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Abstract: Recently the present author introduced the notion of generalized quasi-conformal curvature tensor 

which bridges Conformal curvature tensor, Concircular curvature tensor, Projective curvature tensor and 

Conharmonic curvature tensor. This article attempts to charectrize  Sasakian manifolds with 

0=)Y,X( W . Based on this curvature conditions, we obtained and tabled the expression for the Ricci 

tensor for the respective semi-symmetry type Sasakian manifolds.  
 

I. Introduction 
In tune with Yano and Sawaki [9], recently the present authors [6] have defined and studied  generalized 

quasi-conformal curvature tensor W , in the context of ),k(N  -manifold. The beauty of generalized 

quasi-conformal curvature tensor lies in the fact that it has the flavour of Riemann curvature tensor R , 

conformal curvature tensor C  [10] , conharmonic curvature tensor Ĉ  [15] , concircular curvature tensor (E

[8], p.84) ,  projective curvature tensor P ([8], p.84) and m -projective curvature tensor H  [5] as special cases. 

An Sasakian manifold is said to be semi-symmetry type (respectively Ricci semi-symmetry type) if the 

generalized quasi-conformal curvature tensor W (respectively Ricci tensor S ) admits the condition 

   ,on ,any for ,0=),(ly respective0=),( MYXSYXYX  WW           

(1) 

where the dot means that )Y,X(  acts on W  (respectively on S ) as derivation. Here    and W  stand 

for generalized quasi-conformal curvature tensor with the associated scalar triples )c,b,a(  and )c,b,a(  

respectively. In particular, manifold satisfying the condition 0=R)Y,X(R   (obtained from 1 by setting 

cbacba ===0== = ) is said to be semi-symmetric in the sense of Cartan ([4], P- 265 and named by N. 

S. Sinjukov [12]). A full classification of such space is given by Z. I. Szabö ([16]). This type of the manifolds have 

been studied by several authors such as Papantoniou [1], Perrone [3] and the references therein. 

Our paper is structured as follows. Section 2 is a very brief account of Sasakian manifolds. Definition and 

some basic results of the generalized quasi-conformal curvature tensor are discussed in section 3. In section 4, we 

investigate Sasakian manifolds with 0=)Y,X( W . Based on this curvature condition, we obtained and 

tabled the expressions for the Ricci tensor.  

 

II. Sasakian manifolds 

Let )g,,,(M 1n2 
 be a Sasakian manifold with the structure )g,,,(  . 

Then the following relation hold[2]: 

 ,=),,(=)( 2  IXgX  (2) 

  

 0,=1,=)(    (3) 

 

 ,X=X    (4) 

 

 ,X)Y()Y,X(g=)Y)((=Y)X,(R X    (5) 

 

 ,)()(),(=),( YXYXgYXg    (6) 
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 ,),(=))(( YXgYX    (7) 

 

 ],Y)X(X)Y([=)Y,X(R    (8) 

 

 )],Y()Z,X(g)X()Z,Y(g[=)Z)Y,X(R(    (9) 

 

 ),()(2),(=),( YXnYXSYXS    (10) 

 

 ),X(n2=),X(S   (11) 

for any vector fields ,X  Y  on M , where   denotes the operator of covariant differentiation with respect to 

g ,   is a skew--symmetric tensor field of type (1,1) , S  is the Ricci tensor of type (0,2)  and R is the 

Riemannian curvature tensor of the manifold. 

 

III. The generalized quasi-conformal curvature tensor 
The generalized quasi-conformal curvature tensor is defined as 

 Z)Y,X(C]c)}ba(n2{1)bna2[(1
1n2

1n2
=Z)Y,X 




W(  

 Z)Y,X(P)ab(n2Z)Y,X(E]na2b[1   

 Z)Y,X(Ĉ)}ba(n21){1c(
1n2

1n2





  (12) 

 

for all ,X  Y  &  Z  )M( ,  the set of all vector field of the manifold M , where ba, & 

c  are real constants. And ,C  ,E  P  and Ĉ  stand for Conformal, Concircular, Projective and Conharmonic 

curvature tensor respectively. These curvature tensor are defined as follows 

 )]()[(
12

1
),(=),( YQXQYX

n
YXRYXC gg 


  

 ],YX[
1)n(2n2

r
g


  (13) 

 ],YX[
1)n(2n2

r
)Y,X(R=)Y,X(E g


  (14) 

 ],QYX[
n2

1
)Y,X(R=)Y,X(P g  (15) 

 )]YQX()QYX[(
1n2

1
)Y,X(R=)Y,X(Ĉ gg 


  (16) 

 

for all ,X Y & Z  )M( , where ,R  QS, & r   being Christoffel Riemannian curvature 

tensor, Ricci tensor, Ricci operator and scalar curvature respectively. 

In particular, the generalized quasi-conformal curvature tensor W   induced to be 

(1) Riemann curvature tensor ,R  if 0,=c=b=a  

(2) conformal curvature tensor ,C  if ,
1n2

1
=b=a


  1,=c  

(3) conharmonic curvature tensor ,Ĉ  if ,
1n2

1
=b=a


  0,=c  

(4) concircular curvature tensor ,E  if 0=b=a  and 1,=c  

(5) projective curvature tensor ,P  if ,
n2

1
=a   0,=b  0=c  and 
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(6) m -projective curvature tensor ,H  if =b=a  ,
n4

1
  .0=c  

The m -projective curvature tensor is introduced by G. P. Pokhariyal & R. S. Mishra [5]. Which is 

defined as follows 

 Y)Z,X(SX)Z,Y(S[
n4

1
)Y,X(R=Z)Y,X(H   

 ].QY)Z,X(gQX)Z,Y(g   (17) 

 

Using (13), (14), (15) and (16) in (12), the generalized quasi-conformal curvature tensor W  becomes 

 ]Y)Z,X(SX)Z,Y(S[aZ)Y,X(R=Z)Y,X( W  

 ]QY)Z,X(gQX)Z,Y(g[b   

  .),(),(
2

1

12
YZXgXZYgba

nn

cr












  (18) 

 

IV. Sasakian manifolds with semi-symmetry type curvature condition 

Definition 4.1 A 1)n(2  -dimensional 1)>n(  Sasakian manifold is said to be semi-symmetry type if the 

condition  ( Y,X ) 0=W  holds, for any vector fields ,X   Y on the manifold and )Y,X(  acts on 

W  as derivation, where   and W  stand  for generalized quasi-conformal curvature tensor with the 

associated scalar triples )c,b,a(  and )c,b,a(  respectively.  

 

Now, let us consider a 1)n(2  -dimensional Sasakian manifold M , satisfying the condition  

 0.=VU,Z)Y,X(( )W)(  (19) 

 VU)Y,X(,ZVU,Z)Y,X(=VU,Z)Y,X(.e.i )W()W()W(    

 V)Y,X(U,Z )W(  (20) 

which is equivalent to 

 ),U)Z,Y)X,(((g),U)Z,Y()X,((g  WW   

 0.=),U)X,()Z,Y((g),U)Z)X,(,Y((g  WW   (21) 

Putting ie=Y=X  in (21) where  ,e{ 1  ,e2  ,e,...,e n23  }=e 1n2   is an orthonormal basis of the tangent 

space at each point of the manifold M  and taking the summation over ,i  1,n2i1 
 
we get 

 ),U)Z,e)e,(((g),U)Z,e()e,((g[ iiii

1n2

1=i

 WW 


 

 0.=)],U)e,()Z,e((g),U)Z)e,(,e((g iiii  WW   (22) 

From the equation (18), we can easily bring out the followings 

 )Z)U,((  W  

   )U()Z(1ban2ba
n2

1

1n2

cr
= 




















 

 ).U,Z(aS)U,Z(gba
n2

1

1n2

cr
nb21 



















  (23) 

 

 )e,U,Z,e ii

1n2

1=i

(W


 

 .),(
2

1

12

2
),()2(1= UZgba

nn

ncr
brUZSnab




















  (24) 
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 )e)Z,e(( ii

1n2

1=i

W


 

 ).(
2

1

12

2
)2(12= Zba

nn

ncr
arnban 




























  (25) 

 

 )e,U)Z,e((S ii

1n2

1=i

W


 

 )U,Z(S1)ba()U,Z(Sba
n2

1

1n2

cr
ar= 2




















  

 ).,(
2

1

12

2
2

UZgba
nn

cr
b




















 Q  (26) 

 

 )U)Z,Qe(()e( ii

1n2

1=i

W


 

 ),(2),(
2

1

12
212= UZnaSUZgba

nn

cr
nbn 



















  

 .)()(
2

1

12
)(212 UZba

nn

cr
bann 



















  (27) 

 

 )U),e(()Z,e(S ii

1n2

1=i

 W


 

 )U()Z(ba
n2

1

1n2

cr
)ba(n21n2= 



















  

 .),(),(
2

1

12
21 2 UZaSUZSba

nn

cr
bn 




















  (28) 

 

 ),U)Z,e()e,((gNow, ii

1n2

1=i

 W


 

 )e,U)Z,e((Sa)e,U,Z,eba
n2

1

1n2

rc
bn21= iiii W(W 



















  

 ).Z)U,((an21bn2ba
n2

1

1n2

rc
 W




















  (29) 

 

In view of (24) & (26), (29) becomes  

 ),U)Z,e()e,((g ii  W  

 
























 )2(1

2

1

12
21= bnaba

nn

rc
bn  

 ),()(1),(
2

1

12

2 UZSbaaUZSba
nn

cr
ara 
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 )Z)U,((1)ba(n2ba
n2

1

1n2

rc
 W
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ncr
brba

nn

rc
bn

2

1

12

2

2

1

12
21  

 ).,(
2

1

12

2
2

UZgba
nn

cr
ba 
























 Q  (30) 

 

In consequence of of (23)-(28), we obtain the followings 

 ),U)Z,e)e,(((g ii

1n2

1=i

W


 

 )),(()(2
2

1

12
212= ZUabnraba

nn

rc
bnn  W





























  

 )U,Z(Sbna2)U,Z(gba
n2

1

1n2

cr
nb21bn2 



















  

 ).U()Z(ba
n2

1

1n2

cr
)ba(n21bn2 



















  (31) 

 

 ),U)Z)e,(,e((g ii W  

 )Z)U,((1bn2ba
n2

1

1n2

rc
=  W




















 

 )()(
2

1

12
)(212 UZba

nn

cr
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 ).U,Z(aSa)U,Z(Sba
n2

1

1n2

cr
nb21a 2




















  (32) 

 

 ),U)e,()Z,e((g ii

1n2

1=i

W


 

 ),U()e)Z,e((1an2ba
n2

1

1n2

rc
= ii  W




















 (33) 

 

which is equivalemt to  

 ),U)e,()Z,e((g ii

1n2

1=i

W


 

  )2(1212
2

1

12
= nbananba

nn
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  (34) 
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By virtue of (30), (31), (32) & (34), we obtain from (22) that 

 ),()2(1)(1
2

1

12
21 UZSnbabba

nn

rc
bn 





























  

 
























 ba

nn

ncr
arnban

2

1

12

2
)2(12  

 








































ba

n2

1

1n2

cr
)ba(n211an2ba

n2

1

1n2

rc
 

 )()(2}
2

1

12
2{12 ZUanraba

nn

rc
bnn 
























  

  
























 bnnbrba

nn

rc
bn 242

2

1

12
21  

    0.=),()(1),(2 22
UZSbaUZgnrbrba  Q  (35) 

 

Theorem 4.2 Let ),g,M( 1n2 
 1>n  be an Sasakian manifold. Then for respective semi-symmetry type 

conditions, the Ricci tensor of the manifold M  takes the respective forms as follows-  

 Curvature condition Expression for Ricci tensor 

0=),( RYXR   

 

.2= ngS
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0=Ĉ)Y,X(C 
 S}1)n(2r{  grnrn

n

r


















 })2({2
2

=
2

Q
 

   

















 nrnrnn
n

r
21)(2}1)(2{21

2

22nS

.
 0=P)Y,X(C 

 =S2
n2

r









  


















n2

r
1)n(21

n2

r
-

2Sng2 
. 

0=E)Y,X(C 
 ng2=S2

n2

r










    2Sn2r  
.
 

0=C)Y,X(C 
 S}1)n(2r{  grnrn

n

r


















 })2{(2
2

=
2

Q
 

   


























 nrn
n

r
rnn

n

r
21)(2

2
}1)(2{21

2
22nS

  

 

References 

[1]. B. J.Papantoniou,  Contact Riemannian manifolds satisfying 0=R)X,(R   and ),k(   -nullity distribution, 

Yokohama Math. J., 40(1993), 149-161. 
[2]. D. E. Blair, Contact manifolds in Riemannian geometry, Lecture Notes in Mathematics, 509, Springer-Verlag, Berlin, 1976. 

[3]. D. Perrone, Contact Riemannian manifolds satisfying 0=R)X,(R  , Yokohama Math. J., 39 (1992), no. 2, 141-149. 



Semi-symmetry type Sasakian manifolds 

DOI: 10.9790/5728-11457583                       www.iosrjournals.org                            83 | Page 

[4]. E. Cartan, Sur une classe remarquable d'espaces de Riemannian. Bull. Soc. Math. France, 54 (1926) 214-264. 

[5]. G.K. Nomizu, On the decomposition of generalized curvature tensor fields, Differential Geometry in honor of K. Yano, Kinokuniya, 

Tokyo, 1972, 335-345.P. Pokhariyal & R.S.Mishra, . Curvatur tensors
'
and their relativistics significance I., Yokohama Math. J., vol. 

18, pp. 105-108, 1970. 

[6]. K. K. Baishya & P. R. Chowdhury, On generalized quasi-conformal ),k(N  -manifolds, (to appear). 

[7]. K. Nomizu, On the decomposition of generalized curvature tensor fields, Differential Geometry in honor of K. Yano, Kinokuniya, 

Tokyo, 1972, 335-345. 
[8]. K. Yano and S. Bochner, Curvature and Betti numbers, Annals of Math. Studies 32, Princeton University Press, 1953. 

[9]. K. Yano and S. Sawaki,  Riemannian manifolds admitting a conformal transformation group, J. Diff. Geom., 2(1968), 161-184. 

[10]. L. P.Eisenhart, Riemannian Geometry, Princeton University Press, 1949. 
[11]. M. Okumura, Some remarks on space with a certain contact structure, Tohoku Math.J. 14, 135(1962), 161-184. 

[12]. N.S. Sinjukov, On geodesic maps of Riemannian space, Matem. Sjezda (1956), 167 168. 

[13]. S. Sasaki, Lecture Notes on Almost Contact Manifolds,Part I,Tohoku Univ,1965.                     

[14]. T. Takahashi, Sasakian -symmetric spaces, Tohoku Math. J. ,29(1977),91-113.  

[15]. Y.Ishii, On conharmonic transformations, Tensor (N.S.), 7 (1957), 73-80. 

[16]. Z. I. Szabö, Classification and construction of complete hypersurfaces satisfying 0.=R)Y,X(R  , Acta. Sci. Math., 

47(1984), 321-348.  


