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Abstract. The paper deals with the concept of semicompactness in the gen-
eralized setting of a fuzzy topological space. We achieve a number of charac-
terizations of a fuzzy semicompact space. The notion of semicompactness is
further extended to arbitrary fuzzy sets. Such fuzzy sets are formulated in dif-
ferent ways and a few pertinent properties are discussed. Finally we compare
semicompact fuzzy sets with some of the existing types of compact-like fuzzy
sets. We ultimately show that so far as the mutual relationships among differ-
ent existing allied classes of fuzzy sets are concerned, the class of semicompact
fuzzy sets occupies a natural position in the hierarchy.
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1. Introduction

Barring paracompactness, there exists in the literature, a number of allied forms
of compactness studied in a classical topological space. Among these, the most
widely studied compact-like covering properties are almost compactness or quasi
H-closedness of Porter and Thomas [18], near compactness of Singal and Mathur
[20], S-closedness of Thompson [22], s-closedness of Maio and Noiri [8] and semicom-
pactness of Dorsett [3]. The thorough investigations and the applicational aspects
of these covering properties have prompted topologists to generalize these concepts
(with the exception of semicompactness) to fuzzy setting. Malakar [9], in course of
his study of certain functions, incidentally suggested the definition of a fuzzy semi-
compact space. In [12] some of interesting properties of fuzzy semicompactness are
investigated. Our intention here is to go into some details towards characterizations
of semicompactness for a fts. These characterizations are effected with the help of
fuzzy nets, prefilterbases and similar other concepts, which comprise the deliberation
in the next section.

It is seen from the literature that the process of generalization of different covering
properties, akin to compactness, to fuzzy perspective was continued further ahead in
the form of extension of such concepts to arbitrary fuzzy sets. This gave rise to the
introduction and study of fuzzy compact, nearly compact, s-closed, S-closed, 8-rigid,
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f*-rigid, B-compact and almost compact sets respectively abbreviated as FC-sets,
FNC-sets, FsC-sets, FSC-sets, FOR-sets, FO*R-sets, F3C-sets and FAC-sets (see [4],
[13], [21], [14],[13], [10], [6], [16] for details). The interrelations among all these types
of fuzzy sets are found to be as displayed by the following diagram:

FsC-set = FO*R-set = FSC-set

I I3 U
FC-set = FNC-set = FOR-set = FAC-set

where the concepts of fuzzy 6-rigidity (6*-rigidity) and fuzzy almost compactness
(S-closedness) coincide if these are considered for the whole fuzzy topological space,
and no other implications than those described above, is true in general.

Our aspiration, in Section 3, would be to generalize the idea of fuzzy semicom-
pactness to arbitrary fuzzy sets. Calling such fuzzy sets Fs*C-sets, we shall find
some characterizations of such sets along with a few pertinent properties. Our ulti-
mate purpose of initiating such fuzzy sets is fulfilled by the way of establishing the
following implication diagram, more balanced than the above one.

(FBC-set =) Fs*C-set = FsC-set = FO*R-set = FSC-set

i3 I U I
FC-set = FNC-set = FOR-set = FAC-set

We construct examples, to this end, to show that a FsC-set or a FC-set need not be
a Fs*C-set.

In what follows, by a fts (X,7) or simply by a fts X we shall mean a fuzzy
topological space as defined by Chang [2]. The notations cl A, int A and 1 — A will
stand respectively for the fuzzy closure [2], interior [2] and complement [21] of a
fuzzy set A in a fts X. The support of a fuzzy set A in X will be denoted by supp A
(i.e,, suppA = {x € X : A(x) # 0}). A fuzzy point [19] in X with the singleton
supp{z} C X and the value (0 < a < 1) will be denoted by z,. The fuzzy sets
in X taking on respectively the constant values 0 and 1 are denoted by Ox and 1x
respectively. For two fuzzy sets A and B in X, we write A < B if A(z) < B(x),
for each x € X [23], while we write Aq B if A is quasi-coincident (q-coincident, for
short) with B [19], i.e., if A(z) 4+ B(x) > 1, for some = € X. The negation of AqB
is written as AGQB. A fuzzy set A in X is said to be fuzzy regular open (semiopen) if
intclA = A (resp. U < A <clU, for some fuzzy open set U) [1]. The complement
1 — A of a fuzzy semiopen set A is called semiclosed. The semiclosure of a fuzzy set
Ain X, to be denoted by scl A, is the union of all those fuzzy points z; such that for
any fuzzy semiopen set U with U(x)+t > 1, there exists y € X with U(y)+A(y) > 1
[5]. A fuzzy semiopen set U is called a semi-g-nbd of a fuzzy point z, in a fts X if
2o qU. A collection F of fuzzy sets in a fts X is said to form a prefilterbase [7] in X
if Ox € F and for any Fy, Fy € F, there exists F3 € F such that F3 < F; N Fy. A
collection U of fuzzy sets in X is called a fuzzy cover of X if sup{U(z) : U e U} =1
for all x € X.

2. Fuzzy semicompact spaces

We start with the definition of fuzzy semicompact spaces as suggested in [9].
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Definition 2.1. [9] A fts X is said to be a fuzzy semicompact space if every fuzzy
cover of X by fuzzy semiopen sets (such a cover will be called a fuzzy semiopen cover
of X ) has a finite subcover.

A straightforward consequence of the above definition yields the following alter-
native formulation of a fuzzy semicompact space.

Theorem 2.1. A fts X is fuzzy semicompact iff each family U of fuzzy semiclosed
sets in X with finite intersection property (i.e., for every finite subcollection Uy of
U, NUy # 0x ) has a non-null intersection.

In order to characterize fuzzy semicompact spaces by fuzzy nets and prefilterbases
we need the following two definitions.

Definition 2.2. A fuzzy point x, in a fts X is said to be a fuzzy semi-cluster point
of a prefilterbase B on X if x4 <sclB, for all B € B.

Definition 2.3. [11] A fuzzy point x4 in a fts X is said to be a fuzzy semi-cluster
point of a fuzzy net {Sy, :n € (D,>)} [19] if for every semi-g-nbd W of x, and for
each n € D, there exists m € D with m > n such that S, qW.

We now go on to find some characterizations of fuzzy semicompact spaces.

Theorem 2.2. A fts X is fuzzy semicompact iff every prefilterbase on X has a fuzzy
semi-cluster point.

Proof. Let X be fuzzy semicompact and let F = {F, : @ € A} be a prefilterbase
on X having no fuzzy semi-cluster point. Let z € X. Corresponding to each n € N
(here and hereafter N denotes the set of natural numbers), there exists a semi-q-nbd
Uy} of the fuzzy point x,/,, and an F}' € F such that U}'qF}'. Since U] (x) > 1-1/n,
we have U,(x) =1, where U, = U{U? : n € N}. ThusU = {U? :neN,z € X} isa
fuzzy semiopen cover of X. Since X is fuzzy semicompact, there exist finitely many
members Ut U2, -+, UM of U such that UF_ U = 1x. If F € F such that
FLFRrNER2N---NFRk, then Fiqly. Consequently, F' = 0x and this contradicts
the definition of a prefilterbase.

Conversely, let every prefilterbase have a fuzzy semi-cluster point. We have to
show that X is fuzzy semicompact. Let B = {F, : a € A} be a family of fuzzy
semiclosed sets having finite intersection property. The set of finite intersections
of members of B then forms a prefilterbase F on X. So by the given condition
F has a fuzzy semi-cluster point. Let z, be a fuzzy semi-cluster point of F. So,
ZTo < Naepscl Fy =NaepaFo. Thus N{F : F € F} # 0x. Hence by Theorem 2.1, X
is fuzzy semicompact. |

Theorem 2.3. A fts X is fuzzy semicompact iff every fuzzy net in X has a fuzzy
semi-cluster point.

Proof. Let X be a fuzzy semicompact space. If possible, let {S,, : n € (D, >)}, where
(D, >) is a directed set, be a fuzzy net in X which has no fuzzy semi-cluster point.
For each fuzzy point z,, there is a semi-g-nbd Uy, of z, and an ny, € D such that
SmqUy, for all m € D with m > ny, . Let U denote the collection of all such Uy,
where z,, runs over all fuzzy points in X. Now the collection V = {1-U,,_ : U, € U}
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is a family of fuzzy semiclosed sets in X possessing finite intersection property. In
fact, let Vo = {1 —qU,: :i=1,2,...,m} be a finite subfamily of V. Then there
exists k € D such that k > MUy sy M and so S, qUwZ;,- fori =1,2,...,m
and for all p > k (p € D), i.e., S;l S1-ULUp = N (1—=U, ) forall p > k.
Hence N Vy # 0x . Since X is fuzzy semicompaét7 by Theorem 2.1 there exists a
fuzzy point yg in X such that

ys <{1-U,, :U,, €U} =1-U{U,, :U,, €U}.

i
Ty,

Thus yg < 1 — U, for all U,, € U, and hence in particular, y5 < 1 - U,, ie,
ysqU,,. But by construction, for each fuzzy point w, there exists a U,, € U such
that x4 qU,,, and we arrive at a contradiction.

To prove the converse, it suffices to prove, in view of Theorem 2.2, that every
prefilterbase on X has a fuzzy semi-cluster point. Let F be a prefilterbase in X. As
each F' € F is non-null, we choose a fuzzy point (F) < F. Let S = {z(F) : F € F}.
Let a relation “>” be defined in F as follows:

Fo, = Fg iff F,<Fgin X, for F,,F3 € F.

Then (F, >) is a directed set. Now S is a fuzzy net with the directed set (F, =) as
domain. By hypothesis the fuzzy net S has a fuzzy semi-cluster point z; (0 < ¢ < 1).
Then for every semi-g-nbd W of x; and for each F' € F, there exists G € F with
G = F such that z(G)qW. As 2(G) < G < F, it then follows that F'qW for each
F € F. Hence z; is a fuzzy semi-cluster point of F. g

Definition 2.4. A fuzzy net {S, : n € (D,*)}, where (D, >) is a directed set, is
said to be semi convergent to a fuzzy point x., if for every semi-¢-nbd W of z,
there exists m € D such that S, qW, for all n = m.

Lemma 2.1. A fuzzy point x4 is a fuzzy semi-cluster point of a fuzzy net {S,, :n €
(D, »)}, where (D, =) is a directed set, in a fts X iff it has a fuzzy subnet which
fuzzy semi converges to x,.

Proof. Let x, be a semi-cluster point of the fuzzy net {S,, : n € (D, =)}, with the
directed set (D, >) as the domain. Let W denote the collection of all semi-g-nbds of
Zo. Now x4 being a fuzzy semi-cluster point of the net {S,, : n € (D, =)}, for each
W € W there exists S,, such that S,, qW. Let C denote the set of all ordered pairs
(n, W) with the above property, i.e., n € D; W € W and S,, qW. Let us define a
relation “00” on C given by (m,U)d(n, V) iff m = nin D and U < V. Then (C,0) is
a directed set and it is easy to see that T : (C,0) — (X, 1) given by T'(m,U) = Sp,
is a fuzzy subnet of the given fuzzy net. Let W be any semi-g-nbd of x,. Then
there is an n € D such that (n,W) € C and hence S,,qW. Now, (m,U) € C and
(m,0H)0(n, W) = T(m,U) = SpqU and U < W = T(m,U)gW. Hence T semi
converges to x,. The converse is clear. O

It now follows from Theorem 2.3 and Lemma 2.1 that

Lemma 2.2. A fts X is fuzzy semicompact iff each fuzzy net in X has a fuzzy semi
convergent subnet.
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Definition 2.5. A fuzzy point x,, in a fts X is called a complete semi accumulation
point of a fuzzy set A in X iff for each semi-¢-nbd U of z,, |suppA| = [{y €
X A(y) + U(y) > 1}|, where for a subset B of X, by |B| we mean, as usual, the
cardinality of B.

Theorem 2.4. A necessary condition for a fts X to be fuzzy semicompact is that
every fuzzy set A in X with |supp A| > Ny (where Ny denotes the cardinal number
of the set of integers) has a complete semi accumulation point.

Proof. Let A be a fuzzy set in a fuzzy semicompact space X such that |supp A| > Ny,
and if possible, suppose A has no complete semi accumulation point in X. Then for
each z € X and each n € N, there is a semi-q-nbd U}’ of the fuzzy point z;/,, (with
support « and value 1/n) such that

(2.1) H{z e X : A(z) + Uy (z) > 1}| < |supp A4].

Now, since UJ(z) + 1/n > 1, it follows that {U? : © € X,n € N} is a fuzzy
cover of X by fuzzy semiopen sets. As X is fuzzy semicompact, there exists a finite
subset {21, x9, -,z } of X and finitely many positive integers ny, ng, -+, ngy
such that U” U} = 1x. Now, z € supp A = U}'* = 1, for some k (1 < k < m)
= Upr(z) + Alx) > 1=z e {y € X : Aly) +Urk(y) > 1} = Ay, (say). As
Ay, €U, Ay, , We have

But [Ay,, | < [supp A| by (2.1) for i =1,2,--- ,m. Thus

U, Ay, | = max |Ay,, | <|[supp Al

1
Hence, by (2.2) we get
|supp 4| < |U?;1AUM | < |supp 4|
which is a contradiction. This proves the result. 0

Remark 2.1. Notice that the converse of the theorem is false which follows from
the following example.

Example 2.1. Consider a fuzzy set X with the fuzzy topology 7 = [0,1]X. Then
the condition of the theorem is vacuously satisfied; but the fuzzy semiopen cover
7\{1x} of X has no finite subcover proving that the fts (X, 7) is not semicompact.

3. Fuzzy semicompact sets

Before we introduce fuzzy semicompact sets, let us recall, to make the exposition
clear, the definitions of certain existing allied classes of fuzzy sets as follows.

Definition 3.1. Let A be a fuzzy set in a fts X. A collection U of fuzzy sets in X is
said to be a fuzzy cover of A [4] if sup{U(x) : U € U} =1, for all x € supp A. If the
members of U are fuzzy open (resp. regular open, semiopen) in X, then U is called
a fuzzy open (resp. regular open, semiopen) cover of A. A fuzzy cover U of a fuzzy
set A in X is said to have a finite (prozimate, semi-prozimate) subcover Uy for A
if Uy is a finite subfamily of U and UUy > A (resp. U{clU : U € Up} > A, {sclU :
U e UQ} > A).
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Definition 3.2. A fuzzy set A in a fts X is said to be

(a) a fuzzy compact set or simply a FC-set [4] if every fuzzy open cover of A has
a finite subcover for A,

(b) @ fuzzy nearly compact set, or a FNC-set [13] if every fuzzy regular open
cover of A has a finite subcover for A,

(¢) a fuzzy s-closed set (FsC-set [21]) if every fuzzy semiopen cover of A has a
semi-prozimate subcover for A,

(d) a fuzzy almost compact set or a FAC-set [16] if every fuzzy open cover of A
has a finite proximate subcover for A,

(e) a fuzzy O-rigid set or simply a FOR-set [13] if for every fuzzy open cover U
of A, there exists a finite subfamily Uy of U such that A < int cl(Uly ).

(f) A fuzzy 0*-rigid or simply a FO* R-set [10] if for every semiopen cover U of A,
there exists a finite subfamily Uy of U such that A < scl(U{sclU : U € Up}).

We now set the following definition:

Definition 3.3. A fuzzy set A in a fts X is said to be a fuzzy semicompact set
(F's*C-set, for short) if every fuzzy cover of A by fuzzy semiopen sets of X has a
finite subcover for A.

We would now proceed to obtain some characterizations of the above type of
fuzzy sets.

Theorem 3.1. For a fuzzy set A in a fts X, the following are equivalent:

(a) A is a Fs*C-set.

(b) For every family F of fuzzy semiclosed sets in X with "{F : F € F}NA=

Ox, there exists a finite subcollection Fy of F such that NFoqA.
(¢) If B is a prefilterbase of fuzzy semiclosed sets in X such that each element
of B is g-coincident with A, then (NB)N A # 0x.
Proof. (a) = (b): Let A be a Fs*C-set in X and let F be a family of fuzzy semiclosed
sets in X such that N{F : F € F} N A = 0x. Then, for every = € supp A4,
inf{F(z): F € F} = 0,sothat {1-F : F' € F} is a fuzzy semiopen cover of A. Hence
there exists a finite subcollection Fy of F such that A< U{1—F:Fe F} <1—A
and consequently (NFy)qA.
(b) = (c): Obvious.
(¢) = (a): If A is not a Fs*C-set in X, then there exists a fuzzy semiopen cover

U of A which has no finite subcover for A. So for every finite subcollection Uy of U
there exists ¢ € supp A such that sup{U(z) : U € Up} < A(z), i.e., inf{l — U(x) :
Uely} >1—A(x) > 0. Thus if B= {1 —U : U € U}, then finite intersections of
members of B form a prefilterbase F (say) of fuzzy semiclosed sets in X for which
there is no member F' of F such that FgA. In fact otherwise there exists a finite
subset Uy of U such that A <1—-N{1-U : U € Up} = U{U : U € Uy}, contradicting
our hypothesis. By (c¢) we then have N{1 —U : U € U} N A # 0x and hence there
exists ¢ € supp A such that inf{l —U(z) : U e U} > 0, i.e.,, sup{U(z) : U e U} < 1,
which contradicts that U is a fuzzy cover of A. (|

Theorem 3.2. A fuzzy set A in a fts X is a Fs*C-set iff whenever B is a prefilterbase
on X with the property that for any F € B and for any fuzzy semiopen set U with
A<U, FqU holds, then B has a fuzzy semi-cluster point in A.
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Proof. Let A be a Fs*C-set. If possible, let B be a prefilterbase with the given
property, which has no fuzzy semi-cluster point in A. For each x € supp A, there
exists a positive integer m,, such that 1/m, < A(z). For any positive integer n > m,,
since 1/, < A, 1/, is not a fuzzy semi-cluster point of B. Hence there is a semi-q-
nbd V! of x1/, and a B} € B such that V)qB}. Since V*(x) + 1/n > 1, we obtain
Suanmz Vxn(x) =1

The collection U of all such V™ for = € supp A and n > m,(> 1/A(z)), forms
a fuzzy semiopen cover of A such that for each V' € U, there exists B} € B with
VqBy. Since A is a fuzzy semicompact set in X, there exist a finite number of
members V1, -+, V™ of U such that A < UX_ V™ =V (say). Let B € B such
that B < UF_ | B,,. Then V is a fuzzy semiopen set containing A such that VgB.

Conversely, let B be a prefilterbase on X consisting of fuzzy semiclosed sets such
that N{F : F € B}NA=0x.

It then follows that B has no fuzzy semi-cluster point in A. By hypothesis, there
exists F' € B and there exists a fuzzy semiopen set U with A < U such that FqU.
Then AQF. It then follows by Theorem 3.1(c) that A is a Fs*C-set. O

The following theorem is a generalization of the sufficiency part of Theorem 2.2
for arbitrary fuzzy sets.

Theorem 3.3. A fuzzy set A in a fts X is a Fs*C-set if every prefilterbase in A
has a fuzzy semi-cluster point in A.

Proof. If A is not a Fs*C-set, then there exists a fuzzy semiopen cover U of A such
that for every finite subcollection Uy of U

AL U{U U €Uy}

Corresponding to each U € U, we define a fuzzy set Fy as follows :

Fu(z) = min{l — U(z), A(z),|A(z) —U(z)|} (z € suppA)
v 0 (z & supp A).

For every finite collection {Fy,, Fy,, -, Fy, } of members of F = {Fy : U € U},
we have

sup U;(z) < A(z) <1, for some x € supp A
1<i<n

so that
min[A(x) — Uy (z),- -+, Alx) — Up(z)] > 0.

Thus N}, Fy, # 0x and consequently the family B of finite intersections of members
of F is a prefilterbase in A. Now for each fuzzy point x, < A, obviously there exists
U € U such that x,qU. Since FyqU, we have that B has no fuzzy semi-cluster
point in A. O

As to the converse of the last theorem, we have the following result, the proof of
which is somewhat parallel to the necessity part of Theorem 2.2.

Theorem 3.4. If A is a Fs*C-set in a fts X, then every prefilterbase F in A, each
of whose members is g-coincident with A, has a fuzzy semi-cluster point in A.
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Proof. Let F be a prefilterbase in A with the given property, such that F has no
fuzzy semi-cluster point in A. Consider any a € supp A. Then for each positive
integer n with n > 1/A(a), as the fuzzy point a;,,(< A) is not a fuzzy semi-cluster
point of F, there exist a semi-q-nbd U} of a;, and an F;' € F such that UJqF;. As
Ul(a) > 1—1/a, if we put U, = U{U : n is a natural number with n > 1/A(a)},
then Uy(a) = 1. Hence U = {U : a € supp A,n > 1/A(a)} is a fuzzy semiopen
cover of A. As A is a Fs*C-set, there exist finitely many members U}, ---, Uzl of
U such that U¥_ U > A. Now there is an F € F with F < F* N ---N F"*. Then
FqUF_, Ul so that FqA, and this contradicts the stated condition on members of
F. O

From the last two theorems, we obtain:

Corollary 3.1. A fuzzy set A in a fts X is a Fs*C-set iff every prefilterbase F in
A, each of whose members is q-coincident with A, has a fuzzy semi-cluster point in

A.

In the rest of this section, we derive a few elementary properties concerning Fs*C-
sets.

Theorem 3.5. In a fts , union of finite number of Fs*C-sets is a Fs*C-set.
Proof. Clear. g

In order to look for the type of functions under which fuzzy semicompactness
remains invariant, we recall the following definition.

Definition 3.4. [15] A function f: X — Y is said to be a fuzzy irresolute function
if f7Y(V) is a fuzzy semiopen set in X for every fuzzy semiopen set V in'Y .

Theorem 3.6. If A is a Fs*C-set in a fts X and f : X — Y is fuzzy irresolute then
f(A) is a Fs*C-set in the fts Y.

Proof. For each fuzzy semiopen cover {V, : a« € A} of f(A)in Y, {f~1(Va):a € A}

is a fuzzy semiopen cover of A in X. Hence

A< Uaerffl(Va), for some finite subset Ag of A.
Then
f(A) < f (Uaerfil(Va)) < ffil(UOzEAOVoz) < UaGAOVa~
Thus f(A) is a Fs*C-set in Y. O

Corollary 3.2. If f : X — Y s fuzzy irresolute and surjection then Y is fuzzy
semicompact whenever X is fuzzy semicompact.

Definition 3.5. [1] A function f : X — Y is said to be fuzzy semicontinuous if
FUV) is fuzzy semiopen in X for every fuzzy open set V inY.

Theorem 3.7. If f : X — Y is fuzzy semicontinuous then for any fuzzy set A in
X, f(A) is a FC-set whenever A is a Fs*C-set.

Proof. Clear. ]
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Corollary 3.3. If f : X — Y is fuzzy semicontinuous and surjective then'Y is fuzzy
compact if X is fuzzy semicompact.
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