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1. Introduction

In one-particle-inclusive deep inelastic scattering (DIS) a lepton scatters off a nucleon and
one of the hadrons produced in the collision is detected. In the one-photon exchange ap-
proximation, the lepton-nucleon interaction proceeds via a photon of virtuality ). The
cross section depends in particular on the azimuthal angle of the final state hadron about
the virtual photon axis, as well as on the azimuthal angle of the target polarization. In
the kinematic region where the transverse momentum of the outgoing hadron is low com-
pared to @, the cross section can be expressed in terms of transverse-momentum-dependent
parton distribution functions (PDFs) and fragmentation functions (FFs). These partonic
functions are generalizations of the distribution and fragmentation functions appearing in
standard collinear factorization. They are often referred to as unintegrated functions, as
they are not integrated over the transverse momentum.

The most complete treatment to date of one-particle-inclusive deep inelastic scattering
at small transverse momentum remains the work of Mulders and Tangerman [l], com-
plemented by Refs. [2, 8]. In the last ten years, however, the subject has seen important
theoretical and experimental progress. Initiated by the calculation of a nonvanishing Sivers
effect in Ref. [4], unexpected developments arose with the correct treatment of Wilson lines
in the definition of transverse-momentum-dependent PDFs and FFs [B, &]. In particular,



the fundamental tenet of universality of PDFs and FFs was revised [, 8, H]. New factor-
ization proofs for the process under consideration here were put forward [0, 1], updating
past work [12]. Some relations proposed in Ref. [I] turned out to be invalid [13, i14], and
three new PDFs were discovered [15, 16]. In the meanwhile, several experimental measure-
ments of azimuthal asymmetries in semi-inclusive DIS were performed [i17, 18, 19, 20, 21,
Y, 03, 04, Ui, 54

We consider it timely to present in a single, self-contained paper the results for one-
particle-inclusive deep inelastic scattering at small transverse momentum, in particular
including in the cross section all functions recently introduced. In Section 2 we recall the
general form of the cross section for polarized semi-inclusive DIS and parameterize it in
terms of suitable structure functions. In Section § we give the full parameterization of
quark-quark and quark-gluon-quark correlation functions up to twist three and review the
relations between these functions which are due to the QCD equations of motion. The
structure functions for semi-inclusive DIS at small transverse momentum and twist-three
accuracy are given in Section ¥, and Section & contains our conclusions. The relation of
the structure functions in the present paper with the parameterization in Ref. [27] is given
in Appendix A, and results for one-jet production in DIS are listed in Appendix B.

2. The cross section in terms of structure functions

We consider the process
1)+ N(P) = L")+ h(Py) + X, (2.1)

where Z denotes the beam lepton, N the nucleon target, and A the produced hadron, and
where four-momenta are given in parentheses. Throughout this paper we work in the one-
photon exchange approximation and neglect the lepton mass. We denote by M and M,
the respective masses of the nucleon and of the hadron h. As usual we define ¢ = [ —1’ and

Qw = Iaw and introduce the variables
8|w~u.@u @Iﬁ.ﬁ z = Pq’ ¥ = 0 .

Throughout this section we work in the target rest frame. Following the Trento conven-
tions [28] we define the azimuthal angle ¢, of the outgoing hadron by

1Py m%\ 1Py m@:

o = i e
NF w\T_u Nl_u Wv\i.

where N\H = m\w@ , and w\m = m@:%\:\ are the transverse components of [ and P;, with respect

(2.3)

to the photon momentum. The tensors
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Figure 1: Definition of azimuthal angles for semi-inclusive deep inelastic scattering in the target
rest frame _qu P,, and S, are the transverse parts of P, and S with respect to the photon
momentum.

have nonzero components g' = g32 = —1 and €}? = —€%! =1 in the coordinate system of

0123 _

Fig. 1, our convention for the totally antisymmetric tensor being e = 1. We decompose

the covariant spin vector S of the target as

PH — gt M2/(P. S
¢ M/ sfﬁu Si=23 — Sh=g"S,  (26)

My/1+ 72 P-q ,\Tl

and define its azimuthal angle ¢g in analogy to ¢, in Eq. (2.3), with P, replaced by S.

St =25

Notice that the sign convention for the longitudinal spin component is such that the target
spin is parallel to the virtual photon momentum for S = —1. The helicity of the lepton
beam is denoted by A.. We consider the case where the detected hadron h has spin zero
or where its polarization is not measured.

Assuming single photon exchange, the lepton-hadron cross section can be expressed in
a model-independent way by a set of structure functions, see e.g. Refs. [29, 30, 27]. We use
here a modified version of the notation in Ref. [27], see App. ‘A, and write!

do _
dr dy dip dz dgy, dP?,
@ 8 (N s eF +1/2e(1 + ¢) cos gy, FES
2y Q2 2 12 o7 vu,T UU,L h Ly

+ ecos(20n) S 4+ Ao /26(1 — €) sin ¢y, F5 ¥

+8) [ V2e(l + ) singy, Fiip ™ + esin(24y,) Fp o

!The polarizations Si and St in @ﬁu have been renamed to M_, and |S .| here. This is to avoid a clash
of notation with Section @_“ where subscripts L and T refer to a different z-axis than in Fig. mh



V1—e2Frp++/2e(1—¢) oOmQ{mumwm?

+S)A
18] [ sin(gn — gs) (Egps ) + e Fppp )

+ & sin(gn + ¢g) Faml®nt9s) 4 ¢ gin(3¢y, — ¢g) Frmlon—0s)

+v/2e(1 +e) singg Fon?s 4 \/26(1 + ¢) sin(2¢y, — pg) Fin2on—0s)

+ 151 |Ae | V1 — €2 cos(¢n — ¢s) F} 82? 9s) 4+ \/2e(1 — €) cos b Feosos

+/2e(1 =€) cos(2¢y — ds) Fros@on=os)| 1 (2.7)

where « is the fine structure constant and the structure functions on the r.h.s. depend
on z, Q?, z and ﬁm . The angle 9 is the azimuthal angle of ¢ around the lepton beam
axis with respect to an arbitrary fixed direction, which in case of a transversely polarized
target we choose to be the direction of S. The corresponding relation between 1 and ¢g
d¢s. The first and second
subscript of the above structure functions indicate the respective polarization of beam and

target, whereas the third subscript in Fyp; 7, Fyp g and M%A%: 9s Vu mu%nw@:\@m ) specifies

is given in Ref. [27]; in deep inelastic kinematics one has dyp =

the polarization of the virtual photon. Note that longitudinal or transverse target polar-
ization refer to the photon direction here. The conversion to the experimentally relevant
longitudinal or transverse polarization w.r.t. the lepton beam direction is straightforward
and given in [27]. The ratio e of longitudinal and transverse photon flux in (2.7) is given
by
N St e s
€= T 1T 53 (2.8)
L—y+3y"+ 377y

so that the depolarization factors can be written as

2
Y 1
wﬁlmvHH+<MAH|@+w@m+w<m@mVRAHIHQ._.w@mVu (2.9)
y? 1 1,22
mﬁlmvaH._.qmﬁl —17Y) ~(1-y), (2.10)

2

Yy 1 1
2¢e(1 2 — 1—y— s72y? =~ (2 — 1- 2.11

20 =9) e(l+e)= TlA y) VYR 2-y)V1i-y, (2.11)

y? 1 W

7 /2l —-&)= ——— 1—1y, 2.12

20— VI = U vV RVl .12

2

Y 1 1 1
——V1-e2= 1-3 ~yll—s 2.13
ca-g Ve qlw,i 3Y) y(1-3y) (2.13)



Integration of Eq. (2.7) over the transverse momentum P} of the outgoing hadron gives
the semi-inclusive deep inelastic scattering cross section

2

&Q QO @m Q
= 1+ — )4 F Nu mv,,\ylmﬁ
dz dy dip dz H@mwwmﬁlva +maVA vU,T T EFyU,L + O)Ae mE

+ 181 v2e(1 +€) sings FERS + 181 |he /2¢(1 — €) cos ¢s ﬁ%%% (2.14)

where the structure functions on the r.h.s. are integrated versions of the previous ones, i.e.

Fyur(z,z,Q%) = \%ﬁi Fyur(z,2, Py, Q% (2.15)

and similarly for the other functions.

We can finally connect the semi-inclusive structure functions to those for inclusive deep
inelastic scattering. With the energies Ej, = (P-P,)/M and v = (P-q)/M of the detected
hadron and the virtual photon, we have

&QQZiEﬁNVH &QQZiEﬁQ:.TNS&QQZimNV
M HIM E, E =
- \&NN dz dx dy dy v \& b b

dE), dz dy dvp v dedydyp
(2.16)

where we have summed over all hadrons in the final state, whose total energy is v + M.
Using (v + M) /v = 1 +~%/(2z) we have

do 202 y?
dedyddp — zyQ? 2(1 —¢)

ﬁﬁ% +eFr + SAe V1 — €2 2z (g1 — v2g2)

18 e VZE(T 2 cos s 20 (g1 iiu (2.17)

where
M\%%giiba — %P (2, Q?) — Fr(e,Q%),  (2.18)
"
M\%N@qiﬁ 2,Q%) = (1+7°)Fy(2,Q%) — 22Fy(z,Q%) = Fr(,Q%),  (2.19)
M%\%thiﬁy@wv =2z (91(, Q%) — Y g2(z,Q%)), (2.20)
M%\%Nﬁ%%@}@wv = =227 (91(=, Q%) + g2(, Q")) (2.21)

in terms of the conventional deep inelastic structure functions. For the relation with the
more common expression for target polarization along or transverse to the lepton beam
direction see Refs. [31;, 34, 27]. Finally, time-reversal invariance requires (see, e.g., Ref. [27])

M\%N@wﬁﬁxbd =0. (2.22)
h



3. Transverse-momentum dependent distribution and fragmentation func-
tions

3.1 Light-cone coordinates

Manipulations with parton distribution and fragmentation functions are conveniently done
using light-cone coordinates. For an arbitrary four-vector v we write vt = (v° £ v3)/v/2
and vy = (v',v?) in a specified reference frame and give all components as [v=, v, vr].

We will use the transverse tensors m%m and mwm , whose only nonzero components are m% =

mwm = —1 and m% = Immm = 1. The light-cone decomposition of a vector can be written in
a Lorentz covariant fashion using two light-like vectors ny = [0,1,07] and n_ = [1,0, 07]

and promoting v to a four-vector vr = [0,0,v7]. One then has

ot =vtnk + o nt + ol (3.1)

where v =v-n_, v =wv-ny and vr-ny =vr-n_ = 0. We further have

af 8 _.a, B _.a B €2 = eabro

gr =9% —nin” —n%nl, N pN—_g. (3.2)

Note that scalar products with transverse four-vectors are in Minkowski space, so that
Uvr-wr = —U0r-wr.
For the discussion of distribution functions we will choose light-cone coordinates such
that P has no transverse component, i.e.
»\gw

t|+t :
pPt=p 3++w~u+3|. (3.3)

The spin vector of the target can then be decomposed as

(P-n_)n —(P-ny)n

Sk =8 i = + 5%, (3.4)

which implies Sy, = M (S-n_)/(P-n_). Similarly, for the discussion of fragmentation
functions, we will assume a coordinate choice with

»\gw
Pt =prpt 4+ —hopt 3.5
o eps T (3:5)

3.2 Calculation of the hadronic tensor

We consider semi-inclusive DIS in the kinematical limit where Q? becomes large while z, z
and ﬁm | remain fixed, and will perform an expansion in powers of 1/(Q). For the calculation
we use a frame where both (3.3) and (3.7) are satisfied, and where 2P = P, /z = Q/V/2.
Notice that this differs from the choice in Section 2, where the transverse direction was
defined with respect to the momenta of the target and the virtual photon, instead of the
momenta of the target and the produced hadron. Details on the relation between the two
choices can be found in [0}, 83]. In particular, Sy, and St defined by (3.4) with (3.3) and

(3.5) differ from S and S| in (2.6) by terms of order 1/Q? and 1/Q, respectively.
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Figure 2: Examples of graphs contributing to semi-inclusive DIS at low transverse momentum of
the produced hadron.

The leptoproduction cross section can be expressed as the contraction of a hadronic
and a leptonic tensor,

do a’y
2MWH* L, , 3.6
dzx dy di dz dey, &um# 8z @g Ly (36)
where the leptonic tensor is given by
Ly, =2 Q:N“\ + NE: — N.N\S:\v + 2iXe €ppo 17177 (3.7)

The hadronic tensor is defined as

w %ﬁx () o " v
20w = Mim | S 4Ot PPy B (PO IR X000, X O)IP), (39

where J#(£) is the electromagnetic current divided by the elementary charge and a sum is
implied over the polarizations of all hadrons in the final state.

The calculations in this paper are based on the factorization of the cross section into
a hard photon-quark scattering process and nonperturbative functions describing the dis-
tribution of quarks in the target or the fragmentation of a quark into the observed hadron.
We limit ourselves to the leading and first subleading term in the 1/@Q) expansion of the



cross section and to graphs with the hard scattering at tree level. Loops can then only oc-
cur as shown in Fig. db, ¢, d, with gluons as external legs of the nonperturbative functions.
The corresponding expression of the hadronic tensor is [T}, 33]

MW =22 €2 \%@e d’ky 6% (pr + ap — k) ﬁ?ﬁ%&é%? kr)y
a

@<ﬁ%q hir >g¢§NsQQ:>g¢:quL.QgithuﬁgﬁthQQtep@f@@v+;fogwu

(3.9)

with corrections of order 1/Q?, where the sum runs over the quark and antiquark flavors
a, and e, denotes the fractional charge of the struck quark or antiquark. In the next
subsections we discuss in detail the correlation functions ® for quark distributions, A for
quark fragmentation, and their analogs ® 4 and A 4 with an additional gluon leg. The first,
second and third term in Eq. (3.9) respectively correspond to the graphs in Fig. 2a, b and
¢, with gluons having transverse polarization. The analogs of Fig. ¥b and ¢ with the gluon
on the other side of the final-state cut correspond to the “h.c.” terms in Eq. (3.9).

The Wilson lines needed in the color gauge invariant soft functions come from graphs
with additional gluons exchanged between the hard scattering and either the distribution or
the fragmentation function (as in Fig. #b,c,d). The corresponding gluons have polarization
vectors proportional to n in the first and to n_ in the second case, except for contributions
from the gluon potential at infinity. The importance of the latter has been discussed in
[5, 6], and a detailed derivation of the Wilson lines appearing in semi-inclusive DIS was given
in Ref. [33] for the leading terms in the 1/Q expansion. For the contributions subleading
in 1/Q only the cross section integrated over Py has been analyzed in the same reference.

Going beyond the tree graphs just discussed requires modifications in the factorization
formula (3.9). In particular, radiative corrections involving low-frequency gluons introduce
Sudakov logarithms and so-called soft factors. A proof of factorization to all orders in aj
for the (similar but simpler) case of two-hadron production in e*e™ collisions was given
long ago [12]. Recent work on all-order factorization in semi-inclusive DIS can be found
in Refs. [0, 11] and in Ref. [{]. Whether and how the tree-level factorization used in the

present paper extends to subleading level in 1/@) is presently not known.

3.3 The quark-quark correlators

The quark-quark distribution correlation function is defined as?

2
By apr) = [ Fmtt PP OU oo Wi WOP) 610

with p™ = zP™, where here and in the following we omit the flavor index a. The corre-
sponding correlator for antiquarks is obtained by replacing the quark field by its transform

2To be precise, one should distinguish the momentum fraction z in the definition of distribution functions
from the Bjorken variable defined in Eq. Awwv They coincide however in the process we consider, so that
we drop this distinction for simplicity. An analogous remark holds for the argument z in the fragmentation
functions below.



under charge conjugation, see Ref. [1]. In the correlator (3.10) we have gauge links (Wilson

lines)
N\m?oov =U"(07,007;07) U" (07, 00T 007), (3.11)
Ul = UT (007, €73 00 ) U (00,67 &), (3.12)

Here U™ (a=,b7;er) indicates a Wilson line running along the minus direction from
[a=,0%, er] to [b=,0T, cr], while U” (ar,br;c”) indicates a Wilson line running in the
transverse direction from [¢™,0", ar] to [¢7,0T, br], i.e.

.

2 A@\“v\wﬁﬂv = ﬁ@uﬁu _H|@.Q\ &ﬁr\w+ﬂﬁuo+“ﬁﬂvu— ) Aw”_.wv

br

UT (ap,br;c) = Pexp ﬁlﬁ\ &Aﬂ.xﬁlnuofni% (3.14)

T
The correlator in Eq. (3.10) is the one appearing in semi-inclusive DIS. In different processes
the structure of the gauge link can change [T, 84, 35, 36]. For instance, in Drell-Yan lepton
pair production all occurrences of oo™ in the gauge links should be replaced by —oo™.
In particular, this reverses the sign of all T-odd distribution functions appearing in the
correlator (see below). In partonic processes with colored states in both the initial and

final state, the gauge link contains contributions running to oo™ as well as —oo™, and
T-odd terms differ by more than a simple sign change. Alternatively, it is possible to work
always with the correlator for semi-inclusive DIS when convoluting T-odd functions with
so-called gluonic-pole cross sections instead of the normal partonic cross sections [35, 37].

We note that beyond tree-level the Wilson lines in Eqs. (3.11) and (3.12) lead to logarithmic

divergences in the correlator (3.1(]). These are due to gluons with vanishing momentum
component along n, and need to be regularized. The twist-two part of the correlator can
be regularized in ways consistent with factorization to leading power in 1/Q [i12, 38, 11U, 9.
It is presently not known how to extend this to the twist-three sector, see Ref. [39] for an
investigation of this case.

A complete parameterization of the quark-quark correlation function has been given
in Ref. [16]. Here we limit ourselves to the twist-three level, where we have

1 1 mﬂqﬁﬂb%ﬂq
e@%ﬂvn m \i\flbﬂ % ﬁ++u:§i+

Tm.? iLqm 1 g? iLqm . g? iL
h h hy ——=
+ hr 9 + ni; oM +1hy Wi
M . 1 m%ﬁﬁ;m@%q
+www+ﬁml@mm§|mﬂ‘§
1 &H ! _po 1 mm»q\v\u@%q
+f mlxﬂmﬁ Yo Sre — [ M
po
/ L Pr 1 €7 VpPrs
+ 9775 91 + 95 Yoy 9T
T\M._J Q\MI_Q\W 1 _H%ﬂ“ %m;\%m . T&.T ilg
+ hy 5 + hr Wi +1h 5 . (3.15)



The distribution functions on the r.h.s. depend on z and @m? except for the functions with
subscript s, where we use the shorthand notation [1]
pr- St
.Q:A&u@ﬂv = »Wh QMEAH“@WV - #QHSANJ@WV Aw”_.mv

and so forth for the other functions. The first eight distributions of Eq. (3.13) are referred
to as twist two, and the next 16 distributions are referred to as twist three, where we use
the notion of “dynamical twist” as explained in Ref. [40]. The remaining eight functions
of twist four have been omitted here and can be found in Ref. [[[6]. The 10 functions f5,
hi, ey, ep, ez, fr [ fi, g+, h are T-odd [2, 6], i.e. they change sign under “naive time
reversal”, which is defined as usual time reversal, but without the interchange of initial and
final states. The functions g [I5], e and f7 [16] exist because the direction of the Wilson
line provides a vector independent of P and S for a Lorentz invariant decomposition of the

correlation function ®(p), which is defined as in (3.1() but with £ integrated over instead

of being set to zero [14]. The notation used in (3.1§) is consistent with Refs. [T}, 2, i3, 6],
except for three points of discrepancy: (i) the sign of g is opposite to that in Ref. [i15],
where the function was originally introduced, and consistent with Ref. [L6]; (4i) the sign
of the function \m. is opposite to that in Ref. [16] and consistent with the other articles;
(i4) the function f# here is different from Ref. [16], where it was first introduced, in order
to maintain the symmetry with the other functions and to have simpler expressions in

the following results. The relation between the two notations is the following (recall that
2 2
pr = =Pp):

@wﬂ F F
\ \
.\.ﬂ = ) .\.ﬂ

. 3.17
here M? Ref. [16] A v

— plr .\F
here T T Ref. mwﬁ

The nomenclature of the distribution functions follows closely that of Ref. [1], sometimes
referred to as “Amsterdam notation.” We remark that a number of other notations exist
for some of the distribution functions, see e.g. Refs. [4L, 42, 43]. In particular, transverse-
momentum-dependent functions at leading twist have been widely discussed by Anselmino
et al. [44, 45, 46]. The connection between the notation in these papers and the one used
here is discussed in App. C of Ref. [46].

We also list here the expressions for the traces of the correlator ®(x, pr) from Ref. [16].
With &'l = L Tr[® '] we have

-2
faad S
ob'l = p - LY (3.18)
M
-S
el — S1 g1 — @ﬂ#ﬁmﬁ“ (3.19)

ap 1,2 op er?
_PRPr 9 PTIT g pi T PTp gL (3.20)
M2 M
M pn S
ol el T%& “ (3.21)

— 10 —



plivs] — M Tﬁmh — % er|, (3.22)

Pt

@Sﬁlklpum I,wm%g%%
= pr eér Sty fT L=r fi
ﬁ@@b _ w@m .Qo% e
- e ST T+ (3.23)
« M -
ol = mT%E;hwﬁ
pol — $0h 97" € Pr
— gww oL MNJE.Q%|%.QF ) Awwﬁv
a, B a b
[i %ilk Stpp — PTSt 1 _ap
alol = 2 ﬁ|§ Bk — B, (3.25)
ot M pr-St
@Tq+ Pl - 2 hr ————h 2
T Tﬁ L= = | (3.26)

where a and  are restricted to be transverse indices. Here we made use of the combinations

2

p
.\%ARQEWV = .\»A&QEWV - % .\.WAS“@WJY Awwﬂv
2
p
QHARQEWV = QWAS“@W;V - Mwa Q%A&QEWVQ Awwmv
2
p
@HA&“@WV = \:NA&“NVWJV - M>Mw \NHFHAH“EWJY Awwwv

to separate off terms that vanish upon integration of the correlator over transverse mo-
mentum due to rotational symmetry. The conversion between the expressions with and
without primed functions can be carried out using the identity

ﬁWJ m%@%ﬂb = ﬁmm m%ﬁﬁﬂb @ﬂq + A@ﬂ ’ M_ﬂv mmmbﬁm;b ) AwwOv
which follows from the fact that there is no completely antisymmetric tensor of rank three
in two dimensions.

Integrating the correlator over the transverse momentum pr yields

®(z) = \%ﬁ% ®(z,pr) = w Tm Mt + Spgrvs e + M EW
+ mﬁﬁ Am —iSperys + fr %ﬂﬁwﬂu\? + 977 I1
+ St he T},“M}Tm +ih T}lm -] Wu (3.31)

where the functions on the r.h.s. depend only on z and are given by

fi(z) = \ Py fi(z,p3) (3.32)

- 11 -



and so forth for the other functions. We have retained here one common exception of
notation, namely

g1(z) = \ Epr g1, p3). (3.33)

Other notations are also in use for the leading-twist integrated functions, in particular
f{ = q (unpolarized distribution function), g7 = Aq (helicity distribution function), h! =
0q = Apq (transversity distribution function). The T-odd functions vanish due to time-
reversal invariance [16]

\ Ppy fr(z,p3) =0, \ Ppy ey (z,p3) = 0, \ Ppy h(e,pd) =0.  (3.34)

We have kept them in Eq. (3.31') so that one can readily obtain the analogous fragmentation

correlator, where such functions do not necessarily vanish.
The fragmentation correlation function is defined as

détd?
Aij(erkr) = MNM\M ST G O B X X OU )|

-
(3.35)

with £~ = P;" /7 and the Wilson lines
Ul o) = U (00, & +o0™) UM (oo™, €3 &1), (3:36)
Uity UM (07, +00"307) UT (07, 007 +0). (3.37)

The notation U™+ (a™*,b";cr) indicates a Wilson line running along the plus direction
from [0, a%, er] to [07, b, er], while U (ar, br; ¢t) indicates a gauge link running in the
transverse direction from [07, ¢™, ar] to [07, ¢, br]. The definition written above naturally
applies for the correlation function appearing in ete™ annihilation. For semi-inclusive DIS
it seems more natural to replace all occurrences of +0o™ in the gauge links by —oo™ [33].
However, in Ref. [J] it was shown that factorization can be derived in such a way that
the fragmentation correlators in both semi-inclusive DIS and e™e™ annihilation have gauge
links pointing to +oo™.

The fragmentation correlation function (for a spinless or an unpolarized hadron) can

be parameterized as
1 L
DAN“\SJV = M ﬁgﬂ Q\\ + smﬂ

M, L K¥r (7=, 1t] L € vkrs
4y pt 2T gt P 1 VpkTo .
2P, A M, 2 G ) (3.38)

oM,

[#r, -] W

where the functions on the r.h.s. depend on z and ww To be complete, they should all
carry also a flavor index, and the final hadron type should be specified. The correlation
function A can be directly obtained from the correlation function ® by changing?

Ny <> n_, €T — —er, Pt > P, M — My, r—1/z, (3.39)

3The change of sign of the tensor er is due to the exchange ny ¢ n_ in its definition Aw mv
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and replacing the distribution functions with the corresponding fragmentation functions
(f is replaced with D and all other letters are capitalized).
The correlator integrated over transverse momentum reads

ZNVHNM \%? Ew}in W + 25 TLJ le Qw QE W ﬁie

where the functions on the r.h.s. are defined as
Dy (z) = 22 \ d?ky D1 (z, k%) (3.41)

and so forth for the other functions. The prefactor z? appears because Di(z,kr) is a
probability density w.r.t. the transverse momentum k. = —zk7 of the final-state hadron
relative to the fragmenting quark. The fragmentation correlator for polarized spin-half

hadrons is parameterized in analogy to Egs. (3.13) and (3.31). As already remarked, in
this case the functions Dy, E7, and H (the analogs of fr, ey, and h) do not vanish because
|h, X) is an interacting state that does not transform into itself under time-reversal. Of

course, it should be taken as an outgoing state in the fragmentation correlator.

3.4 The quark-gluon-quark correlators

We now examine the quark-gluon-quark distribution correlation functions 33, 47,

d¢=d? i noo .
(@5),; (z,p7) = \ m@a@ 7Pl 0) Uiy o) Uy, 1D () i(E)IP) oy (3.42)
which contain the covariant derivative iD*(¢) = i0* + gA*. Using Q?oo £ iDT(&) (&) =

0T U (100,6) ¥(€)] we can write

&y (x,pr) = xP*®(x, pr) (3.43)

for the plus-component of the correlator. For the transverse components we define a further
correlator [33]

% (z,pr) = 4 (2, p1) — PT ®(2, 1), (3.44)

which is manifestly gauge invariant. It reduces to a correlator defined as in Eq. (3.42) with
the covariant derivative iD* replaced by gA$ if one has Qﬁz oo,E) = 1, which is the case in a
light-cone gauge AT = 0 with suitable boundary conditions at light-cone infinity [6]. This

quark-gluon-quark correlation function can be decomposed as

M L oL %ﬂb H] . L~ mﬂbQ@% ap . ap
TN T\ —1g vi Qﬂ._.gﬂv €Tpo ST Cm .Iul#?mﬂ —ep va

1 > 7 -~ 7 .~ € mw r@b. . .
G [ 50) i — 1) TP i i)

(3.45)
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where the index « is restricted to be transverse here and in the following equations. The
functions on the r.h.s. depend on z and @m? except for the functions with subscript s,
which are defined as in Eq. (3.16). The last term in the curly brackets is irrelevant for the
construction of the hadronic tensor of semi-inclusive DIS and has not been parameterized

explicitly. The only relevant traces of the quark-gluon-quark correlator are

H X 7 .~ 7 »W o (7 .
o T [faa o] =h+ic+ 4 o PTpoTo @N@ Lo (hh — i &), (3.46)
L — s
e Tr T@mg 10 +QL =S Q§ + @mhv @ﬂi r Qﬁ + smﬂv (3.47)
1 = L - » PO
o T [Bay97” +ici?ys)7*] = EL(F* —ig*) — 7 S, (Fr + i)
e’ p I A o EL
- 5L T ﬂu Qﬁ .:mwv - imm T €Tpo ST Qﬁ .Im%vu (3.48)

where again we have used the combinations

2
~ ~ @ ~
- - @ -

The above traces have been given already in Ref. [15] for the terms without transverse po-
larization, whereas the terms with transverse polarization were partly discussed in Ref. [1]
(the functions ef: and f7 introduced in Ref. [{6] were missing).

Relations between correlation functions of different twist are provided by the equation
of motion for the quark field

[iP(§) —m] (&) = [y"iD (&) + 7 DT (&) + 97 iDa(§) — m]$(£) =0, (3.51)

where m is the quark mass. To make their general structure transparent we decompose
the correlators into terms of definite twist,
M M 2 1 = T M - M ? T
AH-H@MIwa_ve.WIT .vaT e%“ |@\&H@.&qw+ .vaT e\f@u AMWMV
where the twist is indicated in the subscripts and the arguments (x,pr) are suppressed
for ease of writing. One has P1®y = P_Py = 0 and Py Pj ; = P_P% ; = 0, where
Py = 2y7y* and P_ = 34Ty~ are the projectors on good and bad light-cone compo-
nents, respectively [40]. Projecting Eq. (3.51) on its good components one obtains for the
correlators

P T;\K\ v @3+ My, mvmrw + prds — EAH.L

- M
+P, TEQ‘P Mg, @+ prs —mds | =0, (3.53)

where the term with D~ has disappeared and the terms with DT and D® have been

replaced using Egs. (3.43) and (3.44). Multiplying this relation with one of the matrices
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= {y*, 7" v5,i0%" 5}, which satisfy TP, = T't(1 — P_) = I'*, and taking the trace
gives

‘H,HHTT QIHAH.w + Q\ﬂb Mvwrw Wm; Avw - @@w = Ou Awm%v

where the terms multiplied by M/P% in Eq. (3.53) have disappeared because the trace of
Dirac matrices cannot produce a term that transforms like P™ under boosts in the light-

cone direction. Inserting the parameterizations (3.13) and (3.45) into (3.54), one finds the

following relations between T-even functions:

. m
ze = xé + i fi, (3.55)
aft =zft+ f, (3.56)
, 5 m
= —h 3.57
xrgp = Tgr + AT (3.57)
TgT = Tir + Q7 + o 3? (3.58)
2
~ m
297 = 341 — 5o ls g + <, (3.59)
_ m
wgL = g1 + o1+ 37 M, (3.60)
s
zhy, HR\NHIT \N:L.T E.Shu (3.61)
H@ﬂ = &Nsﬂ - \S + @% \s + |.Q:4 Awmmv
wim M ’
1 _ 5l @%
xhy = zhy + hy + YE hir (3.63)

These relations can be found in Ref. [1], App. C. Neglecting quark-gluon-quark correlators
(often referred to as the Wandzura-Wilczek approximation) is equivalent to setting all
functions with a tilde to zero. For T-odd functions we have the following relations:

zer, = xer, (3.64)
zer = zér, (3.65)
rer = Tép + — \5 (3.66)
ofy = fr + }? (3.67)
cff = xff + ,DF? (3.68)
zfr = zfr + 5.2 ,D? (3.69)
rff = ,\Smm.“ (3.70)
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~ m
zgt =xg" + i hi, (3.71)

w
a@””aa;. L hi. (3.72)

Most of these relations can be found in Refs. @m 49], and Eq. (3.71) can be inferred from

Eq. (13) in Ref. [15]. Egs. (3.66) and (3.68) have not been given before as they require

the new functions introduced in Ref. [16]. We emphasize that the constraints due to the
equations of motion remain valid in the presence of the appropriate Wilson lines in the
correlation functions. All that is required for the gauge link /(o ¢) between the quark fields

is the relation U gy iD*(€) = 101U ) leading to Eq. (3.43). In contrast, the so-called
Lorentz invariance relations used in earlier work are invalidated by the presence of the gauge
links [14]. We remark that if @:mﬂw-m_:o:-@:mﬂw correlators are :mm_moﬁm& the time-reversal

constraints (3.32) require that [d*py p% fir(z,p%) = 0 and [d*py p2-hi (z,p%) = 0.

The quark-gluon-quark fragmentation correlator analogous to ®p is defined as

AD:V (z,kr) =

2
M [ E G Uy iDHE) (€ X XI5 0020 L, BT

The transverse correlator

A% (z, kr) = AY(z,kr) — kT A(z, kr) (3.74)

can be decomposed as

z § z w
DNANL&HVH M|M ﬁﬁbk | @QFV >MM A + smﬂ va

+ (H+iE)ing +... (g7 — s.mm%\v\mvwiw. (3.75)

Using the equation of motion for the quark field, the following relations can be established
between the functions appearing in the above correlator and the functions in the quark-

quark correlator (3.38):

E

22, ™p 3.76
P IT NE.D 1, A v
QF\?

— =~ + Dy, (3.77)
zZ zZ

Gt Gt

A L 3.78
H H k2

= 4 g 3.79

4. Results for structure functions

Inserting the parameterizations of the different correlators in the expression (8.9) of the

hadronic tensor and using the equation-of-motion constraints just discussed, one can calcu-
late the leptoproduction cross section for semi-inclusive DIS and project out the different
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structure functions appearing in Eq. (2.7). To have a compact notation for the results, we

introduce the unit vector b = P}, /| P, | and the notation

ClwfD] ==z MU mw\%ﬁﬂ Pk 0P (pr — ky — P /2) w(pr, kr) f(z,p7) D" (2, k%),

(4.1)
where w(pp, kp) is an arbitrary function and the summation runs over quarks and anti-

quarks. The expressions for the structure functions appearing in Eq. (2.7) are

Fyur =C|[fiD:], (4.2)
Fyur =0, (4.3)
oM [ h -k M, , D"\ h-p M, H
FeSon = 22 ¢ - RHE: + == ) - 28T (pplp, 4 A pl 4.4
Uu @Qﬁ %?Aa YR ia\ Vi A E (4.4)
2(h-k;) (h k
mu%\www%: C _H| A m;v ANSN@MV 7 PT bkmw.“_“ Am_" mv
. oM h kg G\ h-pr[ | M, | E
mumq@: = dmﬁl M, Aam Hi + ﬁ H|v + i Aam D; + Y3 hy ~ ) (4.6)
in oM [ h-kp M, G\ hepr{ .. M, |, H
e =2 o[t (smettt + Ypon)+ E (est o Gk T )] )
in 2 m.wﬂ m.%ﬁ —kr-pr
o[ 2Ok Lopr) ey, ) w
Frp =ClgiD1], (4.9)
oM [h-k; . M, D" h-pr M, |, E
mumwm? Hdmﬁ M, Aammbﬁ T L) T Ty s@m@ﬁTﬁme , (4.10)
sin(gn—os) h-pr .,
Forir =C|- i firDi|, (4.11)
P s =, (4.12)
Fnentos) _ ¢ T h bmﬂ h miu (4.13)
in(31 - 2 (h-py) (Pr-kr) +p7 (h-ky) —4(h-pr)* (h-ky)
Foin(én—¢s) _ Q_H T T Bl (414
ur Mimik 1741 A v
in oM M, H
Fings _ qmﬁ Aa?? - %\:Mv
kr-pr L, My GE L. M, . Dt
BTN o HE + g ) — (ahbHE — L 4.15
2M M, _HA& T + ESH > Thy ity M AT s ( )
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in (26, oM (2(h-pp)? — p2 H
.mu%\m%w%: @mvH|QA A ﬁﬂv by A&\ﬂb~||\~ v

@ MEM b\g
2 (h-kr) (h-pr) — ky-p My G
-
M D+
_ h-
ﬁm%?? @&HQ% ?Wﬂmﬁb;u (4.17)
oM My, E
mm%em = QQAIAHQHQH + ﬁ\:Mv
k M D+ M G
Rl ) o ) e
2on—0s)  2M f 2(h-pp)® - p} E
peos(zon—6s) _ qm* ) —Pr a@?+|p
2 (h-kp) (h-pr) — kp-pr My D'
.m 7 -
+ M, rerHy NSSS >

_ T&E + $ T mﬁvﬁ. (4.19)

Notice that distribution and fragmentation functions do not appear in a symmetric fashion
in these expressions: there are only twist-three fragmentation functions with a tilde and
only twist-three distribution functions without tilde. This asymmetry is not surprising
because in Eq. (2.7) the structure functions themselves are introduced in an asymmetric
way, with azimuthal angles referring to the axis given by the four-momenta of the target
nucleon and the photon, rather than of the target nucleon and the detected hadron.

m@cwiosm@..m.vﬁo@-ﬁw._v@8@5@53%&o:gmwm%ow>w@€n©55@3m858§5m
the comparison with the existing literature are in order here. First of all, it has to be
stressed that in much of the past literature a different definition of the azimuthal angles
has been used, whereas in the present work we adhere to the Trento conventions [2§]. To
compare with those papers, the signs of ¢, and of ¢g have to be reversed. The terms
with the distribution functions \W and m% have not been given before. All leading-twist
structure functions here are consistent with those given in Eqgs. (36) and (37) of Ref. [3]
when only photon exchange is taken into consideration. The structure functions ﬁm_s n

and ﬁ%w? in our Eqgs. (4.6) and (4

.1 correspond to Egs. (16) and (25) in Ref. [[5]. The

other six twist-three structure functions were partially given in the original work of Mul-
ders and Tangerman [i], but excluding T-odd distribution functions, assuming Gaussian
transverse-momentum distributions, and without the contributions from the fragmentation
function G.

The structure function Fy; %n is associated with the so-called Cahn effect [50, 51 I

4) and f* in Eq. (3.58) as ém:

one neglects the @:@Hw-mgos-@:@; functions D' in Eq. A
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as the T-odd distribution functions h and hi-, our result becomes

NuSm? ~ %Qﬁ h- Pr \HU; (4.20)

This coincides with the cos ¢, term calculated to order 1/@Q in the parton model with
intringic transverse momentum included in distribution and fragmentation functions, see
e.g. Egs. (32) and (33) in Ref. [52).

Let us briefly mention some experimental results and phenomenological analyses for
the structure functions given above. For simplicity we do not distinguish between mea-
surements of the structure functions and of the associated spin or angular asymmetries,
which correspond to the ratio of the appropriate structure functions and Fyyr + €Fyuy,r.

1. Measurements of the cross-section components containing the structure function
m%ww? have been reported in Refs. [p3, b4, 117, 26]. A description of the cos ¢y,
modulation by the Cahn effect alone has been given in Ref. [52]. The same analysis
can be applied to the structure function F;; %1 leading to the results of Ref. [D5].

2. ﬁ%ww@: contains the functions hi (Boer-Mulders function [d]) and Hi- (Collins func-

tion [56]). It has been measured in Refs. [i7, 26].

3. The structure function NumE %" has been recently measured by the CLAS collabora-
tion [25].

4. The structure function Fj; m:&; has been measured by HERMES [23]. The pre-
cise extraction of this ovmmi\m_u_m requires care because in experiments the target
is polarized along the direction of the lepton beam and not of the virtual pho-
ton [b7, 58, 15, 27]. This implies that the longitudinal target-spin asymmetries mea-

mE bn

sured in Refs. [I§, 19, 20] receive contributions not only from F};; “*, but at the same

order in 1/@Q also from ﬁ%wﬁs s) and ﬁ%w@ir@m ) (see also 25 phenomenological
studies of Refs. BY, 60, b1, 62, b3, b4, 65]). In Ref. [23] the HERMES collaboration
has separated the different contributions to the experimental sin ¢; asymmetry with
sin @F
UL

longitudinal target polarization and shown that F; is dominant in the kinematics

of the measurement.

5. F, M%A%:\@m ) contains the Sivers function [66] and has been recently measured for a pro-

ton target at HERMES [22] and for a deuteron target at COMPASS [24]. Extractions
of the Sivers function from the experimental data were performed in Refs. [67, 68, 6Y]
(see Ref. [7U] for a comparison of the various extractions).

6. The structure function ﬁm_sgir@mv

contains the transversity distribution function [41,
#2] and the Collins function. As the previous structure function, it has been mea-
sured by HERMES [22] on the proton and by COMPASS [24] on the deuteron. Phe-
nomenological studies have been presented in Ref. [68], where information about the
Collins function was extracted, and in Ref. [71], where constraints on the transversity
distribution function were obtained by using additional information from a Collins

asymmetry measured in ete™ annihilation [i72].
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Integration of Eqs. (4.2) to (4.19) over the transverse momentum P}, of the outgoing

hadron leads to the following expressions for the integrated structure functions in Eq. (2.14):

Fyur =z Y el fi(z) Di(2), (4.21)
Foun =0, (4.22)
Fop =) e gi(x) Di(), (4.23)
.
R = —a Y el 2t (o) e, (4.24)
.

$ h () m%@v (4.25)

2M
Pt = o S 250 (ot 0)DR ) +
D\

Finally, the structure functions for totally inclusive DIS can be obtained from Egs. (2.10)
and (2.18) to (2.2I). This gives the standard results [i]

H a
b= 2 MaUmw fi (=), (4.26)
Fp, =0, (4.27)
1
g =5 3¢ oi(a), (4.28)
a
H a
g1+g2 = 3 MU eq g1 (x), (4.29)

where given the accuracy of our calculation we have replaced g1 —y?g2 by g1 in (4.28), and

where we have used
MU\%NE@ -1, MU\%@Q@ 0, MU\%M:NV —0. (430)
h h h

The first relation is the well-known momentum sum rule for fragmentation functions. The
second relation was already pointed out in Ref. [73]. The sum rule for H follows from

Eq. (4.24) and the time-reversal constraint (2.22).

In App. B, we give results for one-jet production at low transverse momentum in DIS.

5. Conclusions

We have analyzed one-particle inclusive deep inelastic scattering off a polarized nucleon for
low transverse momentum of the detected hadron, starting from a general decomposition
of the cross section in terms of 18 structure functions, given in Eq. (2.7) and expressed
in a helicity basis in App. A. Using tree-level factorization as discussed in Sec. 3.2, the

-

structure functions can be calculated up to subleading order in 1/Q) (twist three) using
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transverse-momentum-dependent quark-quark and quark-gluon-quark correlators. to sub-
leading order, we need the parameterizations of the correlators up to twist three, involving
24 parton distributions. In particular our treatment includes those twist three transverse
momentum dependent functions that appear after the proper inclusion of Wilson lines
in the quark-quark correlators. We also give the relations between the quark-quark and
quark-gluon-quark correlators that follow from the QCD equations of motion.

Using the parameterization of the correlators we eventually expressed the structure
functions appearing in the cross section in terms of transverse-momentum-dependent par-

ton distribution and fragmentation functions, see Eqs. (4.2) to (4.19). Several of these

results were already present in the literature, but never collected in a single paper. The

complete results for transversely polarized targets, Eqs. (4.11) to (4.19), including all T-

odd distribution functions, are presented here for the first time. It is straightforward to
generalize the present results to include the production of a polarized hadron.
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A. Structure functions in a helicity basis

Up to a kinematical factor, the structure functions we have introduced in Eq. (2.7) are

simple combinations of cross sections or interference terms for the subprocess y*N — h X
with definite helicities of the nucleon and the virtual photon. Let us define helicity structure

functions ) on 1 B
. 1-— &V ¥4\ &Q.wm:
FY 2, p2y = QU2 (1 07 _down Al
SSAH“Q X2 :Fv 4m3ar + 2 &N&w\wF“ A v

in terms of the v*p cross sections and interference terms introduced in Ref. [27], where j
and i (n and m) are the helicities of the nucleon (virtual photon) in the amplitude and its
complex conjugate. We then have

1 __
Four = 5 (FE + F7), Fyu = Fy's
1
Fip® = ——=Re (Fff + i), Fig ' = —Re P, (A.2)
V2
i 1
Pn _ ++ ——
Fiy :IIHHE@MO +Fy ), (A.3)
Nﬁmmzﬁr _ |FH Amu._i. _ mullv mummbmﬂv — _ImF+t A> RC
UL — m{Ltig +0 )» UL =—ImF/ ", .
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1 e 1 __
ﬁhhﬂmﬁﬁﬂﬂlmfjv“ ﬁmﬂ?HIMWmAﬁﬂﬁwlﬁro ). (A5)
Fppgt ) = —Im P Fppp' ) = ~Im Fgi,
. 1 ; _ 1
ﬁww@?@ =5 Im F}~, wwwa? ¢s) _ -5 ImF, =,
. 1 ; _ 1
ﬁmﬂ%%m — |m Im ﬁnﬂuolu NUMWJAM@: @,Wv — |m Im ﬁnﬂﬁw—vu A»}MWV
(6n=05) _ Ro os — 1 -
Frp 7% =ReF{, Frp®® = |Mw@mﬂo
2%, — 1 _
N,M%A $h=#s) _ __~ ReF o+ (A.7)

Comparing with our results (4.2) to (4.19) we find a number of simple patterns. The leading

structure functions in the 1/@) expansion are those where the photon is transverse in both
the amplitude and its conjugate, and the subleading structure functions correspond to the
interference between transverse and longitudinal photon polarizations. The two structure
functions Fyp ; and ﬁ%ﬂw:\@mv involve only longitudinally polarized photons. In the
kinematics we consider, they are of order 1/Q? and thus beyond the accuracy to which
we have calculated. We finally remark that the number of transverse momentum factors

appearing in the different structure functions (4.2) to (4.19) can be related to the mismatch

between the helicity differences (m —i) and (n — j) using angular momentum conservation,
see Ref. [27].

B. Semi-inclusive jet production

In this appendix, we take into consideration the process
(1) + N(P) = £(I') + jet(P;) + X (B.1)

in the kinematical limit of large @2 at fixed z and P?,. In the context of our tree-level
calculation, we identify the jet with the quark scattered from the virtual photon. We then
have z = 1 and the cross section formula is identical to Eq. (2.7), except that it is not
differential in z. Correspondingly, the structure functions do not depend on this variable.
The structure functions for the process (B.1) can be obtained from those of one-particle

inclusive DIS in Eqs. (4.2) to (4.19) by replacing D1 (z, k%) with §(1 — 2)6®) (kr), setting

all other fragmentation functions to zero and integrating over z. This gives

Fyup =z el fi(z P})), (B.2)
a
2|P;
Ft = o Y 2t e, ), (B3
a
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; w H.

: 2| P
wm_m?nam 2 2| ?_& Lz, PY), (B.5)
Frp == Mm giL(z Nuwb“ (B.6)
2|P
Rt = e Al syt ), B.7)
. _ P
NHMWW%: ¢s) - Mmm _ QF_ FaA Ny v Qw.mv
2M
Fiins — 4 Mu% o fp(z, P2, (B.9)
. B P. |2
mﬂ%%@@: #s) S me _ QF_ o ﬂ A Ny v AW.HOV
Feos(6n—s) _ ME @ (2, P2,) (B.11)
LT z €3 Nr\E ) .
a
2M
Nummmgm = -z me qhumﬂﬁ& @NFY (B.12)
a
cos(2¢p —¢s) 2 _.NCF_M La 2
Frr - MUmp MQ T (, P71), (B.13)

whereas the remaining 6 structure functions are zero. The results for the terms with
indices UL and LU correspond to those in Ref. [15]. Integration of the cross section over

Py, leads to the results for inclusive DIS in Eqgs. (#.26) to (4.29). Most terms vanish
due to the angular integration, and mw%em in Eq. (B.9) vanishes due to the time-reversal

condition (3.34).
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