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Abstract

We consider the three waves interaction system and its linearization (the “pump-wave approxima-
tion”). We give some estimates on the semigroup as well as stability or instability results for the linearized
problem in suitable norms. We work in the whole space and with periodic boundary condition, and our
analysis relies on energy estimates and not on the complete integrability of the system.

Key-words: three waves interaction equations, pump-wave approximation, stability, eigenvalue, semigroup.
MSC (2010): 35Q99, 35F05, 35F20.

1 The three waves interaction equations
In this paper, we consider the three waves interaction system in dimension d
O, A1 +vy - VA +i01A3A5 =0
O Az +vo - VA +iogAzA; =0 (TWI)
01 Az + v - VA +io3 A1 A = 0.

The amplitudes A, are complex-valued, the speeds v, are fixed vectors in R%, and the coupling constants o,
are real-valued. To take into account a domain with periodic condition or in the whole space, the system

(TWTI) will be posed in
d

0= = [[R/(27A;2),

j=1

with A = (A;)1<;<a € (0,+0c]? and the convention that R/(27A;Z) = R if A; = +oo.

The system (TWI) appears in various areas of physics: plasma physics, fluid mechanics, optics, acoustics,
mechanical or electrical oscillations... We refer, for instance, to the book [6] and to the paper [8]. One classical
way to derive the system (TWI) is as follows. Consider a scalar wave equation with quadratic nonlinearity

Ou+ Qu+ R(u*) =0 (1)

(for example the KdV equation, the KP equation... but this can be extended to systems). The operators
Q and R are pseudo-differential operators of symbol iQ = iQ(k) € iR and iR = iR(k) € iR respectively,
and the dispersion relation for the linearized equation is w = Q(k). If some wave numbers (k1, k2, k3) form
a resonant triad, i.e.

k1+k2+k310, w1 +CU2+W3:O, with ngQ(kg), 61172,3,



we can search for a solution u = u(t,x) of the wave equation (1) which is the sum of three wave packets of
small amplitude with these resonant wave numbers (ki, k2, k3) and slowly modulated. More precisely, u is
assumed to have an expansion of the form
3
u(t,x) =¢ Z Ag(t = etz = ex)e!Fex=wet) 4 ce 4 O(e?).
=1

Notice that the lengthscale of the modulation is of the same order as the typical packet amplitude. Collecting
the terms of order £2 and cancelling out the secular terms, we infer that, on a formal level, A;, Ay, Az satisfy
(on the scales (t = et,z = ex)), the system (TWI), with v, = VQ(k¢) (the velocity group for the wave
number k) and (real-valued) coefficients o, = R(k¢) depending on the operator R. In optics, for instance,
the time coordinate can be a space coordinate.

For the system (TWI), the so-called Manley-Rowe relations give conserved quantities:

D ol A2 — g A2 da — i/ o1 | A2 — oy Ay da = i/ ool Ar? — o[ A2 dz = 0. (2)
dt Jq dt Jq dt Jq

Actually, a Lax pair can be found for the system (TWI) (see [13] for d = 1, [12] for d = 2 and [14] for d = 3)
thus is a completely integrable system for which inverse scattering can be used. Therefore, there exists an
infinite sequence of (formally) conserved quantities (see [1], [7]). Notice however that they do not give H®
bounds uniform in time (as for the KdV equation for instance). Furthermore, explicit soliton solutions can
be computed, and blow-up can occur in finite time (under some conditions on the parameters, see [13]). One
can also focus on solutions depending only on time or on space (we get a system of ODE’s). In order to
use inverse scattering, we have to work with data and solutions sufficiently smooth and strongly localized in
space. In the physical literature, characteristic functions are of frequent use. The inverse scattering has been
well developed when € is the whole space R%, but is always more difficult in the periodic setting. The paper
[3] deals rigorously with the inverse scattering problem in the Schwartz space on the line. It is restricted to
“generic data”, but this fact has been removed in [15]. In general, it is not always clear in which functional
spaces the data and the solution are, since the solution obtained by inverse scattering can lie in a space
larger than the one used for the initial data. The paper [16] clarifies this point for data in Sobolev spaces
with weight W52 defined below. In this paper, we shall work in L” and Sobolev spaces and shall not use
inverse scattering techniques.

1.1 A well-posedness result

We denote J = {1 < j <d, A; = 400} and, for € RY, 27 = (z;);es € R7 C R%. We define for s,
m € N and 1 < p < oo the Sobolev space with weight

Wi (@) = {1 € W (Q), (1L+ |27 2)2) € L)},
equipped with the natural norm
_ J12ym/2
17 lwsm iy = 1 Doy + 1+ 127225 1
The space W;? is then the standard Sobolev space W*P. For s > d/p, W5P(Q2) is an algebra, and
Vf7g E W'svjp(QL Hfg”an’p(Q) S C(Sﬂp) Q)Hf”an,’p(Q)”gHan’p(Q) (3)

Furthermore, it follows from interpolation theory (see [10]) and Sobolev embedding that if K € N, s > k+d/p
and f € W5P(Q), then (1 + |27 |#)V*f € Cp(Q2) for 0 < u < m(1 —d/(p(s —k))). As a consequence, one has

N War(@) = 7(9), (4)

s,meN

where the Schwartz space .(2) is defined as the set of complex valued functions f, smooth and such that
for any o € N¢ and p € N,
(1 + [27[")07 f € Co(9),
endowed with the usual topology. The intersection (4) has to be understood with the induced topology.
The Cauchy problem for (TWI) is locally well-posed in the spaces W35P(§2) as well as in the Schwartz
space, where inverse scattering can be used.



Proposition 1 We fir s € N, 1 < p < co and m € N, with s > d/p. Then, for any initial data A™ =
(Aln Aln ANy € WP (Q), there exists a unique mazimal solution A = (A, Ag, A3) € C([0,T*), WP(Q)) to
(TWI). Moreover, T* does not depend on s provided s > d/p. Finally, for some constant ¢ > 0 depending

on p, Q and (ve,00)1<0<3, there holds
A p—
- ||A1n

WP (Q)

Consequently, the Cauchy problem for (TWI) is locally well-posed in the Schwartz space ().

Proof. We just write (TWI) under the form

Aft,2) = (Aelt,2))irs = (AP (@ — tvg) — oy /0 ApAp(r—(t-7)v0) dr)

1<0<3

where {¢,¢,¢"} = {1,2,3}. Using the fact that WP (Q) is an algebra, the easy estimate

H /t Ap Api(r,x — (t = 7)ve) dT” < Ct sup |A(r
0

]
WP () 0<r<t m ()

allows to prove by a standard fixed point argument the local well-posedness of (TWTI), with the lower bound
for T*. Since T™* does not depend on s > d/2, the result in the Schwartz space follows directly from (4). A

If we want to work with data having a certain decay at infinity given by some weight @ : R7 — R (for
instance an exponential decay and w(y) = ¥l for y € R’ and some fixed 7y > 0), we may define

WEP(Q) = {f e WoP(Q), w(z’)f € LP(Q)},

endowed with the natural norm, which is also an algebra (satisfying an estimate like (3)) for s > d/p. The
above result also holds for W2P(Q) (and if f € WP(Q2), s > k + d/p, with s, k € N, then @tV*f € C,(Q)
i£0 < < 1— d/(p(s — k).

1.2 The linearized problem and stability /instability results by inverse scatter-
ing

We shall focus in the sequel on the linearized problem when A; and As are small compared to As, that is
O AL+ v1- VA +io1 Ay Az =0
Op Ay + vy - VAg +iog A3 A =0
0:As +v3-VA3 =0.

Working in the frame moving with the speed vs, replacing Ay by Ay and iAs by As, we are led to

8,5141 + vy - VAl + 0'1143142 =0

_ ()
8tA2 + v - VAQ + O'2A3A1 = 07

where (v1,v9) = (v1 —v3, va—v3) and where A3 = Az(x) is a given function independent of time. The datum
As is called the pump-wave and (5) the pump-wave approximation. For the system (5), the Manley-Rowe

identity (2) becomes
d
df 0'2|A1‘2—(71|A2|2 dr =0. (6)
tJa
This suggests that the solution (A1, A2) = (0,0) is stable for (5) if o102 < 0, which is what is expected from
inverse scattering (see [6], [8]). Note that the inverse scattering problem for the linearized system (5) is

A1 +v1 - Vi + 019243 =0

B (7)
iAo + vg - Vipo + 0211 Az = 0,



which is exactly the system we obtain when applying Fourier transform in time for (5), with A the dual
variable of ¢ (hence expected real). Here, we consider only bounded eigenvectors. For the inverse scattering
point of view, (forward in time) stability for (5) means that (7) has no nontrivial solution with Im(\) < 0
and (forward in time) instability that (7) has at least one nontrivial solution with Im(A) < 0. For o102 > 0,
the situation is more delicate. In dimension d = 1, with = R at least, it is expected (see [8], [6]) that when

v < 0,

that is if among the original speeds vy, va, v3, A3 is associated to the middle one, then if one takes A3z as the
soliton of (TWI), there is linear instability for (5). This instability leads, for the original system (TWI), to
the creation of two solitons, with respective speeds vi and v, whereas the soliton Az disappears (this is called
“decay instability”). This result of soliton exchange interaction is classical (see [8], [4]), and is supported by
experiments and numerical simulation (see [2]). We would like to point out that the unstable eigenvalues
appear in the scattering problem as zeros or poles of some holomorphic functions, and come from numerical
studies or asymptotic expansions in some particular regimes. More generally, the decay instability happens
each time Ajz is not too small so that the two solitons can appear. The quantities

9192 ‘/Ag dx‘ and 9192 /|A3\ dx,
|u1vs] R lviva] Jr

called the area and the absolute area, are proportional to an upper bound for the possible number of solitons
contained in the solution of (TWI) with initial data (A; ~ 0, A3 =~ 0, A3). Thus, a smallness hypothesis

0102

/]R|A3| dr < c, (8)

[v1va|

for some absolute positive constant ¢, prevents the formation of solitons. In [4] and [8], one can find various
sharp or sufficient conditions (when € = R) on stability in the case o102 > 0 and v1v2 < 0 (they depend
on the specific regime of interest), for instance ¢ = 7/2 is necessary and sufficient (for a real-valued function
Asz, which never vanishes) in the WKB approximation, that is for a slowly varying amplitude A3, and in the
general case ¢ ~ 0.903 is sufficient. In the case

vivg > 0,

this phenomenon can not occur: solitons can not be created in A; or A;. However, the question of stability
for (5) if vyve > 0 is then not very clear: the absence of solitons only means (by inverse scattering) that (5)
has no eigenvalue in the half-space {Im < 0}. Let us emphasize once again that all these results hold for
strongly localized in space data (notice that the condition (8) requires Az € L!(R) for example).

As already mentioned, the inverse scattering point of view give precise qualitative information, but the
absence of clear functional spaces makes the statements of stability /instability results quite delicate. For
the same reason, they do not give estimates for the growth of solutions in the unstable cases. Furthermore,
the inverse scattering approach is not adapted to perturbation. Our aim in this paper is to determine, in
each case, an LP or Sobolev norm in which stability or instability occurs for (5). For a given equation
like (1), where the (TWI) system arises through asymptotic expansions, the resonant set is often compact
(i.e. the resonant triads are bounded). Therefore, we hope that our results can help for stating and proving
stability /instability results (in an adapted LP type space) for this original problem without inverse scattering.
Indeed, since the functions involved in (TWI) will have only low frequencies, a control in any (reasonable)
norm (like L, L? or L* norms) is acceptable.

1.3 Statement of the results

We first note that if s, m € N are given, the initial value problem (5) is well-posed in the spaces W;5P(Q2)
provided Az € W*°°(Q). In what follows, ¥, A" will denote the solution A = (A;, A3) at time ¢ > 0 of (5)
with initial datum A™ = (A", A"). The space LP(£2,C?) is endowed with the norm |F = (Fy, Fb)|r» =
max(|Fi|ze, [F2] ).

The results for (5) below depend whether the map Az has only Sobolev regularity, that is A3 € W*P(Q),
which is a first natural context, or Az is strongly localized in space (As € W35P(Q)) with m sufficiently large),
which is natural in order to use inverse scattering. The results below concern different cases which are far



from being disjoint. It will be convenient in the following to distinguish the two cases

(Cper) Aj < oo for any 1 < j < d such that (vq); # 0 or (v2); # 0,

(Cinf) Aj = oo for any 1 < j < d such that (v1); # 0 or (va); # 0,

which correspond to cases where we have periodic conditions all or none of the directions of Span(vy,vs).
The case o102 = 0 as well as the cases v1 = 0 and/or va = 0 are degenerate, and will be studied in the

end of the section. When v = w9, only one speed of propagation is involved and explicit computations can

be carried out. Moreover, if A3 = 0, then ¥, is trivially unitary in all the spaces W*P(Q). The proofs are

given in the next section.

Localized data remain localized. First, we state a result when A3 and the initial data A™ = (A", Al)
are sufficiently localized in space, then the solution (A, As) of (5) remains localized in space for positive
times. However, since we work for large times, we have to take into account the transport terms in (5) with
speeds v, and vs. Therefore, we denote

= {alvi]—FaQU‘ZI, a1 >0, ax>0, a3+ay<1}
the convex hull of 0, v{, v§ and in R/; and set for ¢t > 0 and = €
Dy(z) = dist(z”, tT).
Then, we have
Proposition 2 We assume vy # 0, vo # 0 and that, for some v > 1, Az verifies
(1+ |z7") Az € L>=(Q).

Then, there exists C > 0 and R > 1, depending only on oy, oo, v1, ve, v and |(1 + |27 V) A3|e0, such that
for any 1 > 0 and any initial data A™ = (AP, AP) such that

(1+ a1 A™ € L=(Q),

there holds, fort > 0, ) )
ID (2)ZeA™ [ L (1> ry) < CI(L A+ |27 ) A oo 0.

The stable case o102 < 0. From the conservation laws (6), it follows rather immediately:

Proposition 3 We assume o102 < 0 and fir s € N. If A3 € W>(Q), then there exists C > 0, depending
on As, s, o1, oo (but not on vy and vy) such that for t > 0,

1= S CA+89).

.- 0

For functions depending only on time (hence in the periodic setting and with As constant), the term ¢°
is useless. However, it can not be removed in general, as shown by the simple example where v; = v, =0
(recall that the constant C' does not depend on the speeds v; and vs3), in which case (5) becomes

O0tA1 +01A2A3 =0

_ (9)
6,5142 + O'QAgAl = 0,

thus
Aq(t,z) = ax) cos(ty/|o10a| |As|(x)) + B(x) sin(ty/|o102] |As|(x))

and the estimate of Proposition 3 is optimal. Nevertheless, the case v; = vy = 0 is very degenerate, since all
the speeds are equal. However, in dimension d > 3, we can argue analogously in case (Cper) with functions
(A1, A2) depending only on coordinates orthogonal to Span(vq,vs) (and compactly supported) to deduce
the optimality of the estimate in Proposition 3. This is also possible if d = 2 and the speeds vy, vy are
collinear (still in case (Cper)). The secular term ¢ means that in general, oscillations in time are expected.
We do not know whether the estimate of Proposition 3 is optimal in the other cases for d > 2. However,
in the one dimensional case, one can always improve the above result by showing stability in all the spaces
H?*(Q), provided the speeds v; and vy are nonzero.



Proposition 4 Let d = 1, fiz s € N and assume that o109 < 0, that A3 € W5 (Q) and that v # 0 and
vy # 0. Then, there exists C > 0, depending on s, Az, ), v1, va, 01 and o2, such that, fort > 0,

<C.

th”iﬁu¥%9» =

In the above Proposition, the constant C' depends on Az through some eigenvalue problem. It is clear
from these results that when o109 < 0, the scattering problem (7) has, as expected, no eigenvalue in {Im < 0}
if we require the corresponding eigenvector to belong to L2(2).

The case of small and localized data. We now consider strongly localized in space data, with a smallness
assumption, in the spirit of (8). Then, stability is expected for (5). Note however that the result below is
not restricted to the unstable situation oy05 > 0. The hypothesis below on Az are natural when one writes
(5) under the Duhamel form

Al(t,x) = Alln(il,' — t’Ul) — JlA AQ(T,(E — (t — T)’Ul)Ag(ZL' — (t — ’T)’Ul) dr
(10)
Ag(t,x) = Al (2 — tug) — 02/0 Ay(r,x — (t — T)ve) Az — (t — T)vo) dr.

Proposition 5 We assume v # 0, va # 0 and consider the case (Cin). We fix s € N and we assume that
Az € C5(Q) is such that

VaeNY, |o|<s, sup {/ 192 Ay +/ \8§A3|} <
z€EQ z+Rvy z+Rua

and satisfies the smallness assumption

M(sup/ \A3|)(sup/ \A3|> <1 (11)
|’U1|~|U2| z€Q Jx+Ru, z€Q Jr+Ruy

Then, there exists some constant C depending only on s, o1, 03, v1, Ve, A3 and (11) such that for t > 0,

|2 <C.

||‘Z’C(WS’°°(Q)) =
We may notice that in dimension d = 1, with o309 > 0 and v1v2 < 0, our smallness assumption (11) is

0102

/|A3\ do < 1,
lv1va] Jr

which is an upper bound like (8) with ¢ = 1, which is better than the (sufficient) value (in the general case)
¢ ~ 0.903, but worse than the “exact” value ¢ = 7/2 for the WKB approximation. Here again, the above
result shows that (7) has no eigenvalue in {Im < 0} when Ajz is both localized and small. In dimension d = 1,
(11) requires A3 to be in L', and we would like to point out that for (1) (for (KdV) or (KP) equations, for

instance), integrability conditions can be imposed on w in order to have finite mass | u dz (which is often
R
a formally conserved quantity).

The case o102 > 0. In the case o109 > 0, we first give an estimate of exponential growth.

Proposition 6 We assume o109 > 0, fir s € N and let A3 € W>(Q), A3 £0. We define

v = \/0'10'2"143"[/00((1) > 0.

Then, for any 1 < p < oo, there exists C > 0, depending on As, p, s, o1 and o2 (but not on vy, va2) such
that for anyt > 0

HEt S C(l‘f’ts)e’yt.

HQQOV&WQ»

We can notice (as in the analogous case discussed just after Proposition 3) that the polynomial growth
in t* can be achieved with either vy = vy = 0, either d > 3, either d = 2 and vy, vs collinear.

In the case (Cper), the estimate in Proposition 6 is almost optimal, as shown by the following



Proposition 7 We assume o102 > 0 and consider the case (Cper), with As € L>®(Q), Az £ 0, and let

v= \/0'102||A3||Loc(9) > 0.

(i) If A; < oo for every 1 < j < d and As is independent of x, then —iy € iR* C {Im < 0} is an eigenvalue
for (7) with multiplicity one among the functions constant in space.

(i) If d > dim Span(vy,ve) and Az € Cp(2) depends only on the coordinates orthogonal to Span(vy,vs), then
for any 0 < e < v, there exist a ball Ba,_(y:) and initial data A™ = (Ar, AP) € C°(Ba,, (ye)) such that
|A"| o <1 in Bar_ (ye), |A™| = 1 in By_(ye) and

|2 AR > (o) in By (ye).

(#i) If d > dim Span(vy,vs) and Az depends only on the coordinates orthogonal to Span(vy,vs) and is such
that, for some ball By, (y), we have |A3|(x) = |A3|p~(q) for x € Bar(y), then —iy € iR* C {Im < 0} is an
eigenvalue for (7) with infinite multiplicity.

(i) If 1 < p < oo, d=1, As is real-valued and vi = vy # 0, then there exists some constant C > 0,
depending on o1, 0o and vi = ve such that if t > 0, then

<CeXp ’NEFQ/AS dy‘

=

Moreover, the eigenvalues for (7) (with multiplicity) are the

mvl ,/0102 / As(y) dyl,

for meZ.
e

In particular, they are simple as soon as / As(y) dy # 0.
Q

We notice that in case (i%), there holds, for any 1 < p < oo and ¢ > 0,

HEtAin”LP(Q) = CPHAinHLP(Q)e(V_g)t’

where the constant C), depends only on p (and As, o1, 02 and d) and not on 0 < € < . Consequently,

HEt . > Cpe(v_g)t.

Furthermore, for (i) and (i), if d = dim Span(v1,vs), then we are in case ().

We now turn to the case (Cin). By Proposition 5, we now that stability holds in W*°° if A is suitably
small. In dimension d = 1 and without smallness assumption on As, we can show that (7) may have some
eigenvalues in {Im < 0}.

Proposition 8 We assume Q=R (d=1, Ay = 400), 0102 > 0 and vivs < 0 (we are then in case (Ciy) ).
For Az € L>®(R), we denote

Vv 1U2|
lur — vy
(i) Assume Az = Azljyy), with A3 € C* and —oo < a < b < +oo. Then, if

,/Uldg(b—aﬂAg 010'2 /
= ) dx| < 7/2,
ool Vol o) o] 7

(7) has no eigenvalue in {Im < 0}, and if m € N* is such that

(2m — )7 - Vo102(b— a)|A3| o102 ’/A dx’ < 2m+ 1)m
3 et AT
2 vV |U1U2| vV \U1U2 2

Yo = 20103 2 | A e ey € (0, VE102l Asl e my |-




then (7) has exactly m eigenvalues in {Im < 0}, which are simple and lie in (0, —ivy.).
(ii) We assume that Az € L* N L= (R) is real-valued and satisfies

o192 ‘/Ag(l‘) dx‘ > g
R

|v1va]

Then, there exists at least one eigenvalue Ny € iR* C {Im < 0} for (7), with corresponding eigenvector
decaying exponentially fast at infinity. Hence, for any 1 < p < oo, instability holds for (5) in LP(R).

(i73) If Az € LN L>®(R), then there exists a constant C, depending on o1, 02, v1, V2 and As, such that, for
anyt >0,

IS < cert,

| 2.ty
Remark 1 In (i), by an appropriate choice of the area of A3, we can make the eigenvalues as close as we
want to —ivy,, so that the estimate in (i#i) is (in general) optimal. We emphasize that, comparing with
Proposition 7, the optimal rate ~, in (#i7) does depend on the speeds vy and vs. In (ii4), if v3 + vy = 0,
then 27“|UIU2|
|1 — v
assuming Az € LY(R). The case (ii) is consistent with the (necessary and) sufficient condition (for real-
valued everywhere nonzero functions Asz) in the WKB approximation ¢ = w/2 (however, on the one hand,
we work neither in a WKB approximation, neither with a constraint on the constant sign of As; and on the
other hand, in the WKB approximation, the condition is also sufficient). In any case, if d = 1, o102 > 0
and vjvy < 0, the soliton is linearly unstable since it is in L!(R) and has area equal to m > m/2. Let us
mention that we have no result corresponding to (i7) when As is complex-valued. Of course, the results of
Propositions 5 and 8 leave open, when d = 1 and o102 > 0 > v1vs, the case where Az is real-valued with

o192 / |As|(z) dz > 1 but o192 ‘/Ad(x) dm‘ <
lviva]  Jr |v1vs] R 2

= 1, thus v = 7. and Proposition 6 gives the same estimate in all LP(R) spaces without

A numerical example is given in [8] where A3 is the characteristic function of an interval with corresponding
area between 1 and 7/2: for (TWI), there is instability and blow-up in finite time (this suggests instability
for (5), but (¢) shows that there is no eigenvalue for (7) in {Im < 0}). We have not been able to prove any
estimate for the solution of (5) better than the exponential growth given in (4i¢) when restricting ourselves to
energy methods. Even though we could locate precisely the eigenvalues in {Im < 0}, using this information
to estimate the semigroup seems a difficult task.

In the case = R and vyvg > 0, we do not expect eigenvalues in {Im < 0} for (7). However, the stability
for (5) is linked to some integrability conditions on As.

Proposition 9 We assume Q =R (d =1, Ay = +00), 0102 > 0 and vivy > 0 (we are then in case (Cint) ).
(i) We assume As € Li, (R) real-valued, vi = vs # 0, and fit 1 < p < co. Then stability holds in LP(R) for
(5) if and only if
b
s | [ aalw) dy] < . (12)
—oo<a<b<4o00

in which case there exists Cy,, depending only on p, o1 and og, such that for any t > 0,

£/ 0102 . b
||Et||gc(Lp(R)) <Cp eXp( o] —oo<zli€<+oo‘ . As(y) dyD

If (12) is not true, then HEt”g (Lo (R))
and oq, such that for anyt > 0,

1 Vo102 02 /
—exp ’ dy‘) Et . <C exp sup ’/ As(y) dyD
Cp v xelR z— t|u\ | ”“%(L (®) P ‘U1| zeR ' Jz—t]v|

(ii) There ezists a constant C, depending only on o1, o2, v1 and va such that, if A3 € L}, .(R) and t > 0,

we have
h) < (Cex / A d )
H tH,s,ﬂ (Cb(R)) p \/ U102 xeR ot max((on]. |U2|)| 3|(y) dy

— +00 as t — +oo and there exists Cp, > 1, depending only on p, o1




In particular, if A3 € L'(R), then stability holds in Cy(R) for (5) and, fort >0,

g10
”Et”xc(cb(m)) < Cexp ( ﬁHA‘B”Ll(R))'

(iii) We assume® that v1 > 0 and ve > 0, that Az € C(R) is real-valued, Az ¢ L'(R), and satisfies®
A3 =0 n [1,400), —0143>0 in R, —o1Az is nondecreasing in R™. (13)

Then, |X¢] #.c,r)) — +00 ast — +oo. More precisely, there exists a constant ¢ > 1 depending only on o1,
02, v1 and vy such that, fort > 0,

min(vl, U2 0’10’2
by - > cex ( 1/ ‘/ d D
H t”ﬁfc(L (R)) P max(vl, Uz V1U2 wE]R z—t max(v1,v2) y) Y

Remark 2 In view of the right-hand side part of the estimate in (i), problem (7) has no eigenvalue in
{Im < 0} (for eigenvectors in L>(R)) if A3 € L?(R). However, instability can occur for (5).

In [9] (section 4), the question of the stability for (5) was studied (for d = 1) in the case v, = vq: stability
was suggested when Az € L'(R) and instability was shown by an explicit example for some Az ¢ L'(R).
This led G. Schneider to the conjecture that stability holds for (5) (if d = 1 and o109 > 0) for sufficiently
localized functions A3 (at least in L'(R)) and instability occurs for nonlocalized functions As. As we see
from the results obtained by inverse scattering (subsection 1.2) and the above results, the situation is more
complex.

If 0109 > 0 and v = vy = 0, (5) reduces to (9), with solutions that can be written explicitly:

i :eXp(‘t< 02212(1:) U1A03(x) ))

and the matrix ¥, has eigenvalues exp(+t,/o102|As|(x)) hence, the estimates for 3, are as in Proposition 7.
If A3 € C*(9), notice that in this simple case, —i /o102 A3 € {Im < 0} is not an eigenvalue for (7)

as soon as ||A3

@)
|| Loo(Q) is a non-degenerate critical value of |A3|. In dimension d = 1, it remains to study the
degenerate case where one speed v or v, is zero. Possibly changing x for —x and exchanging the indices 1

and 2, we do not loose generality assuming v; = 0 < vs.

Proposition 10 We assume Q =R (d =1, Ay = +00), 0102 > 0 and v1 = 0 < vy (we are then in case

(Clnf))
(i) Assume that A € L{S,(R) is such that |As| > As > 0 on an interval I of length £ > 0. Then, for any

0 < e < !, there exists a constant c. > 0, depending on € and £, such that

||Zt||:£ Lo (R > Ce €exp 0102A3 (L—e)t).
(R))

(i) Assume that Az € L= (R) is compactly supported in an interval I of length ¢ > 0. Then, there exists a
constant C' > 0, depending on ¥, o1, o9 and v, such that for any t > 0,

1=

g10
®) = CeXp( - 2||A3HL°°(R)\/E)'

Let us mention that if A3 = A3ljg ), with A3 € C*, then estimates in (i) and (i) give the same upper
and lower bounds in the limit € — 0.

We now turn (in the case (Ciyf)), to the higher dimensional situation.

1Otherwise, change z for —z.
2We can choose a smooth function As such that Az(x) = o1(1—x)¥ for z < 0, with v € (1/2, 1), for instance, and A3 € H*(R)
for every s € N.



Proposition 11 We assume Q = R? (d =2, Ay = Ay = 00), 0102 > 0 and that vy, vy are not collinear
(we are then in case (Cing)). We assume that As satisfies, for some M > 0 and v > 1, the decay estimate

M

Vi € R?, As|(z) < —2

(14)

Then, there exists a constant C(v, M), depending on M, v, o1, o3, v1 and vy such that, for any t > 0,

HEt S Ci(l/7 M)

”z’c(cb(R?))
If v1 and vy are collinear, we can reduce to one of the cases of the one-dimensional situation, with the
extra-variables as simple parameters. This is also what happens if d > 3 and v; and v are not collinear.

The degenerate case o102 = 0. We now focus on the degenerate case o109 = 0. First, if 07 = 09 = 0,
(5) reduces to two decoupled free transport equations with explicit solutions and conservation of all W*(Q)
norms. If o9 = 0 # 01, the function A5 can be computed explicitly and we obtain from (10)

t
As(t,z) = Ai2n(:17 — tug), At z) = Ailn(x —tvy) — o1 / Az(x — (t— T)Ul)Aign(I — (t—T7)vy — TVg) dr,
0

for which one infers easily the following estimates :
- if vy # 0 and vy # vg, there exists C, depending on oy, v; and v such that

1 1
in in 2\ 2 in)2 2
A HLOO(Q)XL?(Q) < CMA ||L°°(Q)><L2(Q) + (i‘elg /er]R'ul | As] ) (2‘618 /HR(UIW) |43’ ) }

and

oy <€t [ 1)

provided the supremum in the right-hand side is finite, and otherwise

”Et”xcww(sz))'“'Ullilég/x—[m]m'A?’ ot

Thus, in particular, if d = 1 and A3z € L%(R) but A3 ¢ L'(R), then stability holds for (5) in L>(R) x L?(R)
but not in L>(R).
- if v1 = vg = 0, then for any 1 < p < oo,

) %t”Ag as t — 400;

H2t||$C(LP(Q HLoo(Q)

- if v1 = vg # 0, then, there exists C, depending on oy and v; = v, such that, for ¢ > 0,

D)

SC(1+@ sup

=
|'U1‘ 2€Q,T>0

ch(m(sz))

(if the supremum in the right-hand side is finite), and otherwise

|o1] /

> A — sup ‘ A3‘ as t — +oo;

[ellc.ooon = sl [
- if v1 = 0 # vy, then

At ) = A" (x) — 0’1A3(£C)/ Al
z—[0,t]vs
and the situation is very degenerate. We can state, for instance, that if d = 1,
HEtHzC(Lw(Q)xLI(Q)) = (1 + |‘71|HA3HL<>°(Q))

and for d > 2, denoting

Hf”LjoLi,z @ = aeh /ac+sz 7

10



we have
”Zt”Loo(sz)waL12(Q) = (1 + |‘71|”A3HL<>O(Q))'

1 Hv

The paper [9] (see also other papers by the same author) investigates, for a nonlinear wave equation
in dimension one in the spirit of (1), the problem of the approximation of a wavetrain by the nonlinear
Schrodinger equation. The case studied corresponds to the stable one o102 < 0. In [4], we shall study
this problem (in arbitrary dimension, replacing the nonlinear Schrédinger equation by the Davey-Stewartson
system if d > 2) for a general semilinear equation, taking into account all possible cases and using the above
semigroup estimates.

2 Proofs of the results

In the sequel, A = (A;, As) always stands for ¥, (AR, AlM) = 3, A", Unless otherwise stated, the LP
norms are taken in the space variable.

2.1 Proof of Proposition 2
Let z €  with Dy(z) > R > 1. Then, from (10), it comes

D (x)|A1|(t, ) < D (2)| AP |(x — t) + IJll/0 Di (x)[Az|(7, 2 — (¢ = T)v1)[As|(x — (£ = T)v1) dT
<o — tor[*JAP|(@ — tvr) + Icnl/0 az(7)|As|(x — (t = T)uv1) dr,

with

ag(t) = | DH() Ae(r =12

) HLw({DTZR}V
Here, we use the fact that D; is 1-Lipschitz, hence D;(x) < Di(x — tvy) + Di(tv1) = Di(x — tvy), and that
D, (x — (t — 7)v1) > D¢(x) since, T' being convex,
D.(x—(t—7)v1) =inf{la — (t —7)vy —Tu|, uweTl}
=inf{lz —¢[(1 = 7/t)v1 + (7/)u]], weT}>nf{lx —tU|, U eT} = Dx).

Therefore, using the decay of As,

t dr
1% < /
Dy (z)|A:1[(t, ) < a1(0) + |01|CO(A3)(t,S€1[1£t] as(t )) /O T+ le— (-]

Similarly, we obtain for A

¢ dr
D (x)|As|(t, z) < az(0) + |o2|Co(A su aﬁ’/ )
H@IAal(t,2) < aa(0) + loalCo(a) ( sup 1)) | =Gy

It suffices then to prove that if R > 1 is large enough, then for ¢ > 0 and = € Q with D;(z) > R,

t dr
; < 1 1
e ('UJ‘C()(AS)/O I+ |z — (th)Uj\v) s€<h (15)

with € independent of ¢ and =z, since then, one has

max a;(t) < max a;(0 +6<max su a-t’)
g (0) < s 0,0) + ¢ s w0

and this will conclude the proof. Letting svi, s € R, be the orthogonal projection of x on Ruvy, we have

|z — (t — T)v1|> = |sv1 — (t — T)v1]? + |2 — sv1 |2 > |sv1 — (t — T)vs1]? + R?

11



if s € [0,t] (since then Dy(z) = |z — sv1| > R), and thus

/t dr </f dr </ do
o L+lz—=CE—7)v;|* = Jo 14+ ([s=({t—7)2|v1]2+ R2)¥/2 = Jg 1 + (02|v1|? + R2)v/?

which is as small as we want if R is large enough. When s > ¢ (the case s < 0 is identical), then D;(z) =
|z — tv1| > R and

|z — (t — T)U1|2 =|sv; — (t — T)U1|2 + |z — sv1|2 =(s—(t— T))2|U1|2 + |z — sv1|2

so that

/t dr /t do K, 1
<K, < :
o 1+ —(—7)v|” oo L+ —=sv1] + (s = o)|vi|]” T |o1] [1+ |& — svi| + (s — t) vy |] 1

Then, |z — sv1| + (s — t)|v1] > |z — tv1] > R and the last expression can be made as small as we want if R
is chosen sufficiently large. The proof is complete.

2.2 Proof of Proposition 3

The proof is rather immediate, and proceeds by induction on s. Using (6), we have
d 1 o 2
ﬁN(A) =0, where N(A) = 5/ | A2 — —1|A2|2 dr ~ HA = (Al,Ag)HLz7
Q 02

since o109 < 0. We then define an H* functional N*, s € N, setting (N = \)

N (A) = Y N(@2A) = Al

lal<s

and assume _
NE(A(L)) < Cs(1+%)%| A™

for some s > 0. Applying 9%, |a| = s+ 1, to (5), we infer

2
[

8t8§‘A1 — ’Ul(r“)xagAl + 01A38§‘A2 = —0 [(9(;7 Ag]Ag
6,58?142 — UgawagAg + 0’2/_1382‘141 = —0'2[6;‘,143]141.

By the Leibnitz formula, [02, A3]As is a sum of terms of the type x99~ 4,07 A3 for 0 # 8 < a (where the
coefficient * depends only on « and /). Hence, by the induction hypothesis, we deduce

1105, As]Au | 2 + 07 As] A2 2 < Cf[As]ypss o (1487 A7

||L2 Hs>

where C' depends only on s, 07 and o5. Therefore,

d )
SN(DEA) < O sy (14|47 . V/NOEA),

and the result follows.

2.3 Proof of Proposition 4

Let us first consider the case @ = R/(27A) with 0 < A; = A < +oo. We define the linear operator
T:D(T)=HYQ) C L*(Q) — L*(Q) by

T( (G > _ ( vy + o1 Azt )
Y2 ) T\ ivahy +iogAsyy )

Since o102 < 0, we can consider the scalar product, for ¢ = (¥1,12) and ¢ = (d1, ¢2),

<¢7¢>—<<$; >‘<Z;)>—/ﬂ¢1¢;12¢2¢32d%

12



which is equivalent to the standard scalar product in L?(2) and for which T is self-adjoint. Furthermore, T'
has compact resolvent. Indeed, for u € C with Im(u) # 0 and || sufficiently large and f = (f1, f2) € L*(Q),
we may write the equation (T — u)y = f for the unknown ¢ = (41, 12) under the form

90) = (o)) = (L2 ZNl) e inln) — faln))
w+vin/Ay w4 van /Ay

where the (ﬁ(n))nez are the Fourier coefficients of 1. This last equation is easily solved by a contraction
argument (for |u| large enough) in ¢*(Z), and the easy estimate [¢|g1 (o) < Culflr2() allows to conclude
to the compactness of (T'— ) ~! by compact Sobolev embedding. By standard theory, there exists a Hilbert
basis (for the scalar product (-|-), equivalent to the standard scalar product in L?(€2)) of eigenvectors of
T, denoted (ey)nen, with corresponding real eigenvalues (A, )nen, with |[A,| — 400 as n — +oo. As a
consequence, if ¥ = (1a,12) € H(Q) and if we denote ¢, = (|e,), n € N, we have

Z /\ncnen> = Z )\i|cn|2.

neN

(T|Ty) = <Z AnCnn

Since Az € L*>°(), we have

I(Astbr, Aztha)F2 () < ClY 720y < C@IW) =C Y lenl?

neN
and thus, since vy, vo are nonzero by hypothesis, we infer
613200y ~ ((ivrh, ivah) |0 ivawh)) = (TYITE)+O((Astor, Agin) aay) = D Xlenl?+0( 3 leal?)
neN neN
and consequently, we have the equivalence of (squared) norms
[ @) = Y (1+X2)leal*.
neN

More generally, by Leibnitz formula (recall that Az € W*°°(2)), we deduce analogously that for any s € N,
we have the equivalence of (squared) norms

[0y = D1+ A leal. (16)
neN
We now turn to the proof of Proposition 4. For any initial data A'® = (A®, AlM) € H*(Q), we may write
A = Z A‘“|en en Z Cnén
neN neN

in H%(Q), and the solution A = (A, A2) of (5) is

= Z enee,.
neN
Hence, we have, using (16),
A6 ) < C Z(l + A e e, P = C Z(l + A5 en]? < ClA™ 3 (o
neN neN

as required.

We now turn to the case Q@ = R, i.e. A = A; = 400. The point is also to expand on eigenvectors, replacing
+oo

in the expansion 1) = Z cnen the series by an integral, in the same way we obtain Fourier transform from
n=0
Fourier series. The idea is naturally to let A — +o0o in the previous case. When T is a second order,

self-adjoint operator, this is the well-known Weyl-Stone-Titchmarsh-Kodaira theory (see, e.g. [11], Chap. 5,
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or [5], Chap. 10). The extension to the operator T is not difficult, and we just give a few details for sake of
completeness.
For A € R, let us denote (®*(-,\), (-, \)) the solutions of

Pl —\®! = TP? — \D? =0, dl(z=0,)\) = (1,0), ®*(xz=0,))=(0,1).

By classical results, ®' and ®2 are smooth functions of A for fixed . For 0 < A < oo, we denote (e),>0
an Hilbert basis for T : H(Qx) — L?(Q4), (A})n>0 the corresponding eigenvalues, and (-|-)5 and (-|-) will
denote the scalar product in L2(Q4) and L%(R). We expand the eigenvectors e, n € N, on the basis of
solutions (®1(-, \A), ®@2(-, AA)):

’ n

2
e = Zrﬁnq)j(-,)\ﬁ) rd eC.

n J,n

If ¢ € C.(R), we can view 1 as an element of L?(25) provided A is sufficiently large so that Supp(z) C
+o0

[-7A, +7A], say A > Ag. Then, the formula ¢) = Z cﬁeﬁ in L2(2y), for A > Ag can be written, in L?(Qy),

n=0
“+o00 “+o0 2
2) =Y chen(@) =Y > (PR AT, B (2 M) = Z / PPN (2, ) dpf(N),  (17)
n=0 n=0 j,k=1 j,k=1

in the sense of Stieltjes integrals, where (recall that ¢ is compactly supported)
PO = (|98, N)  (k=1,2)

and pﬁk is a piecewise constant function, normalized so that pf,k(O +0) =0, and with discontinuities at the
As | where

PheAn +0) = AR =0) = D i e

m, A8, =4

We observe that the right-hand side is a nonnegative hermitian matrix. The Parseval identity for v becomes

(B0) = (Blha = / FFOVTI(N) dp (). (18)

7,k=1

In order to prove local in space compactness for the matrix p* = (pﬁk)lgj’kgg, we shall prove that for any
Ag > 0, there exists some 7 > 0 and a constant C(Ag) such that, if |Ag] < Ag < A — 1, then

Ao+n
5 A 1dp](N) < C(Ao). (19)

J,k=1

First, from the definition of p”, we have

Ao+n A Ao+n A Ao+n A
2 [ astov s [ aotuov+ [ s (20)
Ao—n Ao—n Ao—n
hence, for (19), it suffices to show that
Ao+n A Ao+n A
[ a7 i < e, (21)
Ao—n Ao—n

For fixed Ag > 0, Ag € [—Ag, +Ao] and A > Ag + 1, we choose x € C.((—1,+1)) with [ x =1 and for ¢ the
mollifier ¥ (x) = e 'x(x/€)(1, —02/01). Then, we infer, by continuity of the ®*, k = 1, 2 that, as € — 0,

PEN) = (1, 1)[@%(0, 1)) =

for k = 1 and k = 2 locally uniformly in A\. As a consequence, there exists n > 0, independent of A, such
that, for € small enough,

> [

7,k=1

Ao+n

A 1 Ao+n A 1 Ao+n A
a0+ [ k= [ eI,
A A

0o—"n 0o—"n

1
N a5 [
A

o—"n
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Inserting (20) and the Parseval identity, we obtain, for e sufficiently small, A > Ag+ 1 and |Ag| < Ay,
1 [Aotn A 1 [Aotn A
(Velthe) > Z/ dpr1(N) + 1/ dpa.o(N),
Ao—n Ao—n

which yields (21), and thus (19).
Therefore, on every bounded interval [—Ag, +A¢], the functions (pﬁk)1§j7k§2 have bounded variation,
with a uniform bound for A > Ay + 1. By Helly’s compactness theorem, there exists a matrix valued

mapping p and a sequence A; — +o0o such that (pﬁi)gj,kgg converges to p pointwise and weakly in BV (I)
for every bounded interval I as ¢ —= co. This allows to pass to the limit in (17):

2
v = 3 [N dpa() in IX®)
jk=1"R
and in (18)

Wiy = 3 / BN dpj a(N).

jk=1

These formulas are extended by density if 1 € L?(R). Finally, we have, for ¢ € H*(R),
2 ~ .
o) = Y [ AFOP@) doeh) i R)
jk=17R
and, as in the periodic case, since v1 and v9 are non zero,
1112 . /- 2 2
[/ ey = (o1t livas) = (TelT) + O([0]3a(z )
since Az € L*°(R). Hence,
2 2 N ey
¥l ~ 3 [ a2 T dosa ),
k=1

and, for s € N arbitrary,

2
||¢H315(]R) ~ Z /R(l + N)PE NI (A) dpj (V).

Jik=1

The conclusion then follows. It can be actually shown (as in [5]) that p is unique up to some constant matrix
and that p® converges to p as A — 400 (locally in space) and not only for some sequence.

2.4 Proof of Proposition 5

From the system (10), we deduce, for 0 < ¢’ < ¢,
. tl
ALt 2) < AT + |a1|/0 |A2(7, )| e [ A3l (& — (' = T)v1) dr

r |01| ( ) ( / )
A7~ + BA Ozlj—l;t [ A2 (7 )] e o z+RU1| 3|

IN

and similarly

(0, < 1A+ 120 s el (s [ 1)

"U2| 0<r<t zeQ

As a consequence,

P P e ) By VG P
TE x+Rvy 0<r<t

1) o
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with

g10:
0= M(snp/ |A3\)<sup/ |A3|).
‘U1|"U2| z€Q Jx+Ru,y z€Q Jx4+Ruy

From the smallness assumption (11), § < 1 and it follows

1 in |01|
[0 € g (1A e+ AR s [ 1)

and analogously for A,. Therefore, the estimate for s = 0 is proved: there exists C' > 0 such that, for ¢ > 0,

H ZtAin

e < CfA"

.

We now argue by induction and assume the result for s € N. Let a € N? with |a| = s + 1, and let us apply
0% to (10) to obtain

t
0% A (t,x) = 8§‘Ailn(z —tvy) —01/ Oy Ag(T,x — (t — T)vy)As(x — (t — T)vy) dr
0

701/0 (0%, As(z — (t — T)v1)]Ae(T, 2 — (t — T)v1) dT

t
8§A2(t,x) = 85‘145“(3; - tUQ) —0’2/ 8§‘A1(T,x — (t — T)Ug)Ag(x — (t — T)Ug) dr
0

—02/0 (0%, Az(x — (t — T)v2)]AL(T, 2 — (t — T)ve) dT.

Using the induction hypothesis and the Leibnitz formula, we infer, for ¢ > 0,
t
| / 02, As(w = (t = Tyon)]As(r,2~(t = 7)ur) dr|
0

< ColAz max/ 108 As(x — (t — T)v1)| dr

HLOC(R+,WS Rl

< O A" yyee

and similarly for the last integral. Then, arguing as for the case s = 0, we infer for 0 < ¢’ <t

oo Ay (¢ < c,am| +0 sup o2 Au(r

RPN Wottoe Mg

and similarly for A,, which allows to conclude.

2.5 Proof of Proposition 6

We recall that, here, o102 > 0 and A3 # 0, hence v > 0. To prove the growth estimate for 3;, we argue
as for Proposition 5 by induction on s. The first point is to find a suitable norm. For the ODE part (in

time) of (5), namely
dA 0 0'1A3
b _ A=
ar " ( o243 0 0

in which the matrix has eigenvalues +./0103|As3], it turns out that the norm

vo(A) = [Ar| + |2 | Ag|
(o)

0 A
1/0( ( 0_2143 010 3 ) A) = \/0'102|A3|V0(A).

Therefore, for 1 < p < oo, it natural to work with the norm in L?(£2,C?)

is well adapted, since

g
Mo(A) = A + (- el
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Taking the L? norm in (10) yields

[4:®],, < [Ar

t
ol [l [ )], e

420, < 1431, + bl e [ B,
hence .
(A1) < Ap(A™) + \/fﬁHAsHLw/O p(A(7)) dr
and the Gronwall lemma gives as wished, for ¢ > 0,
(A1) < Ap(A)e,
We assume now that, for some s € N, we have for ¢t > 0
|A(t) < K (As)|Aa™

(1+t%)e.

e e

We apply 09, |a] = s+ 1, to (10):
t
O%A;(t,x) = XA (x — tvy) —01/ OSAg (T, — (t — T)vy)As(x — (t — T)vy) dr
0

—01/0 0%, As(z — (t— 7)o1)]Aa(r,2 — (t— F)vn) dr

t
0% A (t,x) = 02 AR (2 — tvg) —02/ 0% A (1,0 — (t — T)va) Az(z — (t — T)vg) dT
0

—02/0 (0%, Az — (t— 7)v2)] A1 (1,2 — ( — 7)s) dr-

Using the commutator estimate

H/ 05, As(e — (¢ = T)on)|As(rz — (¢ =)o) dr| < € ||A3||W+m/ 1427 e

and the fact that, by the induction hypothesis,

t t
/ [Aa(r)],y o dr < Ko(As)] A" / (147967 dr < K[| A™],., (1 + )
0 0

lwe. [

since v > 0 (and similarly for the other term), we have

t
L P P P

e

(14 t%)e.

t
|05 A2(®)]| o < 05 AZ | L + lo2l - | 4] /O [0z A (D), a7+ K[ Ay

As a consequence,

t
(O A()) < Ap(07 A™) + K[| A™ |y, , (1 + 7)€" + o102 As / Np(07 A(T)) dr
0

t
< KAy 1 00 4 T [ 02 AR) i
0

and here again, the Gronwall lemma implies, for ¢ > 0,

Hp(BCA(L)) < K[| A Al Al 145 )ert

Ws+1,p(1 +1%)e + VK’

t
W5+1,pe7t/ (1 + Ts) dT S K’ W5+1,p(
0

as claimed.

17



2.6 Proof of Proposition 7

The proof of (i) follows by considering functions (Aj, A) depending only on time. Hence (5) reduces to
(9), with eigenvalues +,/0103|A3| and (4) is proved.

For (ii), we consider functions depending only on the variables z’ orthogonal to Span(vy,vs) (we have
dima’ > 1). Then, (5) reduces to (9) once again, and therefore

0 UlAg(ZL'/) )
A(t,x') = exp ( —t ) )Am(x').
02A3($/) 0
If € € (0,7) is given, there exists some y. € €2 such that \/o103|A3|(y.) > v — &/2, and then, by continuity
of As, r. > 0 such that \/o103|As|(2z’) > v—¢e > 0if ©’ € By, (y.). We then consider the eigenvector (for

fixed ') for the eigenvalue \/o102|As|(z")
AN (') = n(o1) 7 Az € C*(Bar. (y2)),
o1 |As|(2')
where x € C2°(Bar. (yL),[0,1]) is equal to one in the ball B,_(y.) (in the variables 2’), and
c= S S >0

max(1,/o2/01)
is just a normalization constant. Hence,
[A%[oc(a") <1 i Bay (yL) and [A%c(@’) =1 in By (yl)
and since we have an eigenvector,
At a') = etVareelAsl@) gin g7

and the conclusion follows.
The case (¢ii) follows the same lines, since the hypothesis allows us to take e = 0 and . = r > 0. The
multiplicity is infinite since the choice of x € C2°(Ba,(y’)) such that x = 1 on B, (y’) is arbitrary.

The proof of (iv) relies on an explicit computation. Let v = v; = vy and let us recall that Ag is assumed
real-valued. Then, (5) becomes, in = R/(27AZ) (with 0 < A < 00),

8t14~11 +01A3(x+tv)14~12 =0 ~
) ) where At x) = Aj(t, x4+ tv) (j=1,2).
01 As + 0'2A3($ + tU)Al =0,

For fixed x € Q, we can solve this ODE explicitly using the fact that the nonsingular matrix

02
is independent of ¢ and diagonalizes the system: the vector B = P~1(A;, Ay)? solves

\/0102 A3($+t1}) 0 _
atB+ ( 0 —\/JlUQAg("E—‘y-tU) B_O’

from which we infer after straightforward computations
Ai(t,z) = Al(z —tv) cosh ‘/0102/ As(z — (t — 7)v) dT)

SgH(Cfl)\/>A1H(1‘ — tv) s1nh M/ Az(z — (t —T1)v) d’/") "

Ag(t,r) = AR(z —tv) cosh 0102/ Az(x — (t — 1)v) dT)
—sgn(al)[Aln(x — tv) smh 0102/ Az(x — (t —7)v) dT).
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The first statement in (iv) follows easily from this explicit formula and the fact that

‘/Ot As(x — (t — 1)v) dT‘ < t}ﬁ /Q As(y) dy‘ +0(1)

as t — +oo uniformly in . We solve the eigenvalue problem (7) in the same way. For A = —ipy € C with
ImA=—-Reu<0,(7)is
vy + 0199 Az + uipy = 0

vph + oot Ag + wpe = 0.

Here again, the vector ¥ = e#*/? P~14) solves

p 109 Asz(x) 0 B
e (VA0 Yol

which yields, for some vector ¢ = ({1, (2) € C?,

e‘““”/“wl(tx) = (i cosh (7“711&‘2/0 As(y) dy) — Cgsgn(al)\/i sinh <7‘UUN2/O As(y) dy)

e /vyt x) = Gyoosh (Y /0 As(y) dy)—clsgnwl)\/fsmh(v"fz /0 As(y) dy).

Now, the periodic boundary condition implies that u is an eigenvalue for (7) if and only if ¢ is a non trivial
solution of (we recall that 2rA = |Q|)

|Q| /o 1€l
cosh( VI102 As(y) dy) —Sgn(Ul)\/7 sinh (Y7172 / As(y dy)
y 2] i
Jo10 \Jo10
—sgn(oq) U—j sinh( Ul 2 As(y) dy) COSh( Ul 2 As(y) dy)
\ 0

0

(23)

e*u\ﬂl/vc -

/oo 1€
Since the matrix on the right-hand side has eigenvalues exp (i Vo192 / As(y) dy), this happens only if,
v 0

for some m € Z,

1
‘/0102 2mmu 1 1mu
|Q‘ ‘/ A3 dy‘ +Z |Q| i\/Ulﬂg‘m'/S;Ag(y) dy’ =+

2.7 Proof of Proposition 8

We recall that here, Q = R, o109 > 0 and vjvs < 0. Possibly changing the sign of z, we may assume,
without loss of generality, that v; > 0 > vs.

2.7.1 Proof of (i)

We shall first focus on statement (i), where we choose Ag to be a multiple of the characteristic function
of an interval: Az =T'1,¢[4,)- We could have assumed I' € Ry by just multiplying A2 by a constant phase
factor. We look for eigenvalues for (7) with A = —iu, Re(u) > 0, and (¢/1,12) a non-trivial weak solution of
(7), i.e.

v + o192 Az + i =0
(24)
Vo + 0atP1 Az + pihe = 0.
Since Aj vanishes on (—o0,a) and in view of the fact that v; > 0 > vy, the subspace of bounded solutions
of (24) on (—o00,b) is exactly C,, with

(0, e—H(@=a)/v2) on (—oo0,al

V() =
exp ( —(z— a)M) (0,1) on [a,b,
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and where

no ks
U1 U1
M = ~
Jz.Ag ﬁ
U2 U2

Hence p is an eigenvalue for (7) if and only if
{exp ( - (- a)M)(O, 1)}2 =0,
so that ¢, can be extended to [b,+00) by

V() = (Be—u(w—b)/m ,0)

for some nonzero constant 3. Denoting
v = /o103| A3 and fh=2y——=>
the matrix M has eigenvalues

L Y 'u——lzo:t’yr

2 vvg V]vivg| | 2

where the last square root stands for one fixed complex-valued square root. Thus, a straightforward compu-
tation® gives that

{exp(— (b—a)M)(O,l)]2 =0

if and only if (the fraction has value b — a if pu = f1)

exp(—(b—a)’yr)—w<ﬂ—a—'y7'>=O,

T V2
or, after some algebra,
[N VT
P )
h—
for u#f, exp (27(() — a)T) = L; for p=j, w =—1. (25)

poo e VIvive|

— 1

po\p

Therefore, ;1 = {1 is not an eigenvalue for (24). We assume now p # fi. Since the mapping cosh : C — C is
onto, for p € C, there exists some y € C such that

i
=~ = cosh(y).
p )

Moreover, since cosh is even and 2im-periodic, we can assume y = u + iv with u € R, v € [0, 7], and since
u = cosh(y) = cosh(u)cos(v) 4 isinh(u)sin(v) has positive real part, we have v € [0,7/2). Then, (25)

becomes
cosh(y) — sinh(y)

P (27(1) Bl a)7> - cosh(y) + sinh(y) =,

that is, for some m € Z,
v(b—a)

b—a)T = —=
v(b—a) Toroal

3using that if A € M2(C) has two distinct eigenvalues (o and §) or is non diagonalizable (double eigenvalue «), the formula
B _ ea
eP —e

sinh(y) = —y + imm.

ed =e> 4

(A — a) holds, where the fraction is e* if 8 = .
-«
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Taking real and imaginary parts, we infer
asinh(u) cos(v) = —u, —v + mm = a cosh(u) sin(v), (26)

where « is the absolute area:

0'10'2‘/143 dCL‘:M>0

- vV |U1U2 V4 \U1U2|

Since v € [0,7/2), the first equation in (26) implies w = 0, so that (26) is now reduced to the single equation
—v + mn = asin(v), (27)

with v € (0,7/2) (v = 0 is excluded since p # ji). Here again, since v € (0,7/2), it is immediate that
(27) has no solution for m < 0. An elementary graphical analysis shows the following: for m = 1, (27) has
no solution (in (0,7/2)) for o < 7/2, and exactly one solution v € (0,7/2) for a > /2, which goes from
/27 (for a = (7/2)%) to 0T (for a — +o0), that is pu goes from 0T to fi; for m = 2, (27) has exactly one
solution for @ > 37/2, and no solution (in (0,7/2)) for o < 37/2; for m > 1, (27) has exactly one solution
for « > (2m — 1)m/2 (with corresponding p going from 0 to 1), and no solution for a < (2m — 1)7/2.
When « crosses the values o = k7w /2, k > 1 odd, an eigenvalue 0 crosses the real axis to go to the half-plane
{Im < 0} up to —ifi. Consequently, the equation (27) has no solution for o < 7/2, and (for m > 1) exactly
m solutions for (2m — )7/2 < a < (2m + 1)7/2.

2.7.2 Proof of (ii)

We look for eigenvalues for (7) A = —ip, with g > 0, and ¢ = (11, v2) a non-trivial, real-valued, solution
of (7), that is
1Yy + o1 Az + Py =0
(28)
Vay + o211 A3 + papy = 0.
Notice that if ¢ > 0, the behavior of 1 at +00 should be given by the solutions of

V1Y) + b = varhh + by = 0,

which means, since vo < 0 < vq, that one expects the solutions (decaying to zero at infinity) of (28) to be
such that, for some real constants o, a_

(ope™re/v1 () x — +00

Y(x) = (P1,v2)(x) =

(0, a_e—He/v2) xr — —0o0.

The first step is to construct particular solutions ¢f with the above mentioned asymptotic behavior at +o0
up to p = 0. It suffices to treat the case z — —oo (the other case being analogous). We use a classical fixed
point argument (see, e.g., [5]), and the point is to have some uniformity for u € [0, ], with

CE@+@>O, 551<i—i)>0 and ﬂEc”Ag”Lm/é.

oty =es (ue (010 ) o= (ol ).

which transforms (28) into

We set

g — x
v1(x) + U—zAg(x)e 26 1(z) =0.
2
We then consider for R > 0 that will be chosen sufficiently large, the fixed point problem in (—oo, —R)

Hoy

v [ Peay) As(y)e®
e =Tudn = (1) [ E e | (29)
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For 0 < u < i, we shall solve (29) in the Banach space
Eu={¢=(p1,42) : (00, —R) > R?, 1oy € [®(~00,~R), 2 € L™(~00,~)}

equipped with the norm

2u8|z|

[els, =l erll s o ry + l2ll ooy

In view of the easy estimates

[ Zewame ] < 2]( [ a0 )l el e (30)

U2

and
’/ —902 (y)e2u6y‘ < e 2ndlal %‘(/40 |As(y)| dy) ||<p2HL(X,(_OO,_R), (31)

we see that Y, : £, — E, is a well-defined affine mapping. Moreover, if R is chosen sufficiently large so that

]Zi(/:ms(ndy); and \Zz(/:mg(»dy);

the above inequalities show that Y, : E,, — E, is %—Lipschitz. Therefore, T, : E,, — E,, has a unique fixed
point ¢, € E,,. Furthermore,

leull g, = ICulenlll s, < [ Tulen] = Xulol| 5, + [ Tul0]] 5, < %H‘PuHEu +1

hence
26|z

H%”Eu = ||e (¢H)1||L°°(foo7fR) + H(30/‘)2||L‘>°(700,7R) <2 (32)

v e (—ue (00 ) ) e = (S ).

From (30), (31) and (32) and the fact that [*__|As| dy — 0 as & — —oo, it follows that

We then set

Y, (z) = e He/v2 { ( (1) ) + 0(1)} as T — —o9, (33)

with o(1) uniform with respect to pu € [0,f]. Following the same lines for x — +o00, we construct, for
0 < p < [i, a solution ¢} of (28) such that

Vi (x) = e He/v1 [ ( (1) ) + 0(1)} as T — 400, (34)

with here again a uniform o(1) for u € [0, fil.

In a second step, we use polar coordinates ¢ = (¢1,12) = p(cosf,sinf), and rewrite the system (28)
under the form

. —MP(COi(e) N sin;(9)) B (% N ag)pA3

1 1
9’:/1(———) cos@sm&—i—Ag(—sm 0 — =2 cos 0)
(2 Vo U1 U2
Note that the equation for § does not involve p. We shall denote 1/)5 =Py *(cos Hﬁ, sin Hﬁ), and from , we see
that we can choose 6, (resp. 6,}) such that 6, (—oo) = 7/2 (resp. 6} (4+00) = 0 ), and that the mapping
[0,71] X (=00, —=R] > (u,z) = 0, () € R (resp. [0,7] x ([+R,+00) > (u,z) = O} (x) € R) is uniformly
continuous. We focus then on the second equation of the above system, namely
1 1
o :u(— - —) cos@sm@—i—Ag(—stG— 72 cos? 9). (35)

U1 V2 U1 V2
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The point is to show that for some p > 0, there exists m € Z such that 6, = 0;‘ + mm on R. Since 0, and
0, solve (35), it is sufficient to show that 6, (z) = 6} (x) mod 7 for some x € R, which will be done by using
the intermediate value theorem in [0, fi].

We consider first the case ¢ = 0. Then, we have for x € R,

(%) /%W d6
As(y) dy = dy = .
/ 3 v= / o o2 22 cos? 6, 1 sin® 0y 4 /2 Z—; cos2© — % sin ©

The integrand in the right-hand side is 7-periodic, even, of constant sign (since o102 > 0 > v1v2) equal to

€ = sgn(oa/ve) = sgn(o1/v1) = —sgn(oe/ve) = £1, and has integral over one period equal to (using the
change of variable t = tan ©)
ot de +m/2 de oo gt lvy s
Vo € R, R T n = R I = o oim =T\
« T2 cos O — ot sin © —m/2 G2 COS O — ot sin © —0 e T Et 0109

Since, by assumption,
R
0102
it follows that ¢, has a finite limit at +oo which is such that
n= ‘05(—#00) —Ga(—oo)‘ — g = ‘05(—#00) — g’ - g > 0.

Since 6, and 9; tend to /2 and 0 at —oo and 400 uniformly with respect to [0, fi], we can choose some

r > 1 such that, for 0 < u < [,

_ T_T 1. _ _ n
‘GM (—r) — < T ‘9:(+r) < Tomm(n,ﬂ) and ‘00 (+7) — 0, (Jroo)’ < 10°
It then follows that
s — 2 = (05 (+r) — 05 s (+o0) = ) 05 (4r)| 2 4n
65 (+1) = 05 (1) = 3| = | (05 () = 05 (+00) ) + (65 (+00) = 5 ) = 65 (4m)| = T + 2
thus 6, (+7) — 05 (+7) & [0, 7).
Now, we focus on the case where p = 1. We have
do; - o
—c|As| Lo < i 20ficos 0 sinf; < ¢ Asz| Lo~
Denoting # and 6 the solutions of
de
e = F(0) = 20ficosfsinf — c|As| L = 0fi(—1 + sin(26)) with 0(=r)=0,(-r)
- sz _ . oa . 2 _
e F(0) =26 cosfsiné + c|Az| L~ = da(1l + sin(26)) with O(=r) =0, (-r).
x

(for which we have global existence) we then have
0<0, <0 in [—r, +r].

It is immediate that F is positive on the interval (7 /4,37 /4) and vanishes at its right end; similarly, F is
negative on the interval (7/4,37/4) and vanishes at its left end. We then infer, since 0, (—r) € (7/4,37/4),
that on [—r, +7],

s 3T
—<hT <O <ot < —.
4 - — =" 4
Consequently,
05 (+r) — 0+(+r——‘<‘9 +7) ‘+(9++r‘<—+ﬁ<g

and 0 (+r) — 6, (+r) € (0,m). Since the mapping [0,71] 5> p — 05 (+r) — 61 (+r) € R is continuous (up
to p = 0), it follows from the intermediate value theorem that for some 0 < p < fi, 05 (+7) — 05 (+7) is
an integer multiple of w. For this value of p, 1/1: is collinear to ¢, and we have then obtained a solution
Y=9, = Kw:[ (for some K € R*) to (28) which tends to 0 at +oo exponentially fast.
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2.7.3 Proof of (iii)

We first recall that if v1 + vy = 0, then v = 7, and the estimates (i7) and (iv) come from Proposition 6.
We thus assume vy + vy # 0. We introduce the variables (close to the characteristic variables)

1 1 .
T = (———)m and t=2t— (i—l—i)x,

(% Vo U1 U2

and denote R R
Aj(tﬂi“) = Aj(t, (E) ] = 1, 2, A3(i) = A3(£C)
Writing (5) in terms of A = (A;, Ay), we infer the system in (£, 2)
3{1211 + 03 A + 0y 2 i34, =0
Vg — U1

(%/12 — a@fig + o2 “l AA3A1 =0.

U1 — U2

This system in variables (£, %) is of the type (5) with (o, 02) replaced by (61,62) = (01 v , 02 u )
Vo — U1 U1 — Ug

for which 6165 > 0. Thus, we may apply the result of Proposition 6 (forward and backward in time) to get

lv1vs]

i) Vil

L~ =C

A = 0)|| . exp <|t\\/017 ) (36)

We recall that we have assumed v; + v2 # 0, thus we can set

27J1U2
V1 + U9

€ R*,

0

so that the line {f = 0} is the line {¢ = x/0}. In order to be able to use (36), we need to estimate

At =

0) ”Loo - ”9 = A(a"%’)”Lm'

1 1 1 1
=—+—c (77 7>a

U1 (%) Vg U1
and then O < vy (if v1 > —vg) or O > vy (if v1 < —vy). We first treat the case © > v;. By assumption,
As € L', thus there exists R > 0 such that

0109 ].
A — 37
et /y|>R' $l(w) dy < 1. (37)

We shall follow the first lines of the proof of Proposition 5 to obtain a large time estimate for

Since v1 > 0 > wvo,

S

N() = |As(t) L

HL‘x’({:czR-l-tvl}) + 0-72 U1 t)||L°°({£ZR+tU1}).

Let us fix 0 < ¢’ <t and x > R+ t'v;. Note that for 0 < 7 < ¢/, we have
x— ' =7y > (R+tv)— (' —7)vy = R+ 7104 and x—({t' —7T)vg > 2> R+tvy > R+ 11Uy,

Hence, from (10), we infer
. t/
|[A1|(t,x) < |AP (2 — t'vr)| + \01\/0 HAQ(T, -)|’Lw({yZR+TU1})|A3\(x —(t' = 7)) dr

o oo
< e+ 22 s 120 gmrerny) ([ 1A5l0) )

‘ 1| 0<r<t

and similarly

. +m
A2l ) < AP ]+ (500 L1y ) ([ 42100 ).

|U2| 0<r<t
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Consequently, using (37), we deduce that for 0 < ¢’ <t,

+ 2 sup N,

t/ <CAin
)< ” 2 o<r<t

P

from which it comes, for any ¢t > 0,

N(t) < sup N(r) <2C|4™
0<r<t

o (38)

Since © > vy, for 8 > R/(0 — v1), we have 80 > R + 6v;. Therefore, the above estimate yields in particular

|6 — A6 <c|Am

”LOO({0>R/(U v1)}) — ||L°°’

In the case U < vy < 0, we deduce by similar arguments (computing the L* norms in {y < —R+tvy}) that

o — Ao < c|am

“LOO({0>R/(UQ 0)}) ||L°°’

The estimates for § < —1 are derived in the same way. Hence, there exists some © > 0, depending only on
R, vy and v9, such that ‘
10 A9, 00) < cfan,..

Since Az € L, the Cauchy problem (5) is locally Well—posed in L* and it follows that

|6 — A(6,60) <O|A™

({le|<e})
for some constant C' depending on As, o1, 02, v1 and ve. Collecting the above inequalities, it comes
|AE=0)||,. =0 A®,00)

~ S OA7 e

Inserting this into (36) yields for ¢ > 0 and z € R

At @)oo = A D)) < C A exp (20—

%) . (39)

This estimate is sufficient to show that eigenvalues for (7) (if they exist) lie in {Im > —v,}. Indeed,
assume that A € C is an eigenvalue for (7) with corresponding eigenvector 1, so that A(t,z) = e1)(x)
solves (5). Then, (39) yields, for any « € R,

2)
5 )

At @)oo = M (@)oo < Ol o exp (|26 = 3

Choosing © = g € R such that 2|¢)(zp)|c0 > ||1pHLOO, this gives

e~ tmA < 2C exp (‘2t

13)

which yields the result letting ¢t — +oc.
To prove (#ii), we use (39) only for z € [-R, +R]:

[AD] 1 vmy < Cr[A™ ] ™ (40)
We now derive an estimate for
ag U
N(t) = ||A1”L°°((O,t)><(R,+oo)) ;; v%‘” 2”L°°((0,t)><(R,+oo))'

For x > R and 0 <t <t, we have, by (10) and since vs < 0,

|2

+oo
Ao (', 2) < [ A3, + 02 |||A1”L°°((O,t)><(R,+oo))/R |43/(y) dy. (41)

Furthermore, (38) gives in particular

”Al “Loo({ogﬂgt, z>R+t'v1}) < CHAin L
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Let now 0 <t <t and R <z < R+ t'v;. By the method of characteristics, we obtain

J— tl
A (o) = Ay (t' 7 R,R) — o / Ag(r,x — (' — T)v1)As(z — (' — 7)v1) dr.
U1 t—z=R

v

We use (40) to bound the first term (¢’ — (x — R) /vy <t' <t), and since x — (t' — 7)v; > R in the integral,
we obtain, for R <z < R+ t'vy,

S CR ||Ain

. ol e
”AlHLOO({ogt'gt, R<z<R+t'vi}) Looetﬂ{ +— - “A2||L°o((o,t)><(R,+00))/R |A3\(y) Y- (43)

the combination of (41), (42) and (43) yields

Possibly taking R larger if necessary, we can assume the term in parenthesis < 1//2, so that

et=,

N(t) < 205 A"

|1
The estimate for £ < —R follows the same lines, and combining with (40), we infer as claimed

|A@)

< cfan] et

[ [ €’

2.8 Proof of Proposition 9

We recall that o109 > 0. Possibly changing = for —z, we may, without loss of generality, assume that
v1 > 0 and vo > 0. Moreover, if necessary, we may exchange the indices 1 and 2 so that vy > vy > 0.

2.8.1 Proof of case (i)

In case (i), v1 = va > 0 will be denoted v. We can notice that the explicit computation yielding (22) is
still valid in this case, thus

Ata) = AP —wyeoh (Y22 [ aqy) ay)
v r—tv
_ﬂmmfﬁ@w—mmmomﬁf A3(y) dy)
09 v z—tv

Ag(t,z) = Al (z — tv) cosh (*‘Uvm As(y) dy)

_Sgn(al)\/fAiln(x_tv) sinh ( oz / As(y) dy)
r—tv

]

and (i) follows easily.

2.8.2 Proof of case (ii)

Let (T,X) € Rt xR, and assume that A solves (5). We recall that A™ € C(R), hence A € C(Ry x R, C).
Due to the finite speeds of propagation vy > v; > 0, the value of A(T, X) will depend only on A3 and A™ in
[X — T, X]. We wish to prove, for some constant C' > 0 depending only on o1, 02, v1 and ve, the pointwise

estimate
0109
A(T, X)|o, < O] A A d) 44
AT, X)leo < ClA™ o (ix 0, x)) € *MWLMJﬂ y (44)

For some given r € N* (that will tend to +00), we divide the interval [X — Tva, X] into r subintervals
[27,29%1], 0 < j < r, with 27 = X — Twa(1 — j/r), j € Z (we omit the dependency on 7 in the notations).
Since A3 € L}, .(R), there exists 79 € N* (depending on 7" and X) such that, if r > r,

LIt
VO <j<r aﬂ'z,/%/ | As|(y) dy < 1. (45)
2
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On each subinterval (z7,2z9%1) (0 < j < r), A solves, in the space-time trapezoid
DI ={(t,x) € RT x (27, 27TY), & —tvy > X — Ty},
the boundary value problem

BtAl + vlc?mAl + O'1A3A2 =0 )
B for (t,xz) e D’ (46)
01 Ag + V90, Ag + 09 A3A1 =0,

with the boundary conditions (since vy > v1 > 0, they are naturally on the left-hand side of the domain and
at the initial time)
At,x = 29) = A(t,x = 27), 0<t<T,
(47)
At =0,z) = Ain(x), o) <z <gith

Using the method of characteristics, we find for (¢,z) € D7:

Ai(t,x) =150 140, {Ailn(x —tuvy) — o1 /0 As(z — (t — T)vy)Aa(T, 2 — (t — T)v1) dT}

x—ad

+ lxgijrtvl {Al (t -
U1

7g:j> -0 /ttzzj As(z — (t — m)vy)Az(T, 2 — (t — T)v1) dr}

As(t,2) =Ly 0s {Ai;(x — tug) — 09 /Ot As(z — (t— 1)) Ar(ry 2 — (t — T)2) dT}

Tz —x!

+ 1r§11 +tuo {A2 (t -
U2

7xj) — 09 /:T_JJ Az(z — (t — T)v2) Ay (1,0 — (t — T)v2) dr}.

Denoting t/ =T — (X — 27) /vy for 0 < j < r, this yields the inequalities (since vy > vy > 0)
o] LIt
in o
41y < max {147 e ooy + 2 el [ 1sl0)
_ o] it
”Al(’vxj)”cqo,ti]) + Ti”AQHC(DJ) /:rj |45](y) dy}

It

in j |0 |
= maX{HAl ”C([zj,wj-%—l]); ||A1(~,9:J)||C([O)tj])} + TiHAQHC(Dj) /j |As|(y) dy (48)

x
gt

in |J |
HAQHC(DJ') < maX{||A2 ”C([zj,ggj-HD + Tz”Alnc(Dj) /mj 45/ (y) dy;
- o]
”A?("IJ)HC([O,H‘]) + 72||A1||C(Dj) /a:j | As[(y) dy}
Zit1

= {48 sy 42 ooy} + 2 A ey [ 1sl) dy (49

x

Setting, for 0 < j <,
o = mas {47 ] x4 lecon |

01U2

o2V max { HA]ZHHC([X—TUQ,X]); ||A2”C(Dj)}7
we infer from (48) and (49) that for 0 < j <r,
af <a] ' +alal,

_ - o
a) <a) " +alal.
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As a consequence, the quantity 4 ' ‘
o =af +a}

satisfies (in view of (45))
a1

J < -,
= 1—a?
Therefore, for some constant C' > 0 depending only on o1, 02, v1 and v,
1 r 0 - N
GM@Jﬂmgagax<Hﬂ—aD .

j=1
Letting r — +o0, since o/ — 0 uniformly for 0 < j < r, we have

(ﬁ(l - aj))_l = exp ( - jz:ln(l - aj)) — exp (, / Zigi /XX_TW |As|(y) dy).

Jj=1

Moreover, as r — +00,

g1U2 :
WHAEH

0 in
a’ — | A} C([X —Tw2,X]) pu

{C([X—T’UQ,X])7

thus (44) follows, and hence statement (i7).

2.8.3 Proof of case (iii)

We consider here Az satisfying hypothesis (13). It is sufficient to show that if (T, X) € RT x R~ and
A € C.(R,R?) is such that

0102 0102

0<AP <1, 0<AY< AP =1, A=

02U1 02U1

in [X - T’Ug7 X]
and A'® and AL} are nondecreasing in R™, then

X
v 010
AT X = cexp (/22 [ Jaal(y) dy) (50)

for some constant ¢ > 0 depending only on ¢y, 02, v1 and vy. Indeed, (i7) will then follow from the fact
that Az vanishes in [1, 400), hence

T x 1
sup / |Asl(y) dy > sup / |As(y) dy — / A3l (y) dy.
x z—Tvq 0

<0 —Twvy zER

We recall that (10) is a fixed point problem A = Y[A], where T = (T, T5),

T1[A](t,z) = AP(z — tvy) — 01/0 Ao(r,2 — (t — T)v1)As(z — (t — T)v1) dT

Yo[A](t,z) = AP (z — tvg) — Ug/OtAl(T,x — (t —T)ve)Asz(z — (t — T)vg) dT.

The solution A is real-valued since A™ and A3 are. From (13) (recall that o109 > 0), —01 43 and —o9 A3 are
nonnegative and nondecreasing in R~. Moreover, A" and A" are nonnegative and nondecreasing in R™. As
a consequence, if A;(t) and Ay(t) are nonnegative and nondecreasing in R~ for every ¢ > 0, then Y4 [A](t)
and Y2[A](t) are also nonnegative and nondecreasing in R~ for every ¢ > 0 (since 0 < vy < vy, thus for
0<7<t,x—(t—7)vy <z —(t—7)vg <z <0). It follows that if A = %, A", then A;(¢) and As(t) are
nonnegative and nondecreasing in R~ for every ¢ > 0.

As for the case (ii), for r € N*, we split [X — Tve, X] C R~ into 7 subintervals [z7,2771], 0 < j < r,
with 27 = X — Twva(1 —j/r) for j€ Z and set ! =T — (X —a7)/vg =T/r for 0 < j <r. We fix j, k € N
with 0 < j < k < r, k € N and work in the (space-time) triangle D’* with vertices (2771, %), (27,*) and
(27, tk*1). We show a bound from below for A; and A, at (27,*) depending on their values at (2771, t*).
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First, since Ay (t) and As(t) are nonnegative and nondecreasing in R~ for every ¢ > 0, we infer as a first step
that for (t,z) € DI+,

Ag(t, @) > Ay(t7, a—(t—tF)or) > Ai(t*,2771) and Ay(t,z) > Ap(tF, 2—(t—1F)vg) > Ap(tF,2771).
Consequently,
s
Ay (Y 27) > Ay (85, 0 — (5 — P )oy) — 0’1/ Ag(r,2? — (" — 7)oy Ag(a? — (" = 7)vy) dr
tk
> Ayt a ) - Dy [ A3(y) dy
U1 xd —(th+1—tk)uy

(since 0 < vy < vy, we have (7,27 — (t*T1 — 7)v;) € DIF), and similarly
tk+1
Ag(tk+1,xj) > Ag(tk,xj — (t’“‘1 — tk)’Ug) — 02/ Ay (1,27 — (tk'|r1 — T)ug)As(z? — (th+t — T)vg) dT
tk
o o’
> Ap(th, 2971 — ifh(tk,xﬂ‘—l)/ As(y) dy.
U2 xd —(thk+1—th)y,

From the fact that 0 < v; < vy, we deduce that the quantity

0102

alk Emin{Al(tk,xj); Ag(tk,zj)}
02V1

Jk+l 5 -1k aioz [*
WA > @t (1 [T [ [43](w) dy).
V1Ug x]_(thrl_tk)Ul

rr 0,0 0102
> a0 H 1+,/U102 /I Tul/r|A3 )dy)
0109 (X T)
> 1/ As|(y) d
eXP Z V1U2 /zj —Toy /7 ‘ 3 ) y+ )

since a®° = 1 and f i Ty /v |As|(y) dy < Co(X,T)/r. Now, since |As| is nondecreasing in R™,

Tv X
Z / Al dy > = Z Al 2 [ asly) dy
zd—Tvy /7 X—Twvs

as r — +o0o. Hence, passing to the limit as 7 — +o00 in the previous inequality yields

min{Al(T,X); “1“2A2(T,X >exp 9192 / | As|(y dy)
021 V1V2 J X T,

This establishes (50) for some constant ¢ > 0 depending only on o1, 02, v1 and vs.

verifies

Therefore,

2.9 Proof of Proposition 10
Here, we recall that v; = 0 # vy. Let us first recall that the telegraph equation

0%y U + KU =0,
for U=U(X,Y):R? - R and K > 0 is a constant, has a well-known particular explicit solution given by

UX,Y) = Jo(2KVXY),
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where, Jy is the Bessel function defined by

Jo(z) = 1 /07r cos (zsin(u)) du = z":o M

2
Q = Y
Indeed,
J(2KVXY) J(2)
2 _ 32 " 0 " 0 _
9%, U = —K (JO(QK\/XY)+72K Voo ) and (=) + 22+ (=) = .

Similarly, the above computation yields that
01029 x
As(t,x) = Jo(2 (— — t)
2( l‘) 0( |A3|\/ (%) \/x U2 )

315 (& + UQ@I)AQ = 010'2|A3‘2A2.

solves, in R4 x (0, ¢),

One could then define A; such that (A1, As) solves (5) in Ry x (0, ¢), with appropriate boundary and initial
data. Moreover, the Laplace method yields the asymptotic behavior of Jy on the imaginary axis:

3
Jo(i€) ~ ﬁ for £ = +00 (£ €R). (51)
Hence, for fixed z € (0,¢),

As(t, ) exp (2)/ 772 | 43|Vt ).

€o
[ As| vt
where the positive constant ¢y depends only on o1, oy and ve. Due to the fact that the boundary datum
involved in A; is unbounded, the growth rate in the exponential has an extra factor 2.

2.9.1 Proof of case (i)

Without loss of generality, we may assume that the interval I is (0,¢). Then, (10) becomes

At 2) = A(2) — o1 As(2) /O Ao(r,7) dr

Ag(t,fﬂ) = A‘2“(x — t’UQ) — 0'2/0 Al(T,IE — (t — T)UQ)/L;(IL’ - (t — T)’l)g) dr.

Choosing A" =0 and AP = 1, we infer

P t=(e-y)/vs
Ayt z) =1+ T2 / A312(y) / As(0,y) dody.
U2 T—tug 0

It is then clear that A; and As remain non negative for ¢ > 0. Moreover, for 0 < z < ¢ and t > z/va,

x t—(xz—y)/v2
Aslt2) > 1+ 202 4,2 / / As(6,y) dbdy. (52)
U2 0 Jy/va

This implies, as a first step, for 0 < x < ¢ and ¢t > x/vs,
A2 (tvx) > la
Inserting this lower bound into (52) yields as a second step

Ata) 2 1+ D24 [ ]
U2 0 y

t—(a—y)/va
1dody =1+ w|Ag|2w(t - ﬁ).
V2

/v2 U2
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Arguing by induction and using the fact that, for n € N|

€ rt—(e—y)/v . )
/O/y/v2 Y 2y"(9—%) dedy:ﬁxn+l(t—%) +17

it follows that, for any n € N,

Loz -2

Letting n — +o00 and in view of the power series expansion of Jy, it comes

Ag(t,a?)ZJo(i 0102|A3\ x(t—%))

Hence, it follows from the asymptotic behavior (51) of Jy on the imaginary axis that for any 0 < & < £, there

exists ¢, > 0 such that
010
Ag(t,z =€) > c.exp (1 / 11}22 |As|v/ (€ — s)t)

provided t is sufficiently large.

2.9.2 Proof of case (ii)

We consider Az € L*°(R) and compactly supported, say in (0, ¢) without loosing generality. In the regions
{z <0} and {x > ¢}, A3 vanishes and A is explicitable:

Ay(t,z) = AP (x — tu) or As(t,z) = Ay (t — x{; 6,6)

if (x<0ora>{l+tuvg) or £ <z <L+ tuy, thus it suffices to prove the estimate in [0, ¢]. As in the previous
case, (10) yields

. o [T oo [T t—(z—y)/va
Ag(t,x) = AP (2 — tvg) — 2 / AP () As(y) dy + D272 / A3 2 () / A5(0,y) dody,
x—tvg r—tvug 0

U2 U2

thus, for 0 < x </,

Aalt,0) < |48+ 2l 22l [ 0 oty

The idea is to construct a super solution to this inequality, using a power series expansion as in the previous
case. Let

+oo
v(t.0) = 3 [P} ] 28 = (5[ 22 ] 3R > 0

=0 ("

Then, an immediate computation yields

x t
+ 0102 HA3||2°° / / D(0,y) didy = D(t, x). (54)
V2 0o Jo
Therefore, for some constant K depending only on o1, 02, v2 and | As| -, we have, for 0 < z < ¢,
T t
in 719 2 in
{12l = KoJA™| 0} (1) < 22| e] /0 /0 {14] ~ Kol 4™, .} (0.) dby

0102

< 2 \\Ag,Himﬁ/Ot {121 - Koflam o} @, a0

Hence, by Gronwall inequality, for any ¢ > 0 and z € [0, ¢,

{145] = Kol 4™ . @ }(t,2) <.
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Consequently, from the asymptotics (51),

|Ag] < Kol A

C in 0109
o(t,x) < |4 (22

[ m [ exp (/72 4] V).

for some constant C' depending on o1, 03, vg, £ and | As|p~. Inserting this upper bound in the first line of
(10) yields

in in K C 010
Ail(t.2) < AT+ ol sl A7 [ e (22 Al V) ar

V).

< C/HAin 0102

— 4

Lee ©XP ( P

The proof is complete.

2.10 Proof of Proposition 11

We denote (#1,72) the coordinates in the basis (v1;v2) of R%. We follow closely the arguments used in
the proof of Proposition 9. We fix (T, X) € R, x R2. For r € N* and j = (ji, j2) € Z?, we denote

Vj = Xl —T(l —jl/r)vl —I—Xg —T(l —jl/T)’Ug S R2.

We define R as the parallelogram with vertices 0, Xovo = VO Xjuv; = V9 and X = V") and
RJ (j € Z?) as the parallelogram with vertices VU1:72) Y (i1t+1i2) 1/ (uia+1) apnd V01417241 - We then
decompose the parallelogram R into the 72 subparallelograms R/, j € Z2, 0 < jy, ja < T.

On each parallelogram R7, A solves, in the space-time domain

DI = {(t,[E) e Rt XRj, T1+To—t> Xl +X2 —T},
the boundary value problem

8tA1 + 851141 + 0'1A3A2 == 0 )
B for (t,z) € D’ (55)
01 As + 03,A2 + 09 A3A; =0,

with the boundary conditions on the faces F/ = DI N {z; = V{} and FJ = DI N {iy = Vi }:

Al(t7i1 = Vlj,ffz) = Al(t T = Vl ,.’EQ) (t,.’il = 1j,.%2) € ./_'.f,
Ag(t,.’fl,.fing/éj> :Ag(t,xl,.’lﬁg:VQ) (t,.f?l,.fgz ~2j)€.7:g,
Alt=0,7) = A™(3), TeR.

By the method of characteristics, we find for (¢,z) € D7:
t
A1) <14 g {4y + 11 [ 140l A 7}

+1"1<V’+t{HA1\z1 VJHc F1) +|‘71|/ = &l ’A3”L°° RI) HA2”C Di) T}
T

= max{||Alln||C(R)5 ”Al\;zl:\?f ||C(f{)} + |01|?HA3||L°°(RJ')||A2HC(’DJ')

and similarly (here, the two quantities A; and As play symmetric roles)

=, in T
[A2|(t,7) < maX{HA2 HC(R)? HA2|9E2:i; HC(fg')} + |‘72|?”A?’HLOO(RJ')HAIHC(DJ')'

For j € Z2, with 0 < j1,j2 < 7, we set

T o} = maX{HAiFHc(R)? ”AlHan)}’
ol == 0102||A3”Loo RIY?
r ( ) j o g1U2 in
W= maX{HAz ||c<7z)9 HA2||C(D:')}'
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Then, we have
agjl’jz) < agj1_17j2) —|—O<(j1’j2)aéj1’j2),

ugjujz) < agjlszfl) _|_a(j17j2)a§j1’j2)7

from which it follows o
agyl 1,j2) + a(jl,j2)a§31,]2—1)

(J1,92)
ay < 1_ (a(jl,j‘z))z ’

a(]th D) 4 qlird2)g (]1 1.j2)
1— (Q(Jl ]2))2 ’
as soon as alU12) < 1, which is the case if r > 1+ T1/0'10'2”A3

(sz) <

||L°C(]Rz Let us set

,0)

Kozmax{ael =1 20<z<r}

By an immediate induction, we infer ‘
agl’l) < K9,
where the §;’s are defined by dg = 1 and

5 = 1+ 6i_1a("0)
T (a(i,o))2

It can be easily checked by induction on 7 that

5i:{ﬁ(1_(a(h,0))2)}1[ (002 Ha(ho +Z H a(0) ﬁ

h=0 £=0 h=(+2 h=0

Therefore, using that

ﬁ (hO) <1

and noticing that if Cyp = T'\/o103| A3 ”Loo(]R2), then, for 0 < ji,72 <,

Co
,

(Jl \J2) < —

we infer, for 0 <i < r,

2

b o (= 3ot - @ 0) 100 G 53]

, o
< exp (a(l’o) — Zln(l — ()2 4 %)
h=0

r

Reporting this into (57) yields

r !
0 < KO exp ( (h0) _ (om0 ﬁ)
a7’ < K" exp Olél}zgra Zln(l (™)) + ,

and, by similar arguments,

i - &
(1 ) < K%exp ( ax aOh) Zln(l — (%M)2) 4 J).
=0

h
Consequently, denoting &1+72) = max {a(jl’j2); aliz ’jl)}, it comes

ah0) )]

) !
max{ay’l);ﬁ =1,21<i< T} <K'=K° exp ( max a9 — Zln(l — (d(h’o))Q) + %)’
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which is an estimate analoguous to (56). Hence, arguing by induction on the lines j; = Cte and js = Cte,
we deduce

T

o ) p C}
max{ayl’”);ﬁ =1,21<j1,j2 < r} < K%exp ( max ahi — E In(1 — (a"9)2) + —0).
7 r T
=0 = 0<i<h<r

We now let r — 400 in the previous estimate (C, depends on T'). We bound K° using that (for ¢ = 1, 2)

(ivo) in
" = [ A HLoc(R)
uniformly for 0 <4 < r (since in the L® norm, the time interval shrinks to {0}). Moreover, in view of (14),
there holds

I

A(hyt) _ (Aa(hi)\2
max G > (1 —(@"")?) < C(v, M),
i—0 == 0<i<h<r

where C(v, M) depends on v and M (and vy, vg), but not on X, T or r. Therefore, for some constant C
depending only on ¢; and o9, we have as wished

eC(V,M).

1 r—1.r— r—1,r— in
6|A(T,X)|Oo§max{a(1 T 1)}SHA | )
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