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Abstract

Learning with auxiliary tasks can improve the ability of a primary task to generalise.
However, this comes at the cost of manually labelling auxiliary data. We propose a
new method which automatically learns appropriate labels for an auxiliary task,
such that any supervised learning task can be improved without requiring access to
any further data. The approach is to train two neural networks: a label-generation
network to predict the auxiliary labels, and a multi-task network to train the
primary task alongside the auxiliary task. The loss for the label-generation network
incorporates the loss of the multi-task network, and so this interaction between the
two networks can be seen as a form of meta learning with a double gradient. We
show that our proposed method, Meta AuXiliary Learning (MAXL), outperforms
single-task learning on 7 image datasets, without requiring any additional data.
We also show that MAXL outperforms several other baselines for generating
auxiliary labels, and is even competitive when compared with human-defined
auxiliary labels. The self-supervised nature of our method leads to a promising
new direction towards automated generalisation. Source code can be found at
https://github.com/lorenmt/maxl.

1 Introduction

Auxiliary learning is a method to improve the ability of a primary task to generalise to unseen data,
by training on additional auxiliary tasks alongside this primary task. The sharing of features across
tasks results in additional relevant features being available, which otherwise would not have been
learned from training only on the primary task. The broader support of these features, across new
interpretations of input data, then allows for better generalisation of the primary task. Auxiliary
learning is similar to multi-task learning [5], except that only the performance of the primary task is
of importance, and the auxiliary tasks are included purely to assist the primary task.

We now rethink this generalisation by considering that not all auxiliary tasks are created equal. In
supervised auxiliary learning [21, 33], auxiliary tasks can be manually chosen to complement the
primary task. However, this requires both domain knowledge to choose the auxiliary tasks, and
labelled data to train the auxiliary tasks. Unsupervised auxiliary learning [11, 36, 35, 16, 1] removes
the need for labelled data, but at the expense of a limited set of auxiliary tasks which may not
be beneficial for the primary task. By combining the merits of both supervised and unsupervised
auxiliary learning, the ideal framework would be one with the flexibility to automatically determine
the optimal auxiliary tasks, but without the need to manually label these auxiliary tasks.

In this paper, we propose to achieve such a framework with a simple and general meta-learning
algorithm, which we call Meta AuXiliary Learning (MAXL). We first observe that in supervised
learning, defining a task can equate to defining the labels for that task. Therefore, for a given primary
task, an optimal auxiliary task is one which has optimal labels. The goal of MAXL is then to
automatically discover these auxiliary labels using only the labels for the primary task.
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Figure 1: Illustration of MAXL framework. The
primary task is trained with ground-truth labels,
whereas the auxiliary task is trained with learned
labels.

The approach is to train two neural networks.
First, a multi-task network, which trains the
primary task and the auxiliary task, as in
standard auxiliary learning. Second, a label-
generation network, which learns the labels
for the auxiliary task. The key idea behind
MAXL is to then use the performance of the
primary task, when trained alongside the aux-
iliary task in one iteration, to improve the
auxiliary labels for the next iteration. This
is achieved by defining the loss for the label-
generation network as a function of the multi-
task network’s performance on primary task
training data. In this way, the two networks are
tightly coupled and can be trained end-to-end.

In our experiments on image classification, we show three key results. First, MAXL outperforms
single-task learning across seven image datasets, even though both methods use the same amount
of labelled data. Second, MAXL outperforms a number of baseline methods for creating auxiliary
labels. Third, when manually-defined auxiliary labels exist, such as those from an image hierarchy,
MAXL is at least as competitive, despite not actually using the manually-defined auxiliary labels.
This last result shows that MAXL is able to remove the need for manual labelling of auxiliary tasks,
which brings the advantages of auxiliary learning to new datasets previously not compatible with
auxiliary learning, due to the lack of auxiliary labels.

2 Related Work

This work brings together ideas from a number of related areas of machine learning.

Multi-task & Transfer Learning The aim of multi-task learning (MTL) is to achieve shared
representations by simultaneously training a set of related learning tasks. In this case, the learned
knowledge used to share across domains is encoded into the feature representations to improve
performance of each individual task, since knowledge distilled from related tasks are interdependent.
The success of deep neural networks has led to some recent methods advancing the multi-task
architecture design, such as applying a linear combination of task-specific features [25, 8, 17]. [23]
applied soft-attention modules as feature selectors, allowing learning of both task-shared and task-
specific features in an end-to-end manner. Transfer learning is another common approach to improve
generalisation, by incorporating knowledge learned from one or more related domains. Pre-training
a model with a large-scale dataset such as ImageNet [7] has become a standard practise in many
vision-based applications.

Auxiliary Learning Whilst in multi-task learning the goal is high test accuracy across all tasks,
auxiliary learning differs in that high test accuracy is only required for a single primary task, and the
role of the auxiliary tasks is to assist in generalisation of this primary task. Applying related learning
tasks is one straightforward approach to assist primary tasks. [33] applied auxiliary supervision
with phoneme recognition at intermediate low-level representations to improve the performance of
conversational speech recognition. [21] chose auxiliary tasks which can be obtained with low effort,
such as global descriptions of a scene, to boost the performance for single scene depth estimation
and semantic segmentation. By carefully choosing a pair of learning tasks, we may also perform
auxiliary learning without ground truth labels, in an unsupervised manner. [16] introduced a method
for improving agent learning in Atari games, by building unsupervised auxiliary tasks to predict
the onset of immediate rewards from a short historical context. [11, 36] proposed image synthesis
networks to perform unsupervised monocular depth estimation by predicting the relative pose of
multiple cameras. [9] proposed to use cosine similarity as an adaptive task weighting to determine
when a defined auxiliary task is useful. Differing from these works which require prior knowledge to
manually define suitable auxiliary tasks, our proposed method requires no additional task knowledge,
since it generates useful auxiliary knowledge in a purely unsupervised fashion. The most similar
work to ours is [35], in which meta learning was used in auxiliary data selection. However, this still
requires manually-labelled data from which these selections are made, whilst our method is able to
generate auxiliary data from scratch.
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Meta Learning Meta learning (or learning to learn) aims to induce the learning algorithm itself.
Early works in meta learning explored automatically learning update rules for neural models [4, 3, 29].
Recent approaches have focussed on learning optimisers for deep networks based on LSTMs [26] or
synthetic gradients [2, 15]. Meta learning has also been studied for finding optimal hyper-parameters
[20] and a good initialisation for few-shot learning [10]. [28] also investigated few shot learning
via an external memory module. [34, 31] realised few shot learning in the instance space via a
differentiable nearest-neighbour approach. Related to meta learning, our framework is designed to
learn to generate useful auxiliary labels, which themselves are used in another learning procedure.

3 Meta Auxiliary Learning

We now introduce our method for automatically generating optimal labels for an auxiliary task, which
we call Meta AuXiliary Learning (MAXL). In this paper, we only consider a single auxiliary task,
although our method is general and could be modified to include several auxiliary tasks. We only
focus on classification tasks for both the primary and auxiliary tasks, but the overall framework could
also be extended to regression. As such, the auxiliary task is defined as a sub-class labelling problem,
where each primary class is associated with a number of auxiliary classes, in a two-level hierarchy.
For example, if manually-defined labels were used, a primary class could be “Dog", and one of the
auxiliary classes could be “Labrador".

3.1 Problem Setup

The goal of MAXL is to generate labels for the auxiliary task which, when trained alongside a primary
task, improve the performance of the primary task. To accomplish this, we train two networks: a
multi-task network, which trains on the primary and auxiliary task in a standard multi-task learning
setting, and a label-generation network, which generates the labels for the auxiliary task.

We denote the multi-task network as a function fθ1(x) with parameters θ1 which takes an input x,
and the label-generation network as a function gθ2(x) with parameters θ2 which takes the same input
x. Parameters θ1 are updated by losses of both the primary and auxiliary tasks, as is standard in
auxiliary learning. However, θ2 is updated only by the performance of the primary task.

In the multi-task network, we apply a hard parameter sharing approach [27] in which we predict
both the primary and auxiliary classes using the shared set of features θ1. At the final feature layer,
fθ1(x), we then further apply task-specific layers to output the corresponding prediction for each

task, using a SoftMax function. We denote the primary task predictions by f
pri

θ1
(x), and the auxiliary

task predictions by f aux
θ1

(x). And we denote the ground-truth primary task labels by ypri, and the
generated auxiliary task labels by yaux.

We found during experiments that training benefited from assigning each primary class its own unique
set of possible auxiliary classes, rather than sharing all auxiliary classes across all primary classes.
In the label-generation network, we therefore define a hierarchical structure ψ which determines
the number of auxiliary classes for each primary class. At the output layer of the label-generation
network, we then apply a masked SoftMax function to ensure that each output node represents an
auxiliary class corresponding to only one primary class, as described further in Section 3.3. Given
input data x, the label-generation network then takes in the hierarchy ψ together with the ground-
truth primary task label ypri, and applies Mask SoftMax to predict the auxiliary labels, denoted by
yaux = g

gen

θ2
(x, ypri, ψ). A visualisation of the overall MAXL framework is shown in Figure 2. Note

that we allow soft assignment for the generated auxiliary labels, rather than one-hot encoding, which
we found during experiments enables greater flexibility to obtain optimal auxiliary labels.

3.2 Model Objectives

The multi-task network is trained alongside the label-generation network, with two stages per epoch.
In the first stage, the multi-task network is trained using primary task ground-truth labels, and the
auxiliary labels from the label-generation network. In the second stage, the label-generation network
is updated by computing its gradients with respect to the multi-task network’s prediction accuracy on
the primary task. We train both networks in an iterative manner until convergence.

In the first stage of each epoch, given target auxiliary labels as determined by the label-generation
network, the multi-task network is trained to predict these labels for the auxiliary task, alongside the
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<latexit sha1_base64="pmpxilBbwbafOLqdHvy5+dcivQg=">AAACMnicbVDLSsNAFJ3UV62vVpdugkVwY0lE0GXRjcsK9gFtLJPJbTt0MgkzN2oJ+Q23+hH+jO7ErR/h9CHY1gMDh3Pua44fC67Rcd6t3Mrq2vpGfrOwtb2zu1cs7Td0lCgGdRaJSLV8qkFwCXXkKKAVK6ChL6DpD6/HfvMBlOaRvMNRDF5I+5L3OKNopM7ovoPwhGmseNYtlp2KM4G9TNwZKZMZat2SVewEEUtCkMgE1brtOjF6KVXImYCs0Ek0xJQNaR/ahkoagvbSydGZfWyUwO5FyjyJ9kT925HSUOtR6JvKkOJAL3pj8T+vnWDv0ku5jBMEyaaLeomwMbLHCdgBV8BQjAyhTHFzq80GVFGGJqf5SerxtG+cMJKBl443BaB5X879LAX/tyYrmAzdxcSWSeOs4joV9/a8XL2apZknh+SInBCXXJAquSE1UieMxOSZvJBX6836sD6tr2lpzpr1HJA5WN8/ZeqrVg==</latexit><latexit sha1_base64="pmpxilBbwbafOLqdHvy5+dcivQg=">AAACMnicbVDLSsNAFJ3UV62vVpdugkVwY0lE0GXRjcsK9gFtLJPJbTt0MgkzN2oJ+Q23+hH+jO7ErR/h9CHY1gMDh3Pua44fC67Rcd6t3Mrq2vpGfrOwtb2zu1cs7Td0lCgGdRaJSLV8qkFwCXXkKKAVK6ChL6DpD6/HfvMBlOaRvMNRDF5I+5L3OKNopM7ovoPwhGmseNYtlp2KM4G9TNwZKZMZat2SVewEEUtCkMgE1brtOjF6KVXImYCs0Ek0xJQNaR/ahkoagvbSydGZfWyUwO5FyjyJ9kT925HSUOtR6JvKkOJAL3pj8T+vnWDv0ku5jBMEyaaLeomwMbLHCdgBV8BQjAyhTHFzq80GVFGGJqf5SerxtG+cMJKBl443BaB5X879LAX/tyYrmAzdxcSWSeOs4joV9/a8XL2apZknh+SInBCXXJAquSE1UieMxOSZvJBX6836sD6tr2lpzpr1HJA5WN8/ZeqrVg==</latexit><latexit sha1_base64="pmpxilBbwbafOLqdHvy5+dcivQg=">AAACMnicbVDLSsNAFJ3UV62vVpdugkVwY0lE0GXRjcsK9gFtLJPJbTt0MgkzN2oJ+Q23+hH+jO7ErR/h9CHY1gMDh3Pua44fC67Rcd6t3Mrq2vpGfrOwtb2zu1cs7Td0lCgGdRaJSLV8qkFwCXXkKKAVK6ChL6DpD6/HfvMBlOaRvMNRDF5I+5L3OKNopM7ovoPwhGmseNYtlp2KM4G9TNwZKZMZat2SVewEEUtCkMgE1brtOjF6KVXImYCs0Ek0xJQNaR/ahkoagvbSydGZfWyUwO5FyjyJ9kT925HSUOtR6JvKkOJAL3pj8T+vnWDv0ku5jBMEyaaLeomwMbLHCdgBV8BQjAyhTHFzq80GVFGGJqf5SerxtG+cMJKBl443BaB5X879LAX/tyYrmAzdxcSWSeOs4joV9/a8XL2apZknh+SInBCXXJAquSE1UieMxOSZvJBX6836sD6tr2lpzpr1HJA5WN8/ZeqrVg==</latexit><latexit sha1_base64="pmpxilBbwbafOLqdHvy5+dcivQg=">AAACMnicbVDLSsNAFJ3UV62vVpdugkVwY0lE0GXRjcsK9gFtLJPJbTt0MgkzN2oJ+Q23+hH+jO7ErR/h9CHY1gMDh3Pua44fC67Rcd6t3Mrq2vpGfrOwtb2zu1cs7Td0lCgGdRaJSLV8qkFwCXXkKKAVK6ChL6DpD6/HfvMBlOaRvMNRDF5I+5L3OKNopM7ovoPwhGmseNYtlp2KM4G9TNwZKZMZat2SVewEEUtCkMgE1brtOjF6KVXImYCs0Ek0xJQNaR/ahkoagvbSydGZfWyUwO5FyjyJ9kT925HSUOtR6JvKkOJAL3pj8T+vnWDv0ku5jBMEyaaLeomwMbLHCdgBV8BQjAyhTHFzq80GVFGGJqf5SerxtG+cMJKBl443BaB5X879LAX/tyYrmAzdxcSWSeOs4joV9/a8XL2apZknh+SInBCXXJAquSE1UieMxOSZvJBX6836sD6tr2lpzpr1HJA5WN8/ZeqrVg==</latexit>

y
<latexit sha1_base64="wyD1LUrzWlVFLm63FXJsRtIZbkM=">AAACMnicbVDLSsNAFJ34rPXV6tJNsAhuLIkIuiy6cVnBPqCNZTK5bYdOJmHmRltCf8OtfoQ/oztx60c4aSvY1gMDh3Pua44fC67Rcd6tldW19Y3N3FZ+e2d3b79QPKjrKFEMaiwSkWr6VIPgEmrIUUAzVkBDX0DDH9xkfuMRlOaRvMdRDF5Ie5J3OaNopPbooY0wxJQmw3GnUHLKzgT2MnFnpERmqHaKVqEdRCwJQSITVOuW68TopVQhZwLG+XaiIaZsQHvQMlTSELSXTo4e2ydGCexupMyTaE/Uvx0pDbUehb6pDCn29aKXif95rQS7V17KZZwgSDZd1E2EjZGdJWAHXAFDMTKEMsXNrTbrU0UZmpzmJ6mns55xwkgGXpptCkDznpz7WQr+b804bzJ0FxNbJvXzsuuU3buLUuV6lmaOHJFjckpcckkq5JZUSY0wEpNn8kJerTfrw/q0vqalK9as55DMwfr+AWsbq1k=</latexit><latexit sha1_base64="wyD1LUrzWlVFLm63FXJsRtIZbkM=">AAACMnicbVDLSsNAFJ34rPXV6tJNsAhuLIkIuiy6cVnBPqCNZTK5bYdOJmHmRltCf8OtfoQ/oztx60c4aSvY1gMDh3Pua44fC67Rcd6tldW19Y3N3FZ+e2d3b79QPKjrKFEMaiwSkWr6VIPgEmrIUUAzVkBDX0DDH9xkfuMRlOaRvMdRDF5Ie5J3OaNopPbooY0wxJQmw3GnUHLKzgT2MnFnpERmqHaKVqEdRCwJQSITVOuW68TopVQhZwLG+XaiIaZsQHvQMlTSELSXTo4e2ydGCexupMyTaE/Uvx0pDbUehb6pDCn29aKXif95rQS7V17KZZwgSDZd1E2EjZGdJWAHXAFDMTKEMsXNrTbrU0UZmpzmJ6mns55xwkgGXpptCkDznpz7WQr+b804bzJ0FxNbJvXzsuuU3buLUuV6lmaOHJFjckpcckkq5JZUSY0wEpNn8kJerTfrw/q0vqalK9as55DMwfr+AWsbq1k=</latexit><latexit sha1_base64="wyD1LUrzWlVFLm63FXJsRtIZbkM=">AAACMnicbVDLSsNAFJ34rPXV6tJNsAhuLIkIuiy6cVnBPqCNZTK5bYdOJmHmRltCf8OtfoQ/oztx60c4aSvY1gMDh3Pua44fC67Rcd6tldW19Y3N3FZ+e2d3b79QPKjrKFEMaiwSkWr6VIPgEmrIUUAzVkBDX0DDH9xkfuMRlOaRvMdRDF5Ie5J3OaNopPbooY0wxJQmw3GnUHLKzgT2MnFnpERmqHaKVqEdRCwJQSITVOuW68TopVQhZwLG+XaiIaZsQHvQMlTSELSXTo4e2ydGCexupMyTaE/Uvx0pDbUehb6pDCn29aKXif95rQS7V17KZZwgSDZd1E2EjZGdJWAHXAFDMTKEMsXNrTbrU0UZmpzmJ6mns55xwkgGXpptCkDznpz7WQr+b804bzJ0FxNbJvXzsuuU3buLUuV6lmaOHJFjckpcckkq5JZUSY0wEpNn8kJerTfrw/q0vqalK9as55DMwfr+AWsbq1k=</latexit><latexit sha1_base64="wyD1LUrzWlVFLm63FXJsRtIZbkM=">AAACMnicbVDLSsNAFJ34rPXV6tJNsAhuLIkIuiy6cVnBPqCNZTK5bYdOJmHmRltCf8OtfoQ/oztx60c4aSvY1gMDh3Pua44fC67Rcd6tldW19Y3N3FZ+e2d3b79QPKjrKFEMaiwSkWr6VIPgEmrIUUAzVkBDX0DDH9xkfuMRlOaRvMdRDF5Ie5J3OaNopPbooY0wxJQmw3GnUHLKzgT2MnFnpERmqHaKVqEdRCwJQSITVOuW68TopVQhZwLG+XaiIaZsQHvQMlTSELSXTo4e2ydGCexupMyTaE/Uvx0pDbUehb6pDCn29aKXif95rQS7V17KZZwgSDZd1E2EjZGdJWAHXAFDMTKEMsXNrTbrU0UZmpzmJ6mns55xwkgGXpptCkDznpz7WQr+b804bzJ0FxNbJvXzsuuU3buLUuV6lmaOHJFjckpcckkq5JZUSY0wEpNn8kJerTfrw/q0vqalK9as55DMwfr+AWsbq1k=</latexit>

y ,ψ
<latexit sha1_base64="1Q7/7w/gGdd2NJVWnft8iJftUAQ=">AAACOXicbVDLSsNAFJ3UV62vVpdugkVwoSURQZdFNy4r2Ae0sUwmt+3QySTM3FhL6Ke41Y/wS1y6E7f+gNOHYFsPDBzOua85fiy4Rsd5tzIrq2vrG9nN3Nb2zu5evrBf01GiGFRZJCLV8KkGwSVUkaOARqyAhr6Aut+/Gfv1R1CaR/IehzF4Ie1K3uGMopHa+cLwoYXwhGms+Oi0FWvezhedkjOBvUzcGSmSGSrtgpVvBRFLQpDIBNW66ToxeilVyJmAUa6VaIgp69MuNA2VNATtpZPbR/axUQK7EynzJNoT9W9HSkOth6FvKkOKPb3ojcX/vGaCnSsv5TJOECSbLuokwsbIHgdhB1wBQzE0hDLFza0261FFGZq45iepwVnXOGEkAy8dbwpA866c+1kK/m/NKGcydBcTWya185LrlNy7i2L5epZmlhySI3JCXHJJyuSWVEiVMDIgz+SFvFpv1of1aX1NSzPWrOeAzMH6/gH1pa2N</latexit><latexit sha1_base64="1Q7/7w/gGdd2NJVWnft8iJftUAQ=">AAACOXicbVDLSsNAFJ3UV62vVpdugkVwoSURQZdFNy4r2Ae0sUwmt+3QySTM3FhL6Ke41Y/wS1y6E7f+gNOHYFsPDBzOua85fiy4Rsd5tzIrq2vrG9nN3Nb2zu5evrBf01GiGFRZJCLV8KkGwSVUkaOARqyAhr6Aut+/Gfv1R1CaR/IehzF4Ie1K3uGMopHa+cLwoYXwhGms+Oi0FWvezhedkjOBvUzcGSmSGSrtgpVvBRFLQpDIBNW66ToxeilVyJmAUa6VaIgp69MuNA2VNATtpZPbR/axUQK7EynzJNoT9W9HSkOth6FvKkOKPb3ojcX/vGaCnSsv5TJOECSbLuokwsbIHgdhB1wBQzE0hDLFza0261FFGZq45iepwVnXOGEkAy8dbwpA866c+1kK/m/NKGcydBcTWya185LrlNy7i2L5epZmlhySI3JCXHJJyuSWVEiVMDIgz+SFvFpv1of1aX1NSzPWrOeAzMH6/gH1pa2N</latexit><latexit sha1_base64="1Q7/7w/gGdd2NJVWnft8iJftUAQ=">AAACOXicbVDLSsNAFJ3UV62vVpdugkVwoSURQZdFNy4r2Ae0sUwmt+3QySTM3FhL6Ke41Y/wS1y6E7f+gNOHYFsPDBzOua85fiy4Rsd5tzIrq2vrG9nN3Nb2zu5evrBf01GiGFRZJCLV8KkGwSVUkaOARqyAhr6Aut+/Gfv1R1CaR/IehzF4Ie1K3uGMopHa+cLwoYXwhGms+Oi0FWvezhedkjOBvUzcGSmSGSrtgpVvBRFLQpDIBNW66ToxeilVyJmAUa6VaIgp69MuNA2VNATtpZPbR/axUQK7EynzJNoT9W9HSkOth6FvKkOKPb3ojcX/vGaCnSsv5TJOECSbLuokwsbIHgdhB1wBQzE0hDLFza0261FFGZq45iepwVnXOGEkAy8dbwpA866c+1kK/m/NKGcydBcTWya185LrlNy7i2L5epZmlhySI3JCXHJJyuSWVEiVMDIgz+SFvFpv1of1aX1NSzPWrOeAzMH6/gH1pa2N</latexit><latexit sha1_base64="1Q7/7w/gGdd2NJVWnft8iJftUAQ=">AAACOXicbVDLSsNAFJ3UV62vVpdugkVwoSURQZdFNy4r2Ae0sUwmt+3QySTM3FhL6Ke41Y/wS1y6E7f+gNOHYFsPDBzOua85fiy4Rsd5tzIrq2vrG9nN3Nb2zu5evrBf01GiGFRZJCLV8KkGwSVUkaOARqyAhr6Aut+/Gfv1R1CaR/IehzF4Ie1K3uGMopHa+cLwoYXwhGms+Oi0FWvezhedkjOBvUzcGSmSGSrtgpVvBRFLQpDIBNW66ToxeilVyJmAUa6VaIgp69MuNA2VNATtpZPbR/axUQK7EynzJNoT9W9HSkOth6FvKkOKPb3ojcX/vGaCnSsv5TJOECSbLuokwsbIHgdhB1wBQzE0hDLFza0261FFGZq45iepwVnXOGEkAy8dbwpA866c+1kK/m/NKGcydBcTWya185LrlNy7i2L5epZmlhySI3JCXHJJyuSWVEiVMDIgz+SFvFpv1of1aX1NSzPWrOeAzMH6/gH1pa2N</latexit>

Prediction Target

g
θ2

(x, y ,ψ)
<latexit sha1_base64="Epms109afkLPDajCuu5zCsO0R7U="></latexit><latexit sha1_base64="Epms109afkLPDajCuu5zCsO0R7U="></latexit><latexit sha1_base64="Epms109afkLPDajCuu5zCsO0R7U="></latexit><latexit sha1_base64="Epms109afkLPDajCuu5zCsO0R7U="></latexit>

(a) Two networks applied in MAXL

y
<latexit sha1_base64="wyD1LUrzWlVFLm63FXJsRtIZbkM=">AAACMnicbVDLSsNAFJ34rPXV6tJNsAhuLIkIuiy6cVnBPqCNZTK5bYdOJmHmRltCf8OtfoQ/oztx60c4aSvY1gMDh3Pua44fC67Rcd6tldW19Y3N3FZ+e2d3b79QPKjrKFEMaiwSkWr6VIPgEmrIUUAzVkBDX0DDH9xkfuMRlOaRvMdRDF5Ie5J3OaNopPbooY0wxJQmw3GnUHLKzgT2MnFnpERmqHaKVqEdRCwJQSITVOuW68TopVQhZwLG+XaiIaZsQHvQMlTSELSXTo4e2ydGCexupMyTaE/Uvx0pDbUehb6pDCn29aKXif95rQS7V17KZZwgSDZd1E2EjZGdJWAHXAFDMTKEMsXNrTbrU0UZmpzmJ6mns55xwkgGXpptCkDznpz7WQr+b804bzJ0FxNbJvXzsuuU3buLUuV6lmaOHJFjckpcckkq5JZUSY0wEpNn8kJerTfrw/q0vqalK9as55DMwfr+AWsbq1k=</latexit><latexit sha1_base64="wyD1LUrzWlVFLm63FXJsRtIZbkM=">AAACMnicbVDLSsNAFJ34rPXV6tJNsAhuLIkIuiy6cVnBPqCNZTK5bYdOJmHmRltCf8OtfoQ/oztx60c4aSvY1gMDh3Pua44fC67Rcd6tldW19Y3N3FZ+e2d3b79QPKjrKFEMaiwSkWr6VIPgEmrIUUAzVkBDX0DDH9xkfuMRlOaRvMdRDF5Ie5J3OaNopPbooY0wxJQmw3GnUHLKzgT2MnFnpERmqHaKVqEdRCwJQSITVOuW68TopVQhZwLG+XaiIaZsQHvQMlTSELSXTo4e2ydGCexupMyTaE/Uvx0pDbUehb6pDCn29aKXif95rQS7V17KZZwgSDZd1E2EjZGdJWAHXAFDMTKEMsXNrTbrU0UZmpzmJ6mns55xwkgGXpptCkDznpz7WQr+b804bzJ0FxNbJvXzsuuU3buLUuV6lmaOHJFjckpcckkq5JZUSY0wEpNn8kJerTfrw/q0vqalK9as55DMwfr+AWsbq1k=</latexit><latexit sha1_base64="wyD1LUrzWlVFLm63FXJsRtIZbkM=">AAACMnicbVDLSsNAFJ34rPXV6tJNsAhuLIkIuiy6cVnBPqCNZTK5bYdOJmHmRltCf8OtfoQ/oztx60c4aSvY1gMDh3Pua44fC67Rcd6tldW19Y3N3FZ+e2d3b79QPKjrKFEMaiwSkWr6VIPgEmrIUUAzVkBDX0DDH9xkfuMRlOaRvMdRDF5Ie5J3OaNopPbooY0wxJQmw3GnUHLKzgT2MnFnpERmqHaKVqEdRCwJQSITVOuW68TopVQhZwLG+XaiIaZsQHvQMlTSELSXTo4e2ydGCexupMyTaE/Uvx0pDbUehb6pDCn29aKXif95rQS7V17KZZwgSDZd1E2EjZGdJWAHXAFDMTKEMsXNrTbrU0UZmpzmJ6mns55xwkgGXpptCkDznpz7WQr+b804bzJ0FxNbJvXzsuuU3buLUuV6lmaOHJFjckpcckkq5JZUSY0wEpNn8kJerTfrw/q0vqalK9as55DMwfr+AWsbq1k=</latexit><latexit sha1_base64="wyD1LUrzWlVFLm63FXJsRtIZbkM=">AAACMnicbVDLSsNAFJ34rPXV6tJNsAhuLIkIuiy6cVnBPqCNZTK5bYdOJmHmRltCf8OtfoQ/oztx60c4aSvY1gMDh3Pua44fC67Rcd6tldW19Y3N3FZ+e2d3b79QPKjrKFEMaiwSkWr6VIPgEmrIUUAzVkBDX0DDH9xkfuMRlOaRvMdRDF5Ie5J3OaNopPbooY0wxJQmw3GnUHLKzgT2MnFnpERmqHaKVqEdRCwJQSITVOuW68TopVQhZwLG+XaiIaZsQHvQMlTSELSXTo4e2ydGCexupMyTaE/Uvx0pDbUehb6pDCn29aKXif95rQS7V17KZZwgSDZd1E2EjZGdJWAHXAFDMTKEMsXNrTbrU0UZmpzmJ6mns55xwkgGXpptCkDznpz7WQr+b804bzJ0FxNbJvXzsuuU3buLUuV6lmaOHJFjckpcckkq5JZUSY0wEpNn8kJerTfrw/q0vqalK9as55DMwfr+AWsbq1k=</latexit>

y = 0
<latexit sha1_base64="RMst+v0LzEh4uaL0NYIBsRIs6Ww=">AAACN3icbVDLSgMxFM34rPXV6tJNsAhuLDMi6EYQ3bisYB/QjiWTuW2DmcyQ3FHL0C9xqx/hp7hyJ279A9OHYFsPBA7n3FdOkEhh0HXfnYXFpeWV1dxafn1jc2u7UNypmTjVHKo8lrFuBMyAFAqqKFBCI9HAokBCPbi/Gvr1B9BGxOoW+wn4Eesq0RGcoZXahe3+XQvhCbNEi8E5dduFklt2R6DzxJuQEpmg0i46hVYY8zQChVwyY5qem6CfMY2CSxjkW6mBhPF71oWmpYpFYPxsdPmAHlglpJ1Y26eQjtS/HRmLjOlHga2MGPbMrDcU//OaKXbO/EyoJEVQfLyok0qKMR3GQEOhgaPsW8K4FvZWyntMM442rOlJ+vGoa50oVqGfDTeFYERXTf0sg+C3ZpC3GXqzic2T2nHZc8vezUnp4nKSZo7skX1ySDxySi7INamQKuEkJc/khbw6b86H8+l8jUsXnEnPLpmC8/0DXcGsMg==</latexit><latexit sha1_base64="RMst+v0LzEh4uaL0NYIBsRIs6Ww=">AAACN3icbVDLSgMxFM34rPXV6tJNsAhuLDMi6EYQ3bisYB/QjiWTuW2DmcyQ3FHL0C9xqx/hp7hyJ279A9OHYFsPBA7n3FdOkEhh0HXfnYXFpeWV1dxafn1jc2u7UNypmTjVHKo8lrFuBMyAFAqqKFBCI9HAokBCPbi/Gvr1B9BGxOoW+wn4Eesq0RGcoZXahe3+XQvhCbNEi8E5dduFklt2R6DzxJuQEpmg0i46hVYY8zQChVwyY5qem6CfMY2CSxjkW6mBhPF71oWmpYpFYPxsdPmAHlglpJ1Y26eQjtS/HRmLjOlHga2MGPbMrDcU//OaKXbO/EyoJEVQfLyok0qKMR3GQEOhgaPsW8K4FvZWyntMM442rOlJ+vGoa50oVqGfDTeFYERXTf0sg+C3ZpC3GXqzic2T2nHZc8vezUnp4nKSZo7skX1ySDxySi7INamQKuEkJc/khbw6b86H8+l8jUsXnEnPLpmC8/0DXcGsMg==</latexit><latexit sha1_base64="RMst+v0LzEh4uaL0NYIBsRIs6Ww=">AAACN3icbVDLSgMxFM34rPXV6tJNsAhuLDMi6EYQ3bisYB/QjiWTuW2DmcyQ3FHL0C9xqx/hp7hyJ279A9OHYFsPBA7n3FdOkEhh0HXfnYXFpeWV1dxafn1jc2u7UNypmTjVHKo8lrFuBMyAFAqqKFBCI9HAokBCPbi/Gvr1B9BGxOoW+wn4Eesq0RGcoZXahe3+XQvhCbNEi8E5dduFklt2R6DzxJuQEpmg0i46hVYY8zQChVwyY5qem6CfMY2CSxjkW6mBhPF71oWmpYpFYPxsdPmAHlglpJ1Y26eQjtS/HRmLjOlHga2MGPbMrDcU//OaKXbO/EyoJEVQfLyok0qKMR3GQEOhgaPsW8K4FvZWyntMM442rOlJ+vGoa50oVqGfDTeFYERXTf0sg+C3ZpC3GXqzic2T2nHZc8vezUnp4nKSZo7skX1ySDxySi7INamQKuEkJc/khbw6b86H8+l8jUsXnEnPLpmC8/0DXcGsMg==</latexit><latexit sha1_base64="RMst+v0LzEh4uaL0NYIBsRIs6Ww=">AAACN3icbVDLSgMxFM34rPXV6tJNsAhuLDMi6EYQ3bisYB/QjiWTuW2DmcyQ3FHL0C9xqx/hp7hyJ279A9OHYFsPBA7n3FdOkEhh0HXfnYXFpeWV1dxafn1jc2u7UNypmTjVHKo8lrFuBMyAFAqqKFBCI9HAokBCPbi/Gvr1B9BGxOoW+wn4Eesq0RGcoZXahe3+XQvhCbNEi8E5dduFklt2R6DzxJuQEpmg0i46hVYY8zQChVwyY5qem6CfMY2CSxjkW6mBhPF71oWmpYpFYPxsdPmAHlglpJ1Y26eQjtS/HRmLjOlHga2MGPbMrDcU//OaKXbO/EyoJEVQfLyok0qKMR3GQEOhgaPsW8K4FvZWyntMM442rOlJ+vGoa50oVqGfDTeFYERXTf0sg+C3ZpC3GXqzic2T2nHZc8vezUnp4nKSZo7skX1ySDxySi7INamQKuEkJc/khbw6b86H8+l8jUsXnEnPLpmC8/0DXcGsMg==</latexit>

y = 1
<latexit sha1_base64="35Cc4fhgKu0FHA1ZLgXhGmiIDMc=">AAACN3icbVDLSsNAFJ3UV62Ptrp0M1gEN5ZEBN0IRTcuFawKbSyTyW0dOpmEmRu1hHyJW/0IP8WVO3HrHzitEax6YOBwzn3NCRIpDLrui1OamZ2bXygvVpaWV1artfrahYlTzaHNYxnrq4AZkEJBGwVKuEo0sCiQcBkMj8f+5S1oI2J1jqME/IgNlOgLztBKvVp1dN1FuMcs0SI/pF6v1nCb7gT0L/EK0iAFTnt1p9YNY55GoJBLZkzHcxP0M6ZRcAl5pZsaSBgfsgF0LFUsAuNnk8tzumWVkPZjbZ9COlF/dmQsMmYUBbYyYnhjfntj8T+vk2L/wM+ESlIExb8W9VNJMabjGGgoNHCUI0sY18LeSvkN04yjDWt6kr7bGVgnilXoZ+NNIRgxUFM/yyD4rskrNkPvd2J/ycVu03Ob3tleo3VUpFkmG2STbBOP7JMWOSGnpE04SckDeSRPzrPz6rw571+lJafoWSdTcD4+AV+ErDM=</latexit><latexit sha1_base64="35Cc4fhgKu0FHA1ZLgXhGmiIDMc=">AAACN3icbVDLSsNAFJ3UV62Ptrp0M1gEN5ZEBN0IRTcuFawKbSyTyW0dOpmEmRu1hHyJW/0IP8WVO3HrHzitEax6YOBwzn3NCRIpDLrui1OamZ2bXygvVpaWV1artfrahYlTzaHNYxnrq4AZkEJBGwVKuEo0sCiQcBkMj8f+5S1oI2J1jqME/IgNlOgLztBKvVp1dN1FuMcs0SI/pF6v1nCb7gT0L/EK0iAFTnt1p9YNY55GoJBLZkzHcxP0M6ZRcAl5pZsaSBgfsgF0LFUsAuNnk8tzumWVkPZjbZ9COlF/dmQsMmYUBbYyYnhjfntj8T+vk2L/wM+ESlIExb8W9VNJMabjGGgoNHCUI0sY18LeSvkN04yjDWt6kr7bGVgnilXoZ+NNIRgxUFM/yyD4rskrNkPvd2J/ycVu03Ob3tleo3VUpFkmG2STbBOP7JMWOSGnpE04SckDeSRPzrPz6rw571+lJafoWSdTcD4+AV+ErDM=</latexit><latexit sha1_base64="35Cc4fhgKu0FHA1ZLgXhGmiIDMc=">AAACN3icbVDLSsNAFJ3UV62Ptrp0M1gEN5ZEBN0IRTcuFawKbSyTyW0dOpmEmRu1hHyJW/0IP8WVO3HrHzitEax6YOBwzn3NCRIpDLrui1OamZ2bXygvVpaWV1artfrahYlTzaHNYxnrq4AZkEJBGwVKuEo0sCiQcBkMj8f+5S1oI2J1jqME/IgNlOgLztBKvVp1dN1FuMcs0SI/pF6v1nCb7gT0L/EK0iAFTnt1p9YNY55GoJBLZkzHcxP0M6ZRcAl5pZsaSBgfsgF0LFUsAuNnk8tzumWVkPZjbZ9COlF/dmQsMmYUBbYyYnhjfntj8T+vk2L/wM+ESlIExb8W9VNJMabjGGgoNHCUI0sY18LeSvkN04yjDWt6kr7bGVgnilXoZ+NNIRgxUFM/yyD4rskrNkPvd2J/ycVu03Ob3tleo3VUpFkmG2STbBOP7JMWOSGnpE04SckDeSRPzrPz6rw571+lJafoWSdTcD4+AV+ErDM=</latexit><latexit sha1_base64="35Cc4fhgKu0FHA1ZLgXhGmiIDMc=">AAACN3icbVDLSsNAFJ3UV62Ptrp0M1gEN5ZEBN0IRTcuFawKbSyTyW0dOpmEmRu1hHyJW/0IP8WVO3HrHzitEax6YOBwzn3NCRIpDLrui1OamZ2bXygvVpaWV1artfrahYlTzaHNYxnrq4AZkEJBGwVKuEo0sCiQcBkMj8f+5S1oI2J1jqME/IgNlOgLztBKvVp1dN1FuMcs0SI/pF6v1nCb7gT0L/EK0iAFTnt1p9YNY55GoJBLZkzHcxP0M6ZRcAl5pZsaSBgfsgF0LFUsAuNnk8tzumWVkPZjbZ9COlF/dmQsMmYUBbYyYnhjfntj8T+vk2L/wM+ESlIExb8W9VNJMabjGGgoNHCUI0sY18LeSvkN04yjDWt6kr7bGVgnilXoZ+NNIRgxUFM/yyD4rskrNkPvd2J/ycVu03Ob3tleo3VUpFkmG2STbBOP7JMWOSGnpE04SckDeSRPzrPz6rw571+lJafoWSdTcD4+AV+ErDM=</latexit>

y
<latexit sha1_base64="wyD1LUrzWlVFLm63FXJsRtIZbkM=">AAACMnicbVDLSsNAFJ34rPXV6tJNsAhuLIkIuiy6cVnBPqCNZTK5bYdOJmHmRltCf8OtfoQ/oztx60c4aSvY1gMDh3Pua44fC67Rcd6tldW19Y3N3FZ+e2d3b79QPKjrKFEMaiwSkWr6VIPgEmrIUUAzVkBDX0DDH9xkfuMRlOaRvMdRDF5Ie5J3OaNopPbooY0wxJQmw3GnUHLKzgT2MnFnpERmqHaKVqEdRCwJQSITVOuW68TopVQhZwLG+XaiIaZsQHvQMlTSELSXTo4e2ydGCexupMyTaE/Uvx0pDbUehb6pDCn29aKXif95rQS7V17KZZwgSDZd1E2EjZGdJWAHXAFDMTKEMsXNrTbrU0UZmpzmJ6mns55xwkgGXpptCkDznpz7WQr+b804bzJ0FxNbJvXzsuuU3buLUuV6lmaOHJFjckpcckkq5JZUSY0wEpNn8kJerTfrw/q0vqalK9as55DMwfr+AWsbq1k=</latexit><latexit sha1_base64="wyD1LUrzWlVFLm63FXJsRtIZbkM=">AAACMnicbVDLSsNAFJ34rPXV6tJNsAhuLIkIuiy6cVnBPqCNZTK5bYdOJmHmRltCf8OtfoQ/oztx60c4aSvY1gMDh3Pua44fC67Rcd6tldW19Y3N3FZ+e2d3b79QPKjrKFEMaiwSkWr6VIPgEmrIUUAzVkBDX0DDH9xkfuMRlOaRvMdRDF5Ie5J3OaNopPbooY0wxJQmw3GnUHLKzgT2MnFnpERmqHaKVqEdRCwJQSITVOuW68TopVQhZwLG+XaiIaZsQHvQMlTSELSXTo4e2ydGCexupMyTaE/Uvx0pDbUehb6pDCn29aKXif95rQS7V17KZZwgSDZd1E2EjZGdJWAHXAFDMTKEMsXNrTbrU0UZmpzmJ6mns55xwkgGXpptCkDznpz7WQr+b804bzJ0FxNbJvXzsuuU3buLUuV6lmaOHJFjckpcckkq5JZUSY0wEpNn8kJerTfrw/q0vqalK9as55DMwfr+AWsbq1k=</latexit><latexit sha1_base64="wyD1LUrzWlVFLm63FXJsRtIZbkM=">AAACMnicbVDLSsNAFJ34rPXV6tJNsAhuLIkIuiy6cVnBPqCNZTK5bYdOJmHmRltCf8OtfoQ/oztx60c4aSvY1gMDh3Pua44fC67Rcd6tldW19Y3N3FZ+e2d3b79QPKjrKFEMaiwSkWr6VIPgEmrIUUAzVkBDX0DDH9xkfuMRlOaRvMdRDF5Ie5J3OaNopPbooY0wxJQmw3GnUHLKzgT2MnFnpERmqHaKVqEdRCwJQSITVOuW68TopVQhZwLG+XaiIaZsQHvQMlTSELSXTo4e2ydGCexupMyTaE/Uvx0pDbUehb6pDCn29aKXif95rQS7V17KZZwgSDZd1E2EjZGdJWAHXAFDMTKEMsXNrTbrU0UZmpzmJ6mns55xwkgGXpptCkDznpz7WQr+b804bzJ0FxNbJvXzsuuU3buLUuV6lmaOHJFjckpcckkq5JZUSY0wEpNn8kJerTfrw/q0vqalK9as55DMwfr+AWsbq1k=</latexit><latexit sha1_base64="wyD1LUrzWlVFLm63FXJsRtIZbkM=">AAACMnicbVDLSsNAFJ34rPXV6tJNsAhuLIkIuiy6cVnBPqCNZTK5bYdOJmHmRltCf8OtfoQ/oztx60c4aSvY1gMDh3Pua44fC67Rcd6tldW19Y3N3FZ+e2d3b79QPKjrKFEMaiwSkWr6VIPgEmrIUUAzVkBDX0DDH9xkfuMRlOaRvMdRDF5Ie5J3OaNopPbooY0wxJQmw3GnUHLKzgT2MnFnpERmqHaKVqEdRCwJQSITVOuW68TopVQhZwLG+XaiIaZsQHvQMlTSELSXTo4e2ydGCexupMyTaE/Uvx0pDbUehb6pDCn29aKXif95rQS7V17KZZwgSDZd1E2EjZGdJWAHXAFDMTKEMsXNrTbrU0UZmpzmJ6mns55xwkgGXpptCkDznpz7WQr+b804bzJ0FxNbJvXzsuuU3buLUuV6lmaOHJFjckpcckkq5JZUSY0wEpNn8kJerTfrw/q0vqalK9as55DMwfr+AWsbq1k=</latexit>

y = 0
<latexit sha1_base64="RMst+v0LzEh4uaL0NYIBsRIs6Ww=">AAACN3icbVDLSgMxFM34rPXV6tJNsAhuLDMi6EYQ3bisYB/QjiWTuW2DmcyQ3FHL0C9xqx/hp7hyJ279A9OHYFsPBA7n3FdOkEhh0HXfnYXFpeWV1dxafn1jc2u7UNypmTjVHKo8lrFuBMyAFAqqKFBCI9HAokBCPbi/Gvr1B9BGxOoW+wn4Eesq0RGcoZXahe3+XQvhCbNEi8E5dduFklt2R6DzxJuQEpmg0i46hVYY8zQChVwyY5qem6CfMY2CSxjkW6mBhPF71oWmpYpFYPxsdPmAHlglpJ1Y26eQjtS/HRmLjOlHga2MGPbMrDcU//OaKXbO/EyoJEVQfLyok0qKMR3GQEOhgaPsW8K4FvZWyntMM442rOlJ+vGoa50oVqGfDTeFYERXTf0sg+C3ZpC3GXqzic2T2nHZc8vezUnp4nKSZo7skX1ySDxySi7INamQKuEkJc/khbw6b86H8+l8jUsXnEnPLpmC8/0DXcGsMg==</latexit><latexit sha1_base64="RMst+v0LzEh4uaL0NYIBsRIs6Ww=">AAACN3icbVDLSgMxFM34rPXV6tJNsAhuLDMi6EYQ3bisYB/QjiWTuW2DmcyQ3FHL0C9xqx/hp7hyJ279A9OHYFsPBA7n3FdOkEhh0HXfnYXFpeWV1dxafn1jc2u7UNypmTjVHKo8lrFuBMyAFAqqKFBCI9HAokBCPbi/Gvr1B9BGxOoW+wn4Eesq0RGcoZXahe3+XQvhCbNEi8E5dduFklt2R6DzxJuQEpmg0i46hVYY8zQChVwyY5qem6CfMY2CSxjkW6mBhPF71oWmpYpFYPxsdPmAHlglpJ1Y26eQjtS/HRmLjOlHga2MGPbMrDcU//OaKXbO/EyoJEVQfLyok0qKMR3GQEOhgaPsW8K4FvZWyntMM442rOlJ+vGoa50oVqGfDTeFYERXTf0sg+C3ZpC3GXqzic2T2nHZc8vezUnp4nKSZo7skX1ySDxySi7INamQKuEkJc/khbw6b86H8+l8jUsXnEnPLpmC8/0DXcGsMg==</latexit><latexit sha1_base64="RMst+v0LzEh4uaL0NYIBsRIs6Ww=">AAACN3icbVDLSgMxFM34rPXV6tJNsAhuLDMi6EYQ3bisYB/QjiWTuW2DmcyQ3FHL0C9xqx/hp7hyJ279A9OHYFsPBA7n3FdOkEhh0HXfnYXFpeWV1dxafn1jc2u7UNypmTjVHKo8lrFuBMyAFAqqKFBCI9HAokBCPbi/Gvr1B9BGxOoW+wn4Eesq0RGcoZXahe3+XQvhCbNEi8E5dduFklt2R6DzxJuQEpmg0i46hVYY8zQChVwyY5qem6CfMY2CSxjkW6mBhPF71oWmpYpFYPxsdPmAHlglpJ1Y26eQjtS/HRmLjOlHga2MGPbMrDcU//OaKXbO/EyoJEVQfLyok0qKMR3GQEOhgaPsW8K4FvZWyntMM442rOlJ+vGoa50oVqGfDTeFYERXTf0sg+C3ZpC3GXqzic2T2nHZc8vezUnp4nKSZo7skX1ySDxySi7INamQKuEkJc/khbw6b86H8+l8jUsXnEnPLpmC8/0DXcGsMg==</latexit><latexit sha1_base64="RMst+v0LzEh4uaL0NYIBsRIs6Ww=">AAACN3icbVDLSgMxFM34rPXV6tJNsAhuLDMi6EYQ3bisYB/QjiWTuW2DmcyQ3FHL0C9xqx/hp7hyJ279A9OHYFsPBA7n3FdOkEhh0HXfnYXFpeWV1dxafn1jc2u7UNypmTjVHKo8lrFuBMyAFAqqKFBCI9HAokBCPbi/Gvr1B9BGxOoW+wn4Eesq0RGcoZXahe3+XQvhCbNEi8E5dduFklt2R6DzxJuQEpmg0i46hVYY8zQChVwyY5qem6CfMY2CSxjkW6mBhPF71oWmpYpFYPxsdPmAHlglpJ1Y26eQjtS/HRmLjOlHga2MGPbMrDcU//OaKXbO/EyoJEVQfLyok0qKMR3GQEOhgaPsW8K4FvZWyntMM442rOlJ+vGoa50oVqGfDTeFYERXTf0sg+C3ZpC3GXqzic2T2nHZc8vezUnp4nKSZo7skX1ySDxySi7INamQKuEkJc/khbw6b86H8+l8jUsXnEnPLpmC8/0DXcGsMg==</latexit>

y = 1
<latexit sha1_base64="35Cc4fhgKu0FHA1ZLgXhGmiIDMc=">AAACN3icbVDLSsNAFJ3UV62Ptrp0M1gEN5ZEBN0IRTcuFawKbSyTyW0dOpmEmRu1hHyJW/0IP8WVO3HrHzitEax6YOBwzn3NCRIpDLrui1OamZ2bXygvVpaWV1artfrahYlTzaHNYxnrq4AZkEJBGwVKuEo0sCiQcBkMj8f+5S1oI2J1jqME/IgNlOgLztBKvVp1dN1FuMcs0SI/pF6v1nCb7gT0L/EK0iAFTnt1p9YNY55GoJBLZkzHcxP0M6ZRcAl5pZsaSBgfsgF0LFUsAuNnk8tzumWVkPZjbZ9COlF/dmQsMmYUBbYyYnhjfntj8T+vk2L/wM+ESlIExb8W9VNJMabjGGgoNHCUI0sY18LeSvkN04yjDWt6kr7bGVgnilXoZ+NNIRgxUFM/yyD4rskrNkPvd2J/ycVu03Ob3tleo3VUpFkmG2STbBOP7JMWOSGnpE04SckDeSRPzrPz6rw571+lJafoWSdTcD4+AV+ErDM=</latexit><latexit sha1_base64="35Cc4fhgKu0FHA1ZLgXhGmiIDMc=">AAACN3icbVDLSsNAFJ3UV62Ptrp0M1gEN5ZEBN0IRTcuFawKbSyTyW0dOpmEmRu1hHyJW/0IP8WVO3HrHzitEax6YOBwzn3NCRIpDLrui1OamZ2bXygvVpaWV1artfrahYlTzaHNYxnrq4AZkEJBGwVKuEo0sCiQcBkMj8f+5S1oI2J1jqME/IgNlOgLztBKvVp1dN1FuMcs0SI/pF6v1nCb7gT0L/EK0iAFTnt1p9YNY55GoJBLZkzHcxP0M6ZRcAl5pZsaSBgfsgF0LFUsAuNnk8tzumWVkPZjbZ9COlF/dmQsMmYUBbYyYnhjfntj8T+vk2L/wM+ESlIExb8W9VNJMabjGGgoNHCUI0sY18LeSvkN04yjDWt6kr7bGVgnilXoZ+NNIRgxUFM/yyD4rskrNkPvd2J/ycVu03Ob3tleo3VUpFkmG2STbBOP7JMWOSGnpE04SckDeSRPzrPz6rw571+lJafoWSdTcD4+AV+ErDM=</latexit><latexit sha1_base64="35Cc4fhgKu0FHA1ZLgXhGmiIDMc=">AAACN3icbVDLSsNAFJ3UV62Ptrp0M1gEN5ZEBN0IRTcuFawKbSyTyW0dOpmEmRu1hHyJW/0IP8WVO3HrHzitEax6YOBwzn3NCRIpDLrui1OamZ2bXygvVpaWV1artfrahYlTzaHNYxnrq4AZkEJBGwVKuEo0sCiQcBkMj8f+5S1oI2J1jqME/IgNlOgLztBKvVp1dN1FuMcs0SI/pF6v1nCb7gT0L/EK0iAFTnt1p9YNY55GoJBLZkzHcxP0M6ZRcAl5pZsaSBgfsgF0LFUsAuNnk8tzumWVkPZjbZ9COlF/dmQsMmYUBbYyYnhjfntj8T+vk2L/wM+ESlIExb8W9VNJMabjGGgoNHCUI0sY18LeSvkN04yjDWt6kr7bGVgnilXoZ+NNIRgxUFM/yyD4rskrNkPvd2J/ycVu03Ob3tleo3VUpFkmG2STbBOP7JMWOSGnpE04SckDeSRPzrPz6rw571+lJafoWSdTcD4+AV+ErDM=</latexit><latexit sha1_base64="35Cc4fhgKu0FHA1ZLgXhGmiIDMc=">AAACN3icbVDLSsNAFJ3UV62Ptrp0M1gEN5ZEBN0IRTcuFawKbSyTyW0dOpmEmRu1hHyJW/0IP8WVO3HrHzitEax6YOBwzn3NCRIpDLrui1OamZ2bXygvVpaWV1artfrahYlTzaHNYxnrq4AZkEJBGwVKuEo0sCiQcBkMj8f+5S1oI2J1jqME/IgNlOgLztBKvVp1dN1FuMcs0SI/pF6v1nCb7gT0L/EK0iAFTnt1p9YNY55GoJBLZkzHcxP0M6ZRcAl5pZsaSBgfsgF0LFUsAuNnk8tzumWVkPZjbZ9COlF/dmQsMmYUBbYyYnhjfntj8T+vk2L/wM+ESlIExb8W9VNJMabjGGgoNHCUI0sY18LeSvkN04yjDWt6kr7bGVgnilXoZ+NNIRgxUFM/yyD4rskrNkPvd2J/ycVu03Ob3tleo3VUpFkmG2STbBOP7JMWOSGnpE04SckDeSRPzrPz6rw571+lJafoWSdTcD4+AV+ErDM=</latexit>

ψ= [2,2]
<latexit sha1_base64="NVQbzrcan+IK7t0EDlSunHu7lAs="></latexit><latexit sha1_base64="NVQbzrcan+IK7t0EDlSunHu7lAs="></latexit><latexit sha1_base64="NVQbzrcan+IK7t0EDlSunHu7lAs="></latexit><latexit sha1_base64="NVQbzrcan+IK7t0EDlSunHu7lAs="></latexit>

<latexit sha1_base64="qq+2R9SQVnz+30b+YnJF4/j+xCY=">AAACNHicbVDLSsNAFJ34rPXV6tJNsAhuLIkIuhTduBEqWhXaWCaTmzo4mQkzN2oJ/Q+3+hH+i+BO3PoNTtoKtnpg4HDOfc0JU8ENet6bMzU9Mzs3X1ooLy4tr6xWqmuXRmWaQZMpofR1SA0ILqGJHAVcpxpoEgq4Cu+OC//qHrThSl5gL4UgoV3JY84oWummjfCI+bmK8ZQ+9juVmlf3BnD/En9EamSERqfqVNqRYlkCEpmgxrR8L8Ugpxo5E9AvtzMDKWV3tAstSyVNwAT54Oy+u2WVyI2Vtk+iO1B/d+Q0MaaXhLYyoXhrJr1C/M9rZRgfBDmXaYYg2XBRnAkXlVtk4EZcA0PRs4Qyze2tLrulmjK0SY1P0g87XeskSkZBXmyKwPCuHPtZDuFPTb9sM/QnE/tLLnfrvlf3z/Zqh0ejNEtkg2ySbeKTfXJITkiDNAkjmjyRZ/LivDrvzofzOSydckY962QMztc31A+sCg==</latexit><latexit sha1_base64="qq+2R9SQVnz+30b+YnJF4/j+xCY=">AAACNHicbVDLSsNAFJ34rPXV6tJNsAhuLIkIuhTduBEqWhXaWCaTmzo4mQkzN2oJ/Q+3+hH+i+BO3PoNTtoKtnpg4HDOfc0JU8ENet6bMzU9Mzs3X1ooLy4tr6xWqmuXRmWaQZMpofR1SA0ILqGJHAVcpxpoEgq4Cu+OC//qHrThSl5gL4UgoV3JY84oWummjfCI+bmK8ZQ+9juVmlf3BnD/En9EamSERqfqVNqRYlkCEpmgxrR8L8Ugpxo5E9AvtzMDKWV3tAstSyVNwAT54Oy+u2WVyI2Vtk+iO1B/d+Q0MaaXhLYyoXhrJr1C/M9rZRgfBDmXaYYg2XBRnAkXlVtk4EZcA0PRs4Qyze2tLrulmjK0SY1P0g87XeskSkZBXmyKwPCuHPtZDuFPTb9sM/QnE/tLLnfrvlf3z/Zqh0ejNEtkg2ySbeKTfXJITkiDNAkjmjyRZ/LivDrvzofzOSydckY962QMztc31A+sCg==</latexit><latexit sha1_base64="qq+2R9SQVnz+30b+YnJF4/j+xCY=">AAACNHicbVDLSsNAFJ34rPXV6tJNsAhuLIkIuhTduBEqWhXaWCaTmzo4mQkzN2oJ/Q+3+hH+i+BO3PoNTtoKtnpg4HDOfc0JU8ENet6bMzU9Mzs3X1ooLy4tr6xWqmuXRmWaQZMpofR1SA0ILqGJHAVcpxpoEgq4Cu+OC//qHrThSl5gL4UgoV3JY84oWummjfCI+bmK8ZQ+9juVmlf3BnD/En9EamSERqfqVNqRYlkCEpmgxrR8L8Ugpxo5E9AvtzMDKWV3tAstSyVNwAT54Oy+u2WVyI2Vtk+iO1B/d+Q0MaaXhLYyoXhrJr1C/M9rZRgfBDmXaYYg2XBRnAkXlVtk4EZcA0PRs4Qyze2tLrulmjK0SY1P0g87XeskSkZBXmyKwPCuHPtZDuFPTb9sM/QnE/tLLnfrvlf3z/Zqh0ejNEtkg2ySbeKTfXJITkiDNAkjmjyRZ/LivDrvzofzOSydckY962QMztc31A+sCg==</latexit><latexit sha1_base64="qq+2R9SQVnz+30b+YnJF4/j+xCY=">AAACNHicbVDLSsNAFJ34rPXV6tJNsAhuLIkIuhTduBEqWhXaWCaTmzo4mQkzN2oJ/Q+3+hH+i+BO3PoNTtoKtnpg4HDOfc0JU8ENet6bMzU9Mzs3X1ooLy4tr6xWqmuXRmWaQZMpofR1SA0ILqGJHAVcpxpoEgq4Cu+OC//qHrThSl5gL4UgoV3JY84oWummjfCI+bmK8ZQ+9juVmlf3BnD/En9EamSERqfqVNqRYlkCEpmgxrR8L8Ugpxo5E9AvtzMDKWV3tAstSyVNwAT54Oy+u2WVyI2Vtk+iO1B/d+Q0MaaXhLYyoXhrJr1C/M9rZRgfBDmXaYYg2XBRnAkXlVtk4EZcA0PRs4Qyze2tLrulmjK0SY1P0g87XeskSkZBXmyKwPCuHPtZDuFPTb9sM/QnE/tLLnfrvlf3z/Zqh0ejNEtkg2ySbeKTfXJITkiDNAkjmjyRZ/LivDrvzofzOSydckY962QMztc31A+sCg==</latexit>

(b) SoftMax versus Mask SoftMax

Figure 2: (a) Illustration of the two networks which make up MAXL. Dashed white boxes represent
data generated by neural networks, solid white boxes represent given data, and coloured boxes
represent functions. The double arrow represents equivalence. (b) Illustration of vanilla SoftMax and
Mask SoftMax with 2 primary classes. Vanilla SoftMax outputs over all 4 auxiliary classes, whereas
Mask SoftMax outputs over a hierarchical structure ψ = [2, 2].

ground-truth labels for the primary task. For both the primary and auxiliary tasks, we apply the focal
loss [22] with a focusing parameter γ = 2, defined as:

L(ŷ, y) = −y(1− ŷ)γ log(ŷ), (1)

where ŷ is the predicted label and y is the target label. The focal loss helps to focus on the incorrectly
predicted labels, which we found improved performance during our experimental evaluation compared
with the regular cross-entropy log loss.

To update parameters θ1 of the multi-task network, we define the multi-task objective as follows:

argmin
θ1

(

L(f pri

θ1
(x(i)), y

pri

(i)) + L(f
aux
θ1

(x(i)), y
aux
(i) )

)

(2)

where (i) represents the ith batch from the training data, and yaux
(i) = g

gen

θ2
(x(i), y

pri

(i), ψ) is generated

by the label-generation network.

In the second stage of each epoch, the label-generation network is then updated by encouraging
auxiliary labels to be chosen such that, if the multi-task network were to be trained using these
auxiliary labels, the performance of the primary task would be maximised on this same training data.
Leveraging the performance of the multi-task network to train the label-generation network can be
considered as a form of meta learning. Therefore, to update parameters θ2 of the label-generation
network, we define the meta objective as follows:

argmin
θ2

L(f pri

θ
+

1

(x(i)), y
pri

(i)) . (3)

Here, θ+1 represents the weights of the multi-task network after one gradient update using the
multi-task loss defined in Equation 2:

θ
+
1 = θ1 − α∇θ1

(

L(f
pri
θ1

(x(i)), y
pri
(i)) + L(f aux

θ1
(x(i)), y

aux
(i) )

)

, (4)

where α is the learning rate.

The trick in this meta objective is that we perform a derivative over a derivative (a Hessian matrix) to
update θ2, by using a retained computational graph of θ+1 in order to compute derivatives with respect
to θ2. This second derivative trick was also proposed in several other meta-learning frameworks such
as [10] and [35].

However, we found that the generated auxiliary labels can easily collapse, such that the label-
generation network always generates the same auxiliary label. This leaves parameters θ2 in a local
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minimum without producing any extra useful knowledge. Therefore, to encourage the network to
learn more complex and informative auxiliary tasks, we further apply an entropy lossH(yaux) as a
regularisation term in the meta objective. A detailed explanation of the entropy loss and the collapsing
label problem is given in Section 3.4. Finally, we update MAXL’s label generation network by

θ2 ← θ2 − β∇θ2

(

L(f pri

θ
+

1

(x(i)), y
pri

(i)) + λH(yaux
(i) )

)

. (5)

Overall, the entire MAXL algorithm is defined as follows:

Algorithm 1: The MAXL algorithm

Initialise: Network parameters: θ1, θ2; Hierarchical structure: ψ
Initialise: Learning rate: α, β; Entropy weighting: λ
while not converged do

for each training iteration i do
# fetch one batch of training data

(x(i), y
pri

(i)) ∈ (x, y)

# auxiliary-training step

Update: θ1 ← θ1 − α∇θ1

(

L(f pri

θ1
(x(i)), y

pri

(i)) + L(f
aux
θ1

(x(i)), gθ2(x(i), y
pri

(i), ψ))
)

end
for each training iteration i do

# fetch one batch of training data

(x(i), y
pri

(i)) ∈ (x, y)

# retain training computational graph

Compute: θ+1 = θ1 − α∇θ1

(

L(f pri

θ1
(x(i)), y

pri

(i)) + L(f
aux
θ1

(x(i)), gθ2(x(i), y
pri

(i), ψ))
)

# meta-training step (second derivative trick)

Update: θ2 ← θ2 − β∇θ2

(

L(f pri

θ
+

1

(x(i)), y
pri

(i)) + λH(yaux
(i) )

)

end

end

3.3 Mask SoftMax for Hierarchical Predictions

As previously discussed, we include a hierarchy ψ which defines the number of auxiliary classes
per primary class. To implement this, we designed a modified SoftMax function, which we call
Mask SoftMax, to predict auxiliary labels only for certain auxiliary classes. This takes ground-truth
primary task label y, and the hierarchy ψ, and creates a binary mask M = B(y, ψ). The mask is
zero everywhere, except for ones across the set of auxiliary classes associated with y. For example,
consider a primary task with 2 classes y = 0, 1, and a hierarchy of ψ = [2, 2] as in Figure 2b. In this
case, the binary masks are M = [1, 1, 0, 0] for y = 0, and [0, 0, 1, 1] for y = 1.

Applying this mask element-wise to the standard SoftMax function then allows the label-prediction
network to assign auxiliary labels only to relevant auxiliary classes:

SoftMax: p(ŷi) =
exp ŷi

∑

i exp ŷi
, Mask SoftMax: p(ŷi) =

expM ⊙ ŷi
∑

i expM ⊙ ŷi
, (6)

where p(ŷi) represents the probability of the generated auxiliary label ŷ over class i, and⊙ represents
element-wise multiplication. Note that no domain knowledge is required to define the hierarchy, and
MAXL performs well across a range of values for ψ as shown in Section 4.2.

3.4 The Collapsing Class Problem

As previously discussed, we introduce an additional regularisation loss, which we call the entropy
loss H(ŷ(i)). This encourages high entropy across the auxiliary class prediction space, which in
turn encourages the label-prediction network to fully utilise all auxiliary classes. The entropy
loss calculates the KL divergence between the predicted auxiliary label space ŷ(i), and a uniform
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distribution U , for each ith batch. This is equivalent to calculating the entropy of the predicted label
space, and is defined as:

H(ŷ(i)) =

K
∑

k=1

ŷk(i) log ŷ
k
(i), ŷk(i) =

1

N

N
∑

n=1

ŷk(i)[n]. (7)

where K is the total number of auxiliary classes, and N is the training batch size.

4 Experiments

In this section, we present experimental results to evaluate MAXL with respect to several baselines
and datasets on image classification.

4.1 Experimental Setup

Datasets We evaluated on seven different datasets, with varying sizes and complexities. One
of these, CIFAR-100 [18], contains a manually-defined 2-level hierarchical structure, which we
expanded into a 4-level hierarchy by manually assigning data for the new levels, to create a hierarchy
of {3, 10, 20, 100} classes . This hierarchy was then used for ground-truth auxiliary labels for the
Human baseline (see below). For the other six datasets: MNIST [19], SVHN [12], CIFAR-10 [18],
ImageNet [7], CINIC-10 [6] and UCF-101 [32], a hierarchy is either not available or difficult to
access, and so no ground-truth auxiliary labels exist. All larger datasets were rescaled to resolution
[32× 32] to accelerate training.

Baselines We compare MAXL to a number of baselines. First, we compare with Single Task, which
trains only with the primary class label and does not employ auxiliary learning. This comparison was
done to determine whether MAXL could improve classification performance without needing any
extra labelled data. Then, we compare to three baselines for generating auxiliary labels: Random,
K-Means, and Human, to evaluate the effectiveness of MAXL’s meta-learning for label generation.
Random assigns each training image to random auxiliary classes in a randomly generated (well-
balanced) hierarchy. K-Means determines auxiliary labels via unsupervised clustering using K-Means
[13], performed on the latent representation of an auto-encoder, with clustering updated after every
training iteration. Human uses the human-defined hierarchy of CIFAR-100, where the auxiliary
classes are at a lower (finer-grained) level hierarchy to the primary classes. Note that in order to
compare these baselines to Human, they were only evaluated on CIFAR-100 because this is the only
dataset containing a human-defined hierarchy (and hence ground-truth auxiliary labels).

4.2 Comparison to Single Task Learning

First, we compare MAXL to a single-task learning baseline, to determine whether MAXL can
improve recognition accuracy without needing access to any additional data. To test the robustness
of MAXL, we evaluate it on 3 different networks: a simple 4-layer ConvNet, VGG-16 [30], and
ResNet-32 [14]. We used hyper-parameter search for all networks and applied regularisation methods
in order to achieve optimal performance . Since the power of MAXL lies in its ability to work without
domain knowledge, we tested MAXL across a range of hierarchies ψ, to study if it is effective without
needing to tune this hierarchy for each dataset. Here, the hierarchies are well balanced such that ψ[i]
is the same for all i (for all primary classes).

Datasets Backbone Single
MAXL, ψ[i] =

2 3 5 10

MNIST 4-layer ConvNet 99.57± 0.02 99.56± 0.04 99.71± 0.02 99.59± 0.03 99.57± 0.02
SVHN 4-layer ConvNet 94.05± 0.07 94.39± 0.08 94.38± 0.07 94.59± 0.12 94.41± 0.09
CIFAR-10 VGG-16 92.77± 0.13 93.27± 0.09 93.47± 0.08 93.49± 0.05 93.10± 0.08
ImageNet VGG-16 46.67± 0.12 46.82± 0.14 46.97± 0.10 47.02± 0.11 46.85± 0.11
CINIC-10 ResNet-32 85.12± 0.08 85.66± 0.07 85.72± 0.07 85.83± 0.08 85.80± 0.10
UCF-101 ResNet-32 53.15± 0.12 54.19± 0.18 55.39± 0.16 54.70± 0.12 54.32± 0.18

Table 1: Comparison of MAXL with single-task learning, across a range of hierarchies. We reported
results from three individual runs, and the best performance for each dataset is marked with bold.
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Table 1 shows the test accuracy of MAXL and single-task learning, with each accuracy averaged
over three individual runs. We see that MAXL consistently outperforms single-task learning across
all six datasets, despite both methods using exactly the same training data. We also see that MAXL
outperforms single-task learning across almost all tested values of ψ, showing the robustness of our
method without requiring domain knowledge or a manually-defined hierarchy.

4.3 Comparison to Auxiliary Label Generation Baselines

Next, we compare MAXL to a number of baseline methods for generating auxiliary labels, on
CIFAR-100. Here, all the baselines were trained without any regularisation, to isolate the effect
of auxiliary learning and test generalisation ability purely from auxiliary tasks. This dataset has a
manually-defined hierarchy, which is used in Human for ground-truth auxiliary labels. However,
MAXL, Random, and K-Means do not require any human knowledge or manually-defined hierarchy
to generate auxiliary labels. Therefore, as in Section 4.2, a hierarchy ψ is defined, assigning each
primary class a set of auxiliary classes. We created well-balanced hierarchies by assigning an equal
number of auxiliary classes per primary class. For cases where the hierarchy was unbalanced by one
auxiliary class, we randomly chose which primary classes are assigned each number of auxiliary
classes in ψ. We ran each experiment three times and averaged the results,
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Random

K-Means

Figure 3: Learning curves for the CIFAR-100 test dataset, comparing MAXL with baseline methods
for generating auxiliary labels. Our version of CIFAR-100 has a four-level hierarchy of {3, 10, 20,
100} classes per level, and we use this to create the hierarchy ψ for auxiliary learning.

Test accuracy curves are presented in Figure 3, using all possible combinations of the numbers of
primary classes and total auxiliary classes in CIFAR-100 (where the auxiliary classes are at a lower
hierarchical level to the primary classes). We observe that MAXL outperforms Single Task, Random,
and K-Means. Note that K-Means required significantly longer training time than MAXL due to the
need to run clustering after each iteration. Also note that the superior performance of MAXL over
these three baselines occurs despite all four methods using exactly the same data. Finally, we observe
that MAXL performs similarly to Human, despite this baseline requiring manually-defined auxiliary
labels for the entire training dataset. With performance of MAXL similar to that of a system using
human-defined auxiliary labels, we see strong evidence that MAXL is able to learn to generalise
effectively in a self-supervised manner.

4.4 Understanding the Utility of Auxiliary Labels

In [9], the cosine similarity between gradients produced by the auxiliary and primary losses was used
to determine the task weighting in the overall loss function. We use this same idea to visualise the
utility of a set of auxiliary labels for improving the performance of the primary task. Intuitively, a
cosine similarity of -1 indicates that the auxiliary labels work against the primary task. A cosine
similarity of 0 indicates that the auxiliary labels have no impact on the primary task. And a cosine
similarity of 1 indicates that the auxiliary labels are learning the same features as the primary task,
and so offer no useful information. Therefore, the cosine similarity for the gradient produced from
optimal auxiliary labels should be between 0 and 1 to ensure that they assist the primary task.
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Figure 4: Cosine similarity measurement be-
tween the auxiliary loss gradient and primary
loss gradient, on the shared representation in
the multi-task network.

In Figure 4, we show the cosine similarity measure-
ments of gradients in the shared layers of the multi-
task network, trained on 3 primary classes and 10, 20
and 100 total auxiliary classes from CIFAR-100. We
observe that baseline methods Human and Random,
with fixed auxiliary labels, reach their maximal sim-
ilarity at an early stage during training, which then
drops significantly afterwards. K-Means produces
smooth auxiliary gradients throughout training, but
its similarity depends on the number of auxiliary
classes. In comparison, MAXL produces auxiliary
gradients with high similarity throughout the entire
training period, and consistently so across the num-
ber of auxiliary classes. Whilst we cannot say what
the optimal cosine similarity should be, it is clear
that MAXL’s auxiliary labels affect primary task
performance in a very different way to the other
baselines.

Due to MAXL’s cosine similarity measurements being greater than zero across the entire training
stage, a standard gradient update rule for shared feature space is then guaranteed to converge to a
local minima given a small learning rate [9].

4.5 Visualisations of Generated Knowledge

In Figure 5, we visualise 2D embeddings of examples from the CIFAR-100 test dataset, on two
different hierarchies. The visualisations are computed using t-SNE [24] on the final feature layer of
the multi-task network, and compared across three methods: our MAXL method, the Human baseline,
and the Single Task baseline.

Single Task Human MAXLSingle Task Human MAXL

PRI 3 | AUX 10 PRI 20 | AUX 100

Figure 5: t-SNE visualisation of the learned final layer of the multi-task network, trained on CIFAR-
100 with two different hierarchies. Colours represent the primary classes.

This visualisation shows the separability of primary classes after being trained with the multi-task
network. Qualitatively, we see that both MAXL and Human show better separation of the primary
classes than with Single Task, owing to the generalisation effect of the auxiliary learning. This again
shows the effectiveness of MAXL whilst requiring no additional human knowledge.

We also show examples of images assigned to the same auxiliary class through MAXL’s label-
generation network. Figure 6 shows example images with the highest prediction probabilities for
three random auxiliary classes from CIFAR-100, using the hierarchy of 20 primary classes and 100
total auxiliary classes (5 auxiliary classes per primary class), which showed the best performance of
MAXL in Figure 3. In addition, we also present examples on MNIST, in which 3 auxiliary classes
were used for each of the 10 primary classes.

To our initial surprise, only part of the generated auxiliary labels visualised in both dataset show
human-understandable knowledge. We can observe that the auxiliary classes #1 and #2 of digit nine
are clustered by the direction of the ‘tail’, and auxiliary classes #2 and #3 of digit seven are clustered
by the distinction of the ‘horizontal line’. But in most cases, there are no obvious similarities within
each auxiliary class in terms of shape, colour, style, structure or semantic meaning. However, this
makes more sense when we re-consider the role of the label-generation network, which is to assign
auxiliary labels which assist the primary task, rather than grouping images in terms of semantic or
visual similarity. The label-generation network would therefore be more effective if it were to group
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Auxiliary Class #1 Auxiliary Class #2 Auxiliary Class #3 Primary Class

aquatic
mammals

household
furnitures

invertebrates

nature
scenes

flowers

digit 0

digit 3

digit 5

digit 7

digit 9

Figure 6: Visualisation of 5 test examples with the highest prediction probability, for each of 3
randomly selected auxiliary classes, for different primary classes. We present the visualisation for
CIFAR-100 (top) when trained with 20 primary classes and 5 auxiliary classes per primary class, and
for MNIST (bottom) when trained with 10 primary classes and 3 auxiliary classes per primary class.

images in terms of a shared aspect of reasoning which the primary task is currently struggling to
learn, which may not be human intepretable.

Furthermore, we discovered that the generated auxiliary knowledge is not deterministic, since the top
predicted candidates are different when we re-train the network from scratch. We therefore speculate
that using a human-defined hierarchy is just one out of a potentially infinite number of local optima,
and on each run of training, the label-generation network produces another of these local optima.

5 Conclusion & Future Work

In this paper, we have presented Meta AuXiliary Learning (MAXL) for generating optimal auxiliary
labels which, when trained alongside a primary task in a multi-task setup, improve the performance
of the primary task. Rather than employing domain knowledge and human-defined auxiliary tasks
as is typically required, MAXL is self-supervised and, combined with its general nature, has the
potential to automate the process of generalisation to new levels.

Our evaluation on multiple datasets has shown the performance of MAXL in an image classification
setup, where the auxiliary task is to predict sub-class, hierarchical labels for an image. We have
shown that MAXL significantly outperforms other baselines for generating auxiliary labels, and is
competitive even when human-defined knowledge is used to manually construct the auxiliary labels.

The general nature of MAXL also opens up questions about how self-supervised auxiliary learning
may be used to learn generic auxiliary tasks, beyond sub-class image classification. During our
experiments, we also ran preliminary experiments on predicting arbitrary vectors such that the
auxiliary task becomes a regression, but results so far have been inconclusive. However, the ability of
MAXL to potentially learn flexible auxiliary tasks which can automatically be tuned for the primary
task, now offers an exciting direction towards automated generalisation across a wide range of more
complex tasks.
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