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SEMI-PRECONVEX SETS ON PRECONVEXITY SPACES

WoN KEuN MIN

ABSTRACT. In this paper, we introduce the concept of the semi-preconvex
set on preconvexity spaces. We study some properties for the semi-
preconvex set. Also we introduce the concepts of the sc-convex function
and s*c-convex function. Finally, we characterize sc-convex functions,
s*-convex functions and semi-preconvex sets by using the co-convexity
hull and the convexity hull.

1. Introduction

In (1], Guay introduced the concept of preconvexity spaces defined by a
binary relation on the power set P(X) of a set X and investigated some prop-
erties. He showed that a preconvexity on a set yields a convexity space in the
same manner as a proximity [4] yields a topological space. The author intro-
duced the concepts of the co-convexity hull and co-convex sets on preconvexity
spaces in [3]. In particular, we showed that the complement of a co-convex set
is a convex set and the union of co-convex sets is a co-convex set. And we char-
acterized c-convex functions and c-concave functions by using the co-convexity
hull and the convexity hull.

In this paper, we introduce the semi-preconvex set defined by the co-convex-
ity hull on a preconvexity space and study some basic properties. And we
introduce the concepts of sc-convex functions and s*c-convex functions which
are defined by the semi-preconvex sets. In particular, the sc-convex function is
a generalized c-convex function.

Finally, some properties of sc-convex functions, s*c-convex functions and
semi-preconvex sets are discussed.
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2. Preliminaries

Definition 2.1 ([1]). Let X be a nonempty set. A binary relation ¢ on P(X)
is called a preconvexity on X if the relation satisfies the following properties;
we write zo A for {x}oA:

(1) If A C B, then Ao B.

(2) If AcB and B = {), then A = 0.

(3) If AoB and boC for all b € B, then AcC.
(4) If AocB and z € A, then zoB.

The pair (X, o) is called a preconvexity space. Let (X, o) be a preconvexity
space and A C X. G(A) = {x € X : zoA} is called the convexity hull of a
subset A. A is called convex [1] if G(A) = A.

I,(A) = {z € A: zg(X — A)} (simply, I(A)) is called the co-convexity
hull [3] of a subset A. And A is called a co-convex set if I{(A) = A [3]. Let
I(X)={ACX:I(A)=A}and G(X)={AC X :G(A) = A}.

Theorem 2.2 ([3]). Let (X, o) be a preconvezity space and A C X. Then
(1) I{(A) =X -G(X - A).
(2) G(A) =X -I(X - A).

Theorem 2.3 ({1], [3]). For a preconvexity space (X, o),
(1) G0) =0, I(X)=X. |
(2) ACG(A), I(A) CA forall AC X.
(3) If A C B, then G(A) C G(B), I(A) C I(B).
(4) G(G(A)) = G(A), I(I(A)) = I(A) for AC X.

Theorem 2.4 ([1], [3]). Let o be a preconvezity on X and A,B C X. Then
(1) AoB if and only if A C G(B) if and only if (X — B) C X — A.
(2) Ao B if and only if G(A)oG(B) if and only if (X — B)oI(X — A).

We recall that the notions of c-convex function and c-concave function: Let
(X, 0) and (Y, 1) be two preconvexity spaces. A function f: X — Y is said to
be c-concave [2] if for C, D C Y whenever CuD, f~*(C)of~*(D). A function
f: X — Y is said to be c-convex [1] if AcB implies f(A)uf(B). And f is
c-convex if and only if for each U € Z(Y), f~1(U) € Z(X) [3].

3. Semi-preconvex sets

Definition 3.1. Let (X, o) be a preconvexity space and A C X. A is called
a semi-preconvex set if AcI(A). And A is called a cosemi-preconvex set if the
complement of A is a semi-preconvex set.

Let S,(X) (resp., SC,(X)) denote the set of all semi-preconvex sets (resp.,
cosemi-preconvex sets) in a preconvexity space (X, o).
From Theorem 2.2 and Theorem 2.4, we get the following theorem.

Theorem 3.2. Let (X, o) be a preconvezity space and A C X. Then
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(1) A is a semi-preconvez set if and only if A C G(I(A)).
(2) A is a cosemi-preconvez set if and only if I{G(A)) C A.

Theorem 3.3. Every co-conver set is a semi-preconvex set in a preconverity
space (X, 0).

Proof. Let A be a co-convex set; then by the concept of co-convex sets, A =
I(A). By Definition 2.1, AcI(A). [

Theorem 3.4. FEvery conver set is a cosemi-preconvex set in a preconverity
space (X, 0).

Proof. Let A be a convex set; then G(A) = A. Thus IG(A) C G(A)=A. [

Theorem 3.5. In a preconvexity space (X, o), X and 0 are both semi-preconvez
sets and cosemi-preconvex sets.

Proof. Since X and () are both co-convex sets and convex sets, we get the
result. L

Theorem 3.6. In o preconvezxity space (X,0), the arbitrary union of semi-
preconvexr sets 18 a semi-preconver set.

Proof. Let A = {A, : A, is a semi-preconvex set} C S,(X). We show that
UAcI(UA). For Definition 2.1(3), let x € UA; then there exists a semi-
preconvex set A, containing z. Since A,0l(A,), from Definition 2.1(4), it
follows zoI(As). Since A, C UA, I(A,) C I(UA) and the transitive property
gives zoI(UA). Finally, we get UAcI(UA) by Definition 2.1(3). [

Theorem 3.7. In a preconverxity space (X, o), the arbitrary intersection of
COSeMi-Preconver Sets 18 a coSemi-preconver Set.

Proof. See Theorem 3.6. ]

Definition 3.8. Let (X, o) be a preconvexity space and A C X.
(1) SG(A)=n{F:ACF,FceS,(X)}
(2) SI(A)=U{U:UC AU € 5,(X)}.

From Theorem 3.3, Theorem 3.6, Theorem 3.7, and Definition 3.8, we get
the following theorem:

Theorem 3.9. Let (X,0) be a preconvezity space and A, B C X.
(1) I(A) C SI(A) C A.
(2) AC SG(A) C G(A).
(3) A is semi-preconvez if and only if A = SI(X).
(4) A is cosemi-preconvez if and only if A = SC(X).

Theorem 3.10. Let (X,0) be a preconverxity space and A, B C X.
(1) SI(X) = X.
(2) SI(A) C A.
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(3) If A C B, then SI(4) C SI(B).
(4) SI(SI(A)) = SI(A).

Proof. (1), (2) and (3) are obvious.

(4) Since SI(A) C A, SI{(SI(A)) C SI(A) by (3).

For the converse, let z € SI(A); then since x € SI(A) C SI(A) and SI(A)
is a semi-preconvex set, by Definition 3.8(2), we get z € SI(SI(A)). O

From Theorem 3.5, Theorem 3.7, Definition 3.8, and Theorem 3.9, we have
the following theorem:

Theorem 3.11. Let (X,0) be a preconvezxity space and A, B C X.
(1) SG(0) = 0. |
(2) AC SG(A).
(3) If A C B, then SG(A) c SG(B).
(4) SG(SG(A)) = SG(A).

4. sc-convex functions and s*c-convex functions

Definition 4.1. Let (X,0) and (Y, 1) be two preconvexity spaces. A function
f: X — Y is said to be sc-convex if for each A € Z(Y), f~1(A) € S,(X).

Every c-convex function is sc-convex but the converse is not always true as
the following example:

Example 4.2. Let X = {a,b,c} and 7 = {0, X,{a}}. Define AcB to mean
A C cl(B), the closure of B in X. Then o is a preconvexity on X. In the
preconvexity space (X,0), G(X) = {0,X,{b,c}}, Z(X) = {0,X,{a}} and
S,(X) = {0, X,{a},{a,b},{a,c}}. Consider a function f : (X,0) — (X,0)
defined as the following: f(a) = a, f(b) = a, f(c) = ¢. Then f is sc-convex
but it is not c-convex because for the co-convex set {a}, f~1({a}) = {a,b} is
semi-preconvex but not co-convex.

Theorem 4.3. Let f : X — Y be a function on two preconvezity spaces (X, o)
and (Y, ). Then f is sc-convex if and only if for each

ACY, [T Iu(A))o L (f(A)).

Proof. Let f be sc-convex and A C Y; then since I,(A) C A, by Theo-
rem 2.3(3), we get I,(f~'(1.(A4))) C I,(f~'(A4)). Since I,(A) € Z(Y) and
f is sc-convex, f~1(I,(A))ol,(f *(I,(A))). The transitive property gives

F I (A))als (f7(A)).
For the converse, let A € Z(Y'); then since A = I,(A),

F7HA) = 7 (Lu(A))a L (7 (A)).
Thus f~1(A) € S,(X). O

Theorem 4.4. Let f: X — Y be a function on two preconverity spaces (X, o)
and (Y, ). Then the following things are equivalent:
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f is sc- conve'L
f~H(1.(B )) Go(I.(f~1(B))) forall BCY".
1(Go(f 7 (B))) C £ (Gu(B)) for all BC Y
FIs(Ga(A))) CGu(f(4)) forall AC X.

For each U € G(Y ;1 f~HU) € SC,(X).

Proof. (1) & (2) By Theorem 4.3 and Theorem 2.4, we get the result.

(2) & (3) Let B C Y; then f~Y(I,(Y — B)) C G,(I(f~}(Y — B))). By
Theorem 2.2, we get f~ ( (Y =B))=X-f"YG,.(B)) and G, (I, (f~1(Y -
B))) =X — L,(Gg(f‘l(B))). Consequently, we get (3).

Similarly, we get the converse relation.

(3) & (4) Let A C X; then since f(4) C Y, (4) is obtained by (3).

The converse is obvious.

(5) < (1) It is obvious. O

From Theorem 3.9 and Theorem 4.4, we get the following:

Corollary 4.5. Let f : X — Y be a function on two preconvezity spaces (X, o)
and (Y, ). Then the following things are equivalent:

(1) f is sc-convez.

(2) f7{1 (B)) C Sf(f YB)) foral BCY.
(3) SC(f~1(B)) C [THG.(B)) forall BC Y.
(4) f(SC(A)) C G, (f(4)) for all A C X.

Definition 4.6. Let (X, 0) and (Y, u) be two preconvexity spaces. A function
f:X =Y is said to be s*c-convex if for each 4 € §,(Y), f~1(4) € S, (X).

Every s*c-convex function is sc-convex but the converse is not always true
as the following example:

Example 4.7. In Example 4.2, consider a function f : (X, o) — (X, o) defined
as the following: f(a) = ¢, f(b) = b, f(¢) = ¢. Then f is sc-convex but it is not
s*c-convex because for a semi-preconvex set {a,b}, f~'({a,b}) = {b} is not
semi-preconvex.

Theorem 4.8. Let (X,0) and (Y,u) be two preconvexity spaces. A func-
tion f : X = Y is s*c-convex if and only if for A C Y whenever Aul,(A),
Aol (f7H(A)).

Proof. From Theorem 3.2, it is obvious. O

Theorem 4.9. Let a function f : X — Y be c-concave on two preconvezity
spaces (X,a) and (Y. ). Then if f is se-convez, then it is s*c-convex.

Proof. Suppose f is c-concave and sc-convex. Let 4 € S, (Y ) then Aupl, (A).
By hypothesis and Theorem 4.3, f ' (A)of~1(1,(4))ol, (f 1(4)). Thus from

Theorem 4.8, f is s*c-convex. O

From Theorem 4.4 and Corollary 4.5. we get the following results:
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Theorem 4.10. Let f : X — Y be a function on two preconvexity spaces
(X,0) and (Y, ). Then the following things are equivalent:

(1

) [ is s"c-conver
(2) f(SCLA)) C SC(f(A)) for all AC X.
(3) SC(f~1(B)) c f~Y(SC(B)) forall BCY.
(4) f~Y(SI(B)) c SI(f~Y(B)) forall BCY.
(5) For each U € SC,(Y), f~H{U) € SC,(X).

We get the following implications:

¢ — COnvex = §C — convex < s* ¢ — convex
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