January 31, 2023

flu-dyn] 28 Jan 2023

SiCS

2301.02957v3 [phy

arXiv

Geophysical and Astrophysical Fluid Dynamics GAFD-2022-0015-main

Geophysical and Astrophysical Fluid Dynamics
Vol. 00, No. 00, 00 Month 2023, 1-21

Semi-analytical solutions of shallow water waves
with idealised bottom topographies

Chang Liu f I * and Antwan D. Clark }

1 Department of Applied Mathematics and Statistics, Johns Hopkins University
Baltimore, MD 21218 USA
1 Department of Physics, University of California, Berkeley
Berkeley, CA 94720 USA

(v4.4 released July 2022)

Analysing two-dimensional shallow water equations with idealised bottom topographies have many ap-
plications in the atmospheric and oceanic sciences; however, restrictive flow pattern assumptions have been
made to achieve explicit solutions. This work employs the Adomian decomposition method (ADM) to de-
velop semi-analytical formulations of these problems that preserve the direct correlation of the physical
parameters while capturing the nonlinear phenomenon. Furthermore, we exploit these techniques as reverse
engineering mechanisms to develop key connections between some prevalent ansatz formulations in the
open literature as well as derive new families of exact solutions describing geostrophic inertial oscillations
and anticyclonic vortices with finite escape times. Our semi-analytical evaluations show the promise of this
approach in terms of providing robust approximations against several oceanic variations and bottom to-
pographies while also preserving the direct correlation between the physical parameters such as the Froude
number, the bottom topography, the Coriolis parameter, as well as the flow and free surface behaviours. Our
numerical validations provide additional confirmations of this approach while also illustrating that ADM
can also be used to provide insight and deduce novel solutions that have not been explored, which can be
used to characterize various types of geophysical flows.

Keywords: Adomian decomposition method; shallow water equations; bottom topographies

1. Introduction

Analysing two-dimensional shallow water equations has been extensively studied in geophys-
ical fluid dynamics to understand a myriad of atmospheric and oceanic phenomena. Some
examples include understanding the effects of long-term oceanic waves (Pedlosky|2013|, [Vallis|
2017)), analyzing the behaviour of oceanic warm-core rings (Cushman-Roisin[1987), investigat-
ing flows in channels and shorelines (Shapiro|1996, [Sampson et al.[2005), studying steady-state
flows (Tacono|[2005, |Sun!2016)), and grasping the temporal instability of barotropic zonal flows
(Clark and Herron 2013). These theoretical analyses also serve as a good basis for numer-
ical simulations and validations. For example, the creators of the Shallow Water Analytic
Solutions for Hydraulic and Environmental Studies (SWASHES) software library
incorporated a significant number of theoretical solutions of the shallow water
equations in the open literature, which has been cited by over 200 research papers currently.
Furthermore, several of the solutions in this library are obtained from in which
have been widely used to demonstrate the validity and accuracy of several numerical schemes
including finite volume schemes (Gallardo et al| 2007, Bollermann et al.| 2011} Nikolos and
Delis2009) and discontinuous Galerkin methods (Ern et al.2008, Kesserwani and Liang 2012,
Li et al.2017, [Wintermeyer et al.||2018). Some significant advancements include the original
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works of Ball and Thacker who demonstrated that nonlinear oscillations can be modelled as
either low-order polynomials or normal modes (Ball/[1963, 1964, 1965| [Thacker||1977, 1981]).
Researchers also developed elliptical vortex solutions to understand the temporal effects of
oceanic warm-core rings including stationary clockwise rotations (rodons), pulsating circular
eddies (pulsons), and a subclass of these phenomena called pulsrodons (Cushman-Roisin| 1987,
Cushman-Roisin et al.||[1985| |[Rogers|[1989b)). Extensions to these approaches have been made,
where some examples include the work of Sachdev et al.| (1996]) who extended the approach of
Clarkson and Kruskal (1989) and derived new families of solutions in paraboloidal basins that
provided additional insights in terms of describing flow behaviour due to deformation modes.
Additionally, Matskevich and Chubarov| (2019)) extended the results of Ball and Thacker to
include the effects of Coriolis forces and bottom friction. Bristeau et al.| (2021)) also extended
the results of Thacker and introduced two respective solutions describing velocity distributed
along the vertical axis and velocity accounting for variable density.

Group analysis was also explored. Some pioneering works in this area include that of |Curro
(1989) and Rogers| (1989a) who also advanced the works of Thacker and Ball and related sev-
eral forms of the depth function as well as developed invariance theorems. Levi et al. (1989)
developed symmetry reductions for flows with elliptic and circular bottom topographies. [Bila
et al.| (2006|) derived Lie point symmetries and conservation laws. |Chesnokov]| (2009) discovered
9-dimensional Lie algebra point symmetries and developed transformations between rotating
and non-rotating cases, which were later used to describe spatial oscillations in spinning
paraboloids (Chesnokov|2011]). Some recent advancements include Meleshko| (2020) and |Bihlo
et al| (2020) who performed group classification and analysis for zero and constant Corio-
lis parameters. Meanwhile, Meleshko and Samatoval (2020) performed similar analysis and
considered the beta-plane approximation of the Coriolis parameter and an irregular bottom
topography.

However, deriving theoretical solutions to the two-dimensional shallow water equations poses
the following main challenges. First, these efforts involve making specific assumptions regard-
ing the flow conditions which only satisfy specific cases. Some solutions also contain combi-
nations of special functions and integral expressions (Shapiro|(1996, Rogers 1989b)), which in
turn makes it difficult to determine the correlation between the physical quantities of these
models. Finding invariant solutions via group analysis has the additional advantage of deriv-
ing conservation laws to these equations. However, this approach depends on the construction
of Lie-groups which depend on the problem formulation as well as specific assumptions such
as the Coriolis parameter and bottom topography. Therefore, there is a need to find solutions
that are not only flexible, in terms of relaxing certain limiting assumptions, but also provide
a direct correlation of the physical parameters.

This work applies Adomian decomposition method (ADM) (Adomian (1990)) to the shal-
low water equations to provide the following main contributions. First, we present the ADM
formulation of the rotating shallow water equations where we also present key connections
between the ansatz formulations in the work of [Thacker| (1981)), Shapiro| (1996]), Matskevich
and Chubarov| (2019). Next, we derive and present some new families of exact solutions, for
flat bottom topographies, that describe inertial oscillations in geostrophic flows and anticy-
clonic vortices with finite escape times. The rest of this paper is organised in the following
manner. Section [2| presents the ADM formulation and initial theoretical formulation of the
problem, where we present the connection to fundamental assumptions on the formulation of
the solutions. Section [3| presents derivations of new families of solutions and their properties.
Section [4] provides numerical experimentation and results. Section [5| provides some concluding
remarks, where we also list some future research directions.
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2. Adomian Decomposition Formulation
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Figure 1.: Illustration of a thin layer of incompressible flow under the Earth’s rotation
described by rotating shallow-water equations with idealised bottom topography.

The non-dimensional form of the governing equations is defined as
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This is illustrated in figure [Ij where u and v are the flow velocity components, h is the
free surface height, f = fLo/Up is the dimensionless Coriolis parameter (associated with the
Coriolis force), and F = Uy/+/gHy is the Froude number. Here, the spatial variables z, y, [,
and L are normalised by the horizontal length scale Lg; h is normalised by a vertical length
scale Hy; the horizontal velocities, u and v, are normalised by the characteristic velocity Up;
and time ¢ is normalised by Lo/Uy. Hence, the dimensionless form of the idealised bottom
topography is defined as

D(z,y) = Dy (1-%2—';’22), (2)

where Dy is also normalised by a vertical length scale Hy. It is noteworthy to mention that
other bottom topographies can be determined from such as flat bottom (D = 0), circular
paraboloid (I = L), and channel (I — oo or L — o0) terrains. Additionally, D(z,y) can
also be used to incorporate linear terms in its description via change of variables (Shapiro
1996, Thacker||1981). The total fluid depth D + h, shown in figure [1} follows the formulations
of [Thacker| (1981) and |Shapiro| (1996) where D + h = 0 represents a moving shoreline and
D+ h < 0 represents dry regions. When the moving shoreline is closed, the water mass within
the shoreline is conserved (Thacker||1981, |Shapiro/[1996). When the moving shoreline is open
such as in tsunami modelling, then water within a bounded domain will have mass exchange
with an infinite mass reservoir. It is also important to mention that our explorations in this
section consider flow velocities that are linearly varying spatially while the free surface height
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either varies linearly or in a quadratic fashion. The initial conditions are given by

u($7 Y, 0) =ug (:L‘a y)? (3&)
U(:Ca Y, 0) =0 (SE, y)a (3b)
h(xv Y, 0) =hy (J"7 y) (30)

Next, u, v, and h are decomposed as follows

(x y,t) Z (x‘ Y, ) W
x y? aj y? )
h(x y,t)|  n=0 h (z,y,1)

where the initial components are defined by equation . Thus, the recurrence relationships
to equation (for n > 0) are given by

ou ou 1 oh,
_r7—1)_ el B el
Unt1(x,y,t) = L { A, <u, E)g:) A, <v, ay> 2 20 -i—fvn}, (5a)
ov ov 1 oh —
_g7-1)_ i R Yy - xm
Unt1(x,y,t) = L { A <u, ax> An <v, 6y> 72 0y fun}7 (5Db)
0 0 0 0
n = L7~ S [An(w, h)] — —[Ap(v, h)] — ~—[unD] — ~—[vaD] }
o) = £ { = A I] = A0 = 5[ D] = D]}, (50

where

o(- _ t
Lt:W, and Ltlz/o(')dT,

and the Adomian polynomial representing the quadratic nonlinearity is defined as (Adomian
1990, 2013)

h) = ujhn_j. (6)
=0

It is important to note that equation @ can be used to approximate the quadratic nonlinear
terms, such as uh, as follows

[e.e] oo o0
uh = (Z up> (Z hq> = Z Ap(u,h)
p q n
and thus the semi-analytical solution to is expressed via the partial sums

u(x,y,t) Sy (u) N fun(z,y,t)
,U(xayvt) = SN(U) = Z Un(xayat) . (7)
h(z,y,t) Sn(h) n=0 | hn(x,y,t)

Next, the following results connect the properties of the initial conditions to the behaviours
of the true solutions via their partial sums.

Lemma 2.1: Let {uy(z,y,t)}, {vpn(z,y, 1)}, {hn(x,y,t)} be the sequence of decomposed func-
tions of u, v, and h, where their relationship is defined by (for n € N) given an ideal
parabolic topography . If the initial conditions up(zx,y), vo(x,y), ho(z,y) are defined such
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that
2 2 3
0%uo(z,y) _0%wo(z,y) _ 0°ho(z,y) _ 0, (8a)
Ox2 o2 ox3
2 0’ o’
uo(a}’y) _ UO(.ZE,y) _ hO(xvy) =0, (8b)
ay2 ay2 ay3
0%ug(x, y) ZGQUO(aj,y) _ *ho(x,y) _ O*ho(z, y) — (8¢)
dzy 00y 02y 0xdy”
Then the higher order components un(z,y,t), va(x,y,t), hn(x,y,t) also satisfy the same prop-
erty, where
2 2 3
0“un(x,y,t) :6 v (2,y,1) _ 0%hn (2, y, t) =0, (9a)
ox2 ox2 ox3
0%uy, (z,y,t) :aQUn(x,y,t) _ *hn(2,y,1) —0, (9b)
ayQ ay2 ay3
0%un(r,y,1) _un(r,y,t) _ 0ha(zy.t) _ Bhu(r,y,t) _ (9¢)
00y -~ dwdy 2%y dwdy?
forn € NT.

Proof: This is proven via mathematical induction by examining the recursion relationships
for u, v, and h in equation . Condition is demonstrated by examining the following

relationships
e (SR () A )
a?;‘f =—L;" {:; [An <u ZZ) + A, (v, 2;’)] + ;aa;fany +f a;;‘;} : (10b)
63:;;1 =—I;! {:;[An(u, h)] + axa;y[An(v, h)] + ;;[UHD] + a;;ay[Un/j]} , (10¢)

Therefore, when n = 0 equations ({L0at-c) representing the relationship between the initial and
first components for u, v, and h become

62u1 1 62 auo 6u0 1 63h0 7622}0
) VI iy Pypdas TR I A 11
02 t {6m2 {uo o 0 dy ] T o / 02 } ’ (11a)
0%, L[ 92 dvg dug 1 9%hg 9%

N P S ) - — 11b
322 t {63:2 [“0 o T ay} T oy T B } (11b)
3hy L[ ot ot ot ot
— L= LY [ugho] + = [voho] + = [uoD] + ~—— [voD] ;. 11
ox3 t {6w4 [uohol + o3y [voho] + ozt [uoD] + 030y [vo ]} (Ic)

Employing (8alc) it can be shown that equations (11alc) reduce to the following relationship
aQUI (.’13‘, Y, t) _ 62’1)1 ($7 Y, t) _ a3h1 (1"’ Y, t)

=0.
0x2 0x2 ox3
Continuing this argument for n = {1,2,...,n — 1} yields equation . Similar arguments
can be made to produce (9bfc), respectively. O

Theorem 2.2: Let {uy(x,y,t)}, {va(z,y,t)}, {hn(x,y,t)} be the sequence of decomposed
functions of u, v, and h, where their relationship is defined by (for n € N) given an ideal
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parabolic topography (2). If the initial conditions uo(z,y), vo(z,y), ho(z,y) are defined as
c), then the solutions of u, v, and h have the same property where

u(z,y,t)  *u(z,y,t)  0%u(,y,t)

= =0 12
a2 0y? 20y ’ (122)
2 2 2
0z dy? 0z 0y
O°h(z,y,t) _Oh(z,y.t) _ *h(w,y,t) _ Fhlz,yt) _ (12¢)
ox3 ~ dz20y  dxoy? oy3 e
Consequently, these solutions can be expressed as
w(z,y,t) =to(t) + e () + Uy (1)y, (13a)
v(z,y,t) =00(t) + e (t)z + 0y (t)y, (13b)
h(z,y,t) =ho(t) + he(t)x + hy(t)y + Sha()2® + 3Ry (8)y* + hay(t)y, (13c)

and izacy(t) are time-dependent.

Proof: Applying Lemmato each component in (4)) yields (12atc). From ([12a]), we observe

that
W =0 yields wu(z,y,t)=Ci(y,t)x+ Ca(y,t),
where the integration constants, C(y, t) and Cs(y, t), are independent of x. Similarly, we have
W =0 yields Cy(y,t) = u.(t),
and
W =0 yields Ca(y,t) = ay(t)y + Go(t),

and thus (13a]) is achieved. Similar arguments can be made to achieve (13bjc), respectively. O

We note the significance of Theorem In the works of Thacker (1981), |[Shapiro| (1996),
and |[Matskevich and Chubarov| (2019) equations (13atc) were presented as ansatz solutions,
where they were also used to produce the reduced system of shallow water equations to derive
closed-form solutions. This theorem removes these assumptions and provides more insight to
this behaviour by connecting it to the initial conditions (8atc).

3. Novel exact solutions for flat bottom topographies with constant Coriolis force

Next, we use the ADM construction to derive new families of solutions and their properties
that describe other geophysical flows such as inertial oscillations and anticyclonic vortices
which have a profound effect on oceanic and atmospheric dynamics (Vallis 2017, Kafiabad
et al.||2021)). Here, we consider flows over flat bottom topologies where Dy = 0 in with
constant Coriolis parameter (f # 0).

3.1. Inertial oscillations in geostrophic flows

For these types of flows, our analysis considers the following initial conditions.
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e Condition I
uo(z,y) = vo(z,y) =0,  ho(z,y) = new + nyy, (14)
e Condition II
up(z,y) =volz,y) =0,  ho(z,y) = naz, (15)
e Condition III
uo(z,y) =volz,y) =0,  holz,y) =myy, (16)

where 7, and 7, are the respective constant free surface gradients in the x and y directions.
We note that the behaviour of the initial conditions - affect the decomposition of
the decomposed functions of u, v, and h as presented in the following lemma.

Lemma 3.1: Let {uy(z,y,t)}, {vn(z,y, )}, {hn(x,y,t)} be the sequence of decomposed func-
tions of u, v, and h such that their relationship is defined by (forn € N). If D =0 and
the initial conditions ug(x,y), vo(z,y), ho(z,y) satisfy the following properties

auO(xay) :a’UO(ajvy) — a2h0(az,y)

oz oz dx? =0 e
2
dug(z,y) :aUO(‘ray) _ 0%ho(z,y) —0, (17b)
oy dy 032
62h0($ay)
Sl 0. (17¢)

Then the higher order components u,(x,y,t), vo(x,y,t), hy(x,y,t) also satisfy the property
that

Oun(x,y,t) vy (x,y,t)  Ohp(z,y,t)

_ 1
- - - 0, (18a)
Oun(x,y,t) _vn(w,y,t) _ dhn(w,y,t) _ (18b)

forn € N*.

Proof: This is proven via mathematical induction by examining the recursion relationships
for u, v, and h in (). Condition ([I8a)) is demonstrated by examining the following relationships

Qi1 [0 ou ou 1 9%h, . 0u,
=—1L — |A — A — — —f—=— 1
ox t {a:c [ " (u, ax) T An (v, ay)] T o / or |’ (192)
0Up+1 [ o ov ov 1 0%h, —Ouy,
=—1L — |An (U, — Ap (v, — — — 0 1
ox t {ax [ (u ax> * (U ay)] T 0x0y +f ox (19b)
athrl o —1 62 62

Therefore, when n = 0, equations ([19aftc) representing the relationship between the initial and
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first components for u, v, and h become

dur 4 du du 1 3%hg  ;0vp

E = Lt {al‘ |:A0 <u, ax> + AO (U, ay>:| + ﬁ?:ﬁ f a.’E} N (20&)
duy [0 v ov 1 9%hg . dug
—=—L;'{— 1A —)+A4 — — 2
oz t {6x[ °<u’ax>+ °<”’ay>]+F2axay+fax}’ (20)
ohi 4 @ GR

M ) + 5 LAa(w ] (20¢)

Employing (L7atc) it can be shown that equations (20atc) reduce to the following relationship
oup ($, Y, t) _ avl(xa Y, t) _ ahl(x> Y, t)

= O7
ox ox ox
and continuing this argument for n € N* yields equation ((18al). Following similar arguments
yields ([18b)). O

From this, the behaviour of uniform wu, v over space, and planar free surface h with constant
spatial gradients over time can be summarised in the following theorem.

Theorem 3.2: Let {un(x,y,t)}, {va(x,y,t)}, {hn(x,y,t)} be the sequence of decomposed
functions of u, v, and h, where their relationship is defined by (forn € N). If D =0 and
the initial conditions uo(x,y), vo(z,y), ho(z,y) satisfy the properties defined in (17atc), then
the solutions u, v, and h have the following properties

ou(z,y,t) Ou(w,y,t)

_ 21
ox oy v -
ov(z,y,t)  Ov(z,y,t)
_ _ 21b
ox oy v .
Oh(z,y,t) _dh(z,y,0)
& = (21c)
Oh(z,y,t) _h(z,y,0) (21d)
oy dy ’
2 2 2
0z? 20y dy?
Additionally, u, v, and h are reduced to the following forms
u(a,y,t) =io(t) (22
v(z,y,t) =vp(t), (22b)
Wz, y.t) =ho(t) + bz + iy, (22c)

where the coefficients g (t), Tp(t), and ho(t) are time-dependent, while h, and h,, are constants.
Additionally, (22alc) satisfy the reduced system of equations

Siot) = e + Fio(0) (23a)
SSi0(t) = = 7y — Fio(t) (23b)
L ho(t) = — ot)he — o(t)y. (23¢)
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Proof: Applying Lemma to each component in yields (21)). From (21a)), we observe
that

ou(z,y,t)

32 =0 yields wu(z,y,t)=Ci(y,t),

where the integration constants, C;(y,t), are independent of z. Similarly, we have

ou(z,y,t)

3 =0 yields Ci(y,t)=1o(t)

and thus (22a)) is achieved. Similar arguments can be made to achieve (22blc), respectively.
Substituting (22atc) into achieves the reduced system of equations , which completes
the proof. 0

Hence, we have the following results for inertial oscillations for geostrophic flows.
Theorem 3.3: Given inertial oscillations over flat bottom topographies with constant Cori-

olis parameter f # 0, where the initial behaviour is defined by . The solutions u, v, and
h are expressed as

u(z,y,t) = — ﬁ sin (ft) — fF2 [1—cos(ft)], (24a)

v(z,y,t) = fzﬂ? [1—cos (ft)] — % sin(ft), (24b)
2

h(z,y,t) = f;];’Q [1 — cos (ft)] + e + fg;z [1 — cos (ft)] + nyy, (24c¢)

where 1, and 1, are the constant free surface gradients in the x and y directions, respectively.

Proof: The initial conditions satisfy ([L7afc). Therefore, the sequence of decomposed
functions {un(z,y,1)}, {va(z,y,0)}, {hn(z,y,t)} satisfy (18alb) for n € N* which satisfies
Lemma and consequently Theorem Examining the system of reduced equations ,
the initial conditions also produce the following reduced relationships: h; = 1, hy = 1y,
and 4(t =0)=0(t=0) = fzo(t = 0) = 0. Solving this reduced system achieves 1 ¢) which
proves the theorem. O

Corollary 3.4:  Given inertial oscillations over flat bottom topographies with constant Cori-
olis parameter f # 0.

(i) If the initial behaviour is defined by , then the solutions u, v, and h are expressed

u(x,y,t) = — # sin (ft) , (25a)
v(z,y,t) = fzﬂ [1—cos(ft)], (25D)
h(z,y,t) :f;];'Q [1—cos (ft)] + zna. (25¢)

(ii) If the initial behaviour is defined by , then the solutions u, v, and h are expressed
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as
u(z,y,t) = — % [1—cos (ft)], (26a)
v(z,y,t) =— ]%2;2 sin (ft), (26b)
2
h(z,y,t) ngfm [1— cos ()] + nyy- (26c)

Nz and 1y are the constant free surface gradients in the x and y directions, respectively.
Proof: This is a special case of Theorem for n, = 0 and 1, = 0, respectively. O

Theorem and Corollary show the explicit relationship between these types of flows
with respect to the constant Coriolis parameter, the free surface gradients, and the Froude
number where the inertial oscillation frequency is defined by the constant Coriolis parameter
f. These results also demonstrate that these oscillations are based on the magnitude of the
free surface gradients that depend on the initial behaviour and the geostrophic flows, which
are consistent with the results of (Vallis|2017). Moreover, Theorem describes these types
of oscillations as the interaction between the geostrophic flow fluctuations and the free surface
gradients, where Corollary [3.4] considers cases when these gradients are negligible in the  and
y directions.

3.2. Anticyclonic vortices with finite escape times

For these types of flows our analysis considers the following initial conditions

e Condition IV

uo(z,y) = fy,  volz,y) =0, ho(z,y) = ho, (27)
e Condition V
uo(z,y) = fy,  wolz,y) = —fe+ fy,  ho(z,y) = ho, (28)
e Condition VI
ug(z,y) =0, wolx,y) = —fx, ho(z,y) = ho, (29)
e Condition VII
uo(z,y) = fr+ fy,  wlz,y) =—fz, ho(z,y) = ho, (30)

where hg is the constant free surface height. These describe anticyclonic vortices for the initial
vorticity is proportional to the negative constant Coriolis parameter. The behaviour of the
initial conditions - affect the decomposition of the decomposed functions of u, v,
and h as presented in the following lemmas.

Lemma 3.5: Let {uy(z,y,t)}, {vpn(z,y, 1)}, {hn(x,y,t)} be the sequence of decomposed func-
tions of u, v, and h, where their relationship is defined by (for n € N) given a flat bottom
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topography D = 0. If the initial conditions ug(zx,y), vo(x,y), ho(x,y) are defined such that

uo(z,y) =fy, (312)
621)853952,3/) :ahoa(gy) —0, (31b)
a%géa;,y) :ahoa(z,y) —0, (31c)
w 0. (31d)

Then the higher order components un(x,y,t), v, (z,y,t), hn(x,y,t), for n € NT satisfy

(2, 9, ) =0, (32a)
a%na(i;y,t) :6hn(§;y,t) 0, (32b)
a%"géy’t) :ahn(aa:?;yi) _o, (32¢)

Proof: This is proven via mathematical induction by examining the recursion relationships
for u, v, and h in equation . Condition (32a)) is demonstrated by examining

ou ou 1 9h -
— _7-1 - e -
Up+1 = —L; {{An <u, ax> + A, <v, ay>] + 2 o0 fvn}, (33)
In the case of n = 0 and using (31a)) - (31d)), it reduces to
_ ou ou 1 0hy -
=—L;'{ A — A — —_—— =
met (o) s (o)) o o)
_ oy -
o) 1o

and continuing this argument for n = {1,2,...,n — 1} yields equation (32a)). Condition (32b)
is demonstrated by examining the following relationships

02U 11 G ov ov 1 0%h,  .0%u,
=—L — |A An S N Fap) ) 4
0x? ¢ {6:1:2 [ " <u, a:c) * (v ay)} T 0z20y i 0x? } (342)
ahn+1 —-1 62 62
— — A, (u, A, (v, h)] b . 4
a5 A ]+ o Ao (310)

Therefore, when n = 0, equations (34alb) representing the relationship between the initial
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and first components for v and h become

0%, 02 ov ov 1 33hg _0%ug

322 ] {a 2 [ 0< ' >+ °< ayﬂ T Raey T a2 } (352)
ok L[ 0°

M r A A .

o =~ I { guzla(u ] + 55 Ao(o, )] (35D)

Employing (31atd), it can be shown that equations (35a,b) reduce to the following relationship

Ohi(z,y,t)
oz

621)1(37, y,t) _
0x2

=0,

and continuing this argument for n = {1,2, ...

,n— 1} yields equation (32b). Following similar
arguments yields (32c|d).

O

Lemma 3.6: Let {u,(z,y,t)}, {vn(z,y, 1)}, {hn(x,y,t)} be the sequence of decomposed func-
tions of u, v, and h, where their relationship is defined by (for n € N) given a flat bottom
topography D = 0. If the initial conditions ug(z,y), vo(x,y), ho(x,y) are defined such that

v(z,y,t) = - fz, (362)
angg(;:,y) :ahoa(iay) _0, (36b)
Ongéﬂg,y) _ahoé;a?/) —0, (36¢)
W _ (36d)

Then the higher order components u,(x,y,t), vy(x,y,t), hn(x,y,t), for n € NT satisfy the
property

on (2, 1) =0, (37a)
a2una(;n2,y,t) :ahn(;;y,t) o, (37b)
aQuna(;,y,t) Ohy (axyy, t) — 0, (37¢)

Proof: This is proven via mathematical induction by examining the recursion relationships
for u, v, and h in equation . Condition (37al) is demonstrated by examining the following
relationships

0 0
i {2 e ()

1 dh,

F2 3y (38)

—l—fun}.
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At n =0, we have

ov ov 1 oh —
_ -1 ov v L 9o
o=t {0 (03 + 0 (05 )| + 7y o)

= —Lt_l {Ao (u, gi) + qu}
=Ly {—uof + fuo}

=0.

Employing a similar argument for n = {1,2,...,n — 1}, we have (37a). Equation (37b) is
demonstrated by examining the following

0%Up 41 [ 92 du du 1 33%h, 0%,
==L s [An (w5 )+ A (050 )|+ 5 — T e ¢
0x? t {63:2 { (u 837) * (v ay>] T / 0x? } (392)
ahn+1 . -1 62 62
ot 1 )+ 5o Aa(o ] (300)

Therefore, when n = 0, equations (39a,b) representing the relationship between the initial
and first components for © and h become

62u1 1 62 auo auo 1 63h0 —62’1)0

2z -k {w {“Oax +“0ay} T s o } (40a)
ahl _ -1 62 62

B —— 2o { S latu ] + 555 Lt} (10)

Employing (36atd), it can be shown that equations (40a,b) reduce to the following relationship
%ui(z,y,t)  dhi(w,y,t)

=0

0x2 ox ’
and continuing this argument for n = {1,2,...,n— 1} yields equation (37b|). Following similar
arguments yields (37cld). O

Therefore, the behaviour of u, v, and h can be summarised in the following theorem.

Theorem 3.7:  Given a flat bottom topography, let {u,(z,y,t)}, {vn(z,y,t)}, {hn(z,y,t)}
be the sequence of decomposed functions of u, v, and h, defined by (for n € N). If the
initial conditions ug(x,y), vo(z,y), ho(z,y) are defined as d), then the solutions of u, v,
and h have the same property where

U(],‘,y,t) :]Eyv (41&)
an(x7 y? t) :aQ'U(.fC,y7 t) — azv(x7y7t) — 07 (41b)
0x2 0y2 0zdy
oh(z,y,t) _0h(z,y,t)
= =0. 41
ox oy (41c)
Consequently, these solutions can be expressed as

U(aj‘, Y, t) :fyv (42&)

h(l‘, Y, t) :ilO (t)v (420)
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where the coefficients ¥o(t), ¥.(t), U,(t), and ho(t) are time-dependent that also satisfy the
following reduced system of equations

d . N
% (t) = — o (t)vy(2), (43a)
d_ i~
30 (t) == Ta(t)3y (1), (43D)
d = -
avy(t) =— fo.(t) — 9,(t)* — 7, (43c)
d - =
S ho(t) =~ ho(0) ). (434)
Proof: Applying Lemmato each component in (4] yields (41atc). From (41b)), we observe
that
0*u(z,y, ¢ _
Mo _ o yidds o(ep.1) = Culy e + Colu. ),

where the integration constants, Cy(y, t) and Cs(y, t), are independent of x. Similarly, we have

0%v(x,y,t) -
220y 0 yields Ci(y,t) = 0.(t)
and
0 t
“E;Z’Zy’) =0 yields Cy(y,t) = v, (t)y + vo(t).

and thus (42b)) is achieved. Similar arguments can be made to achieve (42alc), respectively.
The reduced system of equations is obtained via substituting (42alc) into (L. O

Theorem 3.8: Let {uy(z,y,t)}, {vn(z,y,t)}, {hn(z,y,t)} be the sequence of decomposed
functions of u, v, and h, where their relationship is defined by (for n € N) given a flat
bottom topography D = 0. If the initial conditions ug(x,y), vo(z,y), ho(z,y) are defined as
d), then the solutions of u, v, and h have the same property, where

u(z,y,t)  *u(z,y,t)  du(w,y,t)

= =0 44
0x2 0y2 0xdy ’ (44a)
’U(.%',y,t) :_f_xa (44b)

Oh(z,y,t) _Oh(z,y,t)

= =0. 44

ox oy (44c)
Consequently, these solutions can be expressed as

u(z,y,t) =to(t) + Gz (t)z + Uy (t)y, (45a)
’U(.%',y,t) = f_xa (45b)
h(z,y,t) =ho(?), (45¢)

where the coefficients 1g(t), Ux(t), iy(t), and ho(t), are time-dependent. These coefficients
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satisfy

d . N

(1) = — (1) (1), (46a)

d _

Cta(t) = — wa0)” + Fiy(6) — I (46b)

d . e

iy (1) = — iy (1) 1), (460)

d - 5

S ho(t) =~ hot)a(1) (464)
Proof: Applying Lemmato each component in (4)) yields (44atc). From (44al), we observe
that

0*u(z,y, t)

dw2 =0 y1elds u(l‘7 Y, t) = C’l (ya t)I + 02 (y7 t)a

where the integration constants, C(y, t) and Cs(y, t), are independent of x. Similarly, we have

0%u z,y,t . -
a(xa;/) =0 yields Ci(y,t)=uy(t)
and
%u(x,y,t . - N
ngy) =0 yields Ca(y,t) = ay(t)y + to(t).
and thus (45al) is achieved. Similar arguments can be made to achieve (45blc). The reduced
equations (46| is obtained by substituting (45atc) into ([1)). O

Therefore, the following results describe closed-form solutions for anticyclonic vortices with
finite escape times.

Theorem 3.9: For any flows over flat bottom topographies (D = 0) with a constant Coriolis
parameter (f # 0) and initial constant free surface height (hg), the solutions u, v, and h with
respect to their corresponding initial conditions are defined as follows.

(i) If the initial behaviour is defined by then

U(.Z', Y, t) :f_y7 (47&)
v(z,y,t) = — fy tan(ft), (47b)
h(z,y,t) =hg sec(ft). (47¢)
(ii) If the initial behaviour is defined by then
u(z,y,t) =fy, (48a)
v(z,y,t) =fysec(ft) — fytan(ft) +x [_;t tan(ft) + I sec(ft)] , (48b)
ho [ d - d _
h(z,y,t) :79 3 tan(ft) — - sec( ft)} : (48¢)

Furthermore, these solutions describe anticyclonic vortices with finite escape times that are
based on the initial zonal velocity being represented as u(x,y,0) = uo(z,y) = fy.

Proof: Equations and satisfy Theorem where these flows can be represented
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by . The initial conditions require

Oo(t =0) =0,(t =0) = 0y(t =0) =0, (49a)
ho(t = 0) =hg. (49D)
Similarly, the initial conditions require
Bolt=0)=0, @(t=0)=—F &t=0)=F (50a)
ho(t = 0) =hg. (50b)

Solving with the initial conditions, defined by and , achieves and ,
O

respectively.

Theorem 3.10: For any flows over flat bottom topographies (D = 0) with a constant Cori-
olis parameter (f # 0) and initial constant free surface height (hg # 0), the solutions u, v,
and h with respect to their corresponding initial conditions are defined as follows.

(i) If the initial behaviour is defined by then

U(ZL‘, Y, t) = f(L‘ tan(f_t)a (51&)
v(z,y,t) = — fu, (51b)
h(z,y,t) =hg sec(ft). (51c)
(ii) If the initial behaviour is defined by then
_ _ _ _ d _ _
u(z,y,t) =fxsec(ft) — fxtan(ft) +y [dt tan(ft) — T sec(ft)|, (52a)
’U(.%‘,y,t) = fxa (52b)
ho [ d - d _
h(z,y,t) :79 {dt tan(ft) — X sec(ft)] (52¢)
Furthermore, these solutions describe anticyclonic vortices with finite escape times that are
based on the initial meridional velocity being represented as v(x,y,0) = vo(z,y) = — fz.

Proof: Equations and (30) satisfy Theorem E where these flows can be represented
by . The initial conditions (29| require

Uo(t = 0) =, (t =0) = 4y (t =0) =0, (53a)
ho(t = 0) =ho. (53b)

Similarly, the initial conditions (30]) require
Gio(t = 0) =0, y(t=0)=1,(t=0)=f, (54a)
ho(t = 0) =ho. (54b)
Solving with the initial conditions, defined by and , achieves and ,
respectively. O

Theorems and show that the flow velocity components directly depend only on
the constant Coriolis parameter whereas the free surface height depends on both the con-
stant Coriolis parameter and the initial free surface height. Since these solutions are valid
for t € [O, / (2 f)), these results also represent anticyclonic vortices with finite escape times
that rotate faster and are more unstable than cyclonic ones which is consistent with previ-
ous observations (Tsang and Dritschell 2015, McKiver 2020). These solutions also consider
the nonlinear balance between the inertial and Coriolis terms in the momentum portion of
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the shallow water equations, which is important to understand irregularities between cyclonic
and anticyclonic vortices which also improves previous results using quasi-geostrophic approx-
imations (Vallig [2019, [McKiver| 2020)), linear stability analysis techniques (Clark and Herron
2013)), and numerical approaches (Tsang and Dritschel 2015).

4. Numerical validation and results

Numerical validation is provided via examining the convergence and accuracy of the partial
sums of u, v, and h (given by Sy(u), Sy(v), and Sy(h)) against the governing equations (),
the exact solutions (u, v, and h), and numerical solutions (u, 0, and il) via the relative integral
squared error defined as

J5 It Y ey, t) dt da dy
- fsz fff foT(Uz +v2 4+ h?)dtdx dy7

E(N) (55)

where L, =1, Ly, = 1, and T' = 1. The convergence E.(NN) is measured by evaluating
with

e(N;x,y,t)

2
:{ 05N (u) + SN(U)M - SN(U)M + = O5w(h) _ fSN(U)}

ot ox oy F?2 oz

2
n { aSN(U) 4 SN(U)M + SN(U) aSéVy(v) + % aSéVy(h) + fSN(U)}

ot oz
2
+ { PN ¢ LIS {)(Sy(h) + D) + 5 (S ()(Sw(h) + D)l} - (56)

Ee.(N) is the accuracy of the partial sums of u, v, and h against the exact solutions which is
measured via evaluating with

e(N;z,y,t) = (Sn(u) —u)* + (Sy(v) —v)” + (Sn(h) — h)”. (57)

E (N) is the accuracy of the partial sums of u, v, and h against the numerical solutions which
is measured via evaluating with

2\ 2

e(N;z,y,t) = (Sn(u) — 4)° + (Sn(v) — 9)> + (Sn(h) — h)". (58)

Eex is the accuracy between the numerical and exact solutions, which is measured via evalu-
ating (55)) with

2

e(N;:L‘,y,t):(u—ﬂ)2—|—(v—@)2+(h—f1) . (59)

In all evaluations, we follow Matskevich and Chubarov| (2019) where F' = 1 represents
the characteristic velocity as Uy = +/gHp. The summaries of all parameters used for our
evaluations are listed in Tablebelow. Equation (j55)) is discretised with spatial grid spacings of
Az = 0.1 and Ay = 0.1 and a temporal grid spacing of At = 0.1. Numerical implementations
(u, v, and il) are done using the large-particle method as outlined by Matskevich and Chubarov
(2019).



January 31, 2023 Geophysical and Astrophysical Fluid Dynamics GAFD-2022-0015-main

18 C. LIU and A.D. CLARK

Table 1.: Summary of evaluation parameters, initial conditions, and applicable exact
solutions used to validate Conditions I-VII.

Condition F f Dy L [ Other Parameters Exact solutions

1 1 05 0 - - Ny = 1071 Theorem 3.3
I 1 05 0 - - ny = 10714 Corollary 3.4(i)
111 1 05 0 - - my=mn,=10"%  Corollary 3.4(ii)
v 1 05 0 - - ho = 1074 Theorem 3.9(i)
\% 1 05 0 - - ho = 1074 Theorem 3.9(ii)
VI 1 05 0 - - ho = 1074 Theorem 3.10(i)
VII 1 05 0 - - ho = 1074 Theorem 3.10(ii)

4.1. Results

Table [2| presents a summary of the convegence and accuracy results, where the partial sums
(for N = 2,4 and 6) was used to assess the level of convergence. We note the convergence
trend where the relative error margins stabilise between O (10_11) and O (10_6) at N = 6,
which indicate that the Adomian approximations of up to six terms in its partial sum yield
effective and robust estimates for Conditions I-VII. This is further validated when examining
the accuracy of these partial sums with the numerical solutions, where the accuracies range
between O (10_6) and O (10_4). We also note the comparisons between the explicit solutions
generated for Conditions I-VII and the numerical solutions, where these deviations are also
miniscule.

Table 2.: Summary of convergence trend (for N = 2,4 and 6) and accuracy (for N = 6) via
integral squared error E(N) calculations for Conditions I-VII.

E(N=2) E.N=4) E.N=6) E,N=6) EN=6) LI,
Minimum 3.3 X 1.5x10% 82x10T 1.6x102 31x10% 31x10°°
Maximum 6.5 x 25x107% 70x107% 13x1077 21x107% 21x10*

10~3
1073

Figuresthroughpresent the behaviour of the ADM partial sums of u, v, and h (for N = 6)
along with Conditions IT and IV (section [3|) are used as examples. In each case we note the
direct relationship between the initial conditions (figures[2}[3|part (a)) and a temporal snapshot
of the behaviour of the corresponding partial sums at ¢ = 1 (figures part (b)), which
illustrates the velocity vector field w = (u(x,y,1),v(x,y,1)) over the contour representing
the free surface height h (z,y,1). Figure [J(a) shows the initial zero velocity over constant
free surface gradient 1, = 10~%, which corresponds to the initial conditions represented by
(15)). Figure 2(b) confirms the temporal behaviour where we note the behaviour of w over
the contour, which is analogous to the exact solutions described in equation . However,
in figure (b) we also observe the rotating velocity field w over the contour illustrating the
behaviour of inertial geostrophic oscillations. These effects are not only driven by the pressure
gradient due to variations in the free surface height but also due to the Coriolis force, which
are also noticed analytically when constructing the ADM decompositions. These confirmations
continue in figure 3| where part (a) illustrates the behaviour of the initial velocity uy =
(u(z,y,0),v(x,y,0)) with respect to the initial free surface height hy = h (z,y,0). Figure
also shows the correlation between the initial conditions and analytical solutions to Condition
IV while also illustrating the effects of anticyclonic vortices with finite escape time as shown
in figure 3| (b). Specifically, we note the clockwise orientation of w that is consistent with the
behaviour of anticyclonic vortices which are valid for ¢ € [0, / (2 f))
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Figure 2.: Velocity vector field u (arrow) and free surface height h (contour) behaviour for
Condition II: (a) initial condition at ¢ = 0 and (b) partial sum approximation based on
ADM (with N = 6) at t = 1. Parameters used include F = 1, f = 0.5, Do = 0, and
n: = 10~ (Colour online).

(a) (b)
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Figure 3.: Velocity vector field u (arrow) and free surface height h (contour) behaviour for
Condition IV: (a) initial condition at ¢t = 0, (b) partial sum approximation based on ADM
(with N = 6) at t = 1. Parameters used include F =1, f = 0.5, Dy = 0, and ho = 10~*
(Colour online).

5. Discussion

This work employs Adomian decomposition method (ADM) to the shallow water equations,
where we made the following main contributions. First, we used these methods as reverse
engineering mechanisms to develop theoretical connections between the ansatz formulations
of previous works, such as Thacker| (1981), Shapiro (1996) and Matskevich and Chubarov
(2019), as well as develop a connection to the corresponding reduced systems of shallow
water equations. Furthermore, we developed some novel families of closed-form solutions that
respectively describe inertial oscillations and anticyclonic vortices with finite escape times over
flat bottom topographies. We perform various numerical experiments against several cases that
yielded relative errors between O (10_6) and O (10_4). Our numerical visualizations further
demonstrate the validity of our approach, which illustrate the consistency with the dynamic
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behaviour for several scenarios while also preserving the correlation between the physical
parameters.

Our study establishes the flexibility of these methods in terms of not only preserving the
correlation of parameters with respect to the overall nonlinear physical behaviour but also
alleviating the need to make restrictive assumptions like those based on the overall flow
behaviour. Moreover, we illustrate that these techniques can be used to analytically deduce
other aspects of shallow water phenomenon based on the characteristics of initial flows in
which, to the best of our knowledge, this work is the first to explore these concepts. Therefore,
some avenues of future work include extending these techniques to understand the implications
of external forces such as the effects of bottom friction which are applicable to understanding
various coastal effects such as impacts from tsunamis. Another area of research is extending
this framework to analyse practical bottom topographies and shocks, which will consider
bottom terrains that extend beyond those of parabolic shapes.
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