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Abstract We consider the problem of minimizing the long-run average expected cost per unit time in a semi-
Markov decision process with arbitrary state and action space. Using the idea of successive approximations, sufficient
conditions for the existence of an optimal stationary policy are given. These results are applied to solve the replace-

ment problem with a semi-Markov shock model.

1. Introduction

We consider the problem of minimizing the long-run average expected cost
per unit time in a semi-Markov decision process(semi-MDP) with arbitrary
state and action space. Lippman[Q] has given the sufficient conditions under
which, for eache > 0, there is a stationary policy which is e-optimal. We,
using the idea of successive approximations(for example, see[16]), give
another conditions for the existence of an e-optimal policy that is station-
ary. These results are used to analyse the replacement model with a semi-
Markov shock process under the average cost criterion. The related replacement
model is investigated by Kao[6], Taylor(13], Feldman[4] and Zuckerman[18].
Taylor[l3] studied the case in which the damage process is a compound Poisson
process. Zuckerman[18] derived an optimal replacement policy in an extended
model by using the infinitesimal operator of the Markov process. We analyse
Zuckerman’s model by an approach from a semi-MDP and derive an optimal re-
placement policy which is contained in the class of state-age replacement
rules of Kao[6].

2. Semi-MDP’s with Arbitrary State
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Semi-Markov Decision Processes 19

In this section we formulate a semi-MDP with arbitrary state and action
space refering to Federgruen and Tijms[S] and Kolonko[7]. By a Borel set we
mean a Borel subset of some complete separable metric space. For a Borel set
X, FX denote the Borel subsets of X. If X is a non-empty Borel set,

Bm(X) [Ba(X)] denotes the set of all bounded Baire[lower semianalytic] func-
tions on X. The product space of the set Dl’DZ’ +++ will be denoted by DlDZ--
For any non-empty Borel sets X and Y, a transition probability measure on

Y given X is a function p(-l-) on FYX such that for each xC X p(v[x) is a
probability measure on FY and for each Borel set B€’FY p(B|+) is a Baire
function on X. The set of all transition probability measures on Y given X
is denoted by P(YIX). Also, we denote the set of all [analytically] measur-
able functions from X to Y by Bm(X*Y) [Ba(X+Y) ].

We consider a semi-Markov decision model specified by six objects (S,4,2,4,
e,t), where S, A and Z are any Borel sets and denote the state space, the
action space and the space of additional observations respectively, @ ¢
P(ZSISA) is the law of motion, ceEBm(SAZS) is one step cost function and
TegBm(SAZS +(0,»)) is a weighting function for defining the average cost.

Let 11 denote the set of all policies, i.e., for w = (w see eIl let
n, € PU|SUZS)).

A policy 7 = (=w

01’

o,nl,---) is called [analytically measurable] Markov policy

if for each t there is a ftéij(S%A) [Ba(S%A)] such that nt(iftCrt)}lxo,ao,
zl,xl,---,zt,xt) = 1 for all (:r:o,ao,z1 ,xl,-..,zt,xt)ES(AZS) . Such policy
will be denoted by (fd,fl,--- ). A Markov policy (fo,fl,--- ) with f = ft
for each £ > 0 is called stationary and denoted by fm.

The sample space is the product space @ = 5423)7. Let Xt’ Zt and At be random
and At(w) = a, for all

quantities defined on Q by Xt(w) = Tys Zt(w) =z t

t
w = (xo,ao,zl,xl,al,--- YE Q.

For each policy 7 = (ﬂo,ﬂl,-o ) and x€ S, we assume that

Prob( A, €D, |x0 =, Byttt 2y, X)) = wt(Dlixo =@, Bg,er 5l X))
and

Prob( Z,,,€D,, X\

for each t > 0, NS FA’ Dy€ FZ and D€ FS'

€D4|Xy = x,eers 2y, Xy B, ) S QD,D41X,,8,)

Then, for each w€ 1l and starting state £€ S we can define the probability
measure Pi on © in an obvious way. We shall consider the following average

cost criterion:
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-1
) limo Ble@yntyi2yy ity

g['rr_l(a:) = 1lim SUPp, T_l p
te0 Eplt(pebysZpy0X,)]

for mnell and x€ S if this expression exists, where E: is the expectation
operator with respect to P:.

For ¢ > 0, we say n*c 1 is e-optimal if g[n*](z) < glrl(x) + ¢ for all
mecll and xe€ 5. A O-optimal policy is simply called optimal. We shall discuss
the existence of an e-optimal stationary policy by introducing the following

condition.

Condition{*). There are a v¢& Ba(S) and a constant g* satisfying that

(2.1)  v@ =inf__, { e(@,a) - g*@a) + [v@")e" @' |=,a) }

a
where

e,a) = [e(x,a,z,2")Q(d(z,x") |z,a),

T(x,a) = fr(x;a,z,x')Q(d(z,x')|ac,a) and Qse P(S|SA) is the state tran-
sition probability defined by QS(D|x,a) = IZDQ(d(z , ') |x,a) for each D¢ FS'

An examination of the proof of Theorem 7.6 in [12] and the selection

theorem of [14] give the following theorem.

Theorem 2.1. Let Condition(*) be satisfied. Then
(a) gl[n](x) > g* for any 7€ 1 and z€ S,
(b) for each € > 0, there exists a fe Ba(S->A) such that

(2.2) o) +e 2 eclx,f@)) - grtlx,fx)) + fv(x')QS(dx‘lx,f(x))

for any x€ S,

and the stationary policy fao is e-optimal.

Remark 2.1. 1In Theorem 2.1, if there exists a f¢ Ba(S—+A) satisfying the

equation (2.2) for e = 0, fm is optimal.

Condition 1. There are positive constants m,M and M' such that
m < t(x,a) <M and [r2(x,a,z,2')Q(d(z,x")|x,a) < M' for all €S and ac A.

= max { N | Zlg;é (X508, X,,,) =T }. Then, we

For each T > 0, let n 2244120241

T
have the following.

Corollary 2.1. Let Condition(*) and Condition 1 be satisfied. Then
(a) for any n€ll

n
ly¢T * -
(2.3) lim inf, 7 Zt=0 C(yb sl 410X, 2 9 P” -a.s. ,
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and
(b) there is an analytically measurable Markov policy * = (fo,fl,- )
which is optimal and

(2.4)  limp T 2t=0 28441

Proof: For g* and ve Ba(S) as in Theorem 2.1., we define

- % -
ey b0y, X)) = g% Py -aus.

¢ (x,a,2,2") = vix) + g*t(x,a,2z,x') - e(x,a,z,x') - v(x')

and
b (x,a) = [o(x,a,3,2")Q(d(3,z")|x,a).

By the stability theorem of Loéve[lO], it holds that

_ x
(2.5) lim T Zt 0 { ¢(xt, 1ZppqoXpyy) - 0,00 =0 Pl -aus.

T m
For (a), since = zt o & (X < 0, it follows from (2.5) that

p X
(2.6) lim sup, 7 Zt-o ¢(xt, 1ZppXpey ) S0 P -aus.

We observe that
r-1 ol
2.7 I o"’(xt’A SART ARPILEC Ll W C SN AP Sp)

Z e(X,,8,,2

t’ t"’l, 1) + U(X) - U(XT)'

X, .)~>1 P: -a.s. as

Since Condition 1 implies that I Zt =0 " (X A Zt+1’ 41

T + », we obtain (2.3) from (2.6) and f2.7).
For (b), from Theorem 2.1. for each € » O there exists a fee Ba(S+A) such
that

¢ (@,f° (@) > - for all x€ 5.
-1

el

Since 0 > T zt‘O ¢(Xt,ft(Xt)) 27 z {-e(t)} + 0 as t > », it holds

e(t) »0as T + =,

for each ¢ > 0.

For a sequence {e (%) }:; such that e (£) > 0 and =
define a Markov policy 7* = (fo,fl,--- ) by ft =f

lim,ILm T zt =0 ¢(Xt’ft(x )) = 0. Therefore, by repeating the above discussion
we obtain (2.4). Also, from (2.7) and the definition of ®*, we have

AU -1 T_l £ le(x,.n,,2

t* e t+l’X

g4

> B W I 0wy - vy - BV e ),

_vr-1 -
where R’T = zt= T(X A Zt+1’ 7,;_'_1), so that , as T > », it holds from Condi

tion 1 that g* > g[vr*] (x) So, by theorem 2.1 #* is optimal. Q.E.D.
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22 Masami Kurano

3. Sufficient Conditions for Condition(x)

In this section, using the idea of the successive approximations we

shall give the sufficient conditions for which Condition(x) holds.

Condition(#*). There exist a measure y on S and 0 < B < 1 such that

@  &0lz,a) 2 t@a)yd) for any De Fg
and
(b) ¥(8) > (1 - B)/t(x,a) for any (x,a)eSA.

In non-discounted Markov Decision Processes( 1=1 ), Condition(##) insures
the ergodicity of the process and corresponds to the conditions for the exist-
ence of an optimal stationary policy (see [11], [15] and [17]). In the next

section we shall give the replacement problem which satisfies Condition(*+*).
We define the map U on Ba(S) by

(3.1) UDu(x) = i“faeA Ux,a,u),

where
(3.2) Ux,a,u) = e(x,a) + fu(x')QS(dx'|x,a) - 1(x,a)fulz") y(dz")
for each ue Ba(S), x< S and ac 4.

Lemma 3.1. Under Condition(x«), we have
(a) ue Ba(S) implies Uu€ Ba(S)

(b) U is monotone, i.e., if u < u', Uu < Uu'
(c) u > -H/(1-B) implies that Uu = -H/(1-B),

where H = sup,, [c(a:,a)].

€ S,ac A

Proof: From the results of [2], (a) follows. Since QS(S|x,a) - t(x,a)y(S)
< B, (b) and (c) hold.

Theorem 3.1. Condition(#x) implies Condition(xx).

Proof: Let U = H/(1-B) and Uppl = Uun for n > 0. Then, by Lemma 3.1,
u & Ba(S) for all n. We observe that u; = lUug < H + BH/(1-8) = H/(1-B) = Ug-
il S Uy, and U > -H/(1-8) for all n. Let v = Lim %,
Then, vE Ba(S)' By nonincreasing convergence, v < Uv. On the other hand, for

Thus,by Lemma 3.1, u

any € > 0, we have v(x) > Uun(:c) -e > U(.'L',a*,un) - 2e > W(x) - 2¢ for some

n and a*cA. As € » 0, v > Uv. Therefore, we have

(3.3) v(x) = Uv(x) = inf Ux,a,v).

ac A
If we put g* = fv(x')y(dx'), (3.3) implies (2.1). Q.E.D.

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.
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4. Generalized Age Replacement

Consider a failure model for a system being subject to a sequence of
randomly occurring shocks. Each shock causes a random amount of damage and
these damages accumulate additively. The damage process is a semi-Markov
process. Given that the process is in a state x, it remains there for a random
length of time, called the sojourn time, which is denoted by a(x). And the

magnitude of shock associated with a state x will be denoted by B(x). Let

Ex(-) be the distribution function of a(x) and Qx(. 2) the conditional distri-
bution of B(x) given a(x) = 2. Assume that F&(z) and Gx(ylz) are measurable

in x, y and 2 and Fx(-) has a continuous density with respect to a Lebesgue
measure.

A failure of the system can only happen at the time of a shock. If at time ¢
the accumulated damage is x and a shock magnitude y occurs, then the system
fails with known probability 1 ~ r(x + y). The function r(+) is called the
survival function. The informations available to a decision maker are the time
when a shock has occurred, the shock magnitude and whether or not the system
has failed at the time of a shock. Under a replacement policy the system is
always replaced at failure or at the end of a planned time, whichever occurs
first, with respectively costs Kand ¢ ( K > (C > 0 ).

Here, we note that if r(x) = 0 for all x > 0 and Gx(0|z) = 0 for all x and 2z,
the replacement model given above is reduced to the age replacement problem
(for example, see [1] and [5]). Thus, our model is called a generalized age
replacement. Our objective is to find the replacement policy which minimizes
the long-run average cost.

If we define the state of the system by the magnitude of the accumulated
damage at the time of a shock, the generalized age replacement is equivalently
transformed in a semi-MDP treated in Sections 2 and 3.

Let R’ = (0,), B = [0,2) and 4 = R+L){w}. Define S = P+, A =A0U{(0,a)|acd}
and Z = R+. A stage is the period starting just after a shock and ending just
after the next shock. The length of each stage is represented as the element

of Z and aeER+ and «» correspond to the action of the planned replacement time
a and non-planned replacement respectively, and (0,a) with ac 4 means that we

replace the system instantly and take ar action a. Further define QS(D|x,a)
_ = a o a .
= I,(D) {F (a) + foFx(dz)fO(l r(z+y))G, (dy|2)} + fOFx(dz)f{x+y€D}r(x y)
G,(dy|z) and QS(D[:x;,(O,a)) = QS(DIO,a) for all xS, acd and D& Fg, where

= +
IO(D) =1 (0) if 0€ D (otherwise) and FT(z) =1 - Fx(z) for all z¢ R .
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Finally define ¢(x,a,3,2"') = K if 3 < g and ' = 0; = C if 3 > g and ' = 0;

= 0 otherwise, and t(x,a,z,x') = 3.

To analyse the generalized age replacement by applying the results of Sections
2 and 3, we introduce the following assumptions Al-AS.

Let hx(z) be the hazard rate associated with the distribution function Fx(-)

at the point z.

Al. hx,(z) > hx(z) if ' > x and hx(z')

v

hx(z) if z2' > 2.

A2. Fx(-) is stochastically decreasing, i.e., Fx(z) < Fx'(Z) forx < x'.

+
A3. For any non-~negative real valued function u€ Ba(R ) which is nonincreas-
ing,

fu(y)lf‘(ac'+y)Gx,(dy[z) < fu(y)r(x+y)Gx(dy|z) if ' > x and

Ju@r@y)G_(dy|z") < [u@)r+y)C, dyla) if 2' 2 2.

A4, ¥ = fFO(dz)jr(y)GO(dylz) <1, i.e., the probability that the system in
state 0 does not fail at the next shock is less than 1.

A5, There exist two positive numbers m and M such that m < szx(dz) < M for
all z€ k.

2) is stochastically increasing

Notice that if r(x) is nonincreasing and Gx('
in (x,2)€ B'R', i.e., G (y12) ;Gx(y|z) if x' > x and Gx(y|z') ;Gx(ylz) for

z2' > 3, A3 holds (see, Lehmann[8] p.73). Also, notice that Al implies A2.
If we take an action a€Z in a state x, the mean sojourn time is

- [a =
(4.1) t(x,a) = [O zF_(dz) + aF (a).

By (4.1), we observe that t(x,a) ~ 0 as aed » 0, so that Condition(**) in
Section 3 does not hold. For any fixede > 0 let Ae = ZIEU {(0,a) |a€ Ze}, where
/-le = [e,») U {=}. Putting § = (1-r*)/M, define a measure y on I-?+ by, for each
De F}-?"', Y(P) = & (0) if 0€ D (elsewhere). Then, since QS({O}Jx,a) >1 - r*

under A3 and 0 < 1nfxes’ ac 4 T(x,a) < supxés’aeAeT(x,a) < M under A2 and

A5, it is easily verified that Condition(**) holds for the restricted action
space Ae' The function U(x,a,u) defined by (3.2) is, for each ueB (}_?+),
a

U(z,a,u) = KF_(a) + CF_(a) + jg F_(d2) [ (u(aty) - K - u(0))r(@+y)C,, (dy2)

+ u(o) (l - 6T(x’a))a
and
Utx,(0,a),u) = C + U(0,a,u) for acd.
Lemma 4.1. Let A2 and A3 be satisfied. Then, for any non-negative valued
and nondeacreasing u¢€ Ba(}-?+) with u(x) < K + u(0) for all x&€ S, it holds that

Ux,a,u) £ Ulx',a,u) if x < z'.

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.
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Proof: From A3, we observe that if x < z°', f(u(x+y) - K - u(0))r(z+y)-
G (dylz) < [ +y) - K - w(O)r@+y)C (dylz) < [w'+y) ~ K - u(0))r'+y)-
Gx,(dy|z). Also, it holds from A2 that t(x,a) > t(z',a) if z < z'. Q.E.D.

Proposition 4.1. Let A2-A5 be satisfied. Then there exist a nondecreas-

=+
ing function veE Ba(R ) and a constant g* satisfying that

4.2) v(x) = inf } { KFx(a) + CF’x(a)

ac By (=
+ ngx(dz)f(v(x+y) - K - v(0)r(@+y)G, (dy|2)
+ v(0) - g*t(x,a) },
which is corresponding to (2.1).

Proof: For the restricted action space Ae’ define the operator vt by

4.3) U8 (z)

min{ ¢ + inf _ U(D,a,u), inf _ Ulx,a,u) }
aEAE aEAE

=+
min{ C + UEu(O), inf  _ Ux,a,u) } for ue Ba(R ).
acl
€
Then, from Theorem 3.1 there exists a non-negative real valued function

-+
v €B (B ) such that
e a

(4.4) v @ = U% @ for xeR .
First we shall show that ve(x) is nondecreasing in x. Let Uy = 0 and
u, = Usun_1 for n > 1. By induction on # it holds from Lemma 4.1 that un(x)

is nondecreasing for each n.

Since u, > ‘Ue as n + o, ve is nondecreasing. Obviously, ve(:c) > ve' (x) if

=+
e > ¢'. Now, let v(z) = 1ime+Ove (x) for each xR . Then, v(x) is nondecreas-

ing in . From the monotonicity of U(x,a,*), we have

(4.5) 1ime _,Oiﬂf _ U(x,a,ve) > iaf Ule,a,v).
aeAe acd
On the other hand, for any n > 0, there exists a'€ 4 with
inf _ U(x,a,v) > Ulx,a',v) - n.
a€ A

Also, we have, by the monotone convergence theorem, 1im€ _>0U(:z:,a',ve)

= U(x,a',v), so that, since there exists e' > 0 such that q'& /_le for any

e <g', we get

. . o
11m€+01nf . U(x,a,vs) < UGe,a',v).
ans

Therefore, we have
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inf _ U(x,a,v) _>__lim€+oinf _ U(x,a,ve) - n.
a€ A acd

€
As n > 0, it holds that

(4.6) inf _ Ulx,a,v) =>=lim€+oinf _ U(m,a,ve).
ae A ael

€
From (4.5) and (4.6), we have

4.7 1lim . inf _ Ul=x,a,v_) = inf Ux,a,v).
e>0 ae /TlE & ac i
Ase + 0 in (4.4), we obtain from (4.3) and (4.7) that
(4.8) v() = min{ C + v(0), inf _ U(x,a,v) } =dnf Ulx,a,v).
ag 4 ac B U {=}
In (4.8), putting g* = v(0)S§ we obtain (4.2). Q.E.D.

For vGﬁBa(P+) and g* as in Proposition 4.1, consider the following equation.

(4.9) J(x,a) = g%, aecl0,»),
{K-C+ [ty - K - v(O0Nr@+y)C (dy|la) I (a)

where J(x,a)

Proposition 4.2. Suppose that Al and A3-A5 hold. Then

(a) there is an extended real valued function a* = a*(x) such that for each
xE}—'\’+, a*(x) is a solution of (4.9) and a*(x) is nonincreasing in x¢ }_?+,
where if no solution exists on [0,®), let a*(z) = =.

(b) the optimal replacement level for each x5§§+ is represented by a*(x),
that is, under the optimal replacement policy we replace the system if

the sojourn time in state x is greater than a*(x).

Proof: By taking the derivative of U(x,a,v) with respect to a, setting
it equal to zero and simplifying, we obtain the equation (4.9). From Proposi-
tion 4.1, v(x) is nondecreasing in x and v(x) < v(0) + K for all xe.§+. Thus,
from Al and A3, J(x',a) > J(x,a) if &' > x and J(x,a"') > J(x,a) if a' > a,
so that (a) follows. Also, by Theorem 2.1 and Remark 2.1, (b) holds clearly.

Q.E.D.

Remark 4.1. Putting I = {zxcR [0 <a*(2) < =}, let a* = inf T and
a; = gup I. Then, from Proposition 4.2 we observe that under an optimal replace-

ment policy we don’t replace if the accumulated damage x is smaller than a‘i and

replace instantly if x is greater than a;. The optimal replacement policy given
in Proposition 4.2 is contained in the class of state-age replacement rules of
Kao[6].

To obtain the further results, we shall introduce the lexicographic order
> in Rz. We say that (xl,yl)é RZ is lexicographical positive, written (ml,yl)

> 0 if (xl,yl) # 0 and the first non-vanishing coordinate is positive.

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.
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If (xl-xg,yl-yz) »— 0, we write (xl,yl) - (xz,yz).
-+ +
Al hx(z) is nondecreasing in (x,2)€ R # w.r.t. the lexicographic order >.

+
A3' For any non-negative real valued function u€ Ba(R ) which is nonincreas-

-+ +
ing, ju(y)r(x+y)Gx(dy|z) is nonincreaing in (2,3)€ R R w.r.t. the lexi~

cographic order >.

Note that Al' and A3’ imply Al and A3 respectively. So, we can obtain the

following:

Proposition 4.3. Suppose that Al', A3', A4 and A5 hold. Then, there
-+ -
exists x*€ B and a*€ A for which the optimal replacement level, a*(x), is
defined by

© if ©x < x*
(4.10) a*(x) = a* if x = x*
0 if x > x* .

Proof: From Al' and A3', J(x,a) is nondecreasing in (x,a)€& f-f+R+ w.r.t.
the lexicographic order )=, so that there exists x*¢ I_?+ and a*€ A such that
< rx<x*

J(x,a) = \g* | if | x = x* and a = a*

1 x > x* .
This means that a*(x) defined by (4.10) i.s the optimal replacement level at
state x. Q.E.D.

Remark 4.2. The optimal replacement level, a*(x), given in Proposition
4.3 has the same properties as that in Theorem 2 in Zuckerman[lS], who has
investigated the structure of an optimal replacement policy using the infini-
tesimal operator of the Markov processes. Our conditions assumed in Proposi-
tion 4.3 are slightly stronger than those in Zuckerman[lS], but our proofs

are more constructive.

Remark 4.3. 1In the case which the system always fails when a shock
occurs, i.e., r(x) = 0 and Gx(olz) = 0 for all z,z > 0, the optimal equation
(4.5) is as follows:

(4.11) v(0) = inf N { KFo(a) + CF’o(a) + v(0)( - 8t(0,a) }.
ac R |J{»}
By putting g* = §v(0), (4.11) becomes
(4.12) g* = inf . {C+ (X - C)Fo(a) }/t(0,a).
acR y{=}

Also, the equation (4.9) is (K—C)ho(a) = g%, whose solution is represented
by a*. Then, since t(0,a) = jg F’O(y)dy, from (4.12) a* satisfies that
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L.
(4.13)  hy(a9)[§ Fody - Fola® = ¢/ (k-0),

which agrees with the well-known results(see, e.g., Barlow and Proschan[l],
p-87).
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