edge i s  given by 
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which has t h e  so lu t i on  

where Azo = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz 

decay is always exponent ia l ;  f o r  Azo/v07 >> 1, Az decreases 

l i n e a r l y  wi th A t  f o r  Azo >> 6vo A t .  

f o r  a l l  p o s i t i v e  Azo/v07, 

wi th  a t i m e  constant  vo7/6v0. a 
roughly t h e  r a t i o  of durat ion of the pu lse  t i m e  t 

ts for  a shock t o  develop, so t h a t  t h e  t i m e  constant  i s  approxi- 

mately tsr/ta. 

sharpens exponent ia l ly  w i t h  a t i m e  constant which i s  in termediate 

i n  value between ts and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7 .  

l eng th  of t he  modulation cycle i s  less than vor ( i . e .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAT >> t a l  

then  t h e  nonl inear i tyresponds very l i t t l e  t o  t he  pu lse  during t h e  

- z a t  A t  = 0 .  For values of Azo/v0r << 1, t h e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 

More important, however; 

z decays exponent ia l ly  f o r  l a rge  A t ' s  

I f  t >> 7 ,  t h e  r a t i o  vo/6vo i s  

t o  t h e  t i m e  a 

Thus, i n  t h e  regime where ts > t > T t h e  pulse a 

I f  the i n i t i a l  width of the pulse o r  

i n t e n s i t y  b u i l d  up and steepening occurs wi th  a t i m e  constant  

~ ~ ~ ~ / 3 v ~ p ~ ~ ~ t ~  or approximately t S T 2 / t 2  a .  Neglecting d ispers ion ,  

w e  see t h a t  exponent ia l  decay of t h e  nonl inear  index i nd i ca tes  an 

i n f i n i t e  t i m e  f o r  i n f i n i t e  steepening. 

W e  can inc lude the combined e f f e c t s  of re laxa t i on  and d is -  

pers ion  i n  an est imat ion of the  th ickness  of t h e  s t e e p  region by 

no t i ng  t h a t  re laxa t i on  reduces t h e  nonl inear  ve loc i t y  change 

through a shock f r o n t  of th ickness d by a f a c t o r  (1 - exp {-d/v07}). 

I n  the l i m i t  i n  which t h e  d is tance do given by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 2 3 )  is much l a r g e r  

t h a n  t h e  re laxa t i on  length ( i .e .  do >> v ~ T ) ,  t h e  th ickness reduces 

t o  (39 )  and t h e  frequency spread is given by (40 ) .  However, when 
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do zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA<< vor the th ickness is d = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAd m .  

markedly increase t h e  th ickness .  The frequency spread is a l s o  

modified so t h a t  A V d  = J v .  

s ince  from t h e  previous sec t ion  do = 10 

The modified th ickness  i s  approximately 3p and t h e  frequency 

spread is 3000 c m - l .  This is  t h e  maximum frequency spread which 

can occur due t o  steepening. The degree of steepening and hence 

spreading depends s t rong ly  on experimental condi t ions.  

Relaxation can thus  

For cs2, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 x zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA10 -I3 sec  and 

-5 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 

cm, w e  have v07 >> do. 

The steepening of s p e c i f i c  pu lse  p r o f i l e s  has been inves t i -  

gated by so lv ing (43) and (7a) numerical ly using a modified Runge- 

Kutta technique. Resul ts  a re  shown i n  F igs .  3 through 6 for index 

changes expected t o  occur i n  smal l  s c a l e  t rapp ing  ( y o  - - .l). 

The evolut ion of a shor t  pu lse  i n  a t rapped beam can be 

approximated by t h e  behavior of an in tense pulse penet ra t ing  the 

nonl inear  t rapped reg ion from a l i n e a r  reg ion.  This i s  shown i n  

F i g s .  3 and 4 f o r  t w o  d i f f e r e n t  r a t i o s  of t h e  re laxa t i on  t i m e  t o  

t h e  shock t i m e .  I n  F ig .  3 t h i s  ra t io  i s  about .016 and i n  2 shock 

t i m e s  an amount of steepening occurs which is approximately equal  

t o  t h e  steepening w h i c h  occurs i n  8 shock t i m e s  f o r  F ig .  4 w h e r e  

t h e  r a t i o  is about .25. 

The shape taken by a per iod i ca l l y  modulated o p t i c a l  pu lse 

depends upon the r a t i o  of the  re laxa t i on  t i m e  of t h e  d i e l e c t r i c  

t o  t h e  modulation per iod .  

l a r g e ,  i n  which case t h e  d i e l e c t r i c  re laxa t i on  from one per iod 

of modulation can cause a continued d i e l e c t r i c  constant  f a l l  o f f  

i n t o  t h e  region occupied by t h e  leading edge of t h e  next cyc le .  

T h i s  causes s teepening on both t h e  f r o n t  and back edges of t h e  

In  F i g .  6 t h i s  r a t i o  i s  r e l a t i v e l y  
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modulation cyc le .  I f ,  on the  o t h e r  hand, t h e  above r a t i o  i s  

smal l ,  a s  i s  t h e  case i n  F ig .  5, only  t h e  lagging edge of t h e  

per iods steepen apprec iab ly .  I n  F igs .  5 and 6 t h e  boundary 

condi t ions f o r  t h e  pu lse  were taken t o  be t h a t  of an i n i t i a l  

s inuso ida l  s p a t i a l  d i s t r i b u t i o n  a t  t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0 .  With t h i s  condi t ion 

t h e  d i s t o r t i o n  of a s i n g l e  cycle a f t e r  moving a d i s tance  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz i s  

near ly  t h e  same a s  t h a t  which occurs when t h e  cyc le  moves a 

d i s tance  z from an input  boundary i f  t h e  steepening d is tance i s  

much longer than t h e  length  of a modulation cyc le .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
As is seen from t h e  r e s u l t s  i n  Figs .  5 and 6, a s  w e l l  a s  

equat ions (7a) and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 4 3 )  and t h e  d iscuss ion above, t h e  d i s t o r t i o n  

f o r  a given z is s t rong ly  a f fec ted  by t h e  r a t i o  of t h e  re laxa t i on  

t i m e  t o  t h e  modulation frequency. The phase and frequency spec- 

trum w i l l  a l s o  be a f fec ted ;  t h e  spectrum spreads less a s  t h e  

re laxa t i on  t i m e  i nc reases  i n  agreement wi th t h e  r e s u l t s  of 

Lallemand. 
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APPENDIX zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA 

w n = J  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp dz 
-w 

I n  

W e  examine i n  t h i s  appendix two of the overa l l  f e a t u r e s  

of t h e  pu lse  descr ibed by ( 1 5 ) , s p e c i f i c a l l y  t he  behavior of 

t h e  cen te r  of energy and i t s  s p a t i a l  d ispers ion .  

and f o r  a pu lse  whose energy dens i ty  tends  t o  zero as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
IzI-' for  I z I  + C O ,  where E > 1, w e  s h a l l  show t h e  fol lowing: 

For t < ts 

03 w 

a)  the cen te r  of energy zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 = J zpdz/J pdz t r a v e l s  a t  uniform 
-03 -w 

speed. 

1 - 2  
b) The s p a t i a l  d ispers ion  of a symmetric pulse o = ( z  - z )  

i nc reases  quadra t i ca l l y  w i t h  time. 

Consider f i rst t h e  fol lowing lemma: the i n t e g r a l  

i s  constant  i n  t i m e  i f  n >/ 1. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(A-1) w i t h  respec t  t o  t i m e  

To see t h i s  w e  d i f f e r e n t i a t e  

a t  -w a t  

and using (13) w e  have 

co 

- -  - 3v2n J ,on dz . a I n  

a t  -02 a Z  
(A- 3)  

I f  t i m e  i s  he ld  constant  then we may r e w r i t e  t h i s  a s  
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= o  . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Now consider t h e  motion of the center  of energy 

The f i rst term i s  zero f r o m  t h e  assumption above concerning 

t h e  dependence of p f o r  la rge  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAIzl w h i l e  t h e  second t e r m  i s  

cons tan t  from t h e  lemma. Therefore, 

and 

t h e  cen te r  of energy moves backwards i n  the moving frame 

(A- 4 1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

(A- 5 a )  

l i n e a r l y  i n  t i m e .  
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Next consider t h e  funct ion 

d i f f e r e n t i a t i n g  wi th  respect  t o  t une  w e  ob ta in  

and d i f f e r e n t i a t i n g  once more we have zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- 

2 Using i n i t i a l  condi t ions,  we then f i n d  f o r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz 

- 2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2 2 + A t  + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAzo I3 t 

-z 3v2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I1 

z = -  

where 

A 

Therefore ;he d ispers ion  i s  given by 

2 
3 v 2  I2) t2 

t2 - 
0 2 = ( z - 2 )  - 2  = 3v2  I3 + A t  + z:-(- 

I1 2 1 1  / 

L + 3z0 v2 12t/11 - zo . 

(A- 10 ) 

( A - 1 1 )  

(A-12)  

I f  we take  t h e  p u l s e  symmetrical a t  t = 0 and f u r t h e r  t h a t  
- 

= 0 then we have zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
zO 
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2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 (t) =- (; 1113 - 1;) t2 + 0 2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(0) . 
41 1 

One can show using the  Cauchy-Schwartz-Boniakowsky r e l a t i o n  

2 
t h a t  1113 - I2 > 0, there fore  

2 2 
0 (t) >/ (s (0) , 

(A-12a) 

(A-13) 

and the  d ispers ion increases quadra t i ca l l y  w i t h  t ime. 



31 

APPENDIX B 

We examine here the development of an N-wave [the asymp- 

totic solution to (15)l. We will assume at zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0 an N-wave 

of the form 

# 

= 0 elsewhere 

and 

@ = '  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJ 

where tl = J/vo. 

medium at tlJ to = J/6v0 - t l J  and 6vo = 3v2pMax(tl). 

Here j is the initial pulse length in the 

The solution for p is 

v t - z  

= 0 elsewhere 

where 
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From (16) and t h e  boundary condi t ion,  t h e  so lu t i on  f o r  t h e  

phase is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
= o  e lsewhere .  

The frequency s h i f t  a t  t h e  peak pMax i s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1 Z o ( t M )  

+ 

where tM i s  t h e  so lu t i on  t o  

vot - z = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz (t) . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 

For voto >> z 

which i s  i n  agreement wi th  the  r e s u l t  of re ference 7 .  

1 7  May 1967 
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Fig .  l a .  

F ig .  l b .  

Fig .  2a. 

F i g .  2 b .  

F ig .  2 c .  

F i g .  2d. 

F i g .  2 e .  

Development i n  d is tance of a Gaussian input  pu lse  

i n  time, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0, z1 = zs/2, z2 = z . (The t i m e  

axes for  each curve a r e  t r a n s l a t e d  by - zi/vo). 

Development i n  t i m e  of a Gaussian i n i t i a l  pu lse  i n  

space. (The pu lse  is 

shown i n  t h e  frame moving w i t h  ve loc i t y  v o ) .  

Development i n  d is tance of i n t e n s i t y  of a s inuso ida l  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 S 

to = 0, tl = t s /2 ,  t2 = ts. 

z 
input  i n  t i m e  of t h e  form p = p s i n  srt/T, where T 

i s  the modulation per iod .  

(The time a x i s  f o r  each curve i s  t r a n s l a t e d  by - zi/vo). 

0 

z = 0, z1 = zs/2, z2 = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz s .  
0 

H e r e  v p /v = .I. 2 0  0 

Development i n  t h e  of a s inuso ida l  i n i t i a l  pu lse i n  

space to = 0, tl = t s / 2 ,  t2 = ts. 

i n  the frame moving with ve loc i t y  v o ) .  

Development i n  d is tance of the phase f o r  a s inuso ida l  

input  f i e l d . z l  = zs/2, z2 = z . 

(The t ime a x i s  f o r  each curve is t r a n s l a t e d  by - zi/vo). 

i s  the o p t i c a l  frequency, T i s  the modulation per iod .  

(The pulse i s  shown 

A t  z = 0,  @ = 0 .  
S 

wO 

Spectrum of t h e  s inuso ida l  pu lse  a t  z1 and z2  f o r  

wOT = 100.  

modulation frequency, the even mul t ip les  being absent .  

A t  zs the m o s t  in tense peak is about 2000 wave numbers 

b e l o w w o  f o r  the case of a ruby laser.  

Spectrum of t h e  s inuso ida l  pulse a t  z 1 

f o r  woT = 500. 

i n i t i a l  modulation frequency, the even mul t ip les  being 

The frequency is i n  u n i t s  of ha l f  the i n i t i a l  

and z2 

The frequency is i n  u n i t s  of h a l f  the 
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absent .  A t  zs, the  most in tense peak is about 2000 

wave numbers b e l o w  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcu0 f o r  the case of a ruby laser.  

Fig .  3a. Propagation of a pulse i n  t h e  s t a t i o n a r y  frame. The 

i n i t i a l  pu lse  j u s t  before en te r ing  t h e  medium i s  

Gaussian w i t h  t h e  he igh t  and width normalized t o  
t - v  

a v2p0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- . 2 ,  (E - - .291). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAT = .0017 ts, un i t y .  - - 
V zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 

tl = 
.89 ts, t2 = 2.61 t t3 = 6.97 ts. 

co zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS J  

F ig .  3b. The i n teg ra ted  energy dens i t y  U = J p dz as a funct ion 
‘03 

of t i m e  (normalized t o  the shock t i m e ) .  

F ig .  4a.  Propagation of a pulse i n  the s t a t i o n a r y  frame. The 

input  pu lse  j u s t  before en ter ing  the medium i s  Gaussian 

w i t h  t he  he igh t  and width normalized t o  un i t y .  

.291). T = .229 ts. tl = .89 ts, tSVO -- v2p0 - .2 ,  (-T = 

v2 
t2 = 1 . 7 7  ts, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt3 = 5.22 ts, t4 = 8 . 7 2  ts, t5 = 12.29 ts. 

F ig .  4b. The in teg ra ted  energy dens i ty  as a funct ion of t i m e  

(normalized t o  the  shock t i m e ) .  
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F ig .  5a. Propagation of a pulse i n  t h e  s t a t i o n a r i .  frame. The 

i n i t i a l  pu lse  is s inuso ida l  of t h e  form zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBApo s i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- V zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0, 
v2p0 tsVo 

= .1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(7 = .531). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAT = .0094 ts, tl = 
0 

t2 = 1.66 t t3 = 3.13 ts. 
S’ 

F ig .  5b. The in teg ra ted  energy dens i t y  as a funct ion of t i m e  

(normalized t o  t h e  shock t i m e ) .  

Fig .  6a.  Propagation of a pulse i n  t h e  s t a t i o n a r y  frame. The 

2 
i n i t i a l  pu lse  is s inuso ida l  of t h e  form po s i n  (%). 
Distance i s  normalized t o  modulation wavelengths. 

t v  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
s o  
a 1 

- -  v2po - .075 (-= .707). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7 = .354 tsJ t = 0, 
V 
0 

t2 = 1.74 ts, t3 = 4.56 ts. 

F ig .  6b. The in teg ra ted  energy dens i t y  a s  a funct ion of t i m e  

(normalized t o  t h e  shock t i m e ) .  
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