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SEMIDISCRETE FINITE ELEMENT APPROXIMATIONS OF A
LINEAR FLUID-STRUCTURE INTERACTION PROBLEM*

Q. DUT, M. D. GUNZBURGER!, L. S. HOU$, AND J. LEEY

Abstract. Semidiscrete finite element approximations of a linear fluid-structure interaction
problem are studied. First, results concerning a divergence-free weak formulation of the interaction
problem are reviewed. Next, semidiscrete finite element approximations are defined, and the exis-
tence of finite element solutions is proved with the help of an auxiliary, discretely divergence-free
formulation. A discrete inf-sup condition is verified, and the existence of a finite element pressure
is established. Strong a priori estimates for the finite element solutions are also derived. Then,
by passing to the limit in the finite element approximations, the existence of a strong solution is
demonstrated and semidiscrete error estimates are obtained.
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1. Introduction. Fluid-structure interaction problems have been extensively
studied in recent years both analytically and computationally. The book [28] and
the special issue [30] give accounts of the state of the art from the engineering points
of view. In addition, a short discussion of the literature can be found in [10]. The
references in [10] include [4, 18, 29] for fluid-structure interactions involving elemen-
tary fluids, [2, 3, 32] for fluid-structure interactions involving inviscid fluids, and
[6, 7, 8,9, 11, 13, 14, 15, 16, 17, 20, 21, 22, 26, 27, 33, 34] for interactions between
viscous, incompressible fluids and elastic solids.

In [10], we analyzed a model for the interactions between Stokesian fluids and
linear elastic solids. This paper is devoted to the finite element analysis of that
model. As in [10], we assume that the fluid and solid occupy two adjacent open
Lipschitz domains, Q; € R% and Q, C RY, respectively, where d = 2 or 3 is the space
dimension. We denote by 2 the entire fluid-solid region under consideration; i.e.,
is the interior of Q; UQy. Let Ty = 0Q1 N OO, denote the interface between the fluid
and solid, and let T'; = 921 \ T'p and 'y = 9Qs \ Ty denote the parts of the fluid
and solid boundaries, respectively, excluding the interface I'y. For obvious reasons we
assume that meas(I';y UT'3) # 0.

*Received by the editors May 31, 2002; accepted for publication (in revised form) March 7, 2003;

published electronically January 6, 2004.
http://www.siam.org/journals/sinum/42-1/40865.html

TDepartment of Mathematics, Penn State University, State College, PA 16802 (qdu@math.psu.
edu). The work of this author was supported in part by the National Science Foundation under grant
DMS-0196522.

¥School of Computational Science and Information Technology, Florida State University, Talla-
hassee, FL 32306-4120 (gunzburg@csit.fsu.edu). The work of this author was supported in part by
the National Science Foundation under grant DMS-9806358.

$Department of Mathematics, Towa State University, Ames, IA 50011-2064 (hou@math.iastate.
edu).

YDepartment of Mathematics, Carnegie Mellon University, Pittsburgh, PA 15213 (jeehyunl@
andrew.cmu.edu).



2 Q. DU, M. D. GUNZBURGER, L. S. HOU, AND J. LEE

In the fluid region €2, we apply the Stokes system
P1Vi + Vp - /le . (VV + VVT) = plfl in Ql,

V-v=0 in Ql,
(1.1)

v=0 on I'y,
V]i—o = Vo in Oy,

where v denotes the fluid velocity, p the fluid pressure, f; the given body force per
unit mass, p; and p; the constant fluid density and viscosity, and v the given initial
velocity.

In the solid region, we apply the equations of linear elasticity

P20t — ,LLQV . (Vu + VUT) — )\QV(V . u) = p2f2 in 927
(1.2) u=0 on I'y,
uf;—o=ug and wl—o=u;  in Qy,

where u denotes the displacement of the solid, f; the given loading force per unit
mass, po and Ao the Lamé constants, ps the constant solid density, and uy and uy
the given initial data.

Across the fized interface I'g between the fluid and solid, the velocity and stress
vector are continuous. Thus, we have

(1.3) u =v on I'y
and
(1.4)  pa(Vu+Vu®) ng + Xa(V-uwny = pny — 4y (Vv + Vv?) - n, on Iy,

where n; is the outward-pointing unit normal vector along 09);, i = 1, 2.

The physical validity of the model (1.1)-(1.4) was explained in [10]. Previous
work concerning this model include, as cited in [10], eigenmode analysis [34], homog-
enization [8], the one-dimensional case [11], and a numerical algorithm [13]. In [10],
weak formulations for (1.1)—(1.4) were defined, and the existence of weak solutions
was established. The proof for the existence result was based on Galerkin approxima-
tions using divergence-free basis functions, and the pressure term was absent in the
Galerkin approximations.

The objective of this paper is to define semidiscrete finite element approxima-
tions, prove the convergence of finite element solutions, and derive error estimates for
the finite element approximations. We point out that finite element basis functions
in general are not divergence-free, and finite element formulations must be studied
with the pressure term. The proof for the convergence of finite element solutions pro-
vides an alternative proof to that found in [10] for the existence of a weak solution;
the results of this paper do not rely on those of [10] concerning the existence of a
divergence-free weak solution. Moreover, the regularity and compatibility assump-
tions made on the data in this paper lead to a stronger solution. The details for
the divergence-free Galerkin approximations of [10] and the discretely divergence-free
finite element approximations are sufficiently different so that separate treatments are
warranted.
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A few technical aspects contained in this paper are particularly noteworthy: the
finite element initial conditions are defined asymmetrically about the two subdomains
Q1 and s; two inf-sup conditions are verified that facilitate the analysis of certain
steady-state saddle point problems (these inf-sup conditions are also useful in dealing
with approximations of mixed boundary value problems for the Stokes equations); and
error estimates for a weighted L? projection onto discretely divergence-free spaces are
derived.

The plan of the paper is as follows. In section 2, we recall relevant results of
[10], in particular the weak formulations and the existence theorems. In section 3, we
define semidiscrete finite element approximations and establish the existence of and a
priori estimates for the finite element solutions. In section 4, we show the convergence
of finite element solutions and derive error estimates.

2. Notations and results concerning divergence-free weak formulations.
In this section we will recall the notation, weak formulations, and existence results of
[10].

Throughout this paper, C' denotes a positive constant, depending on the domains
Q, O, and Q9, whose meaning and value changes with context. H*(D), s € R,
denotes the standard Sobolev space of order s with respect to the set D equipped
with the standard norm || - ||s,p. Vector-valued Sobolev spaces are denoted by H*(D),
with norms still denoted by || - ||s,p. Hg (D) denotes the space of functions belonging
to H'(D) that vanish on the boundary 9D of D; H}(D) denotes the vector-valued
counterpart.

We will use the following L? inner product notations on scalar and vector-valued
L? spaces:

[p7q]pz/pqu Vp,qELQ(D), [u7v}pz/u~vd’D Vu,veLQ(D)7
D D

where the spatial set D is Q or I'g or €;, for i =1, 2.
We introduce the function spaces

X, = [Hé(Q)] q, withthenorm || ||x;, = |10, ¢=1,2,
and
U ={ncH)Q) :divp=0in Q;} with the norm || - ||1 0.
We define the weighted L?(f2) inner product [[-,-]] by
(2.1) (& n]] = [m& mla, + [p26,ml0, V& meL(Q).

We denote by ((-,-)) the duality pairing between ¥* and ¥ that is generated from
the weighted L?(Q2) inner product [[,-]]. The norm on the dual space ¥* is defined
in the conventional manner:

lgle- = sup  |((gm)| VgeP
e, [|nll.o<1
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We define the bilinear forms

al[u,v]:Q/ 1 (Vu+ vu®) : (Vv + vvT) dQ Vu,ve X,

Q

as[u, v] :/ {ZNQ(Vqu vuT) : (Vv + VvT) + Ap(V - u)(v.v)} dQ Yu,v € X,
Qo

blv,q] = 7/9 qV - v dQ) Vv e X, Vqge L3 ().
1

It can be verified with the help of Korn’s inequalities [31, pp. 31, 120] that for i = 1,2,

(2:2) ailn,n) = killnlfe, VmeX; ifmeas (I;)#0
and
(2.3) M, M), + ailn,n] > kl||77||§9 Vn e X; if meas (T';) = 0.

The bounded bilinear form b[-, -] was shown in [10] to satisfy the inf-sup conditions

b
(2.4) inf sup % >k
geL*(1) neni (o) [Mll1,ellallo.0.
and
b
(2.5) inf  sup _blv.a > ky,
geL2() vex, [[Vl1,0:llgllo.0,

where k; > 0 is a constant.
For functions that also depend on time, we introduce the space L?(0,T; X) that
consists of L2-integrable functions from [0, 7] into the space X and which is equipped

with the norm
t 1/2
([ 1sear)
0

Similarly, we introduce the space C(0,T’; X) that consists of continuous functions from
[0,T] into the space X and which is equipped with the norm

sup || f|lx.
t€[0,T]

The divergence-free weak formulation for (1.1)—(1.4) was defined in [10] as follows.
Given

f, € C([O,T],L2(Ql))7 f; € C([O7TLL2(QQ)), ug € XQ,
(2.6)
V()EXl, diVVOZOin Ql, up GXQ, V0|F0 :111|F0,
seek a pair (v, u) such that
(2.7) (v,u) € L?(0,T; X1) x L?(0,T; Xy), divv =0,
d

(2.8) T (Pl v, nla, + p2[0pu, "7]92) +a1[v,n] + az[u,n]

= pilf1, Mo, + p2lfo, Mo, Vnew,



FEM FOR A FLUID-STRUCTURE INTERACTION PROBLEM )

(2-9) V\t:o = Vo, l1|t=0 = o, ut|t=0 = ui,
and
t
(2.10) / v($)|r, ds = u(t)|r, — wolp, a.e.t.
0

The “natural” interface condition (1.4) is built into (2.8), and the “essential” interface
condition (1.3) is enforced weakly in the sense of (2.10).
By defining

\4 in Ql, Vo in Ql, f1 in Ql,
(211) &= £ = and f =
U in QQ, u; in QQ, f2 in QQ,

(2.7)—(2.10) was conveniently recast in [10] into the following equivalent, auxiliary
divergence-free weak formulation: seek a & such that

€€ L2(0,T;L2(Q)), 9,6 € L2(0,T; ®"),

(2.12)
E|Q1 (S LQ(O,T; Xl), diV€|Q1 = 0, fO |92 ds € LQ(O T: X2)

(2.13)
(€0 m)) + arfE,m] + az [ [ e dsm] —[If )] - asluosm] Vm e @, ae. b,

(2.14) £(0) = &,
and
(2.15) [elan] as= [€@ia] as aer

The existence and uniqueness of a solution for the auxiliary problem (2.12)—(2.15)
was proved in [10].

THEOREM 2.1. Assume that £1,vq, Ty, and ug satisfy (2.6). Then, there erists a
unique solution € for (2.12)—(2.15). Moreover, € satisfies the estimates

/5 ds

1€ +||€|| 1oy T
(2.16) 0,0 L2(0,T;H1(Q1)) H1(0»)

< CeT( +lvollt o, + luillq,) Vtel[0,T]
and
1041172 0,70
(2.17) o
< O (82 0 rupoqay + I0l2 0, + Vol + 1] ).
Using relation (2.11) reversely, i.e., setting v = £|q, and u = ug + fo s)|q, ds,

Theorem 2.1 immediately yields the followmg existence result for (2.7)—(2. 10)
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THEOREM 2.2. Assume that f1,vo,f2,ug, and u; satisfy (2.6). Then, there
ezists a unique solution (v,u) € L?(0,T;X;1) x L?(0,T; X3) for (2.7)~(2.10), where
(2.8) holds in the sense of distributions on (0,T). Moreover,

(2.18)

V13,00 + ()00 + V122 0.z ) + IO
< CeT (122 0,y + 100l 0, + [Vol30, + uilZa,) Vit e [0.T]

The existence of a stronger solution and an L2-integrable pressure was also es-
tablished in [10].
THEOREM 2.3. Assume that f1,vq, f2,ug, and u; satisfy (2.6) and

of; € L2(0,T;L2(Q)), i = 1,2, vo € H* (), w € H(Q2), up € H*(Qy).
Assume further that there exists a pg € H'(Q1) such that
(o1 — 1 (Vvo + VvE) - my)lr, = (p2(Vuo + Vug) - 12 + (A2 + p2) (div ug)ng)|ry,

where n; denotes the outward-pointing normal along 0€;. Then, the solution (v,u)
to (2.7)—(2.10) satisfies

v e L0, T;L%(Q)) N L*(0,T; X1), ue L>®(0,T;Xs),

v, € L0, T;L2(2))NL2(0,T; X1), w; € L=(0,T; X2), uy € L°(0,T;L3(Q2)),
and

10:v(OF 0y + [10a @) 0, + 10V T2 0,73,y + 0B g,

< Ce“T (I 0,720 + 1oll3 0, + Ivoll3 ., + lpoll¥ o, + [luslli o,) V¢ € [0,7].

Furthermore, there exists a unique p € L*(0,T; L?(1)) such that
prve, Mo, + b, pl + ar[v, m] + p2lus, la, + as[u, 7]

(2.19)
= pilfi,mlo, + p2lfo,mla,  Vn e HE(Q), ae t

and

c
Ipllz20msz2 (1)) < Ce“T (117 0 riwz 0y +0l13 .0, +voll3 0, +Ipollf o, + w1l o,)-

3. Semidiscrete finite element approximations. In this section we will de-
fine semidiscrete finite element approximations, prove the existence of finite element
solutions on discretely divergence-free spaces and derive energy estimates, and es-
tablish the existence of a discrete pressure by verifying inf-sup conditions for finite
element space pairs.

As alluded to previously, finite element solutions in general are not divergence-
free, and finite element formulations should include the pressure term. Of course, the
corresponding continuous weak formulation should also contain the pressure term.
Such a weak formulation requires additional regularity on v; and us. The continuous
weak formulation we consider is as follows: given fi,vq, fo, and ug satisfying (2.6),
seek a triplet (v, p,u) such that

(3.1) (v,p,u) € L*(0,T; X,) x L*(0,T; L*(Q1)) x L*(0,T; X5),
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(3.2) vy € L*(0,T;L2(50)), u; € L*(0,T;X3),  uy € L*(0,T;L3(Q2)),

p1[ve, mla, + 00, pl + ar[v,n] + p2[us, n)a, + azlu, n]

> = pilfi.mlo, +p2lf2,mlo, YV € Hy(Q), ae. t € (0,77,
(3.4) bv,q) =0  Vqe& L*(Q), ae. t€[0,T],

(3.5) Vl]i=0 = Vo, ul;—o = uy, W|i—0 = uq,

(3.6) vlr, = W, a.e.t.

We will define finite element approximations to (3.3)-(3.6). By showing the conver-
gence of finite element solutions, we establish the existence of a solution for (3.1)—(3.6).
For reasons connected with the derivation of the regularity results (3.2), we will define
finite element initial conditions in a nonstandard manner.

3.1. Finite element discretization. In what follows we assume that ; and
Q9 are two-dimensional polygons or three-dimensional polyhedra. Let h denote a
discretization parameter associated with the triangulation 7"(Q) of Q. We assume
that elements of 7" do not cross the interface I'y. We assume that the triangula-
tion 7" consists of triangular elements in two dimensions or tetrahedral elements in
three dimensions, though our results can be extended to other types of triangulations.
Furthermore, we assume that there exists a triangulation 7"°(2) such that, for each
h < hg, T"(Q) is a refinement of 7m0 ().

For each h, we choose X" C C(Q) N H}(Q) and QF C L?(£) as finite element
subspaces over the triangulation 7" (). We assume that X" contains piecewise linear
functions. We set

xXh = xh

Qi 1= 172a
and
" = {n), € X" :b[ny,qn) = 0V € Q1)

We assume that the finite element spaces XJ', X2, and Q} satisfy the standard ap-
proximation properties [5]; i.e., there exist an integer k > 0 and constant C' > 0 such
that

"ogq, <CR T |V|lrr10, YveHTHY)NX;, re0k],

(3.7) inf [v—v
vheXxh

i

(3.8) inf v — vh

) 1,0, < CR||Vr41,0; Vv e H Y Q) N Xy, r€[0,k],
vheX

i

and

(39) inf Hq - qh 0,2 < ChT”pHﬁﬁl Vq € HT(Ql)7 (S [OJC]
a"eqQr
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Also, X" satisfies the approximation properties

.0 < CH Hnllrre Vm e HFHQ)NLA(Q), r € [0,K],

3.10) inf —n"
(3.10) fnf lln—n
and

(811) inf -0, <CW e YneH*HQ) AHYQ), re [0,k

inf
,r’h eXx

We assume that the finite element pair {X", M"} = { X" N H}(Q,), QP NL2(04)}
satisfies the discrete inf-sup condition

blv", ¢"]

(3.12)
1,8 th||0,91

sup
vheXh ()

V"]

inf
qh, th, (Ql)

Choices of finite element spaces satisfying (3.12) are well known [19]. Note that
functions in )?f vanish on TI'y.

We also assume that triangulations are uniformly regular so that the following
inverse inequalities hold:

[V'le < Ch VMoo Vv'e XM
(3.13)
V'l < Ch7 VP00, V"€ XD, i=1,2.

Semidiscrete finite element approximations of the weak form (3.3)-(3.6) are de-
fined as follows: seek (v" p" uh) € C1([0,T]; X}) x C([0,T); Q%) x C*([0,T); X%)
such that

P10V, Mpla, + b0y, pR] + a1[Va, my] + p2(0wan, myla, + a2lun, ny]

(3.14)
= pilf,mlo, +polfo,mle, Ymy € X7 At
(3.15) b[vih,qn] =0 Vg, €Qh, ae. t,
(3.16) Vilr, = Ovun|r, a.e. t €[0,7T],
(3.17) Vilt=0 = Vo h, Up|t—0 = Ug,h, Orupli=0 = uy p,

where vq p, € \Ilh|91, Ug,p € X%, and up € X} are finite element approximations of
Vg, Ug, and uy, respectively. We assume that (vo p,u; ) satisfies

(3.18) blvon,qn) =0 Yan € QY, Vo,n|re = W1n|r,
and that ug p, is defined by

(319) CLQ[UO’}“ Wh] = (12[110, Wh] Vwy € XQh
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3.2. The existence of discretely divergence-free finite element solutions.
The existence of finite element solutions {(v",u")} can be established in a manner
analogous to the analysis of the Galerkin approximations { (v, u,,)} in [10]. However,
it should be noted that finite element approximations are not special cases of the
Galerkin approximations due to the fact that the basis functions used in the Galerkin
approximations are divergence-free in €y, whereas the finite element solutions are
only discretely divergence-free in ; in the sense of (3.15), i.e., they belong to the
space of discretely divergence-free functions ¥".

We first formulate auxiliary semidiscrete finite element approximations on the
discretely divergence-free space wh Through the relation

] vy in Qq,
(320) Sh o { 8tllh in QQ,

we see that (3.14)—(3.19) can be recast into the system

t
p1[0c& s My + p2[0:€5, My lo, + a1[€h, my] + a2 [/0 €r(s) dSth}

(3.21)
= pl[flanh]fh + 02[f2777h]§22 - a’?[u07nh] vnh € \Ilh7 te [O7T]
and
o _ Vo,n in Ql,
(3.22) Sh(o) - 50,’1 - { u;; in Qs.

Let {@b?}jil be a finite element basis for ¥". Assumption (3.18) implies that &on €

W s0 that we can write
Jn
h
Eon =D di].
j=1

The solution ¢" € C([0, T]; ®") for (3.21)~(3.22) can be expressed in the form

JIh,

(3.23) &, = Zg?(t)tb? (x)

so that system (3.21)—(3.22) is equivalent to the following linear system of ordinary
differential equations for {g;l I

j=1
Jn d Jn JIn t
D g il 2a) (1) + D aalwy. il g (1) + D aalpy, )] /0 g} (s)ds
j=1 j=1 j=1
= [ (1), ¥Ma, + [pafa(t), ¥l a, — aslug,¥l),  i=1,...,J4, t €[0,T],

g0y =d;, i=1,...

We have the following results concerning the existence of and a priori estimates for a
finite element solution &, of (3.21)—(3.22). The proof is the same as that in [10] for
the Galerkin approximations and thus is omitted.
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THEOREM 3.1. Assume that f1,vo, f2, ug, and u; satisfy (2.6). Then, there exists
a unique function &, € C1([0,T); ®") which satisfies (3.21)~(3.22) and the estimate

2

t
2 2
(3.24) th(t)”m*”5h||L2(o,T;H1<Ql>>+H/O £,,(s) ds

< OGCT(||f||2L2(o,T;L2(Q)) + [luo

H'(22)
1, T Vorlt o, + luwnlge,) vt € [0,7.

Setting vy, = &,la,, up =ugn + f(f &,,()|a, ds and using (3.19), we immediately
obtain the existence of a (v, uy,) satisfying the discretely divergence-free version of
(3.14)—(3.19), as follows.

THEOREM 3.2. Assume that f1,vo, f2,ug, and u; satisfy (2.6). Then, there exists
a unique (v, up) € C1([0,T]; ®"|q,) x C2([0,T]; X2) satisfying

595 P10V, Mpla, + a1[v,m,] + p2[Owan, mylo, + azlun, n;]
(529 = pilfmplo, + palfemplo, Yy, € W, ¢ € [0,T]
and (3.15)—(3.19). Moreover, the following estimate holds:

Vi)

< CGCT(HfH%%O,T;m(Q)) +[wollf o, + Ivonlda, + luinllfo,) vt € [0,T].

- 2 0 + 100 ()30, + 12122 0 oty + 1002 )

3.3. The discrete inf-sup conditions and discrete pressure fields. We
have proved the existence of a finite element solution in the discretely divergence-free
formulation consisting of (3.25) and (3.15)—(3.19). We will show the existence of a
discrete pressure py, such that (3.14) holds. A crucial step towards this goal is the
verification of discrete inf-sup conditions. The discrete inf-sup conditions will also
play a role in deriving strong energy estimates in a subsequent section.

We rewrite (3.14) as

(3.27) b[nh,ph] = _Pl[atvha"?h]ﬂl —ax [V,Tlh] — P2 [6ttuha77h]92 —asz [u;“nh]
+Pl[f1777h}91 +p2[f2anh]92 vnh eXh7 te [07T]

In terms of the auxiliary variable &;,, (3.27) is equivalent to

by, pr] = —1[0:&s, ]l — ar[vi, mp]

(3.28)
— azlup,my] +[[fmy)] V€ X7, VE€[0,T].
To show the existence of a p;, € C([0,T]; Q%) satisfying (3.27) or (3.28), we need to
verify a discrete inf-sup condition for b[-, -], which will be presented below; this will
be the task of this subsection. To derive an estimate for pj, we need an estimate for
10:€n 10,2, or |0:vr o0, and ||Onupllo.q,; these will be derived in section 3.4.
The inf-sup condition we will verify is

b[nha qh]

(3.29) inf . sup ——— >
77h||1,ﬂ||qb||o,m

QheQ}f n,EXh

This inf-sup condition was proved in [2] for a special choice of X}, and Q. We will
establish (3.29) for the general case under assumption (3.12). To this end, we will
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first need the following lemma, and we will need to prove the inf-sup condition

b[VfuCIh]
Vil llanlloo, —

(3.30) inf  sup
an€QY v, exh

LEMMA 3.3. For each constant d, there exists a piecewise linear function v € X{L‘)
such that

/v-ndF:—d, bv,d = |d2,  and  |Vlie, < Cldl,
o

where n denotes the unit outward-pointing normal along 01, and the constant C
depends only on the coarse triangulation T"o ().

Proof. We give the complete proof for the two-dimensional case and discuss the
ideas for the three-dimensional case in an ensuing remark.

We choose from 7"0(€) a layer of triangles K = UjilKj C € adjacent to Iy,
i.e., each K has either a side or a vertex on I'g. We denote the vertices on I'g N 0K
by A;,7=0,1,...,Jo. We define the C", piecewise linear vector function v = (v1,v2)
on K as follows:

v = 0 at points Ag and A,

v = 0 at all vertices of K belonging to the interior of €2y,
v-nj_lz—ﬁandv~nj:—aat Aj, j=1,...,Jo—1, n;_1 # nj,
venj_y=—-dandv-7T;=0at 4;, j=1,...,Jo—1, nj_1 =n;,

where

Jo—1
d= d/ [AoAil/2+ D [Aj1 4| + [As—1 A /2

Jj=2

and n; and 7; denote the unit, outward-pointing normal and unit tangent vectors,
respectively, on 0{)y N A;_1A;. Note that n; and 7; are defined with respect to
the segment A;_1A; so that they are well defined. Clearly, the values of v1(A4;) and
va(A;) are proportional to d. We can write

Jo—1

n(x) = Y AL, =12,

j=1

where for each j, L;“’ (x) is the continuous piecewise linear basis function (the shape
function) associated with the vertex A;. Then,

Jo—1 Jo—1

h 5 h
loillf e < C Y los(A)PILI 1T & < ClP Y IS
j=1 j=1

2
1,K

so that

IVlhx < Cldl.
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We extend v to 1 by zero outside K and denote the extended function still by v.
Then we readily have v € X {“’,

Vlle, = vk < Cldl < Cld],

and

AjflAj

Jo
/v~ndF:Z/ v-ndl
o j:1

Jo—1
=—d | [AcAl/2+ > 14,14+ [A5—1A5/2 | = —d.

=2

Using Green’s theorem and the last equality, we have

bv,dj=—d | V- -vdQl=—d [ v -ndl =d* 0
Ql 1_‘O

Remark 1. In the three-dimensional case we merely need assume that [7"°(Q)]|r,
contains a vertex Py shared by exactly three triangles. Indeed, in forming the coarse
triangulation 7" (), we may simply choose a partition on a flat piece of 'y to meet
this requirement. Then, we define a v to satisfy v-n=d and v x n = 0 at Py, and
v = 0 at all other vertices, where d is a suitable scaling of d.

Next we prove inf-sup condition (3.30) based on the inf-sup assumption (3.12) for
the pair {X[', MI'} = {X} N HJ(Q1), Q1 N L3()}.

THEOREM 3.4. The pair { X1, Qh} satisfies inf-sup condition (3.30).

Proof. Owing to [19, Remark 1.4, p. 118], the inf-sup condition (3.30) is equivalent
to

Vagn € Q", there exists vy, € X' such that
(3.31)
b[vh,qn] > Cllanlls o, and  [[vallie, < Cllgnlloos-

Let g, € Q" be given. Set

1 -
qp = 75— qn dQ2 and ah = qn — G-
11| Ja,

Then g, = gn + @, in Q4 and ”%Hg,ﬂl = ||q~hHgQ1 + th”g,gl; Obviously, ¢, € M} =
Q"NL2(2) so that, by inf-sup condition (3.12) for the pair { X, M}, we may choose

a vy, € XJ such that

@] = lanlG o, and  [Wallie, < Cllgnllo;-
By Lemma 3.3 with d = ||, ]|0,q,, we may choose a v, € X such that

0% 0n) = [Tnld0,  and  [¥alie, < Cla,loe.-

(We recall that we assumed that 7"(€);) is a refinement of a coarse triangulation
T"(Qy) so that a piecewise linear function on 7"0(€2;) belongs to X!'.) Setting
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v, = Vv, + avy, for some « > 0 (to be determined), we have
b[Vi, qn] = b[Vh, qn] + 0[Vh, Q] + ab[Vh, qn] + ab[Vh, Q]

> @5 o, +0 = Callgn

0. [IVnlla, + el o,

> [1@nllg o, — Callgnllo.. @ llo.e. + allgnll? o,

_ _ a_ _

> |Gulg.0, — [Call@nlld.q, + 5”%”%,91] + gyl q,
_ a,

=(1-Ca)|aulsa, + 5“%”3,91

so that by choosing a sufficiently small o > 0 we obtain

. ~ 1
bvnoan] = min{1 - Cav/2} (1B, + 51018, ) = Clanlia,

Also,

Vallnor < IVallien + [19nllier < Cllgallo.an + Clinllo.on < Cllgnllo..-

Hence, we have proved (3.31) which is equivalent to (3.30). a0

We now prove inf-sup condition (3.29) for { X" Q"}.

THEOREM 3.5. {X" Q"} satisfies the inf-sup condition (3.29).

Proof. Let the discrete extension operator E" : X' — X" be defined as follows:
for any vj, € X', (E"vp)[g, = vi and (E"v;)|q, € X¥ is the solution of
[V(Eth),VZ}L]QQ =0 Vz, € XgﬂH(l](Qg), (Ehvh)|p2 =0, (Ehvh)|1"0 = th'*o.
It is well known (see, e.g., [23] and [1]) that |[E"vy 1,0, < C|lvall1/2,r, so that

IE"villLe < CI(E V)|, 1.0, + [(E"vh)|a,

|1,Qz
< C(Ivalles + IValliyzr,) < Cllvallie,  Yva € X7

Then, for every g, € QF we have

b b[E"
sup (M1, qn] > sup [ Vhathh]
mext lanlloa Mpllie ~ v,exr llanlloo, |E"Vallie
b[E" b
Z C sup [ Vh, Qh] _ C sup [Vh7 Qh] > ’
wnext lanlloon [Ivallio veext lanlloo Vel

where the last step is valid because of (3.30). O

As a direct consequence of [19, Lemma 4.1, p. 58], Theorem 3.8, and the inf-sup
condition (3.29), we obtain the following theorem concerning the existence of a discrete
pressure. Note that an estimate for p, will be established in section 3.4 only after we
have derived strong energy estimates, particularly the estimate for [|0:&}, [/ 20,712 (2))-

THEOREM 3.6. Assume that f1,vq,fa,up, and uy satisfy (2.6), and let &, €
CY([0,T); ") be the solution of (3.21)~(3.22). Let (vu,up) € CY([0,T]; X"|q,) x
CH([0,T]; XL) be the solution of (3.25) and (3.15)~(3.19). Then there exists a unique
pn € C([0,T); Q%) satisfying (3.28) and (3.15).

Proof. The existence and uniqueness of a p, € C([0,T]; Q%) satisfying (3.28)
follow directly from [19, Lemma 4.1, p. 58], Theorem 3.8, and the inf-sup condition
(3.29). Since (3.28) is equivalent to (3.27), we also conclude that py, satisfies (3.27)
and is the unique such solution. 1]
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3.4. Strong a priori energy estimates for the finite element solutions.
In the finite element system (3.25) and (3.15)—(3.19) the discrete initial conditions are
arbitrary approximations of the corresponding continuous initial data. We now make
a particular choice of discrete initial data that will allow us to derive an estimate for
|10:€5 10,0 under additional assumptions on the data. Such an estimate can then be
used to derive an estimate for ||ps|22(0,7;22(0,)). (The existence of a discrete pressure
pr, satisfying (3.14) was shown in section 3.3.) The estimates on p, and 0;§; will
be needed in order to prove the convergence of finite element solutions, since finite
element formulations involve the term b[n,,, ps], which, in general, does not vanish for
n, € X"

We first study the approximation of the initial condition. We choose (v, u1,,) €
U and po.n € Q% to be the solution of

a1[vo,n, My + W10, Mpl0, + 0[N0, Do,k
(3.32)

= a1[vo,my,] + [ur,my]a, + b[ny,, po) v, € X",

(3.33) bivon,qn) =0 Vg, €QF  and  voulr, = uialry,

where pg is the initial pressure field associated with the initial velocity field vy.

LEMMA 3.7. Assume that vo € X1, po € L*(1), w1 € Xo, and vo|r, = wi]r,-
Then there exists a unique triplet (Vo n,Po,n, U1,n) € X x Q" x X which satisfies
(3.32)—(3.33) and

(3.34)
[vo,n — Vo

1,0, + [[u,n — willo,0, + [IPo,n — Pollo,on
< C(Iny = volli,o, + I, —willoe, + llan —pollo.,)  V(nu,an) € X' x QL.

If, in addition, vo € H™1(Qy), po € H" (1), and u; € H™1(Qy) for some r € [0, k]
(k being the integer appearing in the approximation properties), then

Vo, = vollr., + lur,n —willo.q, + [lPo,n — pollo.,

(3.35)
< Ch"(|vollr+1,0, + [Willrt1,0, + [IPollr0,)-

Proof. We set X = {n € L%(Q) : n]q, € X1,divn|g, = 0} and equip X with the
inner product

[g’n]§:a1[£7n]+[£7n}ﬂz V&anejz

It is easy to check that X is a Hilbert space. The continuous inf-sup condition (2.4)
implies

bn, q| o su bn, q|

S _— 2 9] PR et
aeL2(@) o Mlzllalloe, — eeL?@) pemyo) [Mlxllallo.o,

b
> gt osup R
aeL? (1) neH}i(Q) Inll1.elldlloq,

Thus, by [19, Theorem 1.1, p. 114], there exists a unique (Eo,ﬁo) € X x L2()
satisfying

(3.36) (€. M5 + b, Bo] = a1[vo,n] + [ur, M, +0[n.po] Ve X,
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(3.37) bl€y.q) =0  Vqe L*(M).

As &, defined by (2.11) and po constitute an obvious solution to (3.36)—(3.37), we
have

 _ _ 5‘91 = Vo, ~
(3.39) so—eo—{ feTv amd R-m

Similarly, the discrete inf-sup condition (3.29) implies

inf  sup —b[nh’%] > inf sup —b[nh’qh] > C,

aneQt n, exn IMullzllanllon, ~ et m, exr Innlliallanlloq,

so that by [19, Theorem 1.1, p. 114] there exists a unique (& ;,po,n) € X" x QF
satisfying

(3:39)  [&o0.n> Mnlx + b[Mpy o] = a1[vo, my] + [ur, mpla, + 6Ny, pol vn, € X",

(3.40) bl€osn-an] =0 Vg eQ;
moreover, the following error estimate holds:

€0, — &oll% + lPo.n — Pollo.oy

(3.41)

< C(|lmy, — 50”5{"’ llgn — po 0,91) V(M. an) € X" x Q}f-
By setting
(3.42) Vo =&oplo,  and  uin = &oplas,

we see that (3.41) is equivalent to (3.34) and that (3.32)—(3.33) are satisfied. The
uniqueness of the solution (v p,po.n, 1) for (3.32)—(3.33) follows from the unique-
ness of the solution (§ ;,,po,n) for (3.39)-(3.40).

Next, assuming that vo € H™t1(Qy), po € H"(£21), and u; € Ht1(Qy) for some
r € [1,k], we proceed to prove (3.35) by making a particular choice of n;, in (3.34).
Let (Vo,n,Po.n) € X " x Q" be the unique finite element solution of the following Stokes
system on €2y:

al[VO,mZh] + b[zh’po,h] = al[vo,zh] -+ b[Zh,]To] Yz, € X{L n H(l](Ql),
b¥Von,an] =0  Van € QF NL{(D),

Yo,nlr, =0 and [Vo.n,shloTy = [Vo,Shlors  Vsh € XP'ry,

where pg = po— (1/|%]) le po dx. Using the results of [23] concerning error estimates
for the finite element approximations of the Stokes equations with inhomogeneous
boundary conditions, we obtain

1¥o,n = voll1,2, + IPo., — Pollo,o,

(3.43)
< Ch"([vollr+1,0, + IPollr.) < CR™([IVollr+1.0, + [IPollra,)-
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Analogously, let 1, € XJ be the unique finite element solution of the following
elliptic system on 25 with an inhomogeneous boundary condition:

(3.44) VU1 1, VWi]o, = [Vur, Vwy]a, Vwy € XQh N H(l)(Qg),
Uiplr, =0 and [W1 4,shlor, = [W1,snlor, Vs € X%,

Then we have

(3.45) [arn — wifloe, < [Urn — w10, < CR"[Juiffr41,0,-
The assumption volp, = ui|p, implies Vo |r, = Tinlr,, so that the element 7,
defined by

Tinlo, = Vo,n in Qy,
hith Uy, in Qs

satisfies 7, € X". By choosing 1, = 7, and g, = Dy 5, + (1/]4]) Jo, Podx in (3.34)
and using (3.43)—(3.45), we arrive at (3.35). 0

We now derive a strong a priori energy estimate for the auxiliary finite element
solution &,,.

THEOREM 3.8. Assume that f1,vq, {2, ug, and u; satisfy (2.6) and

(3.46)
oif; € L2(0, T; L2()), i = 1,2, vo € H* (), u; € HA(Q), ug € H*(Qy).

Assume further that there exists a pg € H' () such that
(3.47) (pon1 — 1 Vvo - mi)lr, = (p2Vug - n2 + (A2 + p2)(div ug)n2)|r,,

where n; denotes the outward-pointing normal along 0, i = 1,2. Then there exists
a unique solution &, € C([0,T); ¥") for (3.21)~(3.22) with the initial condition €on
defined by

(3.48) €onloy =von and &y pla, =i,

where vo , and uy p, are determined by (3.32)(3.33). Moreover, §,;, satisfies the esti-
mates

2

t
(3.49) ”th%Z(O,T;L?(Q)) + ||£h||%2(O,T;H1(Ql)) + H/ €n(s)ds
: 0 Lo (0,T;H(22))
CT (1112 2 2 2 2
< O (If[72(0,mm2(0)) T+ 1w0llF 0, + Vo1, + [01llg,q, + lIPollo,q,)

and

(3.50)
2

t
'/ 0, (8) ds
0 Lo (0,T;H! (Q22))

2.0, +IVoll3.0, + lIpollf o, + l[will30,)-

10:€n 117 (0. 7:12(02)) + 10:€ 1720, 7011 (1)) +

< CeT (I3 o rar e + 0

Proof. By Theorem 3.1, there exists a unique solution &, € C([0,77; \I'h) for
(3.21)—(3.22) and (3.24). We note that, by virtue of Lemma 3.7, the initial condition
&on € U" satisfies the estimate

1€0.1ll1.02, + 1€ nll0.22 < C(llvo

I, + llpollo.e; + lluillo.e,)-
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Thus (3.49) follows from the last estimate and (3.24).
Defining ¢; = 0;€;, and differentiating (3.21), we obtain that for each ¢ € [0,T]

P110:Crs Mploy + p2(0:Chs i), + a1lCh, My + a2 [/0 Cr(s) dsvnh:|

= p1[0f1, My, + p2(0if2. myla, — a2[€,(0),m,] V€ T

(3.51)

Setting n;, = ¢, (¢) in (3.51) and integrating in ¢, we obtain
(6060 + [ aeuoGueds +az | [ Guoras. [ euoas]

t t
< CUIEA OB + [EB a0 gy + a2 [HO» / ch<s>ds}+ / ICa()]2.0 ds
< (e O ol o)

w50 | [ a@as i@ s + [aRads

so that

GO+ [ a0 €] dt+aa / Culs)ds, / e

o)+ [ 16 ds

Dropping the second and third terms on the left-hand side of (3.52) and then applying
the following version of Gronwall’s inequality [12, p. 625],

(3.52)

CICHOE o + 10E 172 0,712 (0) + 1640

t
(3.53) if r(t) <Ci+ Cg/ 7(s)ds, then r(t) < Cy(1+ Cat)e®?t,
0

we deduce

||Ch(t)H(2),Q < CQCT(||Ch(O)||%,Q + H&h(o)”im + ||atfH%2(o,T;L2(Q)))-
The last estimate and (3.52) yield

t t t
1D g+ / ar[Cu(), Cu(D) df + az [ / Culs)ds, [ Cus) ds]
0 0 0
< CQCT(”Ch(O)Hg,Q + ”atf“%z(O,T;L?(Q)) +1€,.00)[7 ,)-

The term [|€,,(0)]|7 ¢, on the right-hand side of (3.54) can be estimated with the help
of inverse inequalities (3.13), (3.45), and (3.35) with r = 1:

(3.54)

1€, 1.2 < 11€0,n = Trnllgn + [[Wn — wiflre, + [[uifle,

Ellé(m Uy pllo,0, + Chl + [Jai 1,0,
(3.55)
C C
E”éoh u|o,0, + EHUl + Chluil|2,0,
< C(llvoll2.0 + llpollo.e,),
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where W 5, is defined by (3.44). The term ||, (0)[|§ , can be estimated as follows.
Evaluating (3.21) at ¢t = 0, then setting n;, = 9:£,,(0) and using (3.52), we have

[[0:£1,(0), 0:£1,(0)]] = [[£(0), 0:&1,(0)]] — az[uo, 9:£,(0)] — a1[£,(0), 8:£,(0)]
= [[£(0), £, (0)]] — az[uo, 8:€,,(0)] — [9:€,,(0), po] — ar[vo, 9:€,(0)]

— [u1,0:£,,(0)], + [£4(0), 9:£,(0)] o,
= [[£(0), 0:£,,(0)]] + [Aug + V(divug), 8:£,,(0)]e, + [Avo — Vpo, 0:£,,(0)]

+/ (—p2Vug - ng — (A2 + p2)(divug)ng + pony — Vvg - ny) - 9;€,(0) dT’
o

— [u1,0:£,(0)l0, + [£1,(0), 0:£1,(0)] e, -

Applying assumption (3.47) and initial condition (3.32)—(3.33) to the last relation, we
are led to

[[atgh(o)’ atgh(o)“ = Hf(O), 8t£h(0)]] + [AUO + V(le uO)) atéh(o)]ﬂz
+ [AVO — Vbpo, atgh(o)] - [u17 8t£h(0)]92 + [Sh(o)a atsh(o)]ﬂz
< C([I£(0)|[32() + luoll3.q, + Ivoll3 + [[wil3.0, + Ipo

1
+Cléonlie + 510:£4(0), 0:£, (0],

%,Ql)

so that, using (3.55), the last relation simplifies to

10:£1,(0)

Combining (3.54), (3.55), and the last relation, we obtain (3.50). d

Remark 2. The particular choice of the initial condition (3.32)—(3.33) played a
key role in the estimation of [[0:&,,(0), ;& (0)]].

Using relation (3.20) in reverse, i.e., setting uj, = ug j, + f(f &,()|a, ds and vj, =
&0, , we arrive at the following theorem.

THEOREM 3.9. Assume that f1,vo, 2, up, and uy satisfy (2.6) and (3.46). As-
sume further that there exists a pg € H'(Qy) such that (3.47) holds. Then there exists
a unique solution (vi,pn,up) € CL([0,T]; X1 x C([0,T]; Q%) x CH([0,T]; XL) for
(3.14)—~(3.19) with the initial conditions (vop, 1) defined by (3.32)~(3.33). More-

over, (Vi,pr, ) satisfies the estimates

5.0 < CUEIG 0w + 190l3 0, + IVoll3 o, + IlpollT o, + will3q,)-

VAl om0 @0y + 10000 1T 0,722 (002
(3.56) +valiz oz @) T allie 0 260 02))

< CQCT(Hf”QH(o,T;L?(Q)) + [luo

?,92 + HVOH%,Ql + ||PO||(2),Q1 + ||u1||§’92)
and

106Vl e 0,752 (520)) 196 n T e 0 7,2 (20
(3.57) F10evallZz 0.1 0y + 100017 < (0 7011 (00

c
< Ce“T (I3 0, 7:120) + 1wol3 0, + lIvo

2.0, ol o, + i3 ,).
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Recall that Theorem 3.6 stated only the existence and uniqueness of a discrete
pressure pp, satisfying (3.28), (3.27) and (3.14). By virtue of the strong energy esti-
mates (3.57) and the discrete inf-sup conditions, we now can establish an estimate
for pp.

THEOREM 3.10. Assume that f1,vo,f2,ug, and u; satisfy (2.6) and (3.46). As-
sume further that there exists a pg € H'(Qy) such that (3.47) holds. Let (vi, pn,up) €
CH[0,T); X2)x C([0, T); Q) x C1([0, T]; X%) be the solution for (3.14)—(3.19) with the
initial conditions (v p,u1 ) defined by (3.32)—(3.33). Then py, satisfies the estimate

(3.58)

||Ph||2L2(o,T;L2(Ql))
S C@CT(HfH%{l(O’T;LQ(Q)) + HuOH%,Qz + ||v0||§,Q1 + ||p0||%,ﬂ1 + ||u1||§’92>

Proof. We observe that from (3.28) we have

Ipnllzzorizan) < C (101220 71200
t
+ 1122 0.2.02(0)) + 1€nllL20,7:x0) + 11 Jo €n(s) d5||L2(0,T;X1))'

Thus, (3.58) follows from the last relation and energy estimate (3.50) for &,,. |

Remark 3. Note that Theorems 3.8, 3.9, and 3.10 require the specification of an
initial pressure py and the initial interface stress condition (3.47). From a physical
point of view, these requirements are entirely reasonable.

4. The convergence of finite element solutions and error estimates.
Having proved the existence of finite element solutions (v, ps, uy) for problem (3.14)—
(3.19) and (3.32)—(3.33), we now prove the convergence of the finite element solutions
and derive error estimates.

4.1. The convergence of finite element solutions. We first consider the
convergence of the finite element approximations.

THEOREM 4.1. Assume that f1,vo, fa, ug, and u; satisfy (2.6) and (3.46) and that
there exists a po € H*(Q1) such that (3.47) holds. Let (vy,,pn,us) € CH([0,T]; XT) x
C([0,T); Q%) x C*([0,T); X%) be the unique solution of (3.14)~(3.19) with the initial
conditions (vo,p,u1,) defined by (3.32)—(3.33). Assume further that the finite ele-
ment meshes are nested, i.e., that the triangulation T"2(Q) is a refinement of the
triangulation T" (Q) whenever hy < hy. Then, there exists a unique (v,p,u) such
that

vV € LOO(O,T‘7 LZ(Q1)> N LQ(O,T, )(1)7
@1)  { Bv e Lo(0, T L2 () N L0, T; Xy),  p € L2(0,T; L2()),

ue L>0,T;X2), 0Omue L>®(0,T;X2), Ouuc L®0,T;L3(Qs)),
(4.2) vi, —v in L*(0,T; X,), v, v in L0, T; L2 (),

(4.3) Ovy, — Ov in L>=(0,T; L2()), Opvi, — Ov in L*(0,T; X1),
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(4.4) u, —u in L>(0,T; Xy),

(4.5) oy, = dyu in L>(0, T L3()), duy, = du in L>(0,T; X2),

(46) attllh = 8ttll i L (0, T, L2(QQ)),
and
(4.7) p" —p  weakly in L*(0,T; L*(Q1)).

Furthermore, (v,p,u) satisfies (3.3)—(3.6) and the estimates

HVH%W(O,T;L%Ql)) + ||atu||%°°(0,T;L2(Qg))
(4.8) HIVIZ2 0,18 (1)) + 10llTe (07001 (0

< Ce“T(IE1Z2 0 7:n2(0) + o]

5.0, T IVol3.0, + Ipolliq, + will3.0,)
and

106V 1700 (0,712 00y + 106V E 20 b1 (2 T+ IPIZ 20722000 )

(4.9) 1001 o (0,712 02y T 1000l (0. 7511 (0

< CGCT(”f”%Il(O,T;Lz(Q)) + ||110||§,Q2 + ||V0H§,Q1 + [lpo %,Ql + Hu1||§,92).

Proof. We have that {(vp, pn, up)} satisfies the estimates (3.56)—(3.57) and (3.58).
Using these estimates, we may extract a subsequence {(vp, ,pn,,,un, )} of {(Va,pn,up)},
with {h,} decreasing to 0 as n — oo, such that (4.2)—(4.7) hold for the subsequence
{(Vh, ,Pn,,up,)} for a (v,p,u) satisfying (4.1).

Equation (3.17) holds for h = h,,, and thus, by passing to the limit as n — oo in
that equation, we obtain (3.6). Also, u(0) = uy trivially holds.

To prove that (v,p,u) satisfies (3.3) we begin from (3.14) with h = h,. We
arbitrarily fix an integer N and a function n € C'([0,T]; X"¥). For each n > N
we obtain from (3.14) and the nesting assumption on the triangulation family 7"(Q)
that

(4.10)

T
/ (pl [achn 3 77]91 + a1 [th 5 77] + b[n7phn] + P2 [attuhna Tl}Qg + ag [uhn P 77]) dt
0
T
= / (Pl[flyn]szl + Pz[f%n]m) dt.
0

Passing to the limit as n — oo, we find

T
/0 (pl [atva 7”91 + a’l[va I’ﬂ + b[nap] + pQ[attua 7”92 + 0’2[117 TI]) dt
(4.11)

T
:/ (Pl[fh?’l]ﬂl +P2[f2777]ﬂ2) dt.
0
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Equality (4.11) then holds for all n € L?(0,T;H{(Q)), as U,y C([0,T]; X"=) is
dense in L2(0,T;H}(Q)) for the L2(0,T; H}(£2)) norm. Hence,

P1 [8tv7 T’]Ql +a; [V, T’] + b[’rhp} + p2 [attu7 T’]Qz + az [u7 77]
= pl[flan}ﬂl + pQ[f23””QZ Vn e H(IJ(Q)a a.e. t,
which is precisely (3.3).
From (3.15) we obtain

T
/ b[vh,,qlds =0
0

for all ¢ € L?(0,T; Q}fN) and all n > N. Passing to the limit as n — oo leads us to

(4.12) /0 blv,q]ds =0

for all ¢ € L*(0,T; Q]fN). Using the denseness (with respect to the L2(0,T; L?(£;))
norm) of 2%  L2(0,T; Q%) in L2(0,T;L?(€)), we see that (4.12) holds for all
q € L*(0,T; L?(Q4)). In particular, this implies (3.4).

To verify the initial condition (3.5) we first note that the regularity results (4.1)
imply that v € C([0,T]; L2(21)) N C([0,T; X1), u € C([0,T]; L*(Q2)) N C([0, T; X2),
and dyu € C([0,T]; L?(2s)). For each n € C*([0,T]; H{(2)) with n(T") = 0 we obtain,
from (4.11), by integration by parts that

T
/0 ( — p1lv,0mla, — p2[0u, Oimla, + a1[v,n] + b[n,p] + az(u, 77]) dt
(4.13)

T
- / [, ) dt + pa[v(0), n(O)]e, + palBr(0), 7(0)]es-

On the other hand, from (4.10), we deduce that for all n € C*([0,7]; X"~) and all
n>N,

T
/ ( — P1[Vh,, Omla, — p2[0ian,, Omla,
0

(4.14) + a1[vh,,n] + b0, pr,] + az[up,, n]) di

- / [, )} dt + pa[vi, (0), 1O, + palrun, (0), 7(0)]a-

Holding N fixed and passing to the limit as n — oo in (4.14) and utilizing (3.35), we
arrive at

/O ( — p1lv,0mla, — p2[0u, 0o, + a1[v, ] + b[n, p] + as(u, 77]) dt
(4.15)

- / [, )} dt + pr[vo, n(O)]a, + polur, n(0)]a,

for all n € C1([0,T]; X"). Comparing (4.13) and (4.15), we obtain

(4.16) p1[v(0) = vo,m(0)la, + p2[0:u(0) — w1, n(0)]o, =0
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for all n(0) € X"~ . Since |Jo7 y X" is dense in L?(Q) for the L?(2) norm, we derive
v(0) =vo in L*() and  9;u(0) =u; in L*(Qy).

To check u(0) = uy we first note that with regularity (4.1) we are justified to
write

(4.17) u=u(0)+ /0 dru(s) ds.

From the compact embedding H'(0,T; B) << L?(0,T; B) for any Banach space B
and the weak convergence (4.2)—(4.5) we deduce that for a further subsequence h,,,
we have

dap, — dpu in L0, T;L%(Q)) and up, —u in L*(0,T;L%(Q2)),

so that, passing to the limit in the relation

t
up, = U, +/ Orup,, (s) ds
0

and noting that [|ug,, — uollo,0, — 0 as h — 0, we obtain

t
(4.18) u=ug+ / dru(s) ds.
0

A comparison of (4.17) and (4.18) yields u(0) = u.

Hence we have verified that (v, p, u) satisfies (3.1)—(3.6). Of course, (v, u) is also
a solution for (2.7)—(2.10), so that, by Theorem 2.2, (v,u) is the unique solution of
(2.7)—(2.10) and estimate (4.8) holds. Then, by Theorem 2.3, we obtain the uniqueness
of p. Estimate (4.9) follows from (3.57) and (3.58).

Finally, it follows from the uniqueness of the limit (v, p,u) that the entire family
of finite element solutions (v, pr, up) satisfies (4.2)—(4.7) as h — 0. ad

We also have the following strong convergence, the proof of which is contained in
that of Theorem 4.1.

COROLLARY 4.2. Assume that all hypotheses of Theorem 4.1 hold. Then

v, — v in L*(0,T;L2()), u, —u in L*(0,T; Xz)
and
oy, — O in L2(0,T; L2(Q2)).

4.2. Error estimates for finite element approximations. We will estimate
the error between the continuous solution defined by (3.3)—(3.6) and the finite element
solution defined by (3.14)—(3.19) and (3.32)—(3.33). To this end we introduce the
weighted L2(Q2) projection operator onto the discretely divergence-free space oh,
(" is discretely divergence-free in €;.)

The projection operator P" : L2(Q) — ®" with respect to the weighted L2()
inner product is defined as follows: for every nn € L2(Q), P'n € W" is the solution of

(4.19) [P'n.2"] = [n,2"]]  vz"e¥"
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Note that the definition of ¥" implies
(4.20) bP'n,¢" =0  Vq" Q.
We assume that the domains €7 and Qg satisfy the following regularity assump-

tions.
Hypothesis (H1). The problem

(v.p) € Hy() x L§(),
(4.21) [VV,Vz]q, +bz,p] = [fi,2la, Vz € H}(Q),
bv,q] =0  Vge L*(h)

is H2~! regular for an ¢; € (0,1); i.e., for every fi € L2(Q;), the solution (v,7)
to problem (4.21) belongs to H2~(Qy) x H'™“(Qy), —pn; + (VV + Vv )n; €
H'/2=<(Iy), and

1VIlez—<1 (y) + 1Pl 1< (o) | = Poa + (VV + Vv )01 /2-e .10 < Clifillo,0;-

Hypothesis (H2). The problem

{ ue Hj(M)),

(4.22) )
[Vﬁa vw]ﬂl = [f27w]91 Vw e H(l)(QQ)

is H27% regular for an e; € (0,1); i.e., for every fo € L?(), the solution @ to

problem (4.22) belongs to H2~2(), Vi - ny € HY/27(T), and

[0l r2—c2 () VT 02]1/2— e, 1 < Cllf2l0,02,-

Remark 4. Hypotheses (H1)—(H2) are simply equivalent to angle conditions on €2
and 5 owing to the well-known regularity results on polygonal domains for boundary
value problems (4.21) and (4.22); see [24] and [19]. In particular, if both €, and Qs
are convex (in which case T'g is necessarily a straight line), then €; and e; can be
chosen arbitrarily small.

Under Hypotheses (H1)—(H2), we may prove the following error estimates for the
projection operator P":

wagy NP e < Ol + Gl a)
VEeEW  with ¢lo, € H™Y(Q,), i=1,2,r€]0,k]

and

way 16T P elba < ONET Rl ian +Cleinan)

VCEW  with ¢

o, € HL(Q,), i=1,2,r €[0,k].

The proof of (4.23)—(4.24) will be given in the appendix, Theorem A.3.

Now we prove the following error estimates for the semidiscrete finite element
approximations of the fluid-solid interaction problem.

THEOREM 4.3. Assume that f1,vo, f2, ug, and uy satisfy (2.6) and (3.46) and that
there exists a pg € H'(Qy) such that (3.47) holds. Assume also that (H1)—(H2) hold.



24 Q. DU, M. D. GUNZBURGER, L. S. HOU, AND J. LEE

Let (v,p,u) be the solution of (3.1)~(3.6), and (vi,pn,up) be the solution of (3.14)-
(3.19) and (3.32)—(3.33). Assume that for some r € [1,k], v € L*(0,T; H"+1(y)),
ov € L?(0,T;H1(Qy)), p € L?(0,T; H" (1)), du € L?(0,T; H 1(Qy)), dyu €
LQ(O,T;HT_I(QQ)), Vo € HT—H(Ql), u; € HT—H(QQ), ug € HT—H(QQ), and py €
H" (). Then,

V() = va@ll5.0, + IV = VallZ20mx,)
+ [00u(t) — ()3 q, + lult) —un®)]fq,
(4.25) < Ce“TRY ([VollZii 0, + lwilliis 0, + 100llii 0, + Pollf 0,
+ HpH%?(O,T;HT(Ql))) + CeCThQ(T_G)(HV||2L2(0,T;HT+1(91))
+ ”ut”%Q(O,T;HT“(Qz)) + ”atVH%Z(O,T;HT*l(Ql)) + ||8ttu‘|%2(0,T;H7‘*1(Qz)))

for allt €10,T7.

Proof. Let € and &, be defined by (2.11) and (3.20), respectively. We set v, (t) =
(PH&(t)]la, and W (t) = [PPE(0)]|o,.

By subtracting (3.14)—(3.15) from the corresponding equations of (3.3)—(3.4), we
obtain the following “orthogonality conditions”:

P10V — Oyvi, ], + by, p — pr] + ar[v — vi, )
(4.26)

+ paug — Orean, My, + azlu—uy,m,] =0 vV, € X", ae. t,

(4.27) b[v —vp,qn] =0 Vg, € Q", ae. t.
By adding/subtracting terms and using (4.26)—(4.27), we deduce that
1[0V, — Oevi, v — Vipla, + a1[v — v, v — V]
+ p2[0uu — Oy, Opu — pup]a, + azlu — up, Gu — uy)
= p1[0v — OV, V — Vi]a, +a1[V — Vi, v — Vp]
+ p2[0iu — Oy, Opu — Wi, + az[u — up, Opu — Wy
— b[Vi = Vh,p — pn| + p1[0sv — Orvi, Vi — Vi]a,
(4.28)
+ a1[v = Vi,V = Vi + p2[0u — Oppan, Wi — Opupa,
+ aslu —up, Wy, — dpup] + [V, — Vi, p — pal
= p1[0sv — OpVh, v — Vi), + a1[Vv — Vi, v — V]
+ p2[0iu — Opup, Oru — Wi, + az[u — up, Opu — Wy
+0[vh = Vi, P — pnl-

By the definition of v}, and (4.20), we obtain

(4.29) b[Vi(t),pn] = b[P"E(t), pn] = 0 = b[P"E(L), qn] = b[Va(t), an] Yan € QY.
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Utilizing (3.15), we have
(4.30) b[vi(t),pn] =0 ="b[va(t),qn]  Van € QF.
Additionally,

P10V — OV, vV — V], + p2[0uu — Opuy, Oiu — Wlg,

= [[0:£(t) — 0:£,, (), £(t) — PE(1)]] = [[0:€(1), &(t) — P E(1)]

(4.31) = [[0:£(t) — 0P (1), &(1) — P"E(1)]]
- % %[[sa) - PE(1).&(t) — PME)]]
P1 d ~ ,02
=S —lv- + 5 2 10 = Wulg g,

Combining (4.28)—(4.31), we deduce that for all g, € L%(0,T; Q%)

d
%@HV—VILH%,@ talv-viv-vil+ 2 2 dtHaﬁu Ol
1d
+§dt 2[ uh;u_uh}
_pnd S 112 v )
=5 IV =Tl + iy vy =%+ 5 Lo = Wl

+ az[u —up, Gpu — Vvh} +0[vh — Vi, p — qn]

P1 d ~ ]fl ~
< 5@”" G+ ZHV(t) —vi(t)F.q, + ClIv(t) = Va(t)]T g,
p2 d ~ ~
+ 5@”@11 —Will§.q, + [u(t) = un(t)]3 o, + Cllowu(t) — wWi(t)|I3 o,

k1

+Clv(t) = Va0, + 1 IVE) = v,

+Clip(t) — anllg -

Applying (2.2)—(2.3) to the last relation and integrating in ¢, we obtain

(4.32)

prllv(t) = Va5, + F1llV = Vall72 0.0 1))
+ p2(|0pu(t) = deun(®)[5 0, + [u(t) —un(®)li g,
< C(HV(O) —voulda, + 10:a(0) = uillf o, + o — uolli o,

+ 1€ — P&l (to) — th(to)”g,nl + 1€ - thf”%z(o,T;Hl(Q))

t
o=l rsan) + [ 1006~ w9l ods

for all g, € L?(0,T;Q}), where to € [0, 7] is such that

I&(t0) = P&(t0) 0 = maxe () ~ P ¢(0) 30

25
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The error estimate (3.34) yields

Vo = voullg.q, + lu — i nllf g,
(4.33) ) ) ) )
= Ch™([Ivollrs1,0, + lwillii1,0, + [IPollra,)-

Equation (3.19) and the approximation properties imply

(4.34) HUO — Uo,h

‘%,Qz S Ch2r|‘u0||’?‘+1,91 .

Also, by virtue of (4.24), we have

1€(to) — P E(to) 5 o < C’l%’ze(llv(to)l

20, + loato) 12, )
(4.35) < ChQT’_QE(||V||2L2(0,T;Hr+1(91)) + ||6tv||%2([)7T;HT*1(Ql))
+[ullfz o 74100 T ”atu”%ﬁ(O,T;HT*l(Qg)))'
Thus, utilizing (4.33)—(4.35), (4.23), and (3.9), we may simplify (4.32) to
pillv(t) = Va5 .o, + F1llV = Vall72 0,08 1))

+ pal|Opu(t) — dun (B3 0, + lu(t) —un ()7 o,

< CR¥ (IvolZn, + 0121 0, + Ipol20, + [0l12 0,

(4.36) r2e
+ ||p||%2<o,T;Hr<m))) 1 Op2r-2 (HV||2L2(07T;HT+1(91))

H10evlI72 0, mam-1 (00 + 1l Z2 0 1011 (020))

t
+ ||8tu||i2(O,T;H7‘*1((l2))> +/0 Hu(s) - uh(s)”iﬂzds'

By dropping the first three terms on the left-hand side of (4.36) and applying the
Gronwall’s inequality (3.53), we obtain

C
[u(t) = un(®)IF o, < Ce“Th* [HVoII?H,gl +llul? o,

+ Ipol2 0, + Nol212.0, + Ipl3 0,100
(4.37)

+ CeCTh2T_26<||VH%2(O,T;HT+1(91)) 100911720, 7:587-1 00

+ ||11||2L2(0,T;Hr+1(92)) + ||3tu\|i2(o,T;Hv~fl(Qz))>-

Hence, (4.25) follows from (4.36)—(4.37). o

Appendix. Error estimates for the weighted L? projection onto W", The
objective of this subsection is to prove error estimates (4.23)—(4.24) for the weighted
L? projection operator P defined by (4.19).

We introduce an operator S” : ® — " as follows. For each ¢ € ¥ ¢ H}(),

L[ G o,
(A1) S = .
Cop  in Qo
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where ¢, ;, € X} together with some o), € Q! is the finite element solution of
a1[C1 . 2zn] + bz, on) = [Czn]  Vzn € X NH(Q),
bCinan] =0 Van € QN L),
Cinle, =0 and  [¢y . sulor, = [Cshlor, Vsn € XPn,,
and C, ), € X7 is the finite element solution of
[VCapn, VWhla, = [V, Vwyla, Ywy, € X8 NnH(Q),
{ Conlra =0 and (¢ .8ulor, = [Csnlor,  Vsn € X r,.

Evidently, ¢, ,|r, = Ca.4|r,, so that S"¢ defined by (A.1) indeed satisfies S"¢ € v

Using the results of [23, 25] concerning error estimates for the finite element
approximations of the Stokes equations (noting that div {|q, = 0) with inhomogeneous
boundary conditions, we obtain

(A.2) €1 = Cllre < CRIIClrr10,  if Clo, € HTH ().

Furthermore, under assumption (H1), we may adapt straightforwardly the proof in
[23] for an Aubin-Nitsche-type result to obtain

(A.3) 1610 = €Cllog, < CRIT ¢y — <]

1,9
Likewise,
(A.4) 1620 = Cll, < ChT|IClls1.0, i Clo, € H™(20),
and, under assumption (H2),
(A.5) €2 — Clloa, < Ch'= 1€a.n — Cll1,0,

To summarize, we have the following results.
PROPOSITION A.1. If{ € ¥ and ¢|o, € H™ () (i = 1,2) for some r € [0, k],
then

(A.6) 15"¢ = ¢l < CR™([¢llr+1.00 + 1€llr+1.0)-
If, in addition, assumptions (H1)—(H2) hold, then

(A7) 18"¢ — ¢llo.a < Ch¢|8"¢ — ¢ .0,

where € = max{ey, €2}

The following proposition establishes relationships between approximation prop-
erties for the operator P" and those for the operator S".

PROPOSITION A.2. Assume that (H1)—(H2) hold. Then,

(A.8) I =P ¢le < Ch ¢ = S"¢Clhe V(e

Proof. Let ¢ € ¥ be given. The best approximation property of a projection
operator implies that

(A.9) 1€ = P"Cllo.e < I5"¢ = Cllo.0-



28

Q. DU, M. D. GUNZBURGER, L. S. HOU, AND J. LEE

Using the triangle inequality, the inverse inequality (3.13), and inequality (A.9), we
deduce that

1€ = P"¢lhe < 11— "¢l + 18"¢ = P'¢ e

< [I¢ —8"¢|

C
1o+ ﬁHShC = P"¢llo.0

C C
<< — ShC\ 1,0+ EHC - PhC| 0,0+ ﬁ”ShC —Clloo

C
<<~ ShC\ 1,0+ ﬁIIS”C —Cllo,o-

Thus, (A.8) follows from the last inequality and (A.7). d

Finally, as obvious consequences of (A.8) and (A.6)—(A.7), we obtain the following
error estimates for ¢ — P"¢:

THEOREM A.3. Assume that (H1)-(H2) hold. Then the operator P" satisfies the
error estimates (4.23) and (4.24).

M.

[olw
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