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Semi-Infinite Optimization:
Structure and Stability of the Feasible Set'

H. T. JONGEN,> E. TWILT,” AND G. W. WEBER"

Communicated by O. L. Mangasarian

Abstract. The problem of the minimization of a function f:1R" =R
under finitely many equality constraints and perhaps infinitely many
inequality constraints gives rise to a structural analysis of the feasible
set M[H, G]={xeR"|H(x)=0, G(x, y) =0, ye Y} with compact Y=
R". An extension of the well-known Mangasarian-Fromovitz constraint
qualification (EMFCQ) is introduced. The main result for compact
MI[H, G] is the equivalence of the topological stability of the feasible
set M[H, G] and the validity of EMFCQ. As a byproduct, we obtain
under EMFCQ that the feasible set admits local linearizations and also
that M[H, G] depends continuously on the pair (H, G). Moreover,
EMFCQ is shown to be satisfied generically.

Key Words. Semi-infinite optimization, topological stability, reduction
principle, structure of the feasible set, genericity.

1. Introduction

An optimization problem of semi-infinite type has the following specific
property: the feasible set is described by means of infinitely many inequality
constraints. In this paper, we consider semi-infinite optimization problems
of the following form:

(SIP) minimize f on M[H, G], (1a)
M[H, G]={xeR"|H(x)=0, G(x, y)=0, for all ye Y}, (ib)
Y <R" compact. (1¢)
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In (1), the mappings f:R"->R, H=(h,,..., h,):R">R", m<n,
G:R"xR">R are assumed to be continuously differentiable.

We are interested in the local structure of the feasible set M[{H, G]
and its topological stability depending on the pair (H, G). The ideas in this
paper extend and generalize the work done in Ref. 1. In fact, in Ref. 1 the
set Y<R’, the index set of inequality constraints, was assumed to be a
finite set. In the present paper, however, the index set Y might be a
continuum, such as an interval, a rectangle, or more generally a compact
manifold with boundary.

A central role will be played by an appropriate extension of the so-called
Mangasarian-Fromovitz constraint qualification (cf. Ref. 2). Under assump-
tion of the extended Mangasarian-Fromovitz constraint qualification
(EMFCQ), it will be shown that the set M[ H, G] is a Lipschitzian manifold
with boundary. Moreover, if M[H, G] is compact, then for all (ﬁ, G)
sufficiently close to ( H, G) (the topology to be specified below), the corres-
ponding set M [ﬁ, G is homeomorphic with M[H, G] if and only if
EMFCQ is satisfied on M[H, G]. This characterization will be our main
result. The compactness of M[H, G] and the validity of EMFCQ
also guarantee locally the continuity of the set-valued mapping
(H, G)— M[ H, G]. Finally, we prove that the fulfilment of EMFCQ turns
out to be generically true.

A first and easy approach to the study of the structure of the feasible
set M[H, G] is that of a local reduction to a set described by means of a
finite number of differentiable constraints. This can be done as follows (cf.
Refs. 3 and 4). Let us introduce the marginal function,

Pc(x)= ryrgg G(x,y), (2)

and the extremal set E5(x) (the index set of active inequality constraints),
Eg(x)={ye Y|G(x,y)=0}, xeM[H,G]. (3)

An easy but important observation is the following: for x€ M[H, G1],
each y € Eg(X) is a global minimum for G(%, - )|y. Now, if each y € Eg(X)
is nondegenerate (to be specified below), then the set Eg(X) is discrete,
and hence finite (recall that Y is a compact set), say Eg(%)={7",..., 7°}
Then, application of the implicit function theorem around each point (%, 7'),
gives rise to a local minimum y'(x) for G(x, )y depending on x. As a
consequence, we obtain in a neighborhood % of X the representation

¢o(x)= min $o(x),  box)=Glx y'(x)), 4)

Lo

and the set M[H, G]~ % can be described by means of a finite number of
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differentiable constraints,
M[H, GlnU={xeU|H(x)=0,¢5(x)=0,i=1,...,p}. (5

Unfortunately this latter reduction principle cannot be applied at all
feasible points. In fact, we will show, using ideas from singularity theory
{cf. Ref. §), that the violation of the assumptions for applying the reduction
principle might be stable under perturbations of the defining pair {H, G).
In spite of the latter negative result, it was shown in Ref. 6 that the reduction
principle is generically applicable in a neighborhood of the local minima
of (SIP). In the present paper, we use the reduction principle at certain
points in the proofs in order to be able to exploit the results from Ref. 1.

This paper is organized as follows. In Section 2, we state the main
theorems and discuss the reduction principle. Section 3 contains several
lemmas and the proof of the theorems.

2. Definitions and Main Results

Let C*(R", R™) denote the space of k-times continuously differentiable
mappings from R” to R™

The index set Y in (1) will be described by means of a finite number
of smooth (in)equality constraints,

Y={yeR'|U(y)=0, V(y)=0}, Y compact, (6)
where
U=(u,,...,u,)e CT(R", R"), a<r,
V= (U], ceey Uﬁ) S COO(Rr, RB).
Throughout this paper, it is assumed that the linear independence constraint
qualification (LICQ) is satisfied at all y€ Y, i.e.,
(LICQ) {Du(yp), Dv;(7); i€ A, je By(7)} is a linearly independent
set, y€ Y, where
A={1,...,a}, B={1,...,8}, (7a)
By(7)={je Bly(5) =0}, (7o)
and where Du,(y) stands for the row vector of first partial derivatives of u;
evaluated at the point 7, Dy, (7) being defined similarly.
The validity of (LICQ) on Y assures that the set Y is a smooth manifold
with boundary and corners (cf. Ref. 7}, such as an interval, a rectangle, etc.
An extension of (LICQ) above can be formulated (and will be used)

for sets of the type M[ H, G] as introduced in Section 1 (D, denoting partial
differentiation with respect to x).



532 JOTA: VOL. 72, NO. 3, MARCH 1992

Definition 2.1. The extended linear independence constraint quali-
fication (ELICQ) is said to hold at x € M{H, G] if the conditions below
are satisfied:

(ELICQ1) the extremal set Eg(X) is f{inite;

(ELICQ2) the set {Dhy(X), D,G(X, y); i=1,...,m, ye Eg(%)} is

linearly independent.

Note that, formally, condition (ELICQ?2) implies (ELICQ1). The fol-
lowing constraint qualification (EMFCQ) will play a crucial role in this
paper; itis not difficult to see that (ELICQ) implies the validity of (EMFCQ),
the converse being false.

Definition 2.2. The extended Mangasarian-Fromovitz constraint
qualification (EMFCQ) is said to hold at ¥« M[H, G] if the conditions
below are satisfied:

(EMFCQ1) rank DH(X)=m;

(EMFCQ2) there exists a vector £€R" satisfying
DH(x)-£=0, (8a)
D.G{x y)-£€>0, for all y e Eg(%). (8b)

A vector £eR" satisfying (8a) and (8b) will be called an EMF-vector at %

Before stating our first theorem, we have to introduce the notion of a
Lipschitzian manifold, which is a special type of topological manifold. Let
H" denote the nonnegative orthant in R", ie.,

H"={xeR"|x=0}. 9

Definition 2.3. A subset M <R" is called a Lipschitzian manifold
(with boundary) of dimension k if, for each X € M, there exist open neighbor-
hoods % of X and ¥ of the origin and a bijective mapping ®; % -» ¥, with
both ® and @' Lipschitz-continuous, sending £ onto the origin, such that
either

D(UNM) =Y ({0, } xR"),
or
D(UNM)=Y ({0, } xH xR*T;

in the latter case, X is called boundary point. The set of all boundary points
will be denoted by aM.
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Theorem 2.1. Manifold Theorem. Suppose that (EMFCQ) is satisfied
at all points of M[H, G]. Then, M[H, G] is a Lipschitzian manifold
(with boundary) of dimension » —m, and the boundary dM[ H, G] equals
{xeR"|H(x)=0, ¢s(x)=0}.

In the following theorems, we use several topologies which we now
introduce. For r= k, the space C*(R", R) will be topologized by means of
the strong C’-topology (also called C"-Whitney topology), denoted by C;
{cf. Ref. 8). In fact, for finite r, the C;-topology is generated by allowing
perturbations of the functions and their derivatives up to order r which are
controlled by continuous positive functions (- ): R" - R (rather than posi-
tive constants €); note that the infimum of €(-) over R” might be zero. The
C7-topology for C (R", R) is generated by means of the union of the bases
for the C-topology, r=0,1,2,.... The Ci-topology for C*(R",R™) is
obtained by means of the product-topology induced by C} on the m-fold
product CX*(R",R) x - - - x CX(R", R).

In order to state our continuity theorem, we need the notions of lower
and upper semicontinuity of a point-to-set mapping  from a topological
space T into the family P(R") of all subsets of R". Following Berge, Ref.
9, we call # lower semicontinuous (1.s.c.) at §€ T if, for any open set
U <R" with M(T) U= D, there exists a neighborhood 77 of & such that
M0y U # & whenever v e V. The mapping A is said to be upper semicon-
tinuous (w.s.c.) at 9 T if, for any open set U4 <R"” with M (7)< U, there
exists a neighborhood ¥ of § such that #{(v) < ¥ whenever ve V.

For an extensive study of these two notions {and of related ones) in
parametric optimization, see Ref. 10.

The family of all compact subsets of R" endowed with the Hausdorff
metric (cf. Ref. 9) is denoted by Z.(R").

Now, we have the following theorem.

Theorem 2.2. Continuity Theorem. Let He C*(R",R™), and suppose
that (EMFCQ) is satisfied for all xe M[H, G]. Then, there exists a
C!-neighborhood 0 < C*(R", R™)x C'(R" xR’, R) such that the set-valued
mapping 4,

M:(H, Gy—>M[H, G, (10)
is both upper semicontinuous and lower semicontinuous at all (H,G)eo0.

Moreover, if in addition M|[H, G] is compact, then € can be chosen in
such a way that # maps O to P.(R") and is continuous as well.

We emphasize that continuity of a mapping F: T-> 2.(R"), with T a
topological space, cannot prevent bifurcations of the set F(r), when ¢
traverses T. This is illustrated in the next example.
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Example 2.1. Let T =(~0c0, 1), and define F: T #?_(R") as follows:
F(t)={xe[-1,1]|x"~t=0}. (i

The continuity of F is easily verified. Note that, when ¢ traverses zero from
negative to positive values, the set F(r) bifurcates from one connected
component into two components.

The subsequent stability theorem, however, shows that, under the
assumptions of Theorem 2.2, bifurcations of the feasible set do not occur.

Definition 2.4. Let He C*R",R™). The set M[H, G] is called stable
if there exists a Cl-neighborhood €@ of (H,G) in C*R" R™)x
CY(R" xR, R) such that, for every (ﬁ, G)e 0, the corresponding feasible
set M[H, G] is homeomorphic with M[H, G].

Now, we can state our main theorem.

Theorem 2.3. Stability Theorem. Let He C*(R",R™), and suppose
that M[{H, G] is compact. Then, the feasible set M[H, G7] is stable if and
only if (EMFCQ) holds at every point xe M{H, G].

A subset of a topological space T is called generic if it contains a
countable intersection of open and dense subsets. If T is a so-called Baire
space, then a generic subset is also dense. In particular, the space C*(R", R)
endowed with the C*-topology is a Baire space (cf. Refs. 8 and 11).

Theorem 2.4. Genericity Theorem.

{a) Let C(R",RMXxC™R"xXR’,R) be endowed with the
C7-topology. Then, there exists a generic subset A<
CP®(R", R™)x C*(R" xR", R) such that, for each (H, G)e &, it
holds that (ELICQ) is fulfilled at every xe M[H, G].
(b) Let & be the subset of C'(R",R™)x C'(R” xR, R) consisting of
those pairs (H, G) for which (EMFCQ) holds at all points xe
M[H, G]. Then, ¥ is Cl-open and C}-dense.
We shall end this section with a discussion on the reduction principle.
For omitted details, we refer to Refs. 4, 11, and 12. For our aim, we now
suppose that G € C*(R" xR", R) and recall that, for £ ¢ M[H, G], each point
y€ Eg(X) is a global minimum for G(X, - ).

Definition 2.5. A pointye Y is called a critical point for G(%, - )jy if
there exist reals A;, i€ A, and g;, j € Bo(¥), such that
DyG(fa y)= by XiDui(f)+ Y I-ZjDUj(y)- (12)
ieA

Jje Bo(7)
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A critical point 7 for G(X, - ),y is said to be nondegenerate if the conditions
below hold:

(ND1) g,;#0 for all je By(7);

(ND2) the matrix V7 D3L(%, 7)- V is nonsingular, where

Lx,y)=Gxy)~ L Aa(y)— L ay(), (13)
ieA jeBo(5)

and where the columns of the matrix V constitute a basis for

the tangent space T(¥),

T(F)={) Ker Du(5)n [} Ker Du(7). {14)

icA JeBy(7)

In particular, a point y € Y is a nondegenerate Iocal minimum for G(%, - };v
if, besides (12), (ND1), and (ND2), the numbers g; are positive and
moreover V' Df,L(JE, 7)+ V is positive definite.

In the above definition, D}L stands for the matrix of second-order
partial derivatives of L with respect to y, and

Ker Du;(7)={n R’ | Du;(7)n =0}. (15)

Suppose that §e Y is a nondegenerate critical point for G(%, - };». Let
us introduce the critical point map 7,

DG, ) =Y, ca MD () =T, sy D0 (3)
g, - ~uy}, icA . {16)
*U;(y), }EBO(.?)

> e

LR S

where A and u are |A|-vectors and |By(7)|-vectors, respectively. We note
that 7 is a C'-mapping from R**" to R?, with

p=r+|Al+|By(7)]

Further, we have 7(J, A, &1, ) =0, and the Jacobian matrix of 7 with respect
to z=(y, A, 1) at the point (7, A, i, %) is nonsingular,

2 -
D50 = ZEEILE] (172)
E (1]
E=~[D"u(y),ie A|D"v(p),je By(3)]. (17b)

The latter nonsingularity follows from (ND2) and the fact that rank(E) =
|A]+[Bo(#)]. So, we can apply the implicit function theorem, and we locally
obtain a C'-mapping x—>(y{x), A(x), u{x)) such that

T(y(x), Alx), p(x), x)=0. (18)
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Moreover, y(x) is a nondegenerate critical point for G(x,-);y. Let us
introduce the local marginal function ¢ [cf. also Section 1, Eqs. (4)],

d(x) = G(x, y(x)). (19)
Then, it follows that
D¢(x) = D,G(x, y(x)), (20)

and hence ¢ is a C>-function.
For later constructions, we also need the structure of the second
derivative of ¢ at X [cf.l Ref. 7, Eq. (4.1.12)]:

D*¢(%)=D>G(%, §)
_[DXDIG@, 7)

T I
c D.D;G(%, y)] _ (21)

T
] ‘(DI (% 7)1 [ 0

Definition 2.6. Suppose that G e C*(R” xR’, R). For ¥ € M[H, G], the
extremal set E;(X) is called nondegenerate if each j € E5(X) is a nondegen-
erate minimum for G(X, -)y. The reduction principle is said to hold at
Xe M[H, G] if E5(X) is nondegenerate.

Suppose that the reduction principle holds at ¥ ¢ M[ H, G]. Then, each
€ Eg(X) is an isolated minimum for G(%,-)|y. Since Y is compact, it
follows that Eg(%) is a finite set, say Eg(%)=1{7",..., #°}. Around each
point (%, #'), the implicit function theorem is applicable; as a consequence,
we obtain, in a neighborhood of X, the representation of the marginal
function ¢g as the minimum of the C’-functions ¢4, i=1,...,p; cf.
Section 1, Egs. (4).

Unfortunately, the violation of the reduction principle might be stable
under perturbations of the problem data. This will now be explained with
a simple example arising from an analysis based on singularity theory {cf.

Ref. 5).

Example2.2. Let Y=[—1, 1], and let Ge C*(R* xR, R) be defined by
G(x,y)=y*+xy°+ Xy +%;.
There are no equality constraints, and we are interested in the feasible set
MIJ[G] in a neighborhood of the origin. A careful calculation shows that
(ELICQ) is satisfied for x € M[ G] near the origin. However, the reduction
principle is violated at the point (%, 7) = (0, 0). The special feature at the
origin is represented by means of the mapping %,
F: (x,y)—(G, D,G, D,D,G, D,D,D,G)(,)- (22)

Note that ¥ vanishes at the origin, but the Jacobian matrix D% at the origin
is nonsingular. From this, it follows, basically in virtue of the implicit
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function theorem in Banach spaces (cf. Ref. 13), that the violation of the
reduction principle persists under small C:-perturbations of the defining
function G. For details on the application of the implicit function theorem
up to Ci-stability, we refer to the exposé in Ref. 11, Chapter 6.

3. Lemmas and Proofs of the Theorems

The proof of the subsequent lemma will be deleted, since it runs almost
identically along the lines of the proof of Lemma 2.1 in Ref, 1.

Lemma 3.1. The extended Mangasarian-Fromovitz constraint qualifi-
cation is invariant under local C’-coordinate transformations.

Remark 3.1. Let x€ M[H, G], and suppose that (EMFCQ) holds at
X. Then, for a local analysis, we may delete the equality constraints, since
the zero set of H is a C'-manifold in a neighborhood of %. In fact, choose
£eR™, j=m+1,...,n such that the vectors D'h(%),i=1,...,m, and &,
j=m+1,..., n form a basis for R". Put

y=(x), (23a)
where

¥i = hi{x), i=1,...,m, {23b)

y=¢ (x—%), Jj=m+1,...,n (23¢)

Then, ® is of class C' and the Jacobian matrix D®(X) is nonsingular.
Consequently, ® is a locally invertible and hence a local C'-coordinate
transformation sending % onto the origin. Now, the set H~'(0) is locally
transformed under ® to the set {O,,} xR"™™. Note that, if H is of class C*,
k=2, then ® is also of class C*. Lemma 3.1 implies that (EMFCQ) remains
valid in the new coordinates.

The next lemma on the solvability of a compact system of linear
inequalities is well known. Let conv(-) denote the convex hull.

Lemma 3.2. See Ref. 14. Let K <R" be a nonempty compact set.
Then, the system of linear inequalities
v'E>0, vek, (24)

is solvable if and only if 0& conv(K).

For a locally Lipschitz continuous function ¢: R” - R, let 9¢/(x) denote
the Clarke subdifferential (cf. Ref. 15) evaluated at the point x.
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Lemma 3.3. The marginal function ¢ is locally Lipschitz continuous,
and for the Clarke subdifferential 3¢5 the following inclusion holds:

3¢o(x) = conv{D.G(x, y)|ye{we Y|G(x, w) = d(x)}}.  (25)

Proof. The proof follows immediately from Ref. 15, Section 2.8, using
the fact that G is a C'-function and that Y is a compact set. O

Definition 3.1. Let A g: R" >R be given. Then, h and g are said to
be Lipschitzian equivalent at (%, Z) e R" xR" if there exist neighborhoods
% and ¥ of X and 3, respectively, and a bijective mapping ®: U > ¥, both
® and &7’ Lipschitz continuous, sending X onto Z, such that he® '=¢
on V.

The following lemma is a combination of the linearization theorem in
Ref. 16, Theorem 2.2 and Ref. 16, Remark 2.2.

Lemma 3.4. Let h: R" >R be a locally Lipschitz continuous function,
and suppose that, at the point £ e€R", the origin is not contained in the
subdifferential 9h(x). Then, h and g are Lipschitzian equivalent at (X, 0),
where

g1,y Ya) =h(X)+y1. (26)

In the case where there are no equality constraints (m =0}, resp. no
inequality constraints (Y =), we write M[G], resp. M[H], instead of
MI[H, G].

Proof of Theorem 2.1. Suppose that (EMFCQ) is satisfied at all points
of M[H, G]. The proof that M[H, G] is a Lipschitzian manifold (with
boundary) consists of a local analysis. Hence, in virtue of Remark 3.1, we
can delete the equality constraints. So, we are dealing with a set-of the type
M{G]. Let % belong to M[G]. If ¢5{%)>0, then by continuity a whole
neighborhood of % belongs to M[ G}, and the manifold condition is trivially
fulfilled at . Now, suppose that ¢ (%) = 0. From the validity of (EMFCQ),
especially (EMFCQ2), it follows that the system of linear inequalities

D.G(x,y)-{>0,  yeEg(x), (27)

is solvable. The extremal set E5(xX) is a closed subset of Y, and hence is
compact. So, it follows from Lemma 3.2 that the origin does not belong to
conv{D,G(%, y)|y € Eg(%)}. Consequently, from Lemma 3.3, we see
0€9¢s(X). A combination of Lemma 3.3 and Lemma 3.4 shows that ¢
and g are Lipschitzian equivalent at (X, 0), where g(»;,..., V.) =y . But
from this, it follows that the Lipschitzian manifold condition is fulfilled at
x. This completes the proof. O
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In order to prove our continuity theorem, we need several preliminary
lemmas.

Lemina 3.5.

(i) The set-valued mapping &: (x, G)— Es{x) is upper semicon-
tinuous on R" x CY(R" xR", R).

(il If (EMFCQ) holds for all x e M[H, G], then a C!-neighborhood
Oc C'(R",R™")x CY(R" xR", R} exists such that (EMFCQ) is
fulfilled for all xe M[H, G] whenever (H, G)< 0.

Proof. Using the compactness of Y, this follows directly by a con-
tinuity argument. Note that, for the proof of part (ii), we need (i). I

Let { be a vector field on an open subset % of R”, i.e., { is a mapping
from ¥ toR". If  is of the class C*, k = 1 (resp. locally Lipschitz continuous),
then ¢ admits a unique flow (say @) which is defined on an open neighbor-
hood of % x{0}<R" xR, and which is of class C* as well (resp. locally
Lipschitz continuous). Recall that, for any X< %, we have

O(%,0)=x o/otl®(X, )] =L(P(X 1));

this means that ®(X, ¢) represents the {-trajectory through X, where ¢ stands
for the integration time. For proofs and more details on this subject, see
Ref. 17.

In the following lemma, we restrict ourselves to the case where m =0
(no equality constraints).

Lemma 3.6. Let £e M[G], such that ¢5(%) =0, be given. Moreover,
let { be a C'-vector field (with flow @) on the open neighborhood % of %
We assume that (EMFCQ) holds at %, with {(¥) as an EMF-vector, Finally,
let X € U be a point on the {-trajectory through £, i.e., £ = ®(%, — ) for some
feR. Then, there exist an open neighborhood ¥ of %, a positive real a,
and a unique Lipschitz continuous function T: ¥ = [f—a, T+ «] satisfying:

(i) ®(x, 1) is well-defined on ¥ x[f—a, i+al;

(ii} when, for x€ ¥ arbitrary but fixed, ¢ traverses the interval [{—
a, I+ a], the composition ¢5{P(x, 1)) vanishes iff 1= T(x), and
moreover it changes sign.

Proof. We only discuss the case where £ X and 7> 0; in the other
cases, the proof runs along the same lines.

Since { is a C'-vector field, its flow ® is a C'-mapping on a suitably
chosen neighborhood of (X, 0); this essentially demonstrates (i). Moreover,
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the composition G(®(x,t),y) is of the class C' as well. Since {(X)=
(8/0t)®(%, T) is an EMF-vector at X, we have that, for any 7 Eg(%),

G(®(£, 1), 7) =0, (28a)
(6/6)G(@(%, 1), 7) = D.G(®(%, 1), 7) - {(X)> 0. (28b)

Now, application of the implicit function theorem using the compactness
of Eg(x) yields the existence of an open neighborhood ¥ of X, a compact
neighborhood % of Eg(X) in Y, and a unique C'-function T: ¥'x W -
[f~a, i+ a], with >0, such that

T(X y)=1 for all ye Eg(x), (29a)
G(®(x, 1), y)=0, iff t=T(x,y), whenever (x, y)e ¥V'x W. (29b)

By a continuity argument (as used for Lemma 3.5), we may assume (possibly
after shrinking ¥, W) that Eg(x)< %W and {(x) is an EMF-vector at x,
whenever x € ¥. Now, it is not difficult to prove (using #>>0, and possibly
after shrinking ¥, W, a) that, for all (x, y)e V" x W, we have

G(®(x, 1), y)<0 (resp.>0),

iff—a=t<T(x,y) (resp.if T(x,y)<tsi+a).
We define

T(x)=min{T(x, y)|yc ¥}

Since T(x, y) is of the class C', and thus locally Lipschitzian, we find that
T(x) is locally Lipschitz continuous; compare Ref. 15, Section 2.8. Finally,
it is easily shown that T(x) satisfies (ii). This completes the proof. O

Proof of Theorem 2.2. As far as the upper semicontinuity of # is
concerned, the proof is a direct consequence of the definition of the C 1
Whitney topology and the following definitions:

(i) MI[H, Gl={xeR"||H(x)| =0, ¢s(x) =0}, where || - || stands for
Euclidean norm;

(ii) both mappings (x, H)w>||H(x)| and (x, G)+~> ¢s(x) are con-
tinuous w.r.t. the topologies induced by [ - || and C;.

Next, we prove that / is lower semicontinuous.

Assume that this is not true. Then, there exists a point X € M[H, G]
and a compact neighborhood % of x (with smooth boundary) such that,
in any open C!l-neighborhood O of (H, G), we can select a pair (H°, G°%)
with M(H®, G®) n U =D
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In the sequel, we consider only neighborhoods O such as in Lemma
3.5(ii). This means that, for all (H, G)e 0, we may apply the manifold
theorem. We distinguish between two cases.

Case 1. Eg(X)=. In this case, locally around X our feasible sets
are merely given by equality constraints. So, we may restrict ourselves to
feasible sets of the type M[I:I], with H in some Cl-neighborhood of
H. Since H(x) =0 and since (EMFCQ1) holds at %, we can apply the implicit
function theorem for Banach spaces, the actual Banach space being
the set of all restrictions Hs endowed with the norm IA), =
maxq {| H(x)| + | DH(x)||}; cf. also Ref. 7, Theorem 3.1.3. Consequently,
there exists an open neighborhood O of H anda C ! -Frechet dlﬂerentlable
mapping x(-) on @ such that, for all He@’, we have x(H)EM[H]r\ .
This latter conclusion, however, is in contradiction with our assumption.

Case 2. E;(X)# . In this case, the point ¥ is situated on the boun-
dary aM[H, G]. For veN sufficiently large, we treat a special selection
{0"} from the above neighborhoods O of (H, G) such that (H,G)e O
implies ||(H — H, G- G)|,<1/v. Here, ||- ||, is defined as above, but now
w.r.t. U X B, where B is a compact neighborhood of Y having a smooth
boundary. In accordance with our assumption, we choose in each 0" a pair
(H?, G”) such that #M(H", G')nU=.

For v sufficiently large, we may assume that H and H” coincide on
9. This can be proved with the aid of certain C'-diffeomorphisms (construc-
ted from linear homotopies connecting H” with H), whichsend M[H" ]~ U
onto M[H]n %U. For these constructions, we merely refer to Ref. 1 or Ref.
11, Chapter 6; here, we use the fact that the mappings H, H” are of class
C”. So, by virtue of Remark 3.1, we may restrict ourselves, locally around
X, to feasible sets of the type M[G”] and M[G].

Now, we proceed as in the proof of Lemma 3.6. Let {(X) be an
EMPF-vector at X for G, and consider the constant vector field {(x) = {(%).
Then, ¢ generates a flow ®. Interpreting G as an additional variable [and
in view of XxeaM[G], (EMFCQ 2)], we may apply the implicit function
theorem for Banach spaces to the equation G(®(x,t),y)=0. As in the
proof of Lemma 3.6, it follows that, for any G sufficiently close to G, the
{-trajectory through X (and restricted to a suitable compact neighborhood,
again denoted by %, of %) intersects 3M[G] in exactly one point. In this
way, we associate with (G”) a unique sequence of points (x”) such that

x* € dM[G"]. (30)

Since % is compact, we may assume {x”) to converge to a point x°e 4.
Due to the continuity of the mapping (x, G)— ¢s{x) and to the very
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selection of the mappings G”, we arrive at

¢G(x°)=‘1'i»r£1o(cbgv(x”)). (31)

From (30) and (31), it follows that x°c aM[G]. Since the {-trajectory
through X intersects 9M[G] in exactly one point, it follows that £ = x°.
This, however, is violated by our initial assumption that £{G' )N U=
for all ».

Finally, in order to prove the last part of the theorem, let M[H, G] be
compact, and let % be a compact neighborhood of M[H, G] in R". Since
A is upper semicontinuous, M[H, G] is contained in %, and thus is
compact, for any (A, G) in a suitable C-open neighborhood O of (H, G).
Now, we are in the position to apply Ref. 9, Chapter 6, Section 6. Both
the upper and lower semicontinuity of # being already demonstrated, we
conclude that (after restricting H and G to W and W x Y, respectively) M
[as a single-valued mapping from O to ?.(R"}] is continuous. D

The next lemma is in the same spirit as Ref. 1, Lemma 2.4. The proof
{see also Ref. 11, Chapter 7), which is based on Sard’s theorem, will be
omitted. Let H e C*(R", R™), and let €', €° be disjoint closed subsets of
R". Let H e C®(R",R™) belong to F(¥€', €?) if and only if the conditions
below are satisfied;

(i H coincides with H on €' 5
(ii) rank DH(x)=m, at all xe €>~ H(0).

Lemma 3.7. Let He C™(R",R™). Then, for each keN, the set
F(€', €% intersects every C*-neighborhood of H, and F(J, €°) is
Cl-open.

Proof of Theorem 2.4,

Part (a). We will confine ourselves merely to a sketch of the proof.
From Lemma 3.7, we see that there exists a CT~open and dense subset
0 < CP(R",R™) with the following property for He 0:

rank DH(x)=m, for all xe H™(0).

Hence, for H € 0, the set H™'(0) is a C*-manifold. As a consequence, we
can delete the equality constraints in our further investigation, since the
subsequent ideas from transversality theory extend to smooth manifolds.
The set Y need not to be compact in the rest of the proof. Since Y is
a smooth manifold with boundary and corners, it suffices to explain the
method of proof in the case Y =H". The main tool consists of application
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of the multijet transversality theorem (cf. Ref. 11, Chapter 7). Let £<R" be
given. Then, for € Y =H" to belong to E;(%), and thus 7 to be a minimum
for G(X, - );v, the following conditions are necessary:

(i y=0, (322)
(i) D,G(%7)=0, (32b)
(iii) D,G(%, 5)-7=0. (32¢)

Formula (32) gives rise to the introduction of the following complementarity
subset E <R"XR’,

E={(s,w)eR xR |o=0,w=0,v"'w=0}
={(,w)eR xR |v'=0,w =0,0-w=0,i=1,...,r}. (33)

For fixed i, the set {v'=0, w =0, v'- w' =0} can be partitioned (stratified)
into three manifolds,

{(0, 0)}, {0} x (H'\{0}), (H'\{0}) x {0}. (34)

In this way, the set E has been partitioned into products of smooth manifolds
{product stratification), and the highest dimension of such a product mani-
fold is equal to r.

Next, consider the 1-jet extension j'G of G,

j'G: (x, )= (x,y, G, D,G, D,G). (35)
We are interested in those points (x, y) satisfying

G(x,y)=0 and (y D]G(x,y))eE.
These points lie in the subset E of the image space of j'G defined by
E={(w', w’, w’, w", w’)eR" xR’ XRXR" xR |w>=0, (w?, w')e E}. (36)

The set E can again be partitioned into manifolds (in an analogous way
as the set E), and the least number of defining equations (least codimension)
is equal to r+1 (the entry 1 corresponding to w’=0). Considering the set
Eg(x), which consists of p elements, gives rise (roughly speaking) to p
copies of mappings j'G as defined in (35). The available dimension then
equals p(n+r), corresponding to p copies of {x, y). However, there are at
least (p—1)n-+p(r+1) restrictions to be fulfilled. The number (p—1)n
reflects the fact that the copies (x', y'), .. ., (x”, y7), corresponding to Eg(x),
have to satisfy the p—1 systems of equations

12 2 _
x'=x7 xX=x3, . kP =P,
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In the transversal case, which happens to be generic in virtue of the multijet
transversality theorem (cf. Ref. 11, Chapter 7), we must have the following
inequality:

Number of restrictions (codimension) =< available dimension.

Hence, in the transversal case the following inequality should be satisfied:

(p—Dn+pr+1)=p{n+r), 37)
and we obtain
p=n. (38)

This shows the generic finiteness of Es(x), and hence (ELICQ1).

The validity of (ELICQ2) follows from a sharpened calculation of
restrictions (codimension), taking the p copies of D,G into account. The
violation of (ELICQ2), in case p < n, means that

rank{DIG(x,y"),i=1,...,p}=p—1. (39)

In the case of the mildest violation, i.e., the case where the least number
of restrictions occur in (39), the n X p matrix in the left-hand side of (39)
has rank p—1. Now, the set of n X p matrices, p = n, having rank equal to
p—1 constitutes in R" ¥ a manifold of codimension n—p-+1 (cf. Ref. 11).
Hence, in the transversal case, the inequality (38) with n—p+1 added in
the left-hand side should hold, which obviously is false. Therefore, such a
situation does not occur generically. This completes the sketch of the proof
of Theorem 2.4, Part {a).

Part (b). This follows immediately from Lemma 3.5, the C;-
density of C*(R* R) in C'(R*R), and the fact that (ELICQ) implies
(EMFCQ). O

Remark 3.2. Theorem 2.4 can be refined in the following way. Let us
forget about equality constraints at this point. Instead of perturbing the
function G on the space R" XR’, we can refine the perturbation by firstly
deleting, for some Xx€R" the set {x} xR" from R" xR’ Note that %=
(R" xR N\({X}*xR") is an open subset of R" xR". Then, we can endow the
space C*(%, R) again with the C7 -topology; and again, the mulitijet trans-
versality theory can be applied, but now regarding the open subset % as a
smooth manifold. Now, let O be a neighborhood of G4 consisting of those
elements from C™(42, R) whose functional values and derivatives up to
order two differ from Gjq, up to a continuous positive function e(-): U >R,
where e(x, y)=d((x, y) {x}*xR") and where d stands for the Euclidean
distance. Then, any G €0 can be extended to a C*function on R" xR,
just by defining the derivatives up to order two on the set {£} XR’ to be
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those of G This allows quite delicate perturbations which will be used in
the proof of Theorem 2.3. O

For the next lemma, see Ref. 1, Lemma 2.3.

Lemma 3.8. Let f¢ Q’(R", R), and let ¥ €R". Then, every C.-neigh-
borhood of f contains an f satisfying:

(i) feC®RR);
(i) f(®)=f(%), Df(%)=Df).

Remark 3.3. In the proof of Theorem 2.3, we sometimes use the
expression “we add locally at K a function g to the function h,”” where K
is a compact set. By this expression, we mean that we actually add the
function g(x)&(x) to h(x), where £(x) is a C*-function having the following
properties:

i) 0=£(x)=1;
(i) € has a compact support;
(iii) €é(x) is identically equal to one in some neighborhood of K.

For the proof of our stability theorem, we need one more lemma.

Lemma 3.9. Let £ M[G]. Moreover, we suppose that EG(JE) is non-
empty and finite, say Eg(%)={y',... ,y”} Then, any open Cl-neigh-
borhood 0 of G contains an element G such that the following properties
hold:

(i) GeC R xR,R);

(ii) xeM{G} and Eg(x)={7",..., 5"}

(iii) each j'e Eg(X) is a nondegenerate minimum for G(%, - Jivs

(iv) D.G(x7)=D.G(%, 7, i=1,.

Proof. The proof consists of three steps, each providing us with an
arbitrarily good approximation of G.

Step 1. In this step, we proceed as in Remark 3.2. Let the open subset
U of R" xR be defined by

U=(R"xRI(% 7)]i=1,.:., p},
and consider a positive function €: % >R with the property that
e(x, y)=min{[[(x, )~ (%, 7)), i=1,...,p, G(£ »)},
whenever (x, y) € % admits ye Y. (40)
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The Ci-density of C*(U, R) i in C'(%U, R) yields the existence of a function
G e C®(U,R) such that G — G is controlled, in the sense of the C! -topology,
by €(-). We extend G to the whole R” xR" by defining

(" 7)=0=G(%, 7"), i=1,...,p (41)

A straighgforward verification shows that the extended function (again
denoted () is continuously differentiable at (%, 7'), and moreover,

G(%,y)>0, forall ye Y\Eg(%), (42)
D.G(%,7')=D,G(%, 7'), (43)
e M[G]. (44)

So, we are able to approi(imate our function G arbitrarily well (in the
Cl-sense) by a function G which already is of class C™ on % [and still
fulfills (ii) and (iv)].

Step 2. In this step, we approximate G (see Step 1) by G, which is
C* on the whole R™ xR". The function G differs from G only in a neighbor-
hood of the points (%, 7'), i=1,..., p. Moreover,

D.G(x,7')=D,G(%x,7), i=1,...,p

By B:(38), we denote open balls in R" xR’, centered at (%, ') with radii
38, & being chosen so small that the closures B;(38) are disjoint.

From the special features of Y (cf. Section 2), it follows that, locally
around each 7' and w.r.t. suitable C™-coordinates, the set Y can be regarded
as an open H' x R"-neighborhood of the origin 0 (7' corresponding to 0,
and [ denoting the number of inequality constraints for Y which are active
at 7'); see also Remark 3.1 and Ref. 7, Lemma 3.1.2.

Possibly after shrinking 8, we may write y = (9, §) e H' xR"™, whenever
(x, y)e Bi(38) and ye Y, especially 7' =(0,0). On B;(§), we define the
function R; as follows:

Ri(x, y) = -G(x, y)+ D,G(%,0)- (x - %)+ D,G(%,0) . (45)

Note that R, is of the class C' at (%, 0), whereas R, is of class C* (smooth)
everywhere else on B;(8).

For € > 0 sufficiently small, we may assume that the lower level set %,
given by é(x, y) =g, is contained in B;(8). Then, using a partition-of-the-
unity argument (Ref. 7), we extend Ry, smoothly to a function (again
denoted R;) on B;(38) which outside %, is controlled (in the C}-sense) by
€ and the C'-norm on B;(8) of the original R,; moreover, R; vanishes on
the ring B;(38)\ B;(28). Now, we extend R; to a global function by defining
R; =0 outside B;(38).
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Put G;=G+R,. Then, G, is of the class C* on the whole B;(36).
Moreover, by shrinking & and € appropriately, we assure G, to be arbitrarily
close (in the Cl-sense) to G.

Now, it is easily seen that, fori=1,...,p,

D.G;=D.G, at(%0)=(%7), (46)
Gi(%, v)=0, for all ye Y, (47a)
Gi(% y)=0, if y=3,i=1,...,p (47)

Finally, we add all functions R; to G and obtain the announced function G.

Step 3. In this final step, we approximate G (see Step 2) by a function
G as required in the lemma.

We deal with the linear Y-coordinates around 7' as introduced in the
preceding step, and emphasize that, w.r.t. these Y-coordinates, the Hessian
matrix of G is completely annihilated in some neighborhood of (%, 0) =
(%, 7). By 7', we denote the partition of § corresponding to the active
inequality constraints at 7' with vanishing Lagrange multipliers for G(%, - );
¢f. Definition 2.5.

Firstly, we perturb G locally around each (%, 7') in such a way that
the resulting function G fulfills condition (ND1) of Definition 2.5 [without
losing the already obtained qualifications (i), (ii), and (iv)]. This is done
by adding to G, locally at each B,(38), a linear function of the type

7, (48)

where the positive entries of the vector 5" are chosen suitably small. Finally,
in order to assure condition (ND2) of Definition 2.5, we add to G, locally
at each B;(38), a quadratic polynomial of the type

(F-A-7, (49)
where the matrix A is symmetric, positive-definite with sufficiently small
entries. In this way, we obtain our function G as required. O

Proof of Theorem 2.3.

Sufficiency. The proof is essentially based on Theorem 2.1, Lemmas
3.5, and 3.6, these results being direct generalizations, to the case where Y
is an infinite compact index set, of results which were already obtained in
Ref. 1. For the rest, the proof is identical to that in Ref. 1. Therefore, the
proof of the sufficiency part will be deleted here.

Necessity. Suppose that (EMFCQ) is violated at ¥ M[H, G]. The
main idea is to approximate H, G (arbitrary well in the C!-sense) by means
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of mappings H, G, (resp. A, G), such that M[H, G1 is not homeomorphic
with M [H &1, In the sequel, we assume (no loss of generality) that £=0.

Casel. Rank DH(X)<m.If Eg(%)# &, weaddlocallyat K :={x}x Y
a small positive constant to the function G. Then, we approximate G, H
by means of C*-function G, H such that

H(%)=H(%) and DH(%)=DH(%);

cf. Lemma 3.8; we denote the function G, H again by G, H. The situation
now is the following: M[H, ] is compact, the functions H, G are of class
C”, xe M[H, G], and Es(%x)=(. Next, as in Ref. 1, we add locally at
% =0 linear functions (with arbitrarily small derivatives) to the functions
h;, i=1,..., m, such that, after this perturbation, we have at %:

rank(DH) =rank(D"h,|- - -|D"h,,,_,) = m—1.

Then, in a neighborhood of % the common zero set of the functions
hy,..., hp-y, denoted by M[m —1], is a smooth manifold (cf. also Remark
3.1); moreover, the point % is a critical point for Bonrgim-yy (cf. Definition
2.5). Then, we add locally at £=0 a homogeneous polynomial of degree
two (with arbitrarily small coefficients) to the function k,, in order that,
after this perturbation, the point % is a nondegenerate critical point for
Pomingim-iy» ©f- Definition 2.5; only (ND2) is now relevant. Finally, we approxi-
mate G and, outside a sufficiently small neighborhood of £, we approximate
H, both in the C!-sense, by means of H, G, such that M [H, G] is compact,
Es(%) = (cf. Lemma 3.7); moreover (cf. Theorem 2.4), (ELICQ) should
be satisfied at all points of M {H G1\{}. From the very construction, we
see that the feasible set M[H, G] coincides with M[H ] in some neighbor-
hood of % The following reasoning is analogous to that in Ref. 1, but for
better understanding we have to repeat it here. We distinguish between two
subcases.

Case 1a. The point X is a local minimum (resp. local maximum) for
};""IMM: ,» recall that h,, and h,, coincide in a neighborhood of % Since X,
as a nondegenerate critical point, is isolated, we see that £ is an isolated
feasible point. If we add locally at X a small negative (resp. positive) constant
to the functlon i, thereby obtaining the function B, We get: M [H Gl=
M[H, Glu{x} (disjoint union), where h, = h,, i#m, and G=G. But then
the number of connected components of M [A, G] [finite, since M[H, G]
is a compact Lipschitzian manifold with boundary] is one less than the
corresponding number for M [A, G} Consequently, M [H G} and
M A, G] cannot be homeomorphic.

Case 1b. The point X is neither a local minimum nor a local maximum
for A, Then, application of the Morse lemma, in local coordinates

MiMm-1]"
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for M[m—1] (cf. Ref. 7), vields that the feasible set M [H Glina neighbor-
hood of % is represented by means of the following set J. in R"™™*%;

a—~m+i
) :tw?=0}, (50)

i=1

Z={W€Rn_m+l

where in (50) at least one positive as well as one negative square appears.
But then, using homotopy groups, it is shown in Ref. 1, Lemma 2.10 that
2 is not the germ of a topological manifold at w=0. Next, we add an
arbitrarily small constant to h,,,, locally at X, and we obtam in view of (50),
that (ELICQ) is satisfied at all points of M [H, G1; hence, in virtue of
Theorem 21, M [H G] is actually a Lipschitzian manzfold with boundary.
Here, h b, i# m, hm is the perturbed h,,,, and G=G. Consequently, we
conclude that M [H, G} is not homeomorphic with M {H G]

Case 2. Rank DH(X)=m. In this case, the set H'(0) is (eventually
after smooth approximation, cf. Lemma 3.8) a C™-manifold in a neighbor-
hood of ¥ and so, for a further local analysis, we may delete H, i.e., we
put m =20,

Since (EMFCQ), in particular (EMFCQ2), is not satisfied at %, it
follows that Eg(X) # J and that the system of linear inequalities

D.G(x,y)-£€>0, yeEg(%), (51)
is not solvable. Since E5 (%) is compact, we can apply Lemma 3.2, and hence,

0econv{D,G(X, y)|y € Eg(%)}.
Next, we choose a minimal (finite) subset, say

..., 7" e Eg(%), s.t.0e conv{D,G(X, 7),i=1,..., p}.
Consequently, there exist unique numbers @' €R, i=1,..., p, such that

14 . . . 14 .
Y @D,G(% 7)=0, a>0, Y a=1. (52)

f=1 i

Put of ={(% 7'),...,(X, 7°)}, and let ¥ be a bounded, open neighborhood
of {x}x Y. Then, by a classical result due to Whitney (cf. Ref. 18), there
exists a function ¢ € C*(R" xR’, R) such that

¢(x y)=0, (53a)

Plx,y)=0, iff{x,y)edV[(R"xR"NYL {53b)
Note that (53) implies that

Dy(%7)=0, i=1,...,p.
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If the positive real A is chosen suitably small, then the function G = G+ A¢s
will be arbitrary Cl-close to G. Moreover, we obviously have

e M[G), Es(®)={7,...,7"}, (54)
D.G(%, 7')= D,G(%, 7"), i=1,...,p (55)

Now, we may apply Lemma 3.9 to the C'-function G. We approximate G
arbitrarily well by a C™-function (again denoted G), such that G fulfills
(54), (55), thus also (52), and moreover,

each 7' is nondegenerate as a local minimum for G(%, - )jy. (56)

Let ¢'(x) = G(x, y'(x)) denote the local marginal functions as introduced
in Section 1, Eqgs. (4). Then, in a neighborhood % of x, the feasible set
MI[H, G] is equal to the following set:

{x|m?xfi(x)50,i==1,...,p}, fi(x)=—¢'(x). (57

Recalling (20) and (21), we have
Df'(%)=-D,G(%,7"), DY'(X)=-DiG(xy)+W, (58)

where the entries of the matrix W' consist of derivatives with respect to y
and mixed derivatives with respect to x and y. We proceed by adding
to the function G, locally at K (={x}x Y), a function of the type (1/2)(x —
%) - C-(x—3%), C being a symmetric nx n matrix with arbitrarily small
entries. The matrix C is chosen in such a way that the matrix

VT-(i &"(sz"(wa))- 14 (59)

becomes nonsingular, V being a fixed chosen matrix whose columns form
a basis for the linear space

[ 4 . 4 .
M Ker Df(x)={ ) Ker D,G(%, 7). (60)
i=1 i=1
After the choice of the matrix C, let k denote the number of negative
eigenvalues of the nonsingular matrix in (59).

Following Remark 3.2, we perturb H outside {X} and the C*-function
G outside the set {¥} xR such that:

(i)  the perturbed function G is a C*-function on R” xR";

(ii) the derivatives up to order two of G and G coincide on {x} xR";
(iiiy MI[H, G] is compact; .

(iv) (ELICQ) holds at all points of M[H, G]\{%}.
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Denote H, G again by H, G. Recali that the implicitly perturbed local
marginal functions are also of class C? (cf. Section 2). Now, we are in the
following situation: in a neighborhood of X, the feasible set has the structure
of a lower level set of a function of maximum type in a neighborhood of
a nondegenerate (+) Kuhn-Tucker point of quadratic index k (cf. Ref. 7,
Chapter 4). From this point, we can complete the proof as in Ref. 1. The
local addition of an arbitrarily small positive (resp. negative) constant to
the functlon G at K as above gives rise to two feasible sets, M [H G] and
M [H G], respectively, both of them compact and satisfying (ELICQ) at
all feasible points with the property that M[H, G] is homotopy-equivalent
fo M[H G] with a k-cell attached. But then (cf. Ref. 7), M[H G and
M[H, G] do not have the same homotopy type as compact Lipschitzian
manifolds with boundary. As a consequence, they cannot be homeomorphic.
This completes the proof. O
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