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Abstract
Proppant is one of themajor elements of a hydraulic fracture process that can influence
the productivity of an oil or gas well. The permeability of a propped fracture may be
determined through laboratory measurements, utilizing experimental relationships, or
using analytical methods. All methods have their advantages and disadvantages, and
this study attempts to offers a solution that combines the various methods to achieve
a practical solution. The standard measurement method for fracture conductivity and
permeability is a time-consuming and delicate procedure and can be performed only
at the cost of a significant degree of uncertainty. Investigating a method that can pre-
dict fracture permeability in significantly less time and with an acceptable level of
accuracy would be useful for the industry. Proppant can be viewed as an unconsoli-
dated, heterogeneous (in size distribution) although well-sorted granular packing, and
the different relationships that can predict the permeability of such systems may be
utilized. Such interdependencies account for the frictional pressure drop caused by
the proppant particles and often neglect the pressure drop caused by the surface of
the apparatus. To extend the applicability of the various models, the combination of a
theoretical model that accounts for the pressure drop caused by the fracture wall with
those models would have clear practical advantages. For this reason, a new equation
had to be developed that establishes the relationship between the fracture permeabil-
ity and the so-called modified particle friction factor. Since the frictional pressure
drop correlations usually contain porosity as a parameter, determining its value under
reservoir conditions is essential and a new procedure had to be developed. Since the
different relationships were developed under different conditions to those under which
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the proppant-packs are usually used, providing a solution to the issues of their wide
range of application is the primary objective of this study.

Keywords Fracture permeability · Mixed proppant-pack · Modified particle friction
factor · Proppant porosity under closing pressure

Mathematics Subject Classification 76S05

1 Introduction

Hydraulic fracturing is a widely used stimulation technique in the oil and gas industry.
The main objective is to create a highly conductive zone in the reservoir from which
the liquid hydrocarbons can be produced at an economical rate (Mikelić et al. 2019).
The fracture is usually prevented from closing by the application of a propping agent,
the so-called proppant.

The determination of the fracture permeability of a propped fracture is a heav-
ily investigated area of science, and the usual practice has been to make laboratory
measurements (Kaufman et al. 2007; Guenaoui et al. 2022), or experimentally derive
relationships (Berg 1970; Glover et al. 2006), or the use of analytical approaches
(Lavrov 2017; Teng et al. 2020). Each of these methods has its advantages and disad-
vantages. The main objective of this study to establish a mathematical method which
enables the combination of the different methods, thus reaping their benefits and cre-
ating a practical solution.

There are two different, widely accepted measurement methods in the industry for
the determination of the fracture permeability and conductivity of proppant-packs. The
first standardized measurement method was introduced by the American Petroleum
Institute in 1989 under the code API RP 61, with the name “Recommended Practices
for Evaluating Short Term Proppant-pack Conductivity” (API RP 61 1989). As this
measurement method has a high degree of uncertainty, a modified approach and new
equipment began to spread in the industry (Penny 1987). In the following years, this
modified approach became the standard procedure in the industry, then the Interna-
tional Organization for Standardization adopted the method in 2008 under the code
DIN EN ISO 13503-5 (ISO 13503-5 2006). Later, the American Petroleum Institute
also adapted it under the code API RP 19D, and with the name “Recommended Prac-
tice for Measuring the Long-term Conductivity of Proppants” (API RP 19D 2008). It
is worth mentioning that significant variances can be observed between measurements
made under the same conditions. On average, the variance between the measurements
is± 20%, but variance as high as 80%also can be found (Richard et al. 2019;Anderson
2013). This phenomenon can be interpreted as being the result of various factors, but
the main influencing factors on behavior is the proppant size distribution and the initial
and loaded proppant arrangement, and in such cases, creating the same conditions is
impractical (Liang et al. 2015). One can see that theAPIRP 19Dmeasurement requires
around two weeks to complete, which makes it impractical for the measurement of
several samples for analysis.
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The proppant can be viewed as an unconsolidated, heterogeneous (although well-
sorted) granular packing, one of the main properties of which is the permeability
that it can provide under reservoir conditions. The properties of flow through granu-
lar packings have been extensively studied over the past decades, both theoretically
(Kozeny 1927; Carman 1937; Macdonald et al. 1979; Teng et al. 2020), numerically
(Martys et al. 1994; Coelho et al. 1997; Zaman and Jalali 2010), and experimentally
(Loudon 1952; Chapuis 2004; Erdim et al. 2015). The applicability of these models
to the description of the permeability of propped fractures is limited. First, one of
the main differences is that proppants are placed in reservoirs where the pressure and
temperature ranges are higher than in the case of the studies mentioned above. These
conditions can cause discrepancies in the models developed, as the granular materials
are prone to deformation, crush, embedment, and corrosion, all of which represent
challenges to the application of those models in such conditions (Schmidt and Steeb
2019). Second, most of the models do not take into account all the relevant mech-
anisms that can determine the propped fracture permeabilty. There are two driving
mechanisms that have an impact on fracture permeability. One is the effect of viscous
shear from the fracture wall, and the other is the viscous drag from the surface of the
proppants (Brinkman 1949). It can be readily inferred that if the fracture is wider, then
the viscous drag of the proppant will become more pronounced, and in the case of
a narrower fracture or if the fracture is not propped efficiently, the effect of viscous
shear on the wall becomes more pronounced. In most of the available theoretical mod-
els, the fracture permeability is approximated with the proppant-pack permeability
(neglecting the effect of viscous shear from the wall), resulting in the fact thatmost of
the models thus developed are inapplicable to scenarios in which the effect of viscous
shear is considerable (Teng et al. 2020). Taking into consideration both mechanisms,
there will be a transient zone in which the effect of both mechanisms is noticeable.

The permeability of an unpropped fracture, where only the viscous shear from the
fracture wall is considered can be calculated by Eq. (1) proposed by Teng et al. (2020)

k f = w f
2

12μ
(1)

where kf is the fracture permeability, wf is the fracture width, and μ is the dynamic
viscosity of the fluid.

In order to visualize the effect in cases where only viscous drag is considered, an
empirical relationship was used, as seen in Eq. (2) (Glover et al. 2006)

k f = kp = dp2φp
3m

4am2 (2)

where kp is the proppant-pack permeability, dp is the geometric mean grain diameter,
Fp is the porosity of the granular material pack, a is the dimensionless parameter that
describes the sphericity of the granular material in the case of a 3D sample composed
of quasispherical granular material its value is thought to be 8/3 (Schwartz et al. 1989),
and m is the dimensionless cementation component, a value considered to be 1.5 in
the case of spherical particles (Glover et al. 2006).
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Fig. 1 Fracture permeability values using Eqs. (1), (2) (transient zone is just a visualization)

Using Eq. (1) to determine fracture permeability if only viscous shear is taken
into account, and an empirical relationship, represented in Eq. (2), that considers only
viscous drag from the proppant-pack, the two different mechanisms may be visualized
as in Fig. 1, where the dp, Fp, a, and m parameters in Eq. (2) are 0.4704 mm, 35%,
8/3, and 1.5, respectively. One can see that if only the viscous drag on the proppant is
accounted for, then the fracture permeability remains constant regardless of the fracture
width. If, in contrast, only the viscous shear on the fracture wall is considered, then
the fracture permeability will be related to the square of the fracture width. This effect
can also be readily inferred from Eq. (1). In reality, the effect of both mechanisms
should be considered to effectively determine fracture permeability, thus a transient
zone appears in certain dimensions (dashed line on Fig. 1) in which the viscous shear
on fracture wall is more dominant at narrower fracture widths, and the viscous drag
on the proppant particles is more pronounced at greater fracture widths.

Since several differentmodels that consider only theviscous drag from theproppant-
pack are available, one of the major objectives of this study is to develop an equation
with which the applicability of the models can be extended to situations where the
pressure drop on the apparatus wall cannot be neglected. Studies carried out specifi-
cally to determine the pressure drop on granular materials are the main focus of this
study. In those models, one of the main parameters to be determined is the so-called
frictional factor (or in a different form, the modified particle friction factor). Numer-
ous correlations are available that can be used to identify the modified particle friction
factor in the case of unconsolidated, heterogeneous granular packing. The limiting
factors used in the course of the investigation are the Reynolds number (Re = ρdpV

μ
;

where ρ is the fluid density, dp is the average particle diameter, V is the fluid velocity
based on the empty cross-section of the bed,μ is the fluid dynamic viscosity), modified
Reynolds numbers (Rem = Re

1−�p
; Re1 = Re

6(1−�p)
; where Fp is the proppant-pack

porosity), and porosity, valid under the measurement conditions. For comparison pur-
poses, thirteen different relationships were selected, and the main equations with the
applicable ranges are shown in Table 1.
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Table 1 Modified particle friction factor relationships considered in this study

Author(s) Modified friction factor Equation Applicable range

Carman
(1937) fp=

(
180+2.871

(
Re

1−�p

)0.9)(1−�p
)2

�3
pRe

(3) 0.01 < Re1 < 10, 000

Rose (1945) fp =
(
1000
Re + 60√

Re
+ 12

)
h
(
�p
) (4) 0.01 < Re < 10, 000

0.32 < �p < 0.9

Morcom
(1946) fp =

(
784.8
Re + 13.73

)(
0.405
�p

)3 (5) Re < 750

Rose and
Rizk (1949)

fp =
(
1000
Re + 125√

Re
+ 14

)
h
(
�p
) (6) 0.01 < Re < 10, 000

Leva (1949)
fp = 2 fm

(
1−�p

)(3−n)

�3
p

(7) Re < 10, 000

Fahien and
Schiver
(1983)

fp=
(
q f1L
Rem

+(1−q)
(
f2+ f1T

Rem

)) (
1−�p

)
�3
p

(8) No data

Tallmadge
(1970) f p =

(
150 + 4.2

(
Re

1−�p

)5/6)(1−�p
)2

�3
p Re

(9) 0.1 < Rem < 100, 000

Macdonald
et al. (1979) f p =

(
180 + 1.8

(
Re

1−�p

)) (
1−�p

)2
�3

p Re

(10) Rem < 10, 000

Foscolo et al.
(1983)

f p = (17.3 + 0.336Re)
(
1−�p

)
�4.8

p Re

(11) No data

Meyer and
Smith
(1985)

f p =
(
90 + 0.462

(
Re

1−�p

)) (
1−�p

)2
�4.1

p Re

(12) Re1 < 1000

Watanabe
(1989);
Kurten et al.
(1966);
Steinour
(1944)

f p = 6.25
(
21
Re + 6√

Re
+ 0.28

) (
1−�p

)2
�3

p

(13) 0.1 < Re < 4000

Avontuur and
Geldart
(1996)

f p =
(
141 + 1.52

(
Re

1−�p

)) (
1−�p

)2
�3

p Re

(14) Rem < 10, 000

Erdim et al.
(2015) f p =

(
160 + 2.81Re0.904m

) (
1−�p

)2
�3

p Re

(15) 2 < Rem < 3600

There is no literature that comprehensively analyzes and evaluates the applicability
of different models for flow-through granular packings on proppant packings of differ-
ent size distributions and under reservoir conditions. As all the models were developed
not under usual reservoir conditions, a comprehensive analysis of its behavior is in
the focus of our interest. On the basis of this analysis, a new model can be introduced
which describes the fracture permeability under reservoir conditions more effectively.

Researchers also create analytical methods to evaluate fracture permeability using
theoretical studies in order to eliminate the shortcomings of the empirical models.
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Table 2 Advantages and disadvantages of the different method with which propped fracture permeability
may be determined

Advantages Disadvantages

Measurement Determines real behavior under
reservoir conditions

High variances between measure-
ments

Long, delicate procedure

Experimental
relationships

Easy to perform Suitable under the conditions from
which the relationships were
derived

Neglect the effect of viscous shear
on the fracture wall

Analytical methods Wider applicable range (than experi-
mental models)

Provide fast, stable and exact solutions
Parameter dependencies are expressed
explicitly

Proppant-pack permeability should
be determined (by measurement
or experimentally derived relation-
ship)

Reality often differs from ideal
conditions

Analytical models are powerfull tools to describe flow through propped fractures, and
are in the main focus of recent studies. Li et al. (2015) proposed an analytical model
that considers proppant deformation and fracture aperture. Zhang et al. (2016) derived
a theoretical model from the Berg (1970) correlation. In these models, the fracture
permeability is approximatedwith the proppant-pack permeability, a reasonable step if
the fracture is wide enough that the viscous shear on the fracture wall can be neglected.
Teng et al. (2020) developed the first analytical model that considers not only the
viscous drag on the proppant, but also the viscous shear on the fracture wall thus
extending the applicable range of their model significantly. One major drawback of
this model is that the proppant-pack permeability is still a compulsory input in their
equation, and the determination of its value is nonetheless usually done on the basis
of measurement or empirical correlations.

The main advantages and disadvantages of the different methods are collected in
Table 2.

The purpose of this work is to find a solution inwhich the advantages of the different
methods can be combined to synthesize a practical approach to determining the fracture
permeability of a propped fracture. To achieve this, first an analytical solution was
developed with which the relationship between the modified particle friction factor
and the proppant-pack permeability was established. Then an analytical model that
considers all the relevant mechanisms may be extended with the newly established
relationship. As most of the models also require the proppant-pack porosities to be
determined, a newmeasurement method had to be developed which enables the use of
porosity values under reservoir conditions. Finally, testing and comparing the accuracy
and the applicability of the new semi-analytical model was performed, and on the
basis of the results an improved modified particle friction factor relationship was
offered, describing the behavior of the granular material under reservoir conditions
more accurately.
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2 Methodology

2.1 Theoretical model

The literature contains a number of experimental relationships for calculating the
pressure drop caused by fluid flow through packed beds. These interdependences can
be utilized to determine the proppant-pack permeability. They are often accompanied
by a so-called friction factor coefficient, which is a kind of descriptor of the viscous
drag exerted by the granular packings (Erdim et al. 2015). This coefficient has been
modified to the so-called “modified particle friction factor” seen in Eq. (16) (Montillet
et al. 2007)

f p = −�Pdp
ρV 2L

(16)

where f p is the modified particle friction factor,ΔP is the pressure difference between
the inlet and the outlet, dp is the particle mean diameter, ρ is the fluid density, V is
the fluid velocity based on the empty cross-section of the bed, L is the length of the
propped bed. This term is also often referred to as the “dimensionless pressure drop”
(Eisfeld and Schnitzlein 2001).

The well-known Darcy’s equation can be used to determine the permeability of a
proppant-pack (Darcy 1856). The Darcy’s equation shows a similarity to Eq. (16) and
can be seen in Eq. (17).

V = −�Pkp
μL

(17)

where μ is the dynamic viscosity of the fluid and kp is the proppant-pack perme-
ability. Combining Eq. (16) with (17) a relationship can be expressed that establishes
the relationship between the proppant permeability and the modified particle friction
factor.

f p = dpμ

ρVkp
(18)

Utilizing the kinematic viscosity, the above equation can be modified as follows,
in Eq. (19)

kp = dpν

V f p
(19)

where ν is the kinematic viscosity of fluid.With Eq. (19) a compact, a new relationship
is identified which establishes the connection between the proppant-pack permeability
and the modified particle friction factor, thus enabling researchers to analyze the
different models in cases of propped fractures.
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Since a theoretical model that considers both the viscous shear and viscous drag
should be used, Eq. (20) has been used (Teng et al. 2020)

k f = kp

⎧⎨
⎩1 + 2

w f

⎛
⎝ vo

kp
μ

�P
L

+ 1

⎞
⎠
√

kp
φp

[
csch

(√
φp

kp
w f

)
− coth

(√
φp

kp
w f

)]⎫⎬
⎭
(20)

where kf is the fracture permeability, wf is the fracture width, vo is the flow velocity at
fracture walls (in case of laminar flow, the value is equal to 0), andFp is the proppant-
pack porosity. The term csch gives the hyperbolic cosecant of the function, while the
coth gives the hyperbolic cotangent of the function. The model can be used under the
following assumptions:

• The fluid is incompressible;
• The viscosity of the fluid is constant;
• The fluid flow is laminar and in a steady state;
• The effect of gravity is neglected;
• The proppants are immobile, and the porosity and permeability of the proppant-pack
are constant.

Since the slippage on the fracture wall is assumed to be 0, as in the case of the
measurements of laminar flow are performed Eq. (20) can be reduced to Eq. (21).

k f = kp

{
1 + 2

w f

√
kp
φp

[
csch

(√
φp

kp
w f

)
− coth

(√
φp

kp
w f

)]}
(21)

Substituting Eq. (19) into (21) the different experimental relationships of modified
particle friction factors can be analyzed. The final equation can be seen in Eq. (22).

k f =
(
dpν

V f p

)⎧⎪⎨
⎪⎩1 + 2

w f

√√√√
(
dpν
V f p

)
φp

⎡
⎢⎣csch

⎛
⎜⎝
√√√√ φp(

dpν
V f p

)w f

⎞
⎟⎠− coth

⎛
⎜⎝
√√√√ φp(

dpν
V f p

)w f

⎞
⎟⎠
⎤
⎥⎦
⎫⎪⎬
⎪⎭

(22)

The driving parameters for determining the modified particle friction factors from
Eq. 3 to 15 are the proppant-pack porosity and the Reynolds number (or a modified
Reynolds number) valid in the case of porous media. As one model, namely Leva
(Eq. 7), provided significantly higher fracture permeability values, it was eliminated.
This can happen if the Reynolds number range during the measurements is lower than
11.5, which causes the value n in Eq. 7 to be equal to 1, and thus reduces the f p value,
consequently increasing the fracture permeability value of Eq. (22).

Testing the equations from Table 1 with the semi-analytical model developed here,
the effect of the two driving mechanisms can be easily visualized, as seen in Fig. 2.
With this method the applicability of the different modified particle friction factor
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Fig. 2 Effective range of the different modified particle friction factor models using Eq. (22)

models was extended in those cases where the effect of viscous shear on the wall
cannot be neglected.

It is evident that the final fracture permeability results are highly dependent on the
modified particle friction model selected, as there is high variance. The two different
zones dominated by the main mechanisms highlighted in Fig. 1 can be identified as
well as the transient zone where the effect of the two mechanisms is equalized. In the
case of a fracture width of 1–15 mm, as used by Aghili et al. (2019); Danko et al.
(2020); Danko and Baracza (2022), the fluid flow can be mainly characterized by the
viscous drag on the granular particles, while at a smaller width, such as 0.5 mm tested
by Schmidt and Steeb (2019), the fluid flow is more affected by the viscous shear
on the wall, and in the case of a 0.2 mm fracture width, as suggested by Bauer et al.
(2016), the fluid flow is dominated by the viscous shear on the fracture wall (if the
fracture is assumed to be filled with proppant particles).

2.2 Introduction of an extended, modified particle friction factor relationship

Since the modified particle friction factor relationships presented here do not take
the effect of closing pressure into consideration, an extended relationship had to be
developed to obtain better results. The correlation proposed by Foscolo et al. (1983)
was used as a base. In our analyses, it is assumed that the closing pressure has an
exponential effect on the proppant-pack because the particles under higher closure
stresses can suffermore prominent deformation, breakage, and embedment.Modifying
the model with an exponential closing pressure term, Eq. (23) was performed wherePc

is the closing pressure in psi, α; a; b; and c are the correlation coefficients.
For the purposes of optimization, the genetic or evolutionary algorithmwas selected,

which incorporates randomness and inheritance into the optimization process (Wang
et al. 2011), and is based on evolutionary computing, whose main idea takes Darwin’s
theory of evolution as its model/inspiration/basis (Kazemi et al. 2020). In essence,
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the algorithm creates an analogy between the optimization process and the natural
selection of living organisms. In an iterative process, the genetic search enhances a
population of artificial individuals and the genetic information of the chromosomes
(model variables) is randomly exchanged during the process (Szabó and Dobróka
2017). The steps of the optimization are illustrated in Fig. 3.

The main steps can be described as follows (Covas and Gaspar-Cunha 2009; Maad
2016): (1) The calculations start with the random definition of all the individuals com-
posing the population (population initialization step). (2) In the following evaluation
step, the values of the criteria for each individual are determined from the data created
by the modeling routine. (3) Once these are known, it is possible to determine the fit-
ness of every individual (value F). (4) This is then followed by the reproduction step,
which is basically the cloning of an individual without modification to maintain high
fitness in the next generation. (5) Then crossover of the selected individuals happens
when the attributes of the parents are mixed. (6) The last basic operator is the muta-
tion, which provides an element of randomness in the individuals of the population.
(7) Calculations finish when all individuals converge on the same solution, or when a

Fig. 3 Simplified flowchart of an evolutionary algorithm (Covas and Gaspar-Cunha 2009)
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prescribed number of generations has been explored.

fp = eα Pc
1,000

[
(a + bRe)

(
1 − �p

)
�c

pRe

]
(23)

The objective of the optimization was to minimize the average gross variance of the
calculated fracture permeability values to the measured values. After the optimization,
Eq. (24) waswritten down.

fp = e0.204
Pc

1,000

[
(468 + 0.336Re)

(
1 − �p

)
�0.7

p Re

]
(24)

Applying Eq. (24) to the developed semi-analytical model (Eq. (22)), the behavior
of the models can be visualized under different closing pressures, as seen in Fig. 4.

The average values of the measured parameters were used with a constant flow
velocity for Fig. 4. The effect of the two driving mechanisms can be easily identified.
At higher closing pressures the effect of viscous drag on the proppant particles became
more dominant at lower fracture widths than in the case of lower closing pressures.
Also, with increasing closing pressure the final fracture permeability values decrease
because the proppant particles suffer increasing deformations (crush, deformation,
embedment, compaction, etc.). It can be seen that with different applied closing pres-
sures on the proppant-pack, a difference with a magnitude can be reached.

1.0E-02

1.0E-01

1.0E+00

1.0E+01

1.0E+02

1.0E+03

1.0E-06 1.0E-05 1.0E-04 1.0E-03 1.0E-02 1.0E-01

2,000 psi

4,000 psi

6,000 psi

8,000 psi

10,000 psi

Fr
ac

tu
re

 p
er

m
ea

bi
lit

y 
(k
f),

 d
ar

cy

Fracture width, m

Fig. 4 Behavior of the new modified particle friction factor relationship in the case of a 30/50 mesh size
proppant-pack under different closing pressures
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3 Measurements

3.1 Permeability measurement

Based on the API RP 19D, eight measurements were performed on the standardized
equipment on two different proppants and their different mass percentage mixtures
to determine the proppant-pack permeabilities under different closing pressures. The
proppants were spherical ceramic balls, but their size distribution and other parameters
differed. This approach was chosen to determine the applicability of the models in a
more comprehensive range of average proppant diameters bymixing the two types. The
proppant with a smaller median particle diameter was a 30/50 mesh-sized lightweight
ceramic proppant, while the proppant with the larger median particle size was a 16/32
mesh ceramic proppant with higher crush resistance.

Based on theAPIRP19D, 6measurementswere performed to analyze the proppant-
pack permeability under different applied closing pressures. To have a comprehensive
dataset on proppant-packs with different average particle diameters, the two types of
proppant were mixed by 20 m/m% increment. The results are illustrated in Fig. 5.

It can be seen from the above-presented results that the fracture permeability values
decrease as closing pressure increase, and also decrease as average particle diameter
decreases in the sample (a larger mass percentage of 30/50 mesh proppant in the
mixture results in decreasing average median particle size). The connection between
these variables is not linear, but rather exponential. It can be concluded from the results
that a small amount of smaller diameter particles can have a significantly detrimental
effect on the larger proppant’s performance. In contrast, adding a small amount of
larger proppant to a mixture cannot provide significantly better performance. This
could also be inferred intuitively, as the smaller particles fill up the spaces between the
larger particles, thus its permeability valueswill be dominant until there are not enough
smaller particles to fill all the spaces between the larger particles. Also, as the closing
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pressure becomes larger, the proppant-pack becomes more compact, thus providing
smaller channels among the particles and increasing the tortuosity, so decreasing the
permeability.

3.2 Porosity measurement

Using Eq. (22) and the modified particle friction factor relationships presented in
Table 1, the measured fracture permeability values can be compared to the calculated
results. As f p equations contain the proppant-pack porosity (Fp) as a parameter, its
values had to be determined. To calculate the porosity of the proppant-pack under
different applied closing pressures, two parameters needed to be measured, which are
the specific gravity of the proppant particle and the bulk density of the proppant-packs
at each applied closing pressure.

The specific gravity measurements on the proppant-packs were performed at least
three times, and the average gross variance between the measurements was 0.013%;
this may be calculated using Eq. (25) provided by Richard et al. (2019), where σ is
the standard deviation and X is the mean.

Gross Variance = σ

X
(25)

A new method had to be developed to determine the bulk density of the proppant-
pack under different applied closing pressures as no method can be found in the
literature for this purpose. The crush test described in the API RP 19C (2008) was
the basis of the bulk density measurement at different closing pressures. A schematic
drawing of the measurement equipment is shown in Fig. 6.

Applying an exact mass of proppant in the cell and utilizing a width measurement
device during the process described in the API RP 19C, the bulk densities can be easily
calculated as the geometry of the cell and piston is well known, as in Eq. (26)

ρbulk = mprop( d
2

)2
πh

(26)

whereρbulk is the bulk density of the proppant-pack,mprop is the mass of the proppant-
pack in the cell, d is the diameter of the cell’s inner side, h is the height of the
proppant-pack. In the course of the measurements, the closing pressures were applied
on the sample for twominutes (as described in theAPIRP 19C), and the proppant-pack
widths were registered. Each measurement was performed three times, in order to be
able to analyze the gross variance of the measurements. The average gross variance
that was obtained by the measurements was 4.41%.

Since the specific gravities and bulk densities of the proppant-pack mixtures had
been determined, the porosity of the proppant-pack under different closing pressures
could then be calculated using Eq. (27)

�p = 1 − ρbulk

ρparticle
(27)
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Fig. 6 Schematic illustration of the crush test apparatus used during the bulk density measurements (not to
scale)

where ρbulk is the measured bulk density of the proppant-pack at a given closing
pressure in g/cm3, andρparticle is the particle density calculated from the specific gravity
measurements in g/cm3. The results can be seen in Fig. 7.

As the specific gravity of the proppant-pack decreases in a nearly linear manner
with an increasing mass percentage of 30/50 mesh proppant in the mixture, and the
bulk density follows a nearly parabolic decrease with an increasing amount of 30/50
mesh proppant in the mixture, the final porosity results show a decreasing trend until
20–30% of the 30/50 mesh proppant is in the mixture, and there is an increasing trend
at higher concentrations.
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4 Results

A relationship between the proppant-pack permeability and the modified particle fric-
tion factor has been established in the form of Eq. (19), which enables the testing of
the different friction factor correlations (Table 1) in an analytical equation.

The analytical model provided by Teng et al. (2020) was complemented with the
new relationship to extend the application range of the different correlations in cases
in which the viscous shear on the fracture wall cannot be neglected.

A new measurement method was developed based on the API RP 19C standard
measurement to determine the proppant-pack permeabilities under different closing
pressures and thus provide sufficient input parameters to the differentmodified particle
friction factor correlations. As far as the results go, the bulk density measurements
can be reproduced with an average 4.4% gross variance.

The assessed modified particle friction factor correlations were tested with the
new semi-analytical model. The results of the comparison can be seen in Fig. 6. On
the basis of results, the calculated fracture permeability values did not match the
measured values. After analyzing the results, an extended correlation was created in
the form of Eq. (24), where the effect of closing pressure was considered. Comparing
the new correlation with the measurements an average gross variance of 8.8% can
be achieved, with a maximum value of 14.7%. The results are illustrated in Fig. 7. It
can be seen that the calculated values do not perfectly match with the measurement
results, since the porosity values slightly increasedwith the increasingmass percentage
of larger proppant in the mixture (Fig. 8), while the fracture permeability values
decreased (Fig. 5). Although the average 8.8% gross variance may not be practical
in some applications, in the light of the relevant literature, it can be considered to
be acceptable compared to the average gross variance yielded by the standard API
fracture conductivity measurement.
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Fig. 9 Comparison of the measured and calculated fracture permeability values with the 30/50 mesh size
proppant

The indicated 20%average gross variance of theAPIRP19Dstandardmeasurement
method can be considered significant, so it was important to determine what level of
accuracy can be reached in our fracture permeability measurements. We performed
the fracture permeability measurements 3 times on the 30/50 mesh size proppants,
and the results are illustrated in Fig. 9. The results obtained show that the average
gross variance between the measurements is significantly lower than reported in the
literature, as its value is 3.9%.With this result, the reproducibility of the measurement
was validated. Also, as the technical datasheet of this proppant was available, it was
possible to compare the results to another independent laboratory’s results. The fracture
permeability values indicated in the technical datasheet imply slightly different results
that measured in our work, with an average gross variance of 15.2%, which falls within
the specified 20% range.

With the semi-analytical model developed, Eq. (22) and the new correlation,
Eq. (24), the fracture permeability values calculated can be tested against the mea-
sured values (both to our measurements and to the technical datasheet). The calculated
results had an average gross variance of 5.5% compared to our measurements, and
12.5% in the case of the technical datasheet. These results reinforced the validity of
this new approach.

5 Discussion and conclusion

As oil and gas reserves are constantly decreasing, the role of intensification meth-
ods is growing in prominence. Transport and flow in fractured rock formations occur
in several applications, such as enhanced oil and gas recovery, hydraulic fracturing,
groundwater hydrology, etc. (Ambartsumyan et al. 2019). In the recent past, hydraulic
fracturing treatment has become the focus of interest for several studies (Yoshioka
et al. 2019). During this treatment usually, a granular propping agent is injected into
the fracture that prevents the fracture from closure and thus provides a highly con-
ductive zone for the fluid flow. As the hydraulic fracturing process is a complicated
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and expensive technological process (Kushnir and Varypaev 2016), determining the
permeability of the fracture and so the properties of the propping agent is essential.
Understanding the behavior of the granular propping agent under reservoir conditions
is a key objective of several studies. In this study, the utilization of the correlations
on unconsolidated, granular materials and their applicability on proppant-packs under
reservoir conditions were the main objectives.

A theoretical model was developed which considers both the viscous shear from
the fracture wall and viscous drag from the surface of proppants and with which the
behavior of the different modified particle friction factor correlations can be analyzed.
One major result is the measurement process developed, with the aid of which the
proppant-pack porosity can be measured under different closing pressures utilizing
the API RP 19C crush test apparatus.

After the analyses, it was obvious that the assessed models could not be used effi-
ciently to determine proppant behaviors under reservoir conditions. Since the porosity
values of the proppant-pack under different closing pressures were determined, the
comparison of the differentmodels could be performedwith the application ofEq. (22).
The summary of the results is illustrated in Fig. 10. The average deviation from the
measured values is represented by the maximum and minimum deviations. One can
observe that the deviations are significantly higher than practicable (the practicable
range can be considered within 20% variance, as Richard et al. (2019) showed).

Combining the investigated models represented in Table 1 with Eq. (22) as devel-
oped could not provide satisfactory results that might be considered useful. Some
apparent facts can explain this result:

• In the case of the models represented in Table 1, the particles were unconsolidated,
where the particles usually can move nearly freely, while in the course of the prop-
pant measurements, the proppant particles were nearly in a fixed position.

• In the case of the models represented in Table 1, there was no pressure applied
to the particles, while in the course of our measurements, the particles were under
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Fig. 11 Visualization of the effect of closing pressure on permeability and porosity

significant pressure, which can cause deformation, crushing, and embedment on the
closure body‘s surface. These effects can have a significant negative effect on the
final permeability results (Liang et al. 2016).

• Although pressure-dependent porosity values were measured, the final fracture per-
meability values could not predict the measurement values with sufficient accuracy.
This phenomenon can be interpreted in the way that the stresses introduced by the
closing pressure have a different effect on the permeability than on the porosities.
Intuitively, if the proppant particles are deformed or rearranged, the porositieswould
not change significantly, while the free space for fluid flow between the particles
changes significantly, resulting in an increasing tortuosity and so increasing fracture
permeability. This aspect can be observed in Fig. 11, where the average changes
compared to the 2000 psi closing pressures are visualized in the case of the mea-
sured fracture permeability and the measured porosity values. It can be seen that
the change in permeability can be an order of magnitude larger than the change in
porosity. This result confirms that the applied closing pressure has a higher effect
on the permeability than on the porosity.

It can be readily inferred from these results that a correction is needed to the avail-
able models to overcome the effect of closing pressure. although pressure-dependent
porosities were used (measured by the proposed new measurement method), the
applied closing pressure has a higher effect on the permeability than on the poros-
ity and the correlations used, which assume a relationship between the porosity and
Reynold’s number, cannot describe this effect efficiently. Although the final corre-
lation, Eq. (24) does not perfectly fit the measured values, its applicability can be
practical, as the API RP 19D standard measurement method can also be reproduced
with nearly identical variances. The proposed method can predict the measurement
results with an average gross variance of 8.8%.

One significant benefit of the proposedmethod is the less time required to obtain the
permeability values than in the case of the standard measurement method. The API
RP 19D measurement requires nearly two weeks to perform, while performing the
proposed bulk density and specific gravity measurements on the samples only require
around 1–2 h. This approach’s benefit makes it practical and applicable to subsequent

123



GEM - International Journal on Geomathematics            (2023) 14:16 Page 19 of 22    16 

research. It should be mentioned that the closing pressure-dependent term in Eq. (24)
should be tested for different types of proppants in the future to ascertain the value of
the coefficient over an even broader range.
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