SEMI-MAGIC SQUARES AND ELLIPTIC CURVES

EDRAY HERBER GOINS

ABSTRACT. We show that, for all odd natural numbers N, the N-
torsion points on an elliptic curve may be placed in an N x N grid
such that the sum of each column and each row is the point at infinity.

1. INTRODUCTION

Let N be a positive integer, and consider the integers 1, 2, ..., N2. An
N x N grid containing these consecutive integers such that the sum of each
column and each row is the same is called a magic square. (This is usually
called a semi-magic square in the literature because we do not assume that
the sum of both diagonals is also equal to the sum of the columns and rows
[6].) For example, when N = 3, we have the grids

3157 8116
8116 3157
41912 419]2

where the sum of each column and each row is 15. (The one on the right
is a magic square in the classical sense; the one on the left does not have
diagonals which sum to 15.)

We need not limit ourselves to a grid with integer entries. The author
of [1], inspired by the discussion in [2, Section 1.4], considered the problem
of arranging the 9 points of inflection on an elliptic curve in a 3 x 3 magic
square. That is, it is possible to arrange the points of order 3 in a 3 x 3
grid so that the sum of each row and each column is the same, namely the
point at infinity. We generalize this result.

Theorem 1. Let N > 1 be an odd integer, let E be an elliptic curve defined
over an algebraically closed field with characteristic not dividing N. Then
the N2 points of order N on E can be placed in an N x N magic square
such that the sum of each column and each row is the point at infinity O.

We construct such a grid using Lehmer’s Uniform Step Method, as mo-
tivated by the discussion in [4]. In particular, the theorem holds for any
group G such that the N-torsion G[N]| ~ (Z/NZ) x (Z/NZ).

102 VOLUME 22, NUMBER 2



SEMI-MAGIC SQUARES AND ELLIPTIC CURVES

2. SEMI-MAGIC SQUARES OVER ABELIAN GROUPS

As stated above, we define a magic square to be an N x N grid containing
the consecutive integers 1 through N2 such that the sum of each column
and each row is the same. Strictly speaking, this is a semi-magic square,
but we abuse notation slightly for the sake of brevity. We do not limit
ourselves to constructing magic squares with integer entries. Indeed, we
will construct an N x N magic square for a certain class of abelian groups.

Let G be an abelian group under &. Given P € G, denote [—1]P as its
inverse and [0]P = O as the identity. For each nonzero integer m, denote
[m]P as [+1]P added to itself |m| times, where “+” is chosen as the sign
of m. Denote G[m] C G as that subgroup consisting of points P € G such
that [m]P = O. We will always assume that G is chosen such that for some
positive integer N there is a group isomorphism

([ (Z/NZ) x (Z/NZ) —— GI[N]. (2.1)
We have a bijection {1,2,...,N?} — (Z/NZ) x (Z/NZ) given by
o k— (k —1 (mod N), \‘%J (mod N)) (2.2)

where || is the greatest integer function. That is, if 1 < k < N2 then we
can write kK — 1 = m + N n for some unique 0 < m, n < N, and so we map
k +— (m,n). This means we have a bijection of sets

Yoo {1,2,...,N?} —=— G[N].

We will use this identification to place the elements in G[N] in an N x N
magic square.

There are two examples in particular which will be of interest to us. Upon
fixing N, the group G = (Z/NZ) x (Z/NZ) satisfies the criterion above. As
another example, fix an algebraically closed field F' and let E be an elliptic
curve defined over F. We may choose G = E(F’) as the F-rational points on
E, where we have a non-canonical isomorphism G[N] ~ (Z/NZ) x (Z/NZ)
only when the characteristic of F' does not divide N. (For more properties
of elliptic curves, see [3].)

3. UNIFORM STEP METHOD
Fix a positive integer N. Let G be an abelian group under @, and assume
GIN]={Ri,Ra, ..., Ry, ..., Ry2} ~ (Z/NZ) x (Z/NZ).

We wish to place these N2 elements in an N x N grid such that the sum
of each row and the sum of each column, as an element in G, is the same.
We use an idea of D. H. Lehmer from 1929, known as the Uniform Step
Method. To this end, we are motivated by the discussion in [4, Chapter 4].
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Given an N x N grid, we consider its entries in Cartesian coordinates. For
the moment, fix integers a, b, ¢, and d, and consider placing the element
R € G[N] in the (xj,yx) position. After arbitrarily placing R; in the
(21, y1)-position, we will define xy and y;, by the recursive sequence

k—1
zx=xz1+a(k—1)+b {TJ (mod N)

ykzyl—l—c(k—l)—i—d{%J (mod N)

We will exhibit conditions on these integers a, b, ¢, and d such that the
sequences above indeed generate a magic square.

Proposition 2. If N is odd and relatively prime to ad — bc, then the
sequence (Tk,yx) places exactly one Ry in each of the N? cells of the N x N
grid.

Proof. 1t suffices to show that (zg,,yk,) = (Tk,,Yk,) only when ki = ko;
for then we would have N? different points so they must fill in the entire
grid. Using the bijection ¢ as in (2.2) note that we may write

zx=x1+am+bn (mod N)
yp=y1+cm+dn (mod N)
Write (m1,n1) = ¢(k1) and (mg, ne) = ¢(kz), so that
a(my —ma)+b(ng —nz) =0 (mod N)
c(mi—mz)+d(ni —n2) =0 (mod N).

where (m,n) = ¢(k).

(xk17yk1) = (Ikuykz) —

Since ad — be (mod N) is invertible, we see that this happens if and only if

(k1) = (ma, n1) = (m2, n2) = ¢(k2)
and so k1 = ks. U

Proposition 3. If N is relatively prime to a and b, then the sum of the
entries in the ith column is O. If N is relatively prime to ¢ and d, then the
sum of the entries in the jth row is O.

Proof. The entries in the ith column consist of those Ry corresponding to
k such that x; = ¢. Similarly, the entries in the jth row consist of those Ry
corresponding to k such that y, = j. Hence, the sum of the entries in the
ith column and jth row are

Z Ry and Z Ry, respectively.
Tp=1 Yr=J
First we determine the values of k which occur in the ith column. Since N

is relatively prime to a and b, there are exactly N pairs (m,n) € (Z/NZ) x
(Z/NZ) satistying am + bn = i — x1 (mod N); indeed, given any m we
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can solve for n, and vice-versa. Hence, there are exactly N integers k =
1+ m + Nn (mod N?) such that z; = i, which we denote by k. If we
denote (mqy,na) = ¢(kq) using the bijection in (2.2), then it is clear we
have {..., mq, ...} ={..., Nay ...} =Z/NZ.

Now we compute the sum of the values in the ith column. Using the
group isomorphism in (2.1), denote P = % ((1,0)) and @ = ¢ ((0,1)) so
that we have Ry, = [m]P @ [n]Q when (m,n) = ¢(k). This gives the sum

S Ri=Y Ri, =Y ([malP & [n,]Q) = [m'IP & [0]Q,

wk:i

where we have set

m’En’EZmQEZnaE Z mzw (mod N).

meZ/NT

Since N is assumed odd, this sum is a multiple of N so that [m/|P =
[n']Q = O. Hence, the sum of the entries in the ith column is indeed O.
A similar argument works for the jth row. ]

We summarize this as follows.

Theorem 4. Let G be an abelian group under ®, and assume that there is
a positive odd integer N such that

GIN]={Ri, Rs, ..., Ry, ..., Rx2} ~ (Z/NZ) x (Z/NZ).

Fiz integers a, b, ¢, and d relatively prime to N such that ad — bc is also
relatively prime to N, and consider the sequence (x,yr) defined by
k—1

mkle—ka(k—l)—t—b{TJ (mod N)

ykzy1+c(k—1)+d{%J (mod N)

The N x N grid formed by placing Ry, in the (zk,yx) position is a magic
square, where the sum of each column and each row is the identity O.

We remark that this method does not exhaust all ways in which a magic
square can be generated. For example, this method does not seem to work
for N even. Indeed, the sum of each column and each row involves the
expression N (N —1)/2, which in general is not a multiple of N. Also, when
N = 4, we have the magic square

163|213
510|111 8
916 | 7|12
4 15|14 1
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It is easy to check that such a square cannot be generated by a sequence
(zk, yr) for any a, b, ¢, or d. This first appeared in 1514 in an engraving by
Albrecht Diirer entitled “Melencolia.”

4. APPLICATIONS
We can specialize a, b, ¢, and d to generate examples of magic squares.

Corollary 5. Let G be an abelian group under @, and assume that there
is an odd positive integer N such that

GIN]={Ri, Rz, ..., Ry, ..., Ry2} ~ (Z/NZ) x (Z/NZ).

Then these elements can be placed in an N X N magic square such that the
sum of each column and each row is the identity O.

Proof. We follow the construction using a method first outlined by De la
Loubere in 1693. (An example of how this method works follows at the end
of the paper.) Using Theorem 4, set a = 1, b = ¢ = —1, and d = 2. As
N is odd, it is relatively prime to these integers as well as the determinant
ad —bc=1. g

Remark. Theorem 1 follows from this corollary, since the group E[N] of
N-torsion points on an elliptic curve F is isomorphic to (Z/NZ) x (Z/NZ).

The following was pointed out to the author by J.-K. Yu. Upon choosing
the basis {P, Q} for G[N] given by P = 1((1,0)) and Q = ¢((0,1)), we
may write Ry = [m]P @ [n]Q when (m,n) = ¢(k). (Here, we use the maps
defined in (2.1) and (2.2).) In this way, we may identify Ry with (m,n).
If we choose a = d =1 and b = ¢ = 0, then we have a magic square upon
placing (m,n) = ¢(k) in the (zy, yx)-position. In general, if for odd N we
have an N x N Latin Square with the (m,n)-position having entry amy
then we may place (m, amy) in the (xg, yg)-position. (For more on Latin
squares, see [5].)

We discuss a specific example by considering the 3-torsion on elliptic
curves; to this end, set N = 3. We explain how this construction generalizes
that in [1]. Consider an elliptic curve defined over the complex numbers C,
and let G = E(C) be the group of complex points on the curve. Then it is
well-known that we can express the 3-torsion as

where B= A& D and [-1]B = C & D. If we label these points as

R1 = O, R4 = D, R7 = [—I]D,
R2 = [_1]Ba R5 = [_I]Aa R8 = Ca
R3 =B, R = [-1]C, Ry = A;
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then we can use the magic square from the introduction to place the 3-
torsion in a magic square:

3157 BI[-UA][-1D
S[1[6 — O [1C
41912 D Al [-1]B

We can also compute this magic square using the method in the proof of
the corollary. Choosing the basis P = [—-1]B and @ = D; it can be easily
checked that Ry = [m]P @ [n]Q when (m,n) = ¢(k). If we also choose
(z1,y1) = (2,2) as the center of the 3 x 3 grid, then Ry may be placed in
the (zk, yx)-position, where

xp=x1+(k—1)— {%J (mod N)
b1 for 1<k<NZ

As mentioned before, this is known as De la Loubere’s method or the
Siamese method. Following a comment of the referee, if we choose (x1,¥y1) =
(1,2) as the center of the 3 x 3 grid, then we find the (classically) magic
square

811]|6
35| 7
41912
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