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Semi-Parametrics Dose Finding Methods

Matthieu Clertant and John O’Quigley

Abstract

We describe a new class of dose finding methods to be used in early phase clinical

trials. Under some added parametric conditions the class reduces to the family

of continual reassessment method (CRM) designs. Under some relaxation of the

underlying structure the method is equivalent to the CCD, mTPI or BOIN classes

of designs. These latter designs are non-parametric in nature whereas the CRM

class can be viewed as being strongly parametric. The proposed class is char-

acterized as being semi-parametric since it corresponds to CRM with a nuisance

parameter. Performance is good, matching that of the CRM class and improving

on it in some cases. The structure allows theoretical questions to be more easily

investigated and to better understand how different classes of methods relate to

one another.
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❜✉t ❞❡s♣✐t❡ ✐ts ♥♦✇ ✇❡❧❧ ❦♥♦✇♥ s✉♣❡r✐♦r ♣❡r❢♦r♠❛♥❝❡ ♦✈❡r t❤❡ st❛♥❞❛r❞ ❞❡s✐❣♥✱ ✐ts ✉s❡ st✐❧❧ ❧❛❣s

❜❡❤✐♥❞ t❤❛t ♦❢ t❤❡ st❛♥❞❛r❞ ❞❡s✐❣♥✳ ❖♥❡ ❡①♣❧❛♥❛t✐♦♥ ❢♦r t❤✐s ✐s t❤❛t ♠❛♥② ❝❧✐♥✐❝✐❛♥s ❛r❡ ♥♦t ❛t

❡❛s❡ ✐♥ ✉s✐♥❣ ❛ ♠❡t❤♦❞ ✇❤♦s❡ ✐♥✲tr✐❛❧ ♦♣❡r❛t✐♥❣ ❜❡❤❛✈✐♦✉r ❝❛♥ ♥♦t ❜❡ ✐♠♠❡❞✐❛t❡❧② ❛♥t✐❝✐♣❛t❡❞

❛s ✇❡❧❧ ❛s t❤❡ ❢❛❝t t❤❛t ❤❡❧♣ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛♥ ❛❜❧❡ ❜♦❞✐❡❞ st❛t✐st✐❝✐❛♥ ✐s r❡❝♦♠♠❡♥❞❡❞✳ ❇✉t

t❤❡r❡ ❛r❡ ♦t❤❡r st❛t✐st✐❝❛❧ ❝♦♥❝❡r♥s ✭❆③r✐❡❧ ❡t ❛❧✳✱ ✷✵✶✶✮ t❤❛t ❤❛✈❡ ❧❡❞ t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢

♠❛♥② ❝♦♠♣❡t✐♥❣ ♠♦❞❡❧✲❜❛s❡❞ ❛♣♣r♦❛❝❤❡s✳ ❆♠♦♥❣ t❤❡s❡ ❛r❡ ❊❲❖❈ ✭❇❛❜❜ ❡t ❛❧✳✱ ✶✾✾✽✮✱ ♠❚P■

✭❏✐ ❡t ❛❧✳✱ ✷✵✶✵✮ ❛♥❞ ❇❖■◆ ✭▲✐✉ ❛♥❞ ❨✉❛♥✱ ✷✵✶✺✮✳ ❙♦♠❡ ❛✉t❤♦rs ❤❛✈❡ ♣♦✐♥t❡❞ ♦✉t t❤❛t t❤❡

❝♦♥❞✐t✐♦♥s ❢♦r ❛❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❙❤❡♥ ❛♥❞ ❖✬◗✉✐❣❧❡② ✭✶✾✾✻✮ ❛r❡ ✈❡r② r❡str✐❝t✐✈❡✱ ❛♥❞

t❤❡r❡❢♦r❡ ♥♦t r❡❛❧✐st✐❝✳ ❈❤❡✉♥❣ ❛♥❞ ❈❤❛♣♣❡❧❧ ✭✷✵✵✷✮ ❛♥❞ ❆③r✐❡❧ ✭✷✵✶✷✮ ❞❡s❝r✐❜❡❞ ✇❛②s t♦ r❡❧❛①

t❤❡s❡ ❛ss✉♠♣t✐♦♥s ❜✉t t❤❡ ❝♦♥❝❡r♥s st✐❧❧ r❡♠❛✐♥✳

❚❤❡ ❈❘▼ ✐s ❜❛s❡❞ ♦♥ ❛ str♦♥❣ ♣❛r❛♠❡tr✐s❛t✐♦♥ ♦❢ t❤❡ r❡❣r❡ss✐♦♥ ❢✉♥❝t✐♦♥✱ s♦ ♠✉❝❤ s♦

t❤❛t ✐t ✐s ♦❢t❡♥ ❞❡s❝r✐❜❡❞ ❛s ❛♥ ✉♥❞❡r ♣❛r❛♠❡tr✐③❡❞ ♠♦❞❡❧✳ ❚❛❦✐♥❣ ♦✉r ❝✉❡ ❢r♦♠ ❈❤❡✉♥❣ ❛♥❞

❈❤❛♣♣❡❧❧✬s ✇♦r❦ ♦♥ t❤❡ ❈❘▼✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ s❡♠✐✲♣❛r❛♠❡tr✐❝ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞

✭❙❡❝t✐♦♥ ✷✮✳ ❚❤✐s ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❝❛♥ ❛❧s♦ ❜❡ ✈✐❡✇❡❞ ❛s ❛ ❤✐❡r❛r❝❤✐❝❛❧ ❇❛②❡s✐❛♥ ♠♦❞❡❧ ❤❛✈✐♥❣

❛s ❛ ✜rst ❧❡✈❡❧ t❤❡ ♠❛✐♥ ♣❛r❛♠❡t❡r ♦❢ ✐♥t❡r❡st✱ t❤❡ ▼❚❉ ✐ts❡❧❢✱ ❛♥❞✱ ♦♥ ❛ s❡❝♦♥❞❛r② ❧❡✈❡❧✱ ❢❛♠✐❧✐❡s

♦❢ ❞♦s❡✲t♦①✐❝✐t② ❝✉r✈❡s ❝♦♥str❛✐♥❡❞ ♦♥❧② ❜② t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ▼❚❉✳ ❲✐t❤✐♥ t❤✐s ❢r❛♠❡✇♦r❦

✇❡ ❝❛♥ ❝❤❛r❛❝t❡r✐③❡ s❡✈❡r❛❧ ♦t❤❡r ❝✉rr❡♥t ♠❡t❤♦❞s✳ ❲❡ ✐♠♠❡❞✐❛t❡❧② ❣❛✐♥ s♦♠❡ t❤❡♦r❡t✐❝❛❧

❛❞✈❛♥t❛❣❡s s✉❝❤ ❛s ❛❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ▼❛①✐♠✉♠ ❚♦❧❡r❛t❡❞ ❉♦s❡ ✭▼❚❉✮ ✉♥❞❡r

✇❡❛❦❡r ❝♦♥❞✐t✐♦♥s t❤❛♥ t❤♦s❡ ❝✉rr❡♥t❧② ❛❞♠✐tt❡❞✳ ■t ✐s ❛❧s♦ ♠✉❝❤ ❡❛s✐❡r t♦ ❛♥t✐❝✐♣❛t❡ ❧❛r❣❡

s❛♠♣❧❡ ❜❡❤❛✈✐♦✉r ✐♥ ♠♦r❡ ❣❡♥❡r❛❧ s✐t✉❛t✐♦♥s✳ ❚❤❡ ❣❡♥❡r❛❧ str✉❝t✉r❡ ❛❧❧♦✇❡❞ ❢♦r ❜② s❡♠✐✲

♣❛r❛♠❡tr✐❝ ♠♦❞❡❧s ❡♥❛❜❧❡s ❞❡❡♣❡r st✉❞② ♦❢ t❤❡ ✈❛r✐♦✉s ♠❡t❤♦❞s ❝✉rr❡♥t❧② ❛✈❛✐❧❛❜❧❡✳ P❡r❤❛♣s

♥♦ ❧❡ss ✐♠♣♦rt❛♥t❧②✱ ✇❡ ♣r♦♣♦s❡ ♠❡t❤♦❞s ❜❡♥❡✜t✐♥❣ ❢r♦♠ ✐♠♣r♦✈❡❞ ❛s②♠♣t♦t✐❝s ♣r♦♣❡rt✐❡s✱

❝♦♠♣✉t❛t✐♦♥❛❧❧② ✈❡r② ❢❛st✱ ✇❤✐❝❤✱ ❢♦r s♠❛❧❧ s❛♠♣❧❡s✱ ♦❜t❛✐♥ ❛s ❣♦♦❞ ❛♥❞ s♦♠❡t✐♠❡s ❜❡tt❡r

r❡s✉❧ts t❤❛♥ t❤❡ ❈❘▼✳ ❈❤❡✉♥❣ ❛♥❞ ❈❤❛♣♣❡❧❧✬s ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❢♦r t❤❡ ▼❚❉ ❛s ❛♥ ✐♥t❡r✈❛❧

r❛t❤❡r t❤❛♥ ❛ ♣♦✐♥t ♣❛✈❡❞ t❤❡ ✇❛② t♦ ♠♦r❡ r❡❛❧✐st✐❝ ❛♥❞ ❛❝❤✐❡✈❛❜❧❡ ❣♦❛❧s ❢♦r ❞♦s❡ ✜♥❞✐♥❣

st✉❞✐❡s✳ ❚❤❡s❡ ✐❞❡❛s ❛r❡ ❢✉♥❞❛♠❡♥t❛❧ t♦ ♦✉r ❞❡✈❡❧♦♣♠❡♥t ❤❡r❡ ❛♥❞✱ ✇✐t❤✐♥ t❤✐s ❝♦♥t❡①t✱ ✇❡

❞❡s❝r✐❜❡ t✇♦ ❝❡♥tr❛❧ ❢❡❛t✉r❡s ♦❢ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r✳ ❚❤❡ ✜rst ✐s t❤❛t ♦❢ ❜❡✐♥❣ ✏s❡♥s✐t✐✈❡✑

❛♥❞ t❤❡ s❡❝♦♥❞ t❤❛t ♦❢ ❜❡✐♥❣ ✏❜❛❧❛♥❝❡❞✳✑ ❯♥❞❡r ✈❡r② ✇✐❞❡ ❛♥❞ r❡❛❧✐st✐❝ ❞♦s❡✲t♦①✐❝✐t② ❝✉r✈❡s

✷
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✇❡ s❤♦✇ t❤❛t t❤❡ s❡♠✐✲♣❛r❛♠❡tr✐❝ ♠❡t❤♦❞ ❡①❤✐❜✐ts ❞❡s✐r❛❜❧❡ ❧❛r❣❡ s❛♠♣❧❡ ❜❡❤❛✈✐♦✉r r❡❣❛r❞✐♥❣

t❤❡s❡ ♣r♦♣❡rt✐❡s✱ ❛♥❞ t❤❛t t❤✐s ❜❡❤❛✈✐♦✉r ✇✐❧❧ ✐♥❞❡❡❞ ❜❡ r❡✢❡❝t❡❞ ✐♥ ❝♦♠♠♦♥❧② ♦❜s❡r✈❡❞ ✜♥✐t❡

s❛♠♣❧❡s✳ ❋♦r ❛♥② ❣✐✈❡♥ s✐t✉❛t✐♦♥✱ t❤❡ ❧❛r❣❡ s❛♠♣❧❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ s❡♠✐✲♣❛r❛♠❡tr✐❝ ♠❡t❤♦❞

❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❡✐t❤❡r ❛❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ▼❚❉ ♦r ❜② ✐♥✜♥✐t❡ ♦s❝✐❧❧❛t✐♦♥

♦✈❡r t✇♦ ❛❞❥❛❝❡♥t ❧❡✈❡❧s✱ t❤❡ r❛t❡s ♦❢ ✈✐s✐t❛t✐♦♥ t♦ ❡✐t❤❡r ♦♥❡ ♦❢ t❤❡s❡ ❧❡✈❡❧s ❜❡✐♥❣ q✉❛♥t✐✜❡❞

❛❝❝♦r❞✐♥❣ t♦ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r ❞✐✈❡r❣❡♥❝❡✳

❆ ✉s❡r ❢r✐❡♥❞❧② ♣r♦❣r❛♠ ✐♥ ❘ ✐s ❛✈❛✐❧❛❜❧❡ ❛t ❛❞❞r❡ss ❤tt♣s✿✴✴❣✐t❤✉❜✳❝♦♠✴▼❛tt❤✐❡✉▼❈✴

❙P▼❴♣r♦❥❡❝t❴✵✶ ✳

✶ ❈♦♥t❡①t ♦❢ ♠♦❞❡❧✲❜❛s❡❞ ❞❡s✐❣♥s

✶✳✶ ❇❛s✐❝ s❡t✲✉♣ ❛♥❞ ♥♦t❛t✐♦♥

❚❤❡ st❛t✐st✐❝❛❧ ♣✉r♣♦s❡ ✐s t♦ ❡st✐♠❛t❡ t❤❡ r♦♦t ♦❢ ❛♥ ✉♥❦♥♦✇♥ ❞♦s❡✲t♦①✐❝✐t② r❡❣r❡ss✐♦♥ ❢✉♥❝t✐♦♥

❛s ♦❜s❡r✈❛t✐♦♥s ❛r❡ ❛❝❝✉♠✉❧❛t❡❞ s❡q✉❡♥t✐❛❧❧②✳ ❚❤❡ ♦❜s❡r✈❛t✐♦♥s ❛r❡ t❤❡ s❡q✉❡♥❝❡s✿ (Xn, Yn)n∈N✳

❆t st❡♣ n✱ t❤❡ ✈❛r✐❛❜❧❡ Xn ✐s t❤❡ ❞♦s❡ s❡❧❡❝t❡❞ ❢r♦♠ ❛ r❛♥❣❡ ♦❢ ❛✈❛✐❧❛❜❧❡ ❞♦s❡s❀ D = {1, . . . ,m}
❛♥❞ t❤❡ ✈❛r✐❛❜❧❡ Yn ✐s t❤❡ ♦❜s❡r✈❡❞ ❜✐♥❛r② r❡s♣♦♥s❡ ❛t t❤✐s ❞♦s❡ t❛❦✐♥❣ ✈❛❧✉❡s {0, 1} : 1 ❢♦r

❛ ❉♦s❡ ▲✐♠✐t✐♥❣ ❚♦①✐❝✐t② ✭❉▲❚✮ ❛♥❞ 0 ♦t❤❡r✇✐s❡✳ ❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ Yn ❣✐✈❡♥

Xn = d ✐s ❇❡r♥♦✉❧❧✐ ✇✐t❤ ♣❛r❛♠❡t❡r βd✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ❛t ❡❛❝❤ ❞♦s❡ ✐s ❛ss♦❝✐❛t❡❞ ❛ ♣r♦❜✲

❛❜✐❧✐t② ♦❢ t♦①✐❝✐t② ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ✇❛② ✐♥ ✇❤✐❝❤ ♣❛t✐❡♥ts ❛r❡ s❡❧❡❝t❡❞ ✐♥t♦ t❤❡ st✉❞②✳ ❚❤❡

r❛♥❣❡ D ❤❛s ❜❡❡♥ ❝❤♦s❡♥ ❜② ❝❧✐♥✐❝❛❧ ❡①♣❡rt✐s❡ s♦ t❤❛t t❤❡ ❞♦s❡s ❛r❡ ♦r❞❡r❡❞ ✐♥ t❡r♠s ♦❢ t❤❡

♣r♦❜❛❜✐❧✐t② ♦❢ t♦①✐❝ r❡s♣♦♥s❡✳

❆ss✉♠♣t✐♦♥ ✶✳✶✳ ∀n ∈ N, ∀d ∈ D, βd = P(Yn = 1|Xn = d) ✇✐t❤ β1 < . . . < βm .

❊st✐♠❛t✐♥❣ t❤❡ r♦♦t ♦❢ t❤❡ r❡❣r❡ss✐♦♥ ❢✉♥❝t✐♦♥ ❡♥❛❜❧❡s ✉s t♦ ❞❡t❡r♠✐♥❡ ✇❤✐❝❤ ❞♦s❡ ❛♠♦♥❣

t❤♦s❡ ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ r❛♥❣❡ D s✉❣❣❡sts ✐ts❡❧❢ ❛s ❤❛✈✐♥❣ ❛ ♣r♦❜❛❜✐❧✐t② ♦❢ t♦①✐❝✐t② t❤❡ ❝❧♦s❡st

t♦ s♦♠❡ ♠❛①✐♠✉♠ ❛♠♦✉♥t α ❝❤♦s❡♥ ❜② t❤❡ ✐♥✈❡st✐❣❛t♦rs✳ ❚❤✐s ❞♦s❡✱ ♥♦t❡❞ d∗, ✐s ❝❛❧❧❡❞

t❤❡ ▼❚❉ ✭♠❛①✐♠✉♠ t♦❧❡r❛t❡❞ ❞♦s❡✮✿ d∗ = arg infd∈D |βd − α|✳ ❆s ♣❛t✐❡♥ts ❛r❡ ✐♥❝❧✉❞❡❞

s❡q✉❡♥t✐❛❧❧② ✐♥t♦ t❤❡ st✉❞②✱ ✇❡ s✉♣♣♦s❡ t❤❛t ❛❧❧ ♦❢ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ s❛♠♣❧❡✱

(Xn
1 , Y

n
1 ) = ((X1, . . . , Xn), (Y1, . . . , Yn)) ✐s ❛✈❛✐❧❛❜❧❡ t♦ ❣✉✐❞❡ t❤❡ s❡❧❡❝t✐♦♥ ♦❢ t❤❡ ❞♦s❡ Xn+1✳

❚❤❡ ❡t❤✐❝❛❧ ❝♦♥str❛✐♥ts ♦❢ t❤❡ st✉❞② ✐♠♣♦s❡❞ ❜② t❤❡ ❝❧✐♥✐❝❛❧ t❡❛♠ ❡♥❝♦✉r❛❣❡s ✉s t♦ ✉s❡ ❛❧❧ t❤❡

❛✈❛✐❧❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥ ❛t ❡❛❝❤ st❡♣ ✐♥ ♦r❞❡r t♦ ❝❤♦♦s❡ ♦✉r ❜❡st ❝✉rr❡♥t ❡st✐♠❛t❡ ♦❢ t❤❡ ▼❚❉ ❛s

t❤❡ ❞♦s❡ t♦ ❜❡ ❣✐✈❡♥ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛t✐❡♥t✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ✭❈❤❡✉♥❣✱ ✷✵✵✺✮ ❞❡s❝r✐❜❡s

❛ ♣r♦♣❡rt② t❤❛t ❛♥② s❡♥s✐❜❧❡ ❞❡s✐❣♥ s❤♦✉❧❞ ❤❛✈❡✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳ ❆ ♠❡t❤♦❞✱ M✱ ✐s s❛✐❞ t♦ ❜❡ ❝♦❤❡r❡♥t ✐❢ t❤❡ s❡❧❡❝t✐♦♥ ♦❢ t❤❡ ♥❡①t ❞♦s❡ ❣✐✈❡♥

t❤❡ ♦❜s❡r✈❡❞ s❛♠♣❧❡ s❛t✐s✜❡s✱ ❢♦r ❛❧❧ d ∈ D ❛♥❞ n ∈ N✿

(Xn, Yn) = (d, 0) ⇒ M(Xn
1 , Y

n
1 ) > d and (Xn, Yn) = (d, 1) ⇒ M(Xn

1 , Y
n
1 ) 6 d ,

✇❤❡r❡ M(Xn
1 , Y

n
1 ) ❞❡♥♦t❡s ❞♦s❡ Xn+1 ❣✐✈❡♥ (Xn

1 , Y
n
1 )✳

✸

Hosted by The Berkeley Electronic Press



❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥ r❡str✐❝ts ❛tt❡♥t✐♦♥ t♦ ❞❡s✐❣♥ ❜❛s❡❞ ❡st✐♠❛t❡s t❤❛t ❛r❡ ❛❞❛♣t❡❞

t♦ t❤❡ ❛❝❝✉♠♠✉❧❛t✐♥❣ ♦❜s❡r✈❛t✐♦♥s✳

❆ss✉♠♣t✐♦♥ ✶✳✷✳ ❚❤❡ ❝✉rr❡♥t ❡st✐♠❛t♦r ♦❢ t❤❡ ♠❡t❤♦❞ s❛t✐s✜❡s✿ M(Xn
1 , Y

n
1 ) ∈ σ(Xn

1 , Y
n
1 ) ,

✇❤❡r❡ σ(Xn
1 , Y

n
1 ) ✐s t❤❡ s✐❣♠❛✲❛❧❣❡❜r❛ ❣❡♥❡r❛t❡❞ ❜② t❤❡ s❛♠♣❧❡✳

❯♥❞❡r t❤✐s ❝♦♥❞✐t✐♦♥ ✇❡ ❛r❡ ❛❜❧❡ t♦ ♦❜t❛✐♥ ❝❧❛ss✐❝❛❧ ❛s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s ❢♦r ❢r❡q✉❡♥t✐st

❡st✐♠❛t♦rs β̂d,n ❞❡✜♥❡❞ ❜②✿

β̂d,n =
n1
d

n0
d + n1

d

=
n1
d

nd

, ✇❤❡r❡ ni
d =

n∑

j=1

1{Xn=d,Yn=i} , i ∈ {0, 1} . ✭✶✮

▲❡♠♠❛ ✶✳✶✳ ❋♦r ❛❧❧ ♠❡t❤♦❞s s❛t✐s❢②✐♥❣ ❆ss✉♠♣t✐♦♥✶✳✷✱ ✇❡ ❤❛✈❡✿

✭✐✮ ▲❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs✿ β̂d,n −→
nd→+∞

βd , a.s.

✭✐✐✮ ▲❛✇ ♦❢ t❤❡ ✐t❡r❛t❡❞ ❧♦❣❛r✐t❤♠✿ ❢♦r ❛❧❧ βd ∈]0, 1[✱ ✇✐t❤ σd =
√
βd(1− βd), ✇❡ ❤❛✈❡

lim sup
nd→+∞

√
nd

(
β̂d,n − βd

)

σd
√
2 log (log(nd))

= 1 ❛♥❞ lim inf
nd→+∞

√
nd

(
β̂d,n − βd

)

σd
√
2 log (log(nd))

= −1 , a.s.

Pr♦♦❢✳ P❛rt ✭✐✮ ✐s s❤♦✇♥ ✐♥ ❆③r✐❡❧✱ ▼❛♥❞❡❧✱ ❛♥❞ ❘✐♥♦tt ✭✷✵✶✶✱ ❧❡♠♠❛ ✸✮ ❛♥❞ P❛rt ✭✐✐✮ ✐♥ t❤❡

s✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧✳

❚❤✐s ✈❡r② ❣❡♥❡r❛❧ r❡s✉❧t ♣r♦✈✐❞❡s ♥♦ ✉s❡❢✉❧ ♠❡t❤♦❞ ✐♥ ✐ts❡❧❢✳ ■♥❞❡❡❞✱ t❤❡ ❡✈❡♥t {nd → +∞} ✐s

r❛♥❞♦♠ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✈❡❝t♦r β = (βd)d∈D ❛♥❞ t❤❡ ❝❤♦s❡♥ ♠❡t❤♦❞✳ ■t ✐s ♥♦t ✐♠♠❡❞✐❛t❡❧②

❝❧❡❛r ❤♦✇ t♦ ♦❜t❛✐♥ ❛ ❝♦♥s✐st❡♥t ❡st✐♠❛t♦r ♦❢ t❤❡ ▼❚❉ ❜❡❝❛✉s❡ ✇❡ ❞♦ ♥♦t ✇✐s❤ ❢♦r ❡❛❝❤ ❞♦s❡

t♦ ❜❡ ♦❜s❡r✈❡❞ ✐♥✜♥✐t❡❧② ♦❢t❡♥✳ ❆ ❣♦♦❞ ❞♦s❡ ✜♥❞✐♥❣ ♠❡t❤♦❞ ✇✐❧❧ ❜❡ ❛❧❧ t❤❡ ♠♦r❡ ❞❡s✐r❛❜❧❡ ❛s

✐t ❢✉❧✜❧❧s t✇♦ ❝r✐t❡r✐❛✿

✭✶✮ ✭❚❘✱ tr❡❛t♠❡♥t✮✿ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t❤❡ ❣r❡❛t❡st ♣♦ss✐❜❧❡ ♥✉♠❜❡r ♦❢ ♣❛t✐❡♥ts t♦ ❜❡ tr❡❛t❡❞ ❛t

❛♥❞ ❝❧♦s❡ t♦ t❤❡ ▼❚❉ ❞✉r✐♥❣ t❤❡ st✉❞②✳

✭✷✮ ✭P❈❙✱ ♣❡r❝❡♥t❛❣❡ ♦❢ ❝♦rr❡❝t s❡❧❡❝t✐♦♥✮✿ t❤❡ ♠❡t❤♦❞ s❤♦✉❧❞ ❧❡❛❞ ✉s ✇✐t❤ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t②

t♦ ❛ ❝♦rr❡❝t ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ▼❚❉✳

❘❡❝♦♥❝✐❧✐♥❣ ❛♥❞ ❥♦✐♥t❧② ♦♣t✐♠✐s✐♥❣ t❤❡s❡ t✇♦ ❝r✐t❡r✐❛ ❝r❡❛t❡s s♣❡❝✐✜❝ ❞✐✣❝✉❧t✐❡s ❢♦r ❞♦s❡ ✜♥❞✐♥❣

st✉❞✐❡s✳ ■♥ t❤✐s ❝♦♥t❡①t ✐t ✐s ✇♦rt❤ r❡❝❛❧❧✐♥❣ ❛♥ ✐♠♣♦ss✐❜✐❧✐t② t❤❡♦r❡♠ ♦❢ ❆③r✐❡❧ ❡t ❛❧✳ ✭✷✵✶✶✮

t❤❛t t❤r♦✇s ❛ ✉s❡❢✉❧ ❧✐❣❤t ♦♥ t❤❡ ❛s②♠♣t♦t✐❝ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❤❡r❡✳ ❚❤❡s❡ ❛✉t❤♦rs ❤❛✈❡ s❤♦✇♥

t❤❛t ♥♦ ♠❡t❤♦❞ ❡①✐sts t❤❛t ✇♦✉❧❞✱ ❢♦r ❛❧❧ s✐t✉❛t✐♦♥s✱ ❛❧❧♦✇ t❤❡ ❝✉rr❡♥t ❡st✐♠❛t♦r t♦ ❜❡ str♦♥❣❧②

❝♦♥s✐st❡♥t✳ ❖♥❧② ♣❛rt✐❝✉❧❛r ❝♦♥✜❣✉r❛t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❡♠♣❧♦②❡❞ ♠❡t❤♦❞ r❡s✉❧t ✐♥

str♦♥❣ ❝♦♥s✐st❡♥❝②✳

✹
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❚❤❡♦r❡♠ ✶✳✶✳ ▲❡t M ❜❡ ❛ ♠❡t❤♦❞ s❛t✐s❢②✐♥❣ ❆ss✉♠♣t✐♦♥✶✳✷✳ ❆ s❝❡♥❛r✐♦ β s❛t✐s❢②✐♥❣ ❆s✲

s✉♠♣t✐♦♥ ✶✳✶ ❡①✐sts s✉❝❤ t❤❛t✿

Pβ(∃N : ∀n > N, M(Xn
1 , Y

n
1 ) = d∗) < 1 .

■♥❞❡❡❞✱ ✐❢ t❤❡ ♠❡t❤♦❞ r❡❝♦♠♠❡♥❞s ❛ s✐♥❣❧❡ ❞♦s❡ ❢♦r n ❧❛r❣❡ ❡♥♦✉❣❤✱ ♦❜s❡r✈❛t✐♦♥s ♦♥ ❝♦♠♣❡t✐♥❣

❞♦s❡s ✇✐❧❧ ❝❡❛s❡✳ ❚❤❡ ✐♥❢♦r♠❛t✐♦♥ ✇❡ ❤❛✈❡ ❛t t❤❡s❡ ❞♦s❡s ✐s ✜♥✐s❤❡❞ ❛♥❞✱ ♦❢ ❝♦✉rs❡✱ ✇❡ ♠❛②

t❤❡♥ ♠❛❦❡ ❛♥ ✐♥❝♦rr❡❝t r❡❝♦♠♠❡♥❞❛t✐♦♥ ❤♦✇❡✈❡r ❧❛r❣❡ n✳

❊①❛♠♣❧❡ ✶✳✶✳ ▲❡t β = (0.05, 0.10, 0.20, 0.35, 0.55, 0.7) ❛♥❞ α = 0.2 ✳ ❙✉♣♣♦s❡ t❤❛t✱ ❢♦r n

❧❛r❣❡ ❡♥♦✉❣❤✱ t❤❡ ❞❡s✐❣♥ s❡❧❡❝ts ♦♥❧② ❞♦s❡ 2 ❛♥❞ t❤❡ r❡s✉❧ts ❢♦r ❞♦s❡ 3 ❛r❡ ✷ ❉▲❚ ❛♠♦♥❣ ✺

♦❜s❡r✈❛t✐♦♥s✿ β̂3,n = 0.4✳ ■♥ s✉❝❤ ❝✐r❝✉♠st❛♥❝❡s✱ ❢♦r ❛❧❧ ❞♦s❡ d 6= 2✱ t❤❡ ❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs

✇✐❧❧ ♥♦t ❛♣♣❧② t♦ β̂d,n ❜❡❝❛✉s❡ t❤❡ ❞♦s❡ d ✐s ♥♦t ✐♥✜♥✐t❡❧② t❡st❡❞✳ ❚❤❡ ✐♥❛❝❝✉r❛❝② ✐♥ t❤❡ ❡st✐♠❛t❡

♦❢ t♦①✐❝✐t② r❡❧❛t❡❞ t♦ ❞♦s❡ 3 ✇✐❧❧ ♥♦t ❜❡ ♦✈❡r❝♦♠❡ ❜② ✐♥❝r❡❛s✐♥❣ s❛♠♣❧❡ s✐③❡✳ ❍♦✇❡✈❡r✱ ♥♦t❡ t❤❛t

t❤❡ ❡✈❡♥t {n2 → +∞} t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ♠♦♥♦t♦♥✐❝✐t② ✶✳✶ ❛❧❧♦✇ ✉s t♦ ❡❧✐♠✐♥❛t❡

❛❧♠♦st s✉r❡❧② ❞♦s❡ 1 ❢r♦♠ t❤❡ ❝❛♥❞✐❞❛t❡ ❞♦s❡s ❢♦r ❜❡✐♥❣ t❤❡ ▼❚❉✳

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❆ss✉♠♣t✐♦♥ ✶✳✶✱ t❤❡ t✇♦ ❞♦s❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t♦①✐❝ ♣r♦❜❛❜✐❧✐t✐❡s ❡✐t❤❡r

s✐❞❡ ♦❢ t❤❡ t❛r❣❡t ❞♦s❡ α ❛r❡ ❝♦♥s❡❝✉t✐✈❡✳ ■t ✇♦✉❧❞ t❤❡♥ ❛♣♣❡❛r ❞❡s✐r❛❜❧❡ ❛s ❛ ❧❛r❣❡ s❛♠♣❧❡

♣r♦♣❡rt② t♦ ❝♦♥❝❡♥tr❛t❡ ❡①♣❡r✐♠❡♥t❛t✐♦♥ ♦♥ t❤❡s❡ ❞♦s❡s✳ ❚❤❡ ❝❧❛ss ♦❢ ♠❡t❤♦❞s ✐♥tr♦❞✉❝❡❞ ✐♥

t❤✐s ❛rt✐❝❧❡ ❛r✐s❡ ✐♥ ❛ ♥❛t✉r❛❧ ✇❛② ❢r♦♠ ❛ ❝r✐t✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡

❈❘▼ ✭❖✬◗✉✐❣❧❡② ❡t ❛❧✳✱ ✶✾✾✵✮✳ ❚❤✐s ✈❡r② ❣❡♥❡r❛❧ ❝♦♥str✉❝t ✇♦✉❧❞ ❛❧❧♦✇ ✉s t♦ ✐♥❝❧✉❞❡ ❛ ✇✐❞❡

r❛♥❣❡ ♦❢✱ ❛t ✜rst ❣❧❛♥❝❡✱ ❞✐✈❡rs❡ ♠❡t❤♦❞s ✉♥❞❡r ❛ s✐♥❣❧❡ ❣❡♥❡r❛❧ ❤❡❛❞✐♥❣✳ ❚❤✐s ❣❡♥❡r❛❧✐③❛t✐♦♥

♦♣❡♥s t❤❡ ✇❛② t♦ ♠❛❦❡ ♣r♦❣r❡ss ♦♥ t✇♦ ❢r♦♥ts❀ t❤❛t ♦❢ ❝r✐t✐❝❛❧ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ♦✈❡r❛❧❧ str❛t❡❣②

❛♥❞ t❤❛t ♦❢ ♠♦r❡ ❡✣❝✐❡♥t ♣❛r❛♠❡t❡r✐③❛t✐♦♥ ♦❢ ♣❛rt✐❝✉❧❛r ❡①✐st✐♥❣ ♠❡t❤♦❞s ❛❧♦♥❣s✐❞❡ t❤❡✐r

❡①t❡♥s✐♦♥s ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ ♠♦r❡ ❝♦♠♣❧❡① ❝❧✐♥✐❝❛❧ s✐t✉❛t✐♦♥s✳ ■♥ t❤❡ r❡st ♦❢ t❤❡ ❛rt✐❝❧❡✱ ✇❡

st✉❞② t❤✐s ✐♥ r❡❧❛t✐♦♥ t♦ t❤❡ ❈❘▼✳ ❚❤❡ ♣r♦♣♦s❡❞ ♣❛r❛♠❡tr✐s❛t✐♦♥ ❡♥❛❜❧❡s ✉s t♦ r❡♣r♦❞✉❝❡

t❤❡ ❣❧♦❜❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤✐s ♠❡t❤♦❞ ✇❤✐❧❡ ♦❜t❛✐♥✐♥❣ ❜❡tt❡r t❤❡♦r❡t✐❝❛❧ ♣r♦♣❡rt✐❡s ❛♥❞ ❛❧❧♦✇s

✉s t♦ ❡s❝❛♣❡ t❤♦s❡ ❞✐✣❝✉❧t✐❡s ❝♦♥s❡q✉❡♥t ♦♥ ♣♦♦r ♠♦❞❡❧ s♣❡❝✐✜❝❛t✐♦♥ ✭s❦❡❧❡t♦♥✮✳ ■♥ ❢✉rt❤❡r

✉♥♣✉❜❧✐s❤❡❞ ✇♦r❦ ✇❡ st✉❞② ♠♦r❡ ❞❡❡♣❧② t❤✐s ❣❡♥❡r❛❧✐③❛t✐♦♥ ❛s ✐t r❡❧❛t❡s t♦ t❤❡ ❈❈❉ ✭■✈❛♥♦✈❛

❡t ❛❧✳✱ ✷✵✵✼✮✱ ♠❚P■ ✭❏✐ ❡t ❛❧✳✱ ✷✵✶✵✮ ❛♥❞ ❇❖■◆ ♠❡t❤♦❞s ✭▲✐✉ ❛♥❞ ❨✉❛♥✱ ✷✵✶✺✮✱ s✐♥❝❡ t❤❡

s❡♠✐✲♣❛r❛♠❡tr✐❝ str✉❝t✉r❡ ❧❡❛❞s t♦ ✐♠♠❡❞✐❛t❡ ✐♠♣r♦✈❡♠❡♥ts ✐♥ ❛❧❧ ♦❢ t❤❡s❡ ❞❡s✐❣♥s✳

✶✳✷ P❛r❛♠❡tr✐❝ ♠❡t❤♦❞s✿ ❈♦♥t✐♥✉❛❧ ❘❡❛ss❡s♠❡♥t ▼❡t❤♦❞

■♥ t❤✐s ♣❛r❛❣r❛♣❤✱ ✇❡ r❡❝❛❧❧ t❤❡ ♣r✐♥❝✐♣❧❡ ❢❡❛t✉r❡s ♦❢ t❤❡ ❝♦♥t✐♥✉❛❧ r❡❛ss❡ss♠❡♥t ♠❡t❤♦❞✳ ❲❡

❞♦ t❤✐s ✐♥ ❛ ♣❛rt✐❝✉❧❛r ✇❛② ✇❤✐❝❤ ❤❡❧♣s ✉s t♦ s❡❡ ❤♦✇ t❤❡ ♥❡✇ ❞❡✈❡❧♦♣♠❡♥ts ♣r❡s❡♥t❡❞ ❤❡r❡

s✐t q✉✐t❡ ♥❛t✉r❛❧❧② ✇✐t❤✐♥ t❤❡ ❜❛s✐❝ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ❈❘▼✳ ❚❤❡ ❈❘▼ ♠❡t❤♦❞ ✇♦r❦s ❜②

❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ❞♦s❡✲t♦①✐❝✐t② r❡❧❛t✐♦♥s❤✐♣ d 7→ βd ❜② ❛ ❢❛♠✐❧② ♦❢ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ♦❢ ❛

♣❛r❛♠❡t❡r a✳

f : X × [A,B] → [0, 1]

(x, a) 7→ f(x|a) ,

✺
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✇✐t❤ [A,B] ❛ ✜♥✐t❡ ✐♥t❡r✈❛❧ ❛♥❞ X ❛ ❝♦♥t✐♥✉♦✉s s❡t ❝♦♥t❛✐♥✐♥❣ t❤❡ r❛♥❣❡ ♦❢ ❞♦s❡s D✳ ❲❡ ❝❛❧❧

t❤❡ ❢❛♠✐❧② ♦❢ ❢✉♥❝t✐♦♥s (f(.|a))a∈[A,B] t❤❡ ♠♦❞❡❧ ❛♥❞ t❤❡ ✈❡❝t♦r β t❤❡ s❝❡♥❛r✐♦ ✭♦r r❡❛❧✐t②✮✳

◆♦t❡ t❤❛t f(x|a) ✐s t❤❡ t♦①✐❝✐t② ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❞♦s❡ x✱ t❤❛t ✐s t♦ s❛② ❛ ♠♦❞❡❧ ❢♦r t❤❡

♣r♦❜❛❜✐❧✐t② ♦❢ t♦①✐❝✐t② ❛t ❞♦s❡ x ✉♥❞❡r ♣❛r❛♠❡t❡r a. ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠ ❞❡s❝r✐❜❡s t❤❡

❣❡♥❡r❛❧ ✇♦r❦✐♥❣ ♦❢ ❈❘▼✳ ■♥ t❤❡ ❇❛②❡s✐❛♥ s❡tt✐♥❣✱ G ✐s t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ a ❛♥❞ Gn

✐ts ♣♦st❡r✐♦r ❣✐✈❡♥ t❤❡ ♦❜s❡r✈❛t✐♦♥s (Xn
1 , Y

n
1 ) : Gn(da) ∝ Ln(a) × G(da), ✇❤❡r❡ Ln(a) =

∏n
i=1f(Xi|a)Yi(1− f(Xi|a))1−Yi .

❙t❡♣ ✶✳ ❚❤r♦✉❣❤ t❤❡ ❧✐❦❡❧✐❤♦♦❞ Ln, t❤❡ ❝✉rr❡♥t ❛♠♦✉♥t ♦❢ ✐♥❢♦r♠❛t✐♦♥ (Xn
1 , Y

n
1 ) ✐s ✉s❡❞ t♦

✉♣❞❛t❡ ♦✉r ❡st✐♠❛t❡ an ♦❢ t❤❡ ♣❛r❛♠❡t❡r a ♦r ✐ts ♣♦st❡r✐♦r Gn✳

❙t❡♣ ✷✳ ❚❤❡ ❡st✐♠❛t♦r ♦❢ t❤❡ ♥❡①t ❞♦s❡✱ Xn+1 ✐s ♦❜t❛✐♥❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ an ♦r Gn.

▼❛♥② ♣♦ss✐❜✐❧✐t✐❡s ❛r❡ ❛✈❛✐❧❛❜❧❡ ❢♦r t❤❡ s❡❝♦♥❞ st❡♣✳ ❖♥❡ ❛♣♣r♦❛❝❤ ✐s t♦ ❝❛❧❝✉❧❛t❡ t❤❡

❡st✐♠❛t♦rs ♦❢ t♦①✐❝✐t② ❛t ❡❛❝❤ ❞♦s❡ d ∈ D : β̃d,n = f(d|an) ♦r β̃d,n = E●n
[f(d, a)]. ❚❤❡

♥❡①t ❞♦s❡ ✐s t❤❡♥ t❤❡ ♦♥❡ ✇❤♦s❡ ❡st✐♠❛t❡❞ ♣r♦❜❛❜✐❧✐t② ♦❢ t♦①✐❝✐t② ✐s t❤❡ ❝❧♦s❡st t♦ t❤❡ ❞❡s✐r❡❞

t❛r❣❡t✿ ✿ Xn+1 = argmind∈D|β̃d,n − α| . ■♥ ♦r❞❡r t♦ s❡t t❤❡ ❝♦♥t❡①t ❢♦r t❤❡ ❣❡♥❡r❛❧ s❡♠✐✲

♣❛r❛♠❡tr✐❝ ♠♦❞❡❧✱ ✇❡ ♣r♦♣♦s❡ ❛ ♥❡✇ ❡st✐♠❛t♦r ❢♦r st❡♣ ✷ ✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❛♥❛❧②s✐s

♦❢ ❈❤❡✉♥❣ ❛♥❞ ❈❤❛♣♣❡❧❧ ✭✷✵✵✷✮✳ ❚❤❡s❡ ❛✉t❤♦rs ♣r♦✈✐❞❡❞ ❛♥ ✐♥t❡r♣r❡t❛t✐♦♥ ❛♥❞ ✐♥s✐❣❤t ✐♥t♦

♣♦♦r ♠♦❞❡❧ s♣❡❝✐✜❝❛t✐♦♥ ❜② ❜r❡❛❦✐♥❣ ❞♦✇♥ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡✿ [A,B] = ∪d∈DHd, ✇✐t❤

Hd = {a ∈ [A,B] : |f(d|a)− α| < |f(d′|a)− α|, ∀d′ 6= d} . ❚❤❡ s❡t Hd ✐s t❤❡ ♣❛r❛♠❡tr✐❝ s♣❛❝❡

♦♥ ✇❤✐❝❤ t❤❡ ♠♦❞❡❧ r❡❝♦♠♠❡♥❞s ❞♦s❡ d ❛s t❤❡ ▼❚❉✳ ❆s②♠♣t♦t✐❝ ❝♦♥❝❡r♥s t♦❣❡t❤❡r ✇✐t❤ t❤❡

s❡q✉❡♥t✐❛❧ ♥❛t✉r❡ ♦❢ ❈❘▼ ❛♥❞ t❤❡ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣

❛ss✉♠♣t✐♦♥✳ ▲❡t ad ❜❡ s✉❝❤ t❤❛t✿ f(d|ad) = βd✳

❆ss✉♠♣t✐♦♥ ✶✳✸✳ ad∗ ∈ Hd∗ ❛♥❞ ∀d ∈ D \ {d∗} , ad /∈ Hd .

❆ss✉♠✐♥❣ t❤❛t t❤❡ ❢✉♥❝t✐♦♥s f(.|a) ❛r❡ ✐♥❝r❡❛s✐♥❣ ❢♦r ❛❧❧ a, ❆ss✉♠♣t✐♦♥ ✶✳✸ ✐s ❡q✉✐✈❛❧❡♥t t♦

t❤❡ ♦♥❡ ✉♥❞❡r ✇❤✐❝❤ ❆③r✐❡❧ ✭✷✵✶✷✮ s❤♦✇s t❤❡ str♦♥❣ ❝♦♥s✐st❡♥❝② ♦❢ ❈❘▼✳ ❚❤❡♦r❡♠ ✶✳✶ r✉❧❡s

♦✉t t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠❡t❤♦❞ ♣r♦✈✐❞✐♥❣ ❛❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ▼❚❉ r❡❣❛r❞❧❡ss ♦❢ t❤❡

❝✐r❝✉♠st❛♥❝❡s✳ ■♥❞❡❡❞✱ ❆ss✉♠♣t✐♦♥ ✶✳✸ ❝❛♥ ♥♦t ❜❡ ❝❤❡❝❦❡❞ ❜❡❝❛✉s❡ ✐t r❡q✉✐r❡s ❝♦♥tr♦❧ ♦✈❡r t❤❡

r❡❛❧✐t② ❡①♣r❡ss✐♥❣ ✐ts❡❧❢ ✈✐❛ t❤❡ ♣❛r❛♠❡tr✐❝ ❡❧❡♠❡♥ts ad ✭❈❤❡✉♥❣ ❛♥❞ ❈❤❛♣♣❡❧❧✱ ✷✵✵✷✱ ❋✐❣✉r❡

✶✮ ✭❙❡❝t✐♦♥ ✷✳✷✱ ❋✐❣✉r❡ ✶✮✳ ❍♦✇❡✈❡r✱ ✐t ❞♦❡s t❤r♦✇ ❧✐❣❤t ♦♥ ❤♦✇ t❤❡ ♠❡t❤♦❞ ✇♦r❦s✿ t❤❡ ❣♦❛❧ ✐s

t♦ ✐❞❡♥t✐❢② t❤❡ ▼❚❉ ❛♠♦♥❣ ❛ s♠❛❧❧ r❛♥❣❡ ♦❢ ❞♦s❡s D✱ ❛t t❤❡ s❛♠❡ t✐♠❡ t❤❡ ❈❘▼ ❧❡❛♥s ♦♥ t❤❡

❡st✐♠❛t✐♦♥ ♦❢ ❛ ♣❛r❛♠❡t❡r ✐♥ ❛♥ ✐♥✜♥✐t❡ s❡t [A,B]. ❚❤❡ ♠❡t❤♦❞ tr✐❡s t♦ ❛s❝❡rt❛✐♥ t❤❡ ❜❡❧♦♥❣✐♥❣

♦❢ t❤✐s ♣❛r❛♠❡t❡r t♦ ♦♥❡ ♦❢ t❤❡ s❡ts ♦❢ t❤❡ ❢❛♠✐❧② (Hd)d∈D✳ ❖♥ t❤❡ ❜❛s✐s ♦❢ t❤✐s ❛♥❛❧②s✐s✱ ✇❡

♣r♦♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❇❛②❡s✐❛♥ ❡st✐♠❛t♦r ❢♦r t❤❡ ♥❡①t ❞♦s❡ ✭st❡♣ ✷✮ ♦❢ ❈❘▼✿

Xn+1 = argmax
d∈D

●n(Hd) . ✭✷✮

❚❤❡ ♣❛r❛♠❡tr✐③❛t✐♦♥ ♦❢ t❤❡ ❈❘▼ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ▼❚❉✱ θ✳ ❚❤❡ ♣r✐♦r Π ✐s

❛ ❞✐str✐❜✉t✐♦♥ ♦♥ t❤❡ r❛♥❣❡ ♦❢ ❞♦s❡s s✉❝❤ t❤❛t ❢♦r ❛❧❧ θ ∈ D✱ ✇❡ ❤❛✈❡✿ Π(θ) = G(Hθ). ❚❤❡

✻
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❢❛♠✐❧② ♦❢ ♣r✐♦rs Λ = (Λθ)θ∈D ❞❡s❝r✐❜❡ t❤❡ ❞♦s❡✲t♦①✐❝✐t② ❝✉r✈❡ ❛♥❞ ✇❡ s❡t Λθ(.) = G(.|Hθ).

❚❤✐s ♠❡❛♥s t❤❛t Λθ ✐s t❤❡ ❞✐str✐❜✉t✐♦♥ G ♦♥ t❤❡ s❡t Hθ. ❚❤❡ ♣r✐♦r G ✐s t❤❡♥ ❡q✉❛❧ t♦ t❤❡

♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ Λ⊗ Π ❛♥❞ t❤❡ ♣♦st❡r✐♦r Πn✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ♦❜s❡r✈❛t✐♦♥s (Xn
1 , Y

n
1 ) ❝❛♥ ❜❡

❡❛s✐❧② ♦❜t❛✐♥❡❞ ❜② ✐♥t❡❣r❛t✐♥❣ t❤❡ ♣❛r❛♠❡t❡r ♦❢ t❤❡ ❞♦s❡✲r❡s♣♦♥s❡ ❝✉r✈❡ ❢♦r ❡❛❝❤ θ : Πn(θ) ∝[∫
Ln(a)Λ(da|θ)

]
Π(θ) .

❚❤✐s ❤✐❡r❛r❝❤✐❝❛❧ ♠♦❞❡❧ ❜❡✐♥❣ str✐❝t❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❇❛②❡s✐❛♥ ❈❘▼✱ ❤❛s ♥♦ ♣❛rt✐❝✉❧❛r

✈❛❧✉❡ ✐♥ t❤✐s ❢♦r♠✳ ■t ❞♦❡s t❤♦✉❣❤ ❛❧❧♦✇ ❛ ❣r❡❛t❡r ❝♦♥❝❡♣t✉❛❧ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ❞✐str✐✲

❜✉t✐♦♥s Λ(.|θ) ❛♥❞ t❤❡✐r t♦♣♦❧♦❣✐❝❛❧ s✉♣♣♦rts✳ ❘❡❧❛①✐♥❣ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡s❡ ❞✐str✐❜✉t✐♦♥s

❛♥❞ ❛❞❞✐♥❣ s♦♠❡ ✢❡①✐❜✐❧✐t② ❛♠♦✉♥ts t♦ ❛ ♠♦❞❡❧ ✐♥✈♦❧✈✐♥❣ ❛ ♥✉✐s❛♥❝❡ ♣❛r❛♠❡t❡r✳ ❚❤✐s s❡♠✐✲

♣❛r❛♠❡tr✐❝ s❡tt✐♥❣ ♣r♦✈✐❞❡s ♠❡t❤♦❞s t❤❛t ❜❡♥❡✜t ❢r♦♠ ✐♠♣r♦✈❡❞ ❛s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s ✇❤✐❧❡

st✐❧❧ ❝♦♥s❡r✈✐♥❣ ♦♣❡r❛t✐♥❣ ❝❛r❛❝t❡r✐st✐❝s ❢♦r s♠❛❧❧ s❛♠♣❧❡ s✐③❡ t❤❛t ❛r❡ s✐♠✐❧❛r ❛♥❞ ✐♥ s♦♠❡ ❝❛s❡s

❜❡tt❡r t♦ t❤♦s❡ ♦❢ t❤❡ ❈❘▼✳

✷ ❙❡♠✐✲P❛r❛♠❡tr✐❝ ▼♦❞❡❧s

✷✳✶ ●❡♥❡r❛❧ s❡♠✐✲♣❛r❛♠❡tr✐❝ str✉❝t✉r❡

❙❡♠✐✲♣❛r❛♠❡tr✐❝ ♠♦❞❡❧s ✭❙P▼✮ t❛❦❡ ❛s t❤❡✐r st❛rt✐♥❣ ♣♦✐♥t t❤❡ ❞✐r❡❝t ♠♦❞❡❧❧✐♥❣ ♦❢ t❤❡ ▼❚❉

✐ts❡❧❢✳ ❚❤✐s ✐s ❢♦r♠❛❧✐③❡❞ ✇✐t❤✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❇❛②❡s✐❛♥ ❤✐❡r❛r❝❤✐❝❛❧ ♠♦❞❡❧s✳ ■t ❝❛♥ ❛❧s♦ ❜❡

✈✐❡✇❡❞ ✐♥ t❡r♠s ♦❢ ♠♦❞❡❧ s❡❧❡❝t✐♦♥ ❜❛s❡❞ ♦♥ ❜❛②❡s ❢❛❝t♦rs✳ ❚❤❡ ❤✐❡r❛r❝❤✐❝❛❧ ♣♦st❡r✐♦r ❛❧❧♦✇s ✉s

t♦ ❝♦♠♣❛r❡ ❛♥❞ ❡✈❛❧✉❛t❡m ❝❧❛ss❡s ✐♥❞❡①❡❞ ❜② t❤❡ ♠❛✐♥ ♣❛r❛♠❡t❡r ♦❢ ✐♥t❡r❡st✱ t❤❡ ▼❚❉✳ ❚❤❡s❡

❝❧❛ss❡s ❛r❡ str✉❝t✉r❡❞ ❜② ❛ ♣r✐♦r r❡❢❡rr❡❞ t♦ ❛s ❛ ♣r✐♦r ♠♦❞❡❧ ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✷✮✳ ❚❤❡ ✐♥✐t✐❛❧

t♦♣♦❧♦❣✐❝❛❧ s✉♣♣♦rt ♦❢ t❤❡ ♣r✐♦r ✐s ❛ ❜r♦❛❞ ♦♥❡✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ♥♦♥✲✐♥❢♦r♠❛t✐✈❡ s✐t✉❛t✐♦♥✳

❲❡ ♠♦❞❡❧ t❤❡ ❛❝❝✉♠✉❧❛t✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ✈✐❛ ❛♥ m✲t✉♣❧❡ ♦❢ ❇❡r♥♦✉❧❧✐ ❧❛✇s✳ ❚♦ t❤✐s ❡♥❞

✇❡ ✐♥tr♦❞✉❝❡ F ❛♥ m✲❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r s♣❛❝❡ ♦❢ ❇❡r♥♦✉❧❧✐ ♣❛r❛♠❡t❡rs ❝♦✈❡r✐♥❣ ❛ ✈❡r② ✇✐❞❡

r❛♥❣❡ ♦❢ s✐t✉❛t✐♦♥s✳ ▲❡t q = (q1, . . . , qm) ∈ F ✱ ❛♥❞ qj t❤❡ s♣❡❝✐✜❝ ♣❛r❛♠❡t❡r ❝♦rr❡s♣♦♥❞✐♥❣ t♦

❞♦s❡ j✳ ❚❤❡ s❡t F ✐s ♣❛rt✐t✐♦♥❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ♠❛✐♥ ♣❛r❛♠❡t❡r ♦❢ ✐♥t❡r❡st✱ θ, ✇❤✐❝❤ ♣r♦✈✐❞❡s

✉s m ❞✐st✐♥❝t ❝❧❛ss❡s✱ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ❝❧❛ss ❝♦♥t❛✐♥✐♥❣ ❛♥ ✐♥✜♥✐t❡ s❡t ♦❢ ♠❡♠❜❡rs s❤❛r✐♥❣ t❤❡

s❛♠❡ ▼❚❉✿ F =
⋃
θ∈D

Fθ, ✇✐t❤

Fθ = {q ∈ F : ∀j ∈ D , |qθ − α| 6 |qj − α| , j < θ ⇒ qj < α , j > θ ⇒ qj > α} . ✭✸✮

●✐✈❡♥ t❤❛t θ t❛❦❡s ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ s♦♠❡ ♣❛rt✐❝✉❧❛r ❞♦s❡✲❧❡✈❡❧✱ t❤❡♥ Fθ ✐s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❞♦s❡✲

t♦①✐❝✐t② ❝✉r✈❡s ❤❛✈✐♥❣ θ ❛s t❤❡ ▼❚❉✳ ▲♦✇❡r ❧❡✈❡❧s ✐♥ Fθ ✇✐❧❧ ♥❡❝❡ss❛r✐❧② ❤❛✈❡ ♣r♦❜❛❜✐❧✐t✐❡s ♦❢

t♦①✐❝✐t② ❧❡ss t❤❛♥ α✱ ❛♥❞ ❝♦♥✈❡rs❡❧② ❢♦r ❤✐❣❤❡r ❧❡✈❡❧s✳ ❋♦r ❛❧❧ β ✐♥ Fθ✱ t❤❡ ▼❚❉ ✐s θ✳ ❚❤❡

✈❡❝t♦r (f(d, a))d∈D✱ ✇✐t❤ a ∈ Hθ ✭s❡❡ t❤❡ ♣r❡❝❡❞✐♥❣ s❡❝t✐♦♥✮✱ ✐s t❤❡♥ ✐♥❝❧✉❞❡❞ ✐♥ Fθ. ■♥❞❡❡❞✱

Fθ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❣❡♥❡r❛❧ ❡①t❡♥s✐♦♥ ♦❢ Hθ, s✉❝❤ t❤❛t F ❝♦♥t❛✐♥s ❛❧❧ t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡

✐♥ ❝♦♠♣❧✐❛♥❝❡ ✇✐t❤ ❆ss✉♠♣t✐♦♥ ✶✳✶✳ ❋r♦♠ ♦✉r ♣♦✐♥t ♦❢ ✈✐❡✇✱ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ▼❚❉ θ ❝❛♥ ❜❡

s✉♠♠❛r✐③❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❡st✐♦♥✳ ❲❤✐❝❤ ❝❧❛ss ✐s t❤❡ ♠♦st ♣❧❛✉s✐❜❧❡ ♦♥❡ t♦ ❤❛✈❡ ❣❡♥❡r❛t❡❞

✼
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t❤❡ ❞❛t❛❄ ❚❤❡ ❧✐❦❡❧✐❤♦♦❞ ✐s✿

Ln(q) =
∏

16i6n
(qXi

)Yi(1− qXi
)1−Yi =

∏
16j6m

q
n1

j

j (1− qj)
n0

j ,

✇❤❡r❡ n1
j ✐s t❤❡ ♥✉♠❜❡r ♦❢ t♦①✐❝✐t✐❡s ❛t ❞♦s❡ j ❛♥❞ nj = n1

j + n0
j ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♣❛t✐❡♥ts

tr❡❛t❡❞ ❛t ❞♦s❡ j✳ ❚❤❡ s❡t F ✐s ❡♥❞♦✇❡❞ ✇✐t❤ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ Λ ⊗ Π s✉❝❤ t❤❛t Π ✐s ❛

♠❡❛s✉r❡ ♦♥ D ❛♥❞ t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ♠❡❛s✉r❡ Λ(.|θ) = Λθ(.) ✐s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❝❧❛ss Fθ. ❚❤✐s

♠❡❛♥s t❤❛t Π ✐s ❛ ✈❡❝t♦r ♦❢ ♠ ♥♦♥✲♥❡❣❛t✐✈❡ ♥✉♠❜❡rs s✉♠♠✐♥❣ ✉♣ t♦ 1 ❛♥❞ Λ ✐s ❛ ❢❛♠✐❧② ♦❢

❞✐str✐❜✉t✐♦♥ (Λθ)θ∈D ✐♥❞❡①❡❞ ❜② t❤❡ ♣♦t❡♥t✐❛❧ ▼❚❉✱ θ. ❚❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ θ ❣✐✈❡♥

(Xn
1 , Y

n
1 ) ✐s✿

Πn(θ) = Π(θ|Xn
1 , Y

n
1 ) ∝



∫ m∏

j=1

q
n1

j

j (1− qj)
n0

jΛθ(dq)


Π(θ) . ✭✹✮

❲❤❡♥ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❝❧❛ss Fθ, t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ Λθ ❣✐✈❡♥ (Xn
1 , Y

n
1 ) ✐s✿ Λθ,n(dq) ∝

∏
16j6mq

n1

j

j (1− qj)
n0

jΛθ(dq) . ❇② r❡♣❧❛❝✐♥❣ t❤✐s r❡s✉❧t ✐♥ ✭✹✮✱ ✇❡ ❤❛✈❡✿

Πn(θ) ∝
[∫

qYn

Xn
(1− qXn)

1−YnΛθ,n−1(dq)

]
Πn−1(θ) . ✭✺✮

❚❤✉s✱ ❡❛❝❤ ♥❡✇ ♦❜s❡r✈❛t✐♦♥ ❧❡❛❞s ✜rst t♦ ❛♥ ✉♣❞❛t❡ ❝♦♥❝❡r♥✐♥❣ t❤❡ ❞✐str✐❜✉t✐♦♥ Π ❜② ✇❡✐❣❤t✐♥❣

❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ✇✐t❤ r❡s♣❡❝t t♦ q ❝♦♥❞✐t✐♦♥❡❞ ❜② θ✳ ■♥ ❛ s❡❝♦♥❞

st❡♣✱ t❤✐s ♦❜s❡r✈❛t✐♦♥ ✐s ✉s❡❞ t♦ ✉♣❞❛t❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s Λθ ♦♥ ❝❧❛ss❡s ✉s✐♥❣ ❇❛②❡s

❢♦r♠✉❧❛✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✱ t❤❡ ❢❛♠✐❧② (Λθ)θ∈D ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ t❤❡ ♣r✐♦r ♠♦❞❡❧ ❜❡❝❛✉s❡

♦❢ t❤❡ ♣r❡❞✐❝t✐✈❡ ♠♦❞❡❧✲❧✐❦❡ r♦❧❡ ✐t ♣❧❛②s ✐♥ s❡q✉❡♥t✐❛❧ ❞❡❝✐s✐♦♥ ♠❛❦✐♥❣✳ ❋✐tt✐♥❣ t❤❡ ♠♦❞❡❧ ✐s

❝❛rr✐❡❞ ♦✉t ❜② ✉♣❞❛t✐♥❣ t❤❡ ♣r✐♦r Λθ✳ ❋✐♥❛❧❧②✱ ❡st✐♠❛t♦rs ♦❢ t❤❡ ▼❚❉✱ θ̂ ❛♥❞ ♦❢ t❤❡ t♦①✐❝✐t✐❡s

❛t ❞♦s❡ j, β̃j ✱ ❛r✐s❡ ♥❛t✉r❛❧❧② ❛♥❞ ❛r❡ t❤❡ s❛♠❡ ✇❡ ❤❛✈❡ ❛❧r❡❛❞② ♣r♦♣♦s❡❞ ❛♥❞ ❞❡s❝r✐❜❡❞ ❢♦r t❤❡

❈❘▼✿

θ̂n = argmax
θ∈D

Πn(θ) , β̃j = E(Λ⊗Π)n [qj ] =

m∑

θ=1

[∫
qjΛθ,n(dqj)

]
Πn(θ) . ✭✻✮

❚❤❡ ❣❡♥❡r❛❧ ♠❡t❤♦❞ ♠✐❣❤t ❜❡ s✉♠♠❛r✐③❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦✐♥ts✿

✶✳ ❚❤❡ ❝✉rr❡♥t s❛♠♣❧❡ ♦❢ ♦❜s❡r✈❛t✐♦♥s (Xn
1 , Y

n
1 ) ✐s ✉s❡❞ t♦ ✉♣❞❛t❡ t❤❡ ♣♦st❡r✐♦r Πn.

✷✳ ❚❤❡ ❡st✐♠❛t♦r ♦❢ t❤❡ ♥❡①t ❞♦s❡ ✐s Xn+1 = θ̂n.

❲❡ ✐♥tr♦❞✉❝❡ t❤✐s s❡♠✐✲♣❛r❛♠❡tr✐❝ ❝❧❛ss ♦❢ ♠♦❞❡❧s ✐♥ t❤❡ ♠♦st ✉s✉❛❧ s✐t✉❛t✐♦♥ ♦❢ ❛ P❤❛s❡ st✉❞②

■ s✉♠♠❛r✐③❡❞ ❜② ❆ss✉♠♣t✐♦♥ ✶✳✶✳ ❯♥❞❡r t❤✐s ❛ss✉♠♣t✐♦♥✱ ❛ ♣❤❛s❡ ■ st✉❞② ♦♥❧② ❞❡❛❧s ✇✐t❤

❛ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛♠❡t❡r✳ ❚❤❡ t❡r♠ ✬s❡♠✐✲♣❛r❛♠❡tr✐❝✬ r❡❢❡rs t♦ t❤❡ ♠❡t❤♦❞♦❧♦❣② ✉s❡❞

t♦ ❜✉✐❧❞ t❤✐s str✉❝t✉r❡✳ ❲✐t❤ t❤❡ ❣♦❛❧ ♦❢ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ♣❛r❛♠❡t❡r ♦❢ ✐♥t❡r❡st✱ t❤❡ ▼❚❉✱

❛ ♣❛r❛♠❡tr✐❝ ♠♦❞❡❧ ✐s ❡①t❡♥❞❡❞ ❜② ✉s✐♥❣ ♥✉✐s❛♥❝❡ ♣❛r❛♠❡t❡rs✿ ✇❤❡♥ t❤❡ ▼❚❉ ✐s ❞♦s❡ 3✱

✽
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✇❡ ❞♦ ♥♦t ❤❛✈❡ t♦ ❡st✐♠❛t❡ ♣r❡❝✐s❡❧② q1 ♦r q5. ❚❤❡ ♣r♦♣♦s❡❞ ♠♦❞❡❧ ❝♦✈❡rs t❤❡ ✇❤♦❧❡ r❛♥❣❡ ♦❢

s❝❡♥❛r✐♦s✱ ✧✇❤✐❝❤ ❝♦♥s✐sts ♦❢ ❛❧❧ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ t❤❡ s❛♠♣❧❡ s♣❛❝❡ ❢♦r t❤❡ ♦❜s❡r✈❛t✐♦♥s✧

✭❇✐❝❦❡❧ ❡t ❛❧✳✱ ✷✵✵✺✮✱ ❛s ❛ ♥♦♥✲♣❛r❛♠❡tr✐❝ ♠♦❞❡❧ ❞♦❡s✳ ❚❤❡ ❣❛✐♥ ♦❢ ✢❡①✐❜✐❧✐t② ❞♦❡s ♥♦t r❡s✉❧t ✐♥

❛ ❧♦ss ♦❢ s✐♠♣❧✐❝✐t②✳ ❆s ❛❧❧ t❤❡ ♣❛r❛♠❡t❡rs ❛r❡ r❡❛❞✐❧② ❛✈❛✐❧❛❜❧❡✱ t❤❡ s❡♠✐✲♣❛r❛♠❡tr✐❝ ❝❧❛ss ♦❢

♠♦❞❡❧s ❝❛♥ ❜❡ ❡❛s✐❧② ❝❛❧✐❜r❛t❡❞ t♦ r❡♣r♦❞✉❝❡ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❛❧♠♦st ❛❧❧ ♦❢ t❤❡ ❞❡s✐❣♥s ❝✉rr❡♥t❧②

✐♥ ✉s❡✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠✐❝ ❞❡s✐❣♥s✳ ❚❤✐s ❜r♦❛❞ ❣❡♥❡r❛❧✐③❛t✐♦♥ ❛❧❧♦✇s ✉s t♦ ✐♥✈❡st✐❣❛t❡

t❤❡♦r❡t✐❝❛❧ q✉❡st✐♦♥s✱ t♦ ♠♦r❡ r❡❛❞✐❧② ❛❧❧♦✇ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ❝♦♠♣❡t✐♥❣ ❞❡s✐❣♥s ❛♥❞ t♦

❧♦♦❦ ❢♦r ✇❛②s t♦ ✐♠♣r♦✈❡ ♦♥ ❛♥② ❣✐✈❡♥ ❞❡s✐❣♥✳ ❋✐♥❛❧❧②✱ t❤❡ s✐♠♣❧✐❝✐t② ♦❢ ❝❛❧✐❜r❛t✐♦♥ ✭s❡❡ ❜❡❧♦✇✮

t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❣r❡❛t r❛♥❣❡ ♦❢ ♣♦ss✐❜✐❧✐t✐❡s s✉❣❣❡st t❤❛t t❤❡ s❡♠✐✲♣❛r❛♠❡tr✐❝ ❝❧❛ss ♦❢ ♠♦❞❡❧s

♠✐❣❤t ❜❡ ❡①t❡♥❞❡❞ t♦ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ s✐t✉❛t✐♦♥s ✐♥ ♣❤❛s❡ ■ ✐♥✈♦❧✈✐♥❣ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧

♣❛r❛♠❡t❡rs✿ ❦♥♦✇♥ ❡①❛♠♣❧❡s ❜❡✐♥❣ ❝♦♥t✐♥✉♦✉s ❣r❛❞❡ ♦❢ t♦①✐❝✐t✐❡s✱ ❤❡t❡r♦❣❡♥❡♦✉s ♣♦♣✉❧❛t✐♦♥s✱

❝♦♠❜✐♥❛t✐♦♥ st✉❞✐❡s ❛♥❞ t✐♠❡✲t♦✲❡✈❡♥t t♦①✐❝✐t✐❡s✳

✷✳✷ ❆ s✐♠♣❧❡ ♣r✐♦r ♠♦❞❡❧ s♣❡❝✐✜❝❛t✐♦♥

❆ ❣❡♥❡r❛❧ ❝❛❧✐❜r❛t✐♦♥ ♦❢ ❙P▼ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s ❢♦❧❧♦✇s✳ ❲❡ ❢♦❝✉s ♦♥ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥s

✐♥s✐❞❡ t❤❡ ❝❧❛ss❡s✱ (Λθ)θ∈D✳ ❚❤❡ s✉♣♣♦rt Sθ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ Λθ ✇✐❧❧ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ Fθ ❛♥❞

✇✐❧❧ r❡✢❡❝t ❧♦❝❛❧❧② t❤❡ ♦r❞❡r✐♥❣ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs βj ✭❆ss✉♠♣t✐♦♥ ✶✳✶✮✳ ❚❤✐s ❧♦❝❛❧ ♣r♦♣❡rt②

✐s s✉✣❝✐❡♥t t♦ ❡♥s✉r❡ t❤❛t t❤❡ ❞❡s✐❣♥ ❜❡❤❛✈❡s ✐♥ ❛ s❡♥s✐❜❧❡ ✇❛②✳ ■♥❞❡❡❞✱ ❛❢t❡r ❡❛❝❤ ♥❡✇

♦❜s❡r✈❛t✐♦♥ ♦r s❡t ♦❢ ♦❜s❡r✈❛t✐♦♥s✱ t❤❡ ♣r❛❝t✐t✐♦♥❡r ✇♦✉❧❞ ❧✐❦❡ t❤❡ ♠❡t❤♦❞ t♦ ✐♥❞✐❝❛t❡ ✐❢ t❤❡

❞♦s❡ ❛♣♣❡❛rs t♦♦ ❤✐❣❤✱ t♦♦ ❧♦✇ ♦r ❛❝❝❡♣t❛❜❧❡✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ ❛ ♥❛t✉r❛❧ ♣❛rt✐t✐♦♥ ♦❢ t❤❡

✐♥t❡r✈❛❧ [0, 1] ✐♥t♦ ✸ s❡ts ✐s ✐♥tr♦❞✉❝❡❞✿ Iǫ = [α−ǫ, α+ǫ]✱ A = [α+ǫ, 1] ❛♥❞ B = [0, α−ǫ]✳ ❚❤❡

s✉♣♣♦rt ♦❢ ❞✐str✐❜✉t✐♦♥s t❤❛t ✇❡ ❝❤♦♦s❡ ❛r❡ ✐♥ m ❞✐♠❡♥s✐♦♥ ❛s t❤❡ ✇❤♦❧❡ s♣❛❝❡ ♦❢ ♣r♦❜❛❜✐❧✐t②

♠❡❛s✉r❡s ❢♦r t❤❡ ♦❜s❡r✈❛t✐♦♥s✳ ❚❤❡② ❛r❡ ❞❡✜♥❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝♦♥str❛✐♥ts ♦♥ t❤❡ ▼❚❉✳

❚❤❡ ❇❡r♥♦✉❧❧✐ ♣❛r❛♠❡t❡rs ❛t ❡❛❝❤ ❞♦s❡ ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛s ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇

♦❢ ❛ s✐♥❣❧❡ ❝❧❛ss θ✳

❆ss✉♠♣t✐♦♥ ✷✳✶✳ ✭✐✮ ❚❤❡ s✉♣♣♦rt Sj
θ ♦❢ t❤❡ ♠❛r❣✐♥❛❧ Λj

θ s❛t✐s✜❡s✿ Sj
θ = B ✇❤❡♥ j < θ,

Sj
θ = Iǫ ✇❤❡♥ j = θ ❛♥❞ Sj

θ = A ✇❤❡♥ j > θ. ❲❡ t❤❡♥ ❤❛✈❡✿ Sθ = S1
θ × . . .×Sm

θ ⊂ Fθ. ✭✐✮ Λθ ✐s

❛ ♣r♦❞✉❝t ♦❢ ✉♥✐❞✐♠❡♥s✐♦♥♥❛❧ ❞✐str✐❜✉t✐♦♥s ❛t ❡❛❝❤ ❞♦s❡s✿ Λθ(dq) = Λ1
θ(dq1)× . . .×Λm

θ (dqm) .

❚❤❡ ♣♦✐♥t ✭✐✮ ♦❢ t❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥ ♠❡❛♥s t❤❛t t❤❡ s✉♣♣♦rt ♦❢ qj ❞❡♣❡♥❞s ♦♥ ✇❤❡t❤❡r

j ✐s ❛❜♦✈❡✱ ❜❡❧♦✇✱ ♦r ❛t t❤❡ ❧❡✈❡❧ ♦❢ t❤❡ ▼❚❉✳ ■♥ ❡❛❝❤ ❝✐r❝✉♠st❛♥❝❡ t❤❡ s✉♣♣♦rt r❡✢❡❝ts t❤❡

❝♦♥str❛✐♥ts ♦♥ qj . ❚❤❡ ♣♦✐♥t ✭✐✐✮ ✐s ❛♥ ✐♥❞❡♣❡♥❞❡♥❝❡ ❛ss✉♠♣t✐♦♥ ❣✐✈❡♥ θ. ❚❤✐s ✐♥❞❡♣❡♥❞❡♥❝❡

❛ss✉♠♣t✐♦♥ ❝♦✉❧❞ ❜❡ r❡❧❛①❡❞ ❛❧t❤♦✉❣❤ ✇❡ ❤❛✈❡ ♥♦t st✉❞✐❡❞ t❤✐s✳ ❈❤♦♦s✐♥❣ t❤❡ ✇✐❞t❤ ♦❢ t❤❡

❝❡♥tr❛❧ ✐♥t❡r✈❛❧ ✐s ❛♥ ✐♠♣♦rt❛♥t st❡♣ ✐♥ t❤❡ ♣❛r❛♠❡tr✐s❛t✐♦♥ ❛s ✐t ❞❡t❡r♠✐♥❡s ❝♦♥s✐st❡♥❝② ✭s❡❡

s❡❝t✐♦♥ ✸✮✳ ❲❡ ♣r♦♣♦s❡ ❤❡r❡ t♦ ✉s❡ ❛♥ ✐♥t❡r✈❛❧ ❝❡♥t❡r❡❞ ✐♥ α. ❚❤✐s ❧❡❛❞s t❤❡ ♠❡t❤♦❞ t♦ ♠✐♠✐❝

t❤❡ ❈❘▼ ✉♥❞❡r t❤❡ ♠♦st ❝♦♠♠♦♥ s❝❡♥❛r✐♦s✳ ◆♦♥✲❝❡♥t❡r❡❞ ✐♥t❡r✈❛❧s ❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞ ✇❤✐❝❤

♣r♦✈✐❞❡ ♠♦r❡ ♦r ❧❡ss ❝♦♥s❡r✈❛t✐✈❡ r❡s✉❧ts✳

❚❤❡ ❞✐r❡❝t ❝❛❧✐❜r❛t✐♦♥ ♦❢ t❤❡ s✉♣♣♦rts Sθ ❛❧❧♦✇s ✉s t♦ ❛✈♦✐❞ t❤♦s❡ ❝❛s❡s ❞❡s❝r✐❜❡❞ ✐♥ ✭❙❤❡♥

❛♥❞ ❖✬◗✉✐❣❧❡②✱ ✶✾✾✻✮ t❤❛t ❝❛♥ r❡s✉❧t ✐♥ ♥♦♥✲❝♦♥✈❡r❣❡♥❝❡ ✭s❡❡ ❋✐❣✉r❡ ✶ ❛♥❞ s❝❡♥❛r✐♦ ✽ ✐♥
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✭❛✮ ❈❘▼✱ G(.|H3) ✭s❡❡ s❡❝t✐♦♥ ✶✳✷✮
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S3

✭❜✮ ❙P▼✱ Λ3

❋✐❣✉r❡ ✶✿ ❙✉♣♣♦rt ♦❢ t❤❡ ❞♦s❡✲r❡s♣♦♥s❡ ❝✉r✈❡s ❢♦r ❞✐str✐❜✉t✐♦♥s G(.|H3) ❛♥❞ Λ3. ❚❤❡ ❜r♦❦❡♥
❧✐♥❡s r❡♣r❡s❡♥t t✇♦ ❦✐♥❞s ♦❢ ♣♦♦r s♣❡❝✐✜❝❛t✐♦♥ ❢♦r ❈❘▼✱ t❤❡ ✢❛tt❡r ❝✉r✈❡ ❢❛✐❧s ❆ss✉♠♣t✐♦♥ ✶✳✸✳

❚❛❜❧❡ ✸✮ ❛s ✇❡❧❧ ❛s ♣♦♦r ♣❡r❢♦r♠❛♥❝❡ ❝♦♥s❡q✉❡♥t ✉♣♦♥ ♣♦♦r ♠♦❞❡❧ s♣❡❝✐✜❝❛t✐♦♥ ✭❛ s❧♦♣❡ ✐♥

t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ ▼❚❉✱ ❋✐❣✉r❡ ✶ ❛♥❞ s❝❡♥❛r✐♦ ✺ ❛♥❞ ✻ ✐♥ ❚❛❜❧❡ ✸✮✳ ◆♦t❡ t❤❛t t❤❡

✐♥❞❡♣❡♥❞❛♥❝❡ ♦❢ ♣❛r❛♠❡t❡rs qj ✬s ✐♥ ❆ss✉♠♣t✐♦♥ ✷✳✶ ✐s ♦♥❧② ✈❛❧✐❞ ❝♦♥❞✐t✐♦♥❛❧❧② ❣✐✈❡♥ θ. ❚❤✐s

♠❡❛♥s t❤❛t ❛❧❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❞❡♣❡♥❞❡♥❝❡ ✐s ❝❛♣t✉r❡❞ ❜② θ ❛♥❞ ✐s ✉s❡❞ t♦ ❛❝❝♦♠♣❧✐s❤ t❤❡

♠❛✐♥ ❣♦❛❧ ♦❢ t❤❡ st✉❞②✿ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ▼❚❉✱ θ. ❚❤✉s✱ t❤❡ ✐♥❞❡♣❡♥❞❛♥❝❡ ✐♥ t❤❡ ❝❧❛ss ✐♠♣❧✐❡s

t❤❛t t❤❡ s✉♣♣♦rts Sθ ✐♥❝❧✉❞❡ ❧♦❝❛❧❧② ❞❡❝r❡❛s✐♥❣ s❝❡♥❛r✐♦s ♦❢ t❤❡ ❞♦s❡✲r❡s♣♦♥s❡ ♣❤❡♥♦♠❡♥♦♠✱

❜✉t ❛❧❧ t❤❡ s❝❡♥❛r✐♦s ✐♥ t❤❛t ❝❧❛ss r❡s♣❡❝t t❤❡ ♠♦♥♦♥✐❝✐t② ❜❡t✇❡❡♥ θ ❛♥❞ t❤❡ ♦t❤❡r ❞♦s❡s✳

❋✐❣✉r❡ ✷ ✭❜✮ ✐❧❧✉str❛t❡s t❤❡ ❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♣❛r❛♠❡t❡rs qj ✬s ❛♥❞ ❤♦✇ ✇❡ ❝❛♥ ❞❡s❝r✐❜❡

s✉❜✲♠♦❞❡❧s t❤❛t ✐♥❝❧✉❞❡ ♠♦♥♦t♦♥✐❝✐t② r❡str✐❝t✐♦♥s✳ ■♥ t❤✐s ✇❛②✱ t❤❡ ❢❛♠✐❧② (Λθ)θ∈D ❝❛♥ ❜❡

❜✉✐❧t ❢r♦♠ t❤❡ ♠♦❞❡❧ ♦❢ ❈❘▼✳ ❆s ✐t ✐s ✉s❡❞ t♦ ♠❛❦❡ ✐♥❢❡r❡♥❝❡ ✐♥ ♣❧❛❝❡ ♦❢ t❤❡ ✉s✉❛❧ ♣❛r❛♠❡tr✐❝

♠♦❞❡❧✱ t❤❡ ❢❛♠✐❧② (Λθ)θ∈D ✐s ❝❛❧❧❡❞ t❤❡ ♣r✐♦r ♠♦❞❡❧✳
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✭❜✮ ❙❛♠♣❧❡ ✉♥❞❡r Λ2 ❛♥❞ Λ3

❋✐❣✉r❡ ✷✿ Pr✐♦r ♠♦❞❡❧ ❜✉✐❧t ♦♥ t❤❡ ❈❘▼ ♠♦❞❡❧

❚❤❡ ❇❡t❛ ❞✐str✐❜✉t✐♦♥ ❧✐♥❦❡❞ t♦ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❤❛s ❛ ❦❡② r♦❧❡ ❛s ✐t ❛❧❧♦✇s ✉s t♦ ✉s❡ ❝♦♥❥✉❣❛t❡
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♣r✐♦rs✳ B(a + 1, b + 1) ❛♥❞ BI(a + 1, b + 1) ❞❡♥♦t❡ t❤❡ ❇❡t❛ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ✐ts r❡str✐❝t✐♦♥

t♦ ✐♥t❡r✈❛❧ I ✇✐t❤ s❤❛♣❡ ♣❛r❛♠❡t❡rs a + 1 ❛♥❞ b + 1. ▲❡t g ❜❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥✿ g :

[0, 1] × R
2
+ → [0, 1] , ✇✐t❤ g(x, a, b) = xa(1 − x)b . ❚❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢ B(a + 1, b + 1)

✐s g(., a, b)/B(a + 1, b + 1)✱ ✇✐t❤ B(a + 1, b + 1) =
∫ 1
0 g(x, a, b)dx✳ ❲❤❡♥ ❝♦♥❥✉❣❛t❡ ♣r✐♦rs

❛r❡ ✉s❡❞✱ t❤❡ ✇❤♦❧❡ ♣r✐♦r ♠♦❞❡❧ ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ❜② ❛ tr✐♣❧❡t [ǫ, (qθ)θ∈D, c]. ❚❤❡ ♥✉♠❜❡r ǫ

❜❡❧♦♥❣s t♦ [0, 1] ❛♥❞ ❞❡t❡r♠✐♥❡s t❤❡ ❝❡♥t❡r❡❞ ✐♥t❡r✈❛❧✳ ❚❤❡ ✈❡❝t♦rs qθ ∈ [0, 1]m ❛r❡ t❤❡ ♠♦❞❡s

♦❢ ❞✐str✐❜✉t✐♦♥s Λθ✳ ❚❤❡ ♣♦s✐t✐✈❡ r❡❛❧ ✈❛❧✉❡ c ✐s t❤❡ ❞✐s♣❡rs✐♦♥ ♣❛r❛♠❡t❡r ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥s✳

❯♥✐❢♦r♠ ♣r✐♦rs ♦♥ t❤❡ t♦♣♦❧♦❣✐❝❛❧ s✉♣♣♦rts ❛r❡ ✉♣❞❛t❡❞ s♦ t❤❛t✱

Λθ ≈
θ−1∏

j=1

BB(cq
θ
j+1, c(1−qθj )+1)×BIǫ(cq

θ
θ+1, c(1−qθθ)+1)×

m∏

j=θ+1

BA(cq
θ
j+1, c(1−qθj )+1) ✭✼✮

■♥ ❋✐❣✉r❡ ✷ ✭❜✮✱ t❤❡ ♣r✐♦r ♠♦❞❡❧ ✐s ❜✉✐❧t ❜② ✉s✐♥❣ ❛ ♠♦❞❡❧ f ♦❢ ❈❘▼✿ qθ = [f(j, |αθ)]j∈D, ✇✐t❤

f(d, αθ) = α ✭s❡❡ ❋✐❣✉r❡ ✷ ✭❛✮✮✳ ❆❧❧ t❤❡ ♣❛r❛♠❡tr✐s❛t✐♦♥s ♣r♦♣♦s❡❞ ✐♥ t❤✐s ❛rt✐❝❧❡ ❢✉❧✜❧❧ ❛♥

❛ss✉♠♣t✐♦♥ ❛❜♦✉t st♦❝❤❛st✐❝ ♦r❞❡r✐♥❣ ♦♥ t❤❡ ♣r✐♦r ♠♦❞❡❧✳ ❆t ❡❛❝❤ ♠♦♠❡♥t ♦❢ t❤❡ tr✐❛❧✱ ❢♦r

❛♥② ❞♦s❡ j0, t❤❡ ♠❛r❣✐♥❛❧ ♣♦st❡r✐♦r Λj0
θ,n(.) s❤♦✉❧❞ ❜❡ st♦❝❤❛st✐❝❛❧❧② ❣r❡❛t❡r t❤❛♥ Λj0

θ′,n(.) ✇❤❡♥

θ ✐s s♠❛❧❧❡r t❤❛♥ θ′ ✭s❡❡ s✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧✱ ❙❡❝t✐♦♥ ✷✮✳ ■♥ t❤❡ s❡tt✐♥❣ ♦❢ ❙P▼✱ ✐t ✐s t❤❡

♠❛✐♥ ❛r❣✉♠❡♥t ♥❡❡❞❡❞ t♦ ♦❜t❛✐♥ t❤❡ ❝♦❤❡r❡♥❝❡ ♣r♦♣❡rt② ♦❢ ❈❤❡✉♥❣ ✭✷✵✵✺✮✳ ❚❤❡ ♣r✐♦r ♠♦❞❡❧

s❤♦✉❧❞ r❡s♣❡❝t ❛ ❧♦❝❛❧ ♦r❞❡r ❜❡t✇❡❡♥ t❤❡ ❝❧❛ss❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❞✐✛❡r❡♥t ▼❚❉✱ ❛♥❞ ♥♦t

✐♥s✐❞❡ ♦♥❡ ❝❧❛ss✳

❚❤❡♦r❡♠ ✷✳✶✳ ■❢ t❤❡ ♣r✐♦r ♠♦❞❡❧ s❛t✐s✜❡s ✷✳✶ ❛♥❞ t❤❡ ❛ss✉♠♣t✐♦♥ ❛❜♦✉t st♦❝❤❛st✐❝❛❧ ♦r❞❡r✐♥❣

✭s✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧✮✱ t❤❡♥ ❙P▼ ✐s ❝♦❤❡r❡♥t ✭❉❡✜♥✐t✐♦♥ ✶✳✶✮✳

❚❤✐s ❛♥❛❧②s✐s t❤r♦✇s ❛ ❧✐❣❤t ♦♥ t❤❡ ♥❛t✉r❛❧ s✐♠✐❧❛r✐t✐❡s ❜❡t✇❡❡♥ t❤❡ ♣r✐♦r ♠♦❞❡❧ ❛♥❞ ♣❛r❛♠❡tr✐❝

♠♦❞❡❧s ✇❤✐❝❤ s❛t✐s❢② t❤❡ ♠♦♥♦t♦♥✐❝✐t② ❛ss✉♠♣t✐♦♥✳

✷✳✸ ❙✉♠♠❛r② ❛♥❞ ✐❧❧✉str❛t✐♦♥

❲❡ ❤❛✈❡ q = (q1, . . . , qm) ❛ ♣♦ss✐❜❧❡ ❞♦s❡✲t♦①✐❝✐t② s❝❡♥❛r✐♦✱ ✐✳❡✳✱ qj ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t♦①✐❝✐t②

❛t ❞♦s❡ j. Λ = (Λθ)θ∈D ✐s ❛ ❢❛♠✐❧② ♦❢ ♣r✐♦rs ❢♦r q, ✐♥❞❡①❡❞ ❜② θ, t❤❡ ♣❛r❛♠❡t❡r ✐❞❡♥t✐❢②✐♥❣ t❤❡

▼❚❉✳ ●✐✈❡♥ t❤❡ ▼❚❉✱ θ, Λθ ✐s ♠❛❞❡ ✉♣ ♦❢ ♦♥❧② t❤♦s❡ ✈❡❝t♦rs q ❢♦r ✇❤✐❝❤ ✇❡ ❦♥♦✇ t❤❡ ▼❚❉

t♦ ❜❡ ❛t ❞♦s❡ θ. Π ✐s t❤❡ ♣r✐♦r ♦♥ t❤❡ ♣❛r❛♠❡t❡r θ, ♦❢t❡♥ ❛ ❞✐s❝r❡t❡ ✉♥✐❢♦r♠✳ ❚❤❡ ❝♦✉♣❧❡ (Π,Λ)

t❤❡♥ ❞❡s❝r✐❜❡s ❛ ❤✐❡r❛r❝❤✐❝❛❧ ♠♦❞❡❧ ✇❤❡r❡ t❤❡ ✜rst ❧❡✈❡❧ ❞❡❛❧s ✇✐t❤ t❤❡ ❣♦❛❧ ♦❢ t❤❡ st✉❞②✱ t❤❡

▼❚❉ ✐ts❡❧❢✱ ❛♥❞ t❤❡ s❡❝♦♥❞ ❧❡✈❡❧ ❝♦♥❝❡r♥s t❤❡ ❞♦s❡✲r❡s♣♦♥s❡ ❝✉r✈❡✳ ❇❛②❡s ❢♦r♠✉❧❛ ✐s ✉s❡❞ ❢♦r

♦❜t❛✐♥✐♥❣ t❤❡ ♣♦st❡r✐♦r Πn ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❛t❛ ❛❧r❡❛❞② ♦❜s❡r✈❡❞ ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✶✱ ❊q✉❛t✐♦♥

✹✮✳ ❚❤❡ ♥❡①t s❡❧❡❝t❡❞ ❞♦s❡ ✐s ❝❤♦s❡♥ t♦ ❜❡ t❤❡ ♠♦st ♣r♦❜❛❜❧❡✿ Xn+1 = argmaxθ∈D Πn(θ). ❚❤❡

♣r✐♦r ♠♦❞❡❧ (Λθ)θ∈D ❝❛♥ ❜❡ ❝❛❧✐❜r❛t❡❞ ✐♥ s✉❝❤ ❛ ✇❛② t♦ ❛✈♦✐❞ t❤♦s❡ ❞✐✣❝✉❧t✐❡s t❤❛t ❛r✐s❡ ❢♦r t❤❡

♣❛r❛♠❡tr✐❝ ♠♦❞❡❧ ❛s ❛ r❡s✉❧t ♦❢ ♠✐ss♣❡❝✐✜❝❛t✐♦♥✳ ●✐✈❡♥ θ, ✇❡ ❛ss✉♠❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥

t❤❡ ❞✐✛❡r❡♥t ♣r♦❜❛❜✐❧✐t✐❡s ♦❢ t♦①✐❝✐t②✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ❡❛❝❤ ♣r✐♦r Λθ ✐s t❤❡ s✐♠♣❧❡ ♣r♦❞✉❝t ♦❢

❤✐s ♠❛r❣✐♥❛❧s Λj
θ ♦♥ ❡❛❝❤ ❞♦s❡ j ✭❙❡❝t✐♦♥ ✷✳✷✮✳ ❯♥❞❡r t❤✐s ❛ss✉♠♣t✐♦♥✱ t❤❡ ♥❡①t ❞♦s❡ s❡❧❡❝t❡❞

✶✶
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❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣❛r❛♠❡t❡r θ t❤❛t ♠❛①✐♠✐③❡s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ❡①♣❡❝t❡❞ ❧✐❦❡❧✐❤♦♦❞ ❛t ❡❛❝❤

❞♦s❡s ✇❡✐❣❤t❡❞ ❜② t❤❡ ♣r✐♦r Π(θ) :

Xn+1 = argmax
θ∈D

Πn(θ) = argmax
θ∈D




m∏

j=1

∫
Ln(qj)Λ

j
θ(dqj)


Π(θ) ✭✽✮

❖✉r ❛♣♣r♦❛❝❤ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ st❡♣s✿

✲ ❈❛❧✐❜r❛t✐♦♥ ♦❢ Λ✿ ✭❛✮ ❆ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ t♦①✐❝✐t✐❡s ✐s ✉s❡❞ ❢♦r

❝❛❧✐❜r❛t✐♥❣ t❤❡ ♠❛r❣✐♥❛❧ ❧❛✇s✿ B = [0, α − ǫ], Iǫ = [α − ǫ, α + ǫ] ❛♥❞ A = [α + ǫ, 1].

✭❜✮ ❚❤❡ ♠❛r❣✐♥❛❧s ❛r❡ ❝❤♦s❡♥ ❢r♦♠ t❤❡ ❇❡t❛ ❢❛♠✐❧② ✭❝♦♥❥✉❣❛❝②✮✳ ✭❝✮ ❚❤❡ s✉♣♣♦rt Sj
θ

♦❢ t❤❡ ♠❛r❣✐♥❛❧ Λj
θ ✐s r❡str✐❝t❡❞ t♦ ♦♥❡ ♦❢ t❤❡ t❤r❡❡ ♣r❡❝❡❞✐♥❣ ✐♥t❡r✈❛❧s ❛❝❝♦r❞✐♥❣ t♦ t❤❡

❢♦❧❧♦✇✐♥❣ r✉❧❡s✿ ✐❢ j < θ✱ t❤❡ ♠❛r❣✐♥❛❧ ❤❛s s✉♣♣♦rt ❧✐♠✐t❡❞ t♦ B, ✐❢ j = θ✱ t❤❡ ♠❛r❣✐♥❛❧

❤❛s s✉♣♣♦rt ❧✐♠✐t❡❞ t♦ Iǫ ❛♥❞ ✐❢ j > θ, t❤❡ ♠❛r❣✐♥❛❧ ❤❛s s✉♣♣♦rt ❧✐♠✐t❡❞ t♦ A.

✲ ❈❛❧✐❜r❛t✐♦♥ ♦❢ Π✿ ❚❤✐s ♣r✐♦r ✐s ❛ ✈❡❝t♦r ♦❢ ♣r♦❜❛❜✐❧✐t✐❡s ♦♥ t❤❡ r❛♥❣❡ ♦❢ ❞♦s❡s✳ ■t ❝❛♥ ❜❡

❡❛s✐❧② ❝❛❧✐❜r❛t❡❞✳ ❲❤❡♥ t❤❡ ❝❧✐♥✐❝✐❛♥ ❤❛s ♥♦ ❡①tr❛✲✐♥❢♦r♠❛t✐♦♥ t♦ ♣r♦✈✐❞❡ ♦♥ t❤❡ ❧♦❝❛t✐♦♥

♦❢ t❤❡ ▼❚❉✱ ❛ ♥♦♥✲✐♥❢♦r♠❛t✐✈❡ ♣r✐♦r ♠✐❣❤t ❜❡ ❝❤♦s❡♥✱ ❛ ❞✐s❝r❡t❡ ✉♥✐❢♦r♠ ❜❡✐♥❣ ❛ ♥❛t✉r❛❧

❝❛♥❞✐❞❛t❡✳ ❍♦✇❡✈❡r✱ ❣✐✈❡♥ t❤❛t t❤✐s ♣r✐♦r ✇✐❧❧ ❞r✐✈❡ t❤❡ ❡❛r❧② ❡s❝❛❧❛t✐♦♥ ❜❡❤❛✈✐♦r ✉♥t✐❧

✇❡ ❡♥❝♦✉♥t❡r ❛ ❉▲❚✱ ✐t ✐s ❛♣♣❡❛❧✐♥❣ t♦ ♥♦t❡ t❤❛t✱ ♥♦t ♦♥❧② ✇✐❧❧ t❤✐s ♣r✐♦r ✐♠♣❛❝t ❡❛r❧②

❜❡❤❛✈✐♦r ❜✉t✱ ✇❡ ❝❛♥ ❝❛❧✐❜r❛t❡ t❤❡ ♣r✐♦r ✐♥ s✉❝❤ ❛ ✇❛② ❛s t♦ ♦❜t❛✐♥ t❤❡ ✈❡r② ❜❡❤❛✈✐♦r

✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ s❡❡✳ ❊❛r❧② ❡s❝❛❧❛t✐♦♥ ❝❛♥ ❜❡ s❧♦✇❡❞ ❞♦✇♥ ♦r s♣❡❡❞❡❞ ✉♣ ❜② s✐♠♣❧❡

❝❛❧✐❜r❛t✐♦♥ ♦❢ t❤✐s ♣r✐♦r✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡s ❛r❡ ❜❛s❡❞ ♦♥ ❛ ✈❡r② s✐♠♣❧❡ ♣❛r❛♠❡tr✐s❛t✐♦♥✳ ❚❤❡ t❛r❣❡t ✐s ✜①❡❞ ❛t

α = 0.2.

❙P▼ ✭✵✳✵✺✱✵✱✵✱✵✮✿ ❚❤❡ ✈❛❧✉❡ ǫ ✐s 0.05 s✉❝❤ t❤❛t Iǫ = [0.15, 0.25]. ❆❧❧ t❤❡ ♠❛r❣✐♥❛❧s ❛r❡

✉♥✐❢♦r♠ ♦♥ t❤❡✐r r❡s♣❡❝t✐✈❡ ✐♥t❡r✈❛❧✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥ Π ✐s ✉♥✐❢♦r♠ ♦♥ t❤❡ r❛♥❣❡ ♦❢ ❞♦s❡s✳

❙P▼✭✵✱ ✶✴✶✵✱ ✶✴✸✱ ✹✵✮ ✿ ❚❤❡ s✐③❡ ♦❢ t❤❡ ❝❡♥t❡r❡❞ ✐♥t❡r✈❛❧ ✐s ♥✉❧❧✿ Λθ
θ ✐s ❛ ❝♦♥st❛♥t r❛♥❞♦♠

✈❛r✐❛❜❧❡ ✐♥ α, ❢♦r ❛❧❧ θ ∈ D✳ ❲❡ s❡t✿ j < θ ⇒ qjθ = 1/10, j > θ ⇒ qθj = 1/3 ❛♥❞ c ✐s ❡q✉❛❧ t♦

40 ✭❙❡❡ ❊q✉❛t✐♦♥ ✭✼✮✮✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥ Π ✐s ✉♥✐❢♦r♠✳

■♥ ❚❛❜❧❡ ✹✱ t❤❡ ♦✈❡r❛❧❧ ♣❡r❢♦r♠❛♥❝❡s ❛r❡ s✉♠♠❛r✐③❡❞✳ ❲❤❡♥ ❡s❝❛❧❛t✐♥❣✱ s❦✐♣♣✐♥❣ ❛ ❞♦s❡ ✐s

♥♦t ❛❧❧♦✇❡❞ ❛s t❤✐s ✐s ♥♦✇ ❛ r❡q✉✐r❡♠❡♥t ✐♥ t❤❡s❡ ❦✐♥❞s ♦❢ ❞❡s✐❣♥s✳ ❚❤❡s❡ ❞❡s✐❣♥s ❛r❡ ❝♦♠✲

♣✉t❛t✐♦♥❛❧❧② ✈❡r② ❢❛st✳ ❘ ❝♦❞❡s ❛r❡ ❛✈❛✐❧❛❜❧❡ ❢r♦♠ t❤❡ ❛✉t❤♦rs ♦♥ r❡q✉❡st ♦r ❛t ❛❞❞r❡ss✿

❤tt♣s✿✴✴❣✐t❤✉❜✳❝♦♠✴▼❛tt❤✐❡✉▼❈✴❙P▼❴♣r♦❥❡❝t❴✵✶✳

✸ ▲❛r❣❡ s❛♠♣❧❡ t❤❡♦r②

❚❤❡ ✐♥t❡r✈❛❧ Iǫ ✐s ❝❡♥t❡r❡❞ ♦♥ α✿ Iǫ = [α−ǫ;α+ǫ]✳ ❆❧❧ ♦❢ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ❤❡r❡ r❡♠❛✐♥ ✈❛❧✐❞

❢♦r ❛ ♥♦♥ s②♠♠❡tr✐❝ ✐♥t❡r✈❛❧✳ ❚❤❡♦r❡♠ ✶✳✶ st❛t❡s t❤❛t ✐❢ tr❡❛t♠❡♥t ✐♥ ❛ s❡q✉❡♥t✐❛❧ ❡①♣❡r✐♠❡♥t

✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❝✉rr❡♥t ❡st✐♠❛t♦r ♦❢ t❤❡ ▼❚❉✱ t❤❡♥ t❤✐s ❡st✐♠❛t♦r ❝❛♥♥♦t ❜❡ str♦♥❣❧②

✶✷
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❝♦♥s✐st❡♥t✳ ❍♦✇❡✈❡r✱ s❡tt✐♥❣ ǫ > 0✱ ✐❢ ✇❡ ❛ss✉♠❡ t❤❛t ♦♥❡ ♦r ♠♦r❡ ❞♦s❡s ❛r❡ ❝❧♦s❡ ❡♥♦✉❣❤ t♦

α ✇✐t❤ ❛❝❝✉r❛❝② ǫ, t❤❡♥ ✇❡ s❤❛❧❧ ♦❜t❛✐♥ ❛❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❞❡s✐❣♥ t♦ t❤✐s s❡t ♦❢

❞♦s❡s✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ ✇❡ ❛ss✉♠❡ t❤❛t ♥❡✐t❤❡r ❞♦s❡ ✐s ❝❧♦s❡ ❡♥♦✉❣❤ t♦ t❤❡ t❤r❡s❤♦❧❞✱ t❤❡ ❝✉rr❡♥t

❡st✐♠❛t♦r s❤❛❧❧ r❡❝♦♠♠❡♥❞ ❛❧t❡r♥❛t✐✈❡❧② t❤❡ t✇♦ ❞♦s❡s ✇✐t❤ t♦①✐❝✐t✐❡s ❞✐r❡❝t❧② ❧♦❝❛t❡❞ ♦♥ ❜♦t❤

s✐❞❡s ♦❢ α✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡❝❤♥✐❝❛❧ ❛ss✉♠♣t✐♦♥ ✇❤✐❝❤ ❧❡❛♥s ♦♥ t❤❡ r❡❣✉❧❛r✐t② ♦❢

t❤❡ ♣r✐♦r ♠♦❞❡❧✳

❆ss✉♠♣t✐♦♥ ✸✳✶✳ ▲❡t Sθ ❛♥❞ Sj
θ ❜❡ t❤❡ t♦♣♦❧♦❣✐❝❛❧ s✉♣♣♦rt ♦❢ Λθ ❛♥❞ Λj

θ✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣

❝♦♥❞✐t✐♦♥s ❛r❡ ✈❛❧✐❞ ❡①❝❡♣t ✇❤❡♥ Λθ
θ ✐s ❛ ❉✐r❛❝ ♠❡❛s✉r❡✳

✭❛✮ ❋♦r ❛❧❧ j ∈ D✱ t❤❡ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥ Λj
θ ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦

▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ❛♥❞ λj
θ ❞❡♥♦t❡s ✐ts ❞❡♥s✐t② ❢✉♥❝t✐♦♥✳

✭❜✮ ❚❤❡r❡ ❡①✐st t✇♦ ♥✉♠❜❡rs s ❛♥❞ S ✐♥ (0,∞)✱ s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ (j, θ) ∈ D2✱ ✇❡ ❤❛✈❡✿

∀ qj ∈ Sj
θ , s < λj

θ(qj) < S .

❲❤❡♥ t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ❝❛♥ ♥♦t ❜❡ ❜♦✉♥❞ ✐♥t♦ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞s ♦❢ 0 ♦r 1✱ ✇❡ ❝❛♥ ♦❜t❛✐♥

❝♦♠♣❧✐❛♥❝❡ ✇✐t❤ t❤❡ ♣r❡❝❡❞✐♥❣ ❛ss✉♠♣t✐♦♥ ❜② ✉s✐♥❣ ✉♥✐❢♦r♠ ♣r✐♦rs ♦♥ t❤❡ s♠❛❧❧ ✐♥t❡r✈❛❧s [0, δ[

❛♥❞ ]1− δ, 1]✿

λj
θ(qj) ∝

∫ δ

0
g(q, cqθj , c(1− qθj ))dq 1[0,δ[(qj) + g(qj , cq

θ
j , c(1− qθj ))1[δ,α[(qj).

▼♦r❡♦✈❡r✱ ❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ ♣r♦✈✐♥❣ ❝♦♥s✐st❡♥❝②✱ t❤✐s ❛ss✉♠♣t✐♦♥ ❞❡❛❧s ♦♥❧② ✇✐t❤

t❤❡♦r❡t✐❝❛❧ s❝❡♥❛r✐♦s ✇❤❡r❡ t❤❡r❡ ❡①✐st s♦♠❡ ❞♦s❡s ✇❤✐❝❤ ❛r❡ ♥❡✈❡r t♦①✐❝ ❛♥❞ ♦t❤❡rs ✇❤✐❝❤

❛r❡ ❛❧✇❛②s t♦①✐❝✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❞❡✜♥✐t✐♦♥s ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ ❙P▼✿

ǫ✲s❡♥s✐t✐✈✐t② ✐s ❛ ♣r♦♣❡rt② ❝♦♥♥❡❝t❡❞ t♦ ✐♥❞✐✛❡r❡♥❝❡ ✐♥t❡r✈❛❧s✳ ✭❈❤❡✉♥❣ ❛♥❞ ❈❤❛♣♣❡❧❧✱ ✷✵✵✷✮✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳ ▲❡t ǫ > 0 ❡t Iǫ = [α− ǫ;α+ ǫ]✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❞♦s❡s ❛ss♦❝✐❛t❡❞

✇✐t❤ ❛ t♦①✐❝✐t② ❜❡❧♦♥❣✐♥❣ t♦ Iǫ✿ E(Iǫ, β) = {j ∈ D : βj ∈ Iǫ} . ❆ ♠❡t❤♦❞✱ M✱ ✐s ❝❛❧❧❡❞ ǫ✲

s❡♥s✐t✐✈❡✱ ✐❢ ❢♦r ❛❧❧ β s✉❝❤ t❤❛t E(Iǫ, β) 6= ∅✱ ✇❡ ❤❛✈❡✿

Pβ [∃N , ∀n > N : M(Xn
1 , Y

n
1 ) ∈ E(Iǫ, β)] = 1 .

■❢ t❤❡ tr✉❡ s✐t✉❛t✐♦♥ ✐s s✉❝❤ t❤❛t ❛ ✉♥✐q✉❡ ❞♦s❡ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ t❛r❣❡t ✐♥ t❤❡ ✐♥t❡r✈❛❧ Iǫ✱

t❤❡♥ ❛ ♠❡t❤♦❞ t❤❛t ✐s ǫ✲s❡♥s✐t✐✈❡ ❝♦♥✈❡r❣❡s ❛❧♠♦st s✉r❡❧② t♦ t❤❡ ▼❚❉✳ ❲❤❡♥ ♥♦ ❞♦s❡ ❤❛s ❛

t❛r❣❡t ❧♦❝❛t❡❞ ✇✐t❤✐♥ Iǫ✱ t❤❡ ❙P▼ ✇✐❧❧ ❛ss✉♠❡ ❛♥ ♦s❝✐❧❧❛t✐♥❣ ❜❡❤❛✈✐♦r ❜❡t✇❡❡♥ t✇♦ ❞♦s❡s ✇✐t❤

t♦①✐❝✐t✐❡s ❡✐t❤❡r s✐❞❡ ♦❢ t❤❡ t❛r❣❡t α✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳ ❚❤❡ ❧❡tt❡r D̃ ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ❞♦s❡s ✐♥✜♥✐t❡❧② ♦❜s❡r✈❡❞✿

D̃ = {j ∈ D : nj →
n→+∞

+∞} .

▲❡t b ✭❜❡❧♦✇✮ ❛♥❞ a ✭❛❜♦✈❡✮ ❜❡ t❤❡ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❞♦s❡s ❛ss♦❝✐❛t❡❞ t♦ t♦①✐❝✐t✐❡s ❡✐t❤❡r s✐❞❡ ♦❢

✶✸
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t❤❡ t❛r❣❡t α✳ ❆ ♠❡t❤♦❞✱ M✱ ✐s ❝❛❧❧❡❞ ǫ✲❜❛❧❛♥❝❡❞✱ ✐❢ ❢♦r ❛❧❧ β s✉❝❤ t❤❛t E(Iǫ, β) = ∅✱ ✇❡ ❤❛✈❡✿

D̃ = {a, b} , a.s.

❲❡ ♠✐❣❤t ✈✐❡✇ ♦s❝✐❧❧❛t✐♦♥ ❛s ❛ ❞❡s✐r❛❜❧❡ ♣r♦♣❡rt② ❢♦r ❞❡s✐❣♥s ✇❤♦s❡ ❛✐♠ ✐s t♦ ❧♦❝❛t❡ s♦♠❡ ❞♦s❡✱

s✐♥❝❡✱ ✐❢ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ♦❜t❛✐♥ ❛ ♠❡t❤♦❞ t❤❛t ❝♦♥✈❡r❣❡s ❛❧♠♦st s✉r❡❧② ✐♥ ❛❧❧ ❝✐r❝✉♠st❛♥❝❡s

✭❚❤❡♦r❡♠ ✶✳✶✮✱ ✐t ✐s ♥♦♥❡t❤❡❧❡ss ♥❛t✉r❛❧ t♦ ✇❛♥t t♦ ❝♦♥str✉❝t ❛♥ ❡st✐♠❛t♦r✱ ♦♥ t❤❡ ❜❛s✐s ♦❢

♦❜s❡r✈❛t✐♦♥s✱ t❤❛t ✐s str♦♥❣❧② ❝♦♥s✐st❡♥t✳ ❆s s♦♦♥ ❛s ❛ ❞♦s❡ ❜❡❧♦♥❣s t♦ D̃✱ ✐t ❜❡❝♦♠❡s ♣♦ss✐❜❧❡

t♦ r❡❧✐❛❜❧② ❡st✐♠❛t❡ ✐ts ❛ss♦❝✐❛t❡❞ t♦①✐❝✐t② ❛♥❞ t❤❡ ▼❚❉ ❜❡❧♦♥❣s t♦ t❤❡ s❡t {a, b}, ✇❤✐❝❤ ✐s

t❤❡ ♠✐♥✐♠❛❧ s❡t ♦♥ ✇❤✐❝❤ ✇❡ ♥❡❡❞ t♦ ❤❛✈❡ ♦❜s❡r✈❛t✐♦♥ ✇❤❡♥ t❤❡ ❣♦❛❧ ✐s t❤❛t ♦❢ ❞❡t❡r♠✐♥❛t✐♥❣

❛❧♠♦st s✉r❡❧② t❤❡ ▼❚❉✳

❚❤❡♦r❡♠ ✸✳✶✳ ❯♥❞❡r t❤❡ ❆ss✉♠♣t✐♦♥s ✷✳✶ ❛♥❞ ✸✳✶✱ ❙P▼ ✐s ǫ✲s❡♥s✐t✐✈❡ ❛♥❞ ǫ✲❜❛❧❛♥❝❡❞ ✭s❡❡

r❡♠❛r❦ 1✮✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ❣✐✈❡♥ ✐♥ t❤❡ s✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧✳

❘❡♠❛r❦ ✶✳ ■♥ t❤✐s t❤❡♦r❡♠✱ ❛♥❞ ✐ts ♣r♦♦❢✱ ✇❡ ❝♦♥s✐❞❡r t❤❛t t❤❡r❡ ❡①✐sts ♥♦ ❞♦s❡ j0 s✉❝❤ t❤❛t

βj0 ❡q✉❛❧s α± ǫ✱ ✇✐t❤ ǫ > 0✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s ♠❛❞❡ ❢♦r t❤❡ ♣✉r♣♦s❡ ♦❢ ❝❧❛r✐t② ✐♥ ♣r❡s❡♥t✐♥❣

t❤❡ r❡s✉❧ts✳

▲❛r❣❡ s❛♠♣❧❡ ❜❡❤❛✈✐♦r ♦❢ ❙P▼ ✐s ❡st❛❜❧✐s❤❡❞ ❜② ❚❤❡♦r❡♠ ✸✳✶✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ E(Iǫ, β) ✐s

♥♦♥ ❡♠♣t②✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❞♦s❡s s❡❧❡❝t❡❞ ❜② ❙P▼ ❝♦♥✈❡r❣❡s ❛❧♠♦st s✉r❡❧② t♦ ♦♥❡ ♦r ♠♦r❡

❡❧❡♠❡♥ts ❜❡❧♦♥❣✐♥❣ t♦ E(Iǫ, β)✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ E(Iǫ, β) ✐s ❡♠♣t②✱ t❤❡ r✉♥♥✐♥❣ ❡st✐♠❛t❡ ♦❢

❙P▼ ♦s❝✐❧❧❛t❡s ❜❡t✇❡❡♥ t❤♦s❡ ❞♦s❡s ❡✐t❤❡r s✐❞❡ ♦❢ t❤❡ ✐♥❞✐✛❡r❡♥❝❡ ✐♥t❡r✈❛❧✳ ❚❤❡ t✇♦ ❛s②♠♣t♦t✐❝

♣r♦♣❡rt✐❡s ♦❢ ❙P▼ ❛r❡ s✐♠✉❧t❛♥❡♦✉s❧② ❝♦♠♣❧❡♠❡♥t❛r② ❛♥❞ ❛♥t❛❣♦♥✐st✐❝✱ s✐♥❝❡✱ ✇❤❡♥❡✈❡r ✇❡

❞✐♠✐♥✐s❤ t❤❡ s✐③❡ ♦❢ t❤❡ ✐♥t❡r✈❛❧ Iǫ✱ ✇❡ ✐♥❝r❡❛s❡ t❤❡ s❡t ♦❢ ❝✐r❝✉♠st❛♥❝❡s ✇❤❡r❡ t❤❡ ♠❡t❤♦❞

✐s ǫ✲❜❛❧❛♥❝❡❞ ❛♥❞ ✇❡ ❞✐♠✐♥✐s❤ t❤❡ ♦♥❡s ✇❤❡r❡ ✐t ✐s ǫ✲s❡♥s✐t✐✈❡✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ✐♥t❡r✈❛❧ Iǫ

❝❛♥ ❜❡ ❝❤♦s❡♥ ❛s s♠❛❧❧ ❛s ✇❡ ✇✐s❤ ✇✐t❤♦✉t ❤❛✈✐♥❣ ❛♥ ❡✛❡❝t ♦♥ ♦✈❡r❛❧❧ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡

♠❡t❤♦❞✳ ■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ s✐♠♣❧❡ ♣❛r❛♠❡tr✐s❛t✐♦♥ ❙P▼✭✵✱ ✶✴✶✵✱ ✶✴✸✱ ✹✵✮ ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥

✷✳✸✱ ǫ ✐s ③❡r♦✱ ✇❤✐❝❤ ❛s✐❞❡ ❢r♦♠ t❤❡ ❝❛s❡ ✇❤❡r❡ ❛ t♦①✐❝✐t② ✇♦✉❧❞ ❡q✉❛❧ α ❧❡❛❞s ♥❡❝❡ss❛r✐❧② t♦

❛♥ ♦s❝✐❧❧❛t✐♦♥✳ ❚❤✐s ♦s❝✐❧❧❛t✐♦♥✱ ❣✐✈✐♥❣ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ t✇♦ t♦①✐❝✐t✐❡s✱ ❛❧❧♦✇s ❢♦r ✉s t♦

❝♦♥str✉❝t ❝♦♥✈❡r❣❡♥t ❡st✐♠❛t♦rs ✐♥ ❛❧❧ ♦❢ t❤❡ s❝❡♥❛r✐♦s β✿

θ̃n = argmin
j∈D̂n

|α− β̂j,n| , ✭✾✮

✇❤❡r❡ D̂n ✐s t❤❡ s❡t ♦❢ t❤❡ ❧❛st t✇♦ s❡❧❡❝t❡❞ ❞♦s❡s✿ D̂n = {θ̂n, θ̂n′} , ✇✐t❤ n′ = max{j < n :

θ̂j 6= θ̂n} .

❈♦r♦❧❧❛r② ✸✳✶✳ ❯♥❞❡r t❤❡ ❆ss✉♠♣t✐♦♥s ✷✳✶ ❛♥❞ ✸✳✶✱ ✇✐t❤ ǫ = 0✱ t❤❡ ❡st✐♠❛t♦r θ̃n ❝♦♥✈❡r❣❡s

❛❧♠♦st s✉r❡❧② t♦ t❤❡ ▼❚❉✳

Pr♦♦❢✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ ǫ = 0✱ t❤❡ ❙P▼ ✐s ǫ✲❜❛❧❛♥❝❡❞✱ ✇❤✐❝❤ ❛♠♦✉♥ts t♦ s❛②✐♥❣ t❤❛t✿ D̂n →
D̃ = {a, b} ✳ ❚❤❡ ❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs ✭▲❡♠♠❛✶✳✶✮ ❧❡❛❞s t♦ ❛♥ ✐♠♠❡❞✐❛t❡ r❡s✉❧t✳

✶✹

http://biostats.bepress.com/cobra/art116



❙tr♦♥❣ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ❡st✐♠❛t♦r ❜❛s❡❞ ♦♥ ✐s♦t♦♥✐❝ r❡❣r❡ss✐♦♥ ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥s ❝♦✉❧❞ ❜❡

♦❜t❛✐♥❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛②✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ✐♠♣♦ss✐❜✐❧✐t② t❤❡♦r❡♠ ♦❢ ❆③r✐❡❧ ❡t ❛❧✳ ✭✷✵✶✶✮✱ t❤❡

❡st✐♠❛t♦rs ✇❤✐❝❤ ♣♦ss❡ss t❤❡ ♣r♦♣❡rt② ♦❢ str♦♥❣ ❝♦♥s✐st❡♥❝② ❝❛♥ ♥♦t ❜❡ t❤❡ ❝✉rr❡♥t ❡st✐♠❛t♦r

❣✐✈❡♥ ❜② t❤❡ ♠❡t❤♦❞✳ ❚❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡s❡ ❡st✐♠❛t♦rs✱ r❡❣❛r❞❧❡ss ♦❢ t❤❡ s❝❡♥❛r✐♦✱ ✐s

♣♦ss✐❜❧❡ ❜❡❝❛✉s❡ t❤❡ ❛❞❥❛❝❡♥t ❞♦s❡s a ❛♥❞ b ✇✐❧❧ ❜❡ ❝❤♦s❡♥ ✐♥✜♥✐t❡❧② ♦❢t❡♥ ❜② t❤❡ r✉♥♥✐♥❣

❡st✐♠❛t♦r✿ na → ∞ ❛♥❞ nb → ∞✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ✜♥✐t❡ s❛♠♣❧❡ s✐③❡✱ ❡①♣❡r✐♠❡♥t❛t✐♦♥ ✇✐❧❧ ❜❡

s♣r❡❛❞ ♦✈❡r t✇♦ ❞♦s❡s ❛♥❞ ♠❛② ❣✐✈❡ t❤❡ ✐♠♣r❡ss✐♦♥ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐❢ t❤❡ ♦❜s❡r✈❛t✐♦♥s ♦♥ ♦♥❡

❞♦s❡ ❛r❡ ❝❧♦s❡ ❡♥♦✉❣❤ t♦ t❤❡ ❡①♣❡❝t❡❞ r❛t❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r② ❝♦♥s✐❞❡rs ❛♥ ❛s②♠♣t♦t✐❝

❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s ❛❧❧♦❝❛t❡❞ t♦ t❤❡ ❞♦s❡ a r❡❧❛t✐✈❡ t♦ t❤❡ ♥✉♠❜❡r

❛❧❧♦❝❛t❡❞ t♦ b✳ ❋♦r t❤✐s ✐t ✐s ❤❡❧♣❢✉❧ t♦ r❡❝❛❧❧ ❡♥tr♦♣② ❛♥❞ ❞✐✈❡r❣❡♥❝❡✳ ❚✇♦ ❇❡r♥♦✉❧❧✐ ❧❛✇s

P ❛♥❞ Q✱ ❛r❡ ❞❡♥♦t❡❞ ❜② t❤❡✐r ♣❛r❛♠❡t❡rs p ❛♥❞ q✳ ❚❤❡ ❡♥tr♦♣② ♦❢ Q r❡❧❛t✐✈❡ t♦ P ✐s✿

H(q|p) = −p log(q) − (1 − p) log(1 − q) , ✇✐t❤ log 0 = −∞ ❡t 0 × (−∞) = 0 ❀ ✇❡ ❞❡♥♦t❡ t❤❡

❡♥tr♦♣② ♦❢ P ✿ H(p) = H(p|p)✳ ❚❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ ❑✉❧❧❜❛❝✲▲❡✐❜❧❡r ♦❢ P r❡❧❛t✐✈❡ t♦ Q ✐s✿

DKL(p||q) = H(q|p)−H(p) = p log(
p

q
) + (1− p) log(

1− p

1− q
) . ✭✶✵✮

❋♦r p ∈ [0, 1]✱ t❤❡ ❢✉♥❝t✐♦♥ DKL(p||.) ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ♦♥ [0, p] ❛♥❞ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥

[p, 1] ❛♥❞ ✐ts ♠✐♥✐♠✉♠ ✐♥ p ✐s ❡q✉❛❧ t♦ 0✳

❈♦r♦❧❧❛r② ✸✳✷✳ ❯♥❞❡r t❤❡ ❆ss✉♠♣t✐♦♥s ✷✳✶ ❛♥❞ ✸✳✶✱ ✇❤❡♥ ǫ = 0 ❛♥❞ ✇❤❡♥ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡

t♦①✐❝✐t✐❡s βa ❛♥❞ βb ✐s ❞✐✛❡r❡♥t ❢r♦♠ α, ✇❡ ❤❛✈❡✿

na

nb

−→
n→+∞

DKL(βb||α)
DKL(βa||α)

, a.s.

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ❣✐✈❡♥ ✐♥ t❤❡ s✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧✳

■♥ s✐t✉❛t✐♦♥s ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ t❤♦s❡ ❢♦r ✇❡❧❧ s♣❡❝✐✜❡❞ ♠♦❞❡❧s✱ t❤❡ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r ❞✐✈❡r✲

❣❡♥❝❡ ✐s ♦❢t❡♥ ✉s❡❞ ❛s ❛♥ ❛♣♣r♦♣r✐❛t❡ ❞✐st❛♥❝❡ ♠❡❛s✉r❡ ❜❡t✇❡❡♥ t✇♦ ♣r♦❜❛❜✐❧✐t② ❧❛✇s✳ ❚❤✐s

♣s❡✉❞♦✲❞✐st❛♥❝❡ ✐s t❤❡ ♥❛t✉r❛❧ t♦♦❧ t♦ ✉s❡ ✇❤❡♥ s❤♦✇✐♥❣ ❝♦♥s✐st❡♥❝② ❢♦r ❇❛②❡s✐❛♥ ♦r ♠❛①✐♠✉♠

❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t♦rs✳ ■♥ t❤✐s ✇❛②✱ t❤❡ r✉♥♥✐♥❣ ❡st✐♠❛t❡ ❢♦r ❙P▼ ♦s❝✐❧❧❛t❡s ❜❡t✇❡❡♥ ❞♦s❡s a

❛♥❞ b ❛❝❝♦r❞✐♥❣ t♦ ❛♥ ❛s②♠♣t♦t✐❝ r❛t✐♦ t❤❛t ✐s ✐♥✈❡rs❡❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♣s❡✉❞♦✲❞✐st❛♥❝❡

♦❢ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r ❜❡t✇❡❡♥ βa ❛♥❞ βb ❛t t❤❡ ❝❤♦s❡♥ t❛r❣❡t✿ t❤❡ ❣r❡❛t❡r t❤❡ ♣s❡✉❞♦✲❞✐st❛♥❝❡

❜❡t✇❡❡♥ βa ❛♥❞ α r❡❧❛t✐✈❡ t♦ t❤❛t ❜❡t✇❡❡♥ βb ❛♥❞ α t❤❡ ♠♦r❡ ❙P▼ ✇✐❧❧ r❡❝♦♠♠❡♥❞ t❤❡ ❞♦s❡ b

✭❛♥❞ ✈✐❝❡ ✈❡rs❛✮✳ ❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥ ✐s t♦ ❤✐❣❤❧✐❣❤t t❤❡ ♣r❛❝t✐❝❛❧ ♣❡r❢♦r♠❛♥❝❡

♦❢ t❤❡ ✉s✉❛❧ ❙P▼ t❤r♦✉❣❤ ❛ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❈❘▼✳

✹ ❙✐♠✉❧❛t✐♦♥s

❚❤❡ ❈❘▼ ❞❡♠♦♥str❛t❡s ❣♦♦❞ ♣❡r❢♦r♠❛♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝r✐t❡r✐❛✿ ✭P❈❙✮✱

t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ❝♦rr❡❝t s❡❧❡❝t✐♦♥ ❛t t❤❡ ✜♥❛❧ r❡❝♦♠♠❡♥❞❛t✐♦♥ ❛♥❞ ✭❚❘✮✱ t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢

♣❛t✐❡♥ts tr❡❛t❡❞ ❛t t❤❡ ▼❚❉✳ ❍❡r❡✱ ✇❡ s❤♦✇ t❤❛t✱ ✐❢ ✇❡ s♦ ✇✐s❤✱ t❤❡ ♣r✐♦r ♠♦❞❡❧ ♦❢ ❙P▼ ❝❛♥ ❜❡

✶✺
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❝❛❧✐❜r❛t❡❞ ✐♥ s✉❝❤ ❛ ✇❛② ❛s t♦ r❡♣r♦❞✉❝❡ t❤✐s s❛♠❡ ♣❡r❢♦r♠❛♥❝❡ ❛❝r♦ss ♠❛♥② s❝❡♥❛r✐♦s✳ ❚❤✐s

♣❛rt✐❝✉❧❛r ♣❛r❛♠❡tr✐s❛t✐♦♥ ✐s ❝❛❧❧❡❞ ❙P✲❈❘▼✳ ❚❤❡ s✐♠✉❧❛t✐♦♥s ❛r❡ ❝❛rr✐❡❞ ♦✉t ✉♥❞❡r ❛ ❝♦♠♠♦♥

s✐t✉❛t✐♦♥ ✭α = 0.2✱ ♣♦✇❡r ♠♦❞❡❧✮ ✇❤❡r❡ t❤❡ ❈❘▼ ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❝❧♦s❡ t♦ ♦♣t✐♠❛❧ ✉♥❞❡r ❛♥

❛❞❛♣t❛t✐✈❡ ♠✐♥✐♠✉♠✲✈❛r✐❛♥❝❡ ❝r✐t❡r✐♦♥ ✭❚✐❛♥✱ ✷✵✶✻✱ ❚❤❡♦r❡♠ ✶ ❛♥❞ ✐ts ✐♥t❡r♣r❡t❛t✐♦♥✮✳

❈❛❧✐❜r❛t✐♦♥

❚❤❡ t❛r❣❡t r❛t❡ ✐s ✜①❡❞ ❛t ✵✳✷✵✳ ❚❤❡ ❣♦❛❧ ✐s t♦ ❧♦❝❛t❡ t❤❡ ▼❚❉ ❛s ♦♥❡ ♦❢ ✻ ❛✈❛✐❧❛❜❧❡ ❞♦s❡s✳

❚❤❡r❡ ❛r❡ ✷✺ ♣❛t✐❡♥ts ✐♥ ❡❛❝❤ st✉❞②✳ ❲❡ ♠❛❦❡ ✉s❡ ♦❢ t✇♦ st❛❣❡ ❈❘▼ ✭❖✬◗✉✐❣❧❡② ❛♥❞ ❙❤❡♥✱

✶✾✾✻✮ ❜❛s❡❞ ♦♥ s♦♠❡ ❧❡❛❞✲✐♥ r✉❧❡ ✉♥t✐❧ ✇❡ ♦❜s❡r✈❡ t❤❡ ✜rst t♦①✐❝✐t② ❛♥❞ t❤❡♥ ✇❡ ✉s❡ ♠❛①✲

✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞✳ ❆s ♣r♦♣♦s❡❞ ❜② ❈❤❡✉♥❣ ✭❞❢❝r♠ ❞♦❝✉♠❡♥t❛t✐♦♥ ✐♥ t❤❡ ❈❘❆◆ ♣❛❝❦❛❣❡✮✱

t❤❡ ❝❤♦s❡♥ s❦❡❧❡t♦♥ ✐s u = (0.05, 0.10, 0.20, 0.35, 0.50, 0.70) ✇✐t❤ ◆♦r♠❛❧ ❧❛✇ ❢♦r t❤❡ ♣r✐♦r

N (0, 1.342) t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♣♦✇❡r ♠♦❞❡❧✳ ❊❛❝❤ ❝♦❤♦rt ✐s ♦❢ s✐③❡ ♦♥❡ ♠❡❛♥✐♥❣ t❤❛t ✇❡ ❡s✲

t✐♠❛t❡ t❤❡ ❞♦s❡ ❛❢t❡r ❡❛❝❤ ♣❛t✐❡♥t✳ ❲❡ ✐♥❝❧✉❞❡ t❤❡ ❝❧❛ss✐❝❛❧ r❡str✐❝t✐♦♥ t❤❛t ♥♦ s❦✐♣♣✐♥❣ ✐s

❛❧❧♦✇❡❞✳ ❋♦r ❙P✲❈❘▼✱ t❤❡ ♣r✐♦r ♠♦❞❡❧ ✈❡r✐✜❡s ✷✳✶ ❛♥❞ ❊q✉❛t✐♦♥ ✭✼✮✳ ■t ✐s s✉♠♠❛r✐③❡❞ ❜②

(ǫ = 0.015, (qθ)θ∈D, c = 48)✳ ❚❤❡ ♠♦❞❡s (qθ)θ∈D ❛r❡ ❝❤♦s❡♥ ❝❧♦s❡ t♦ t❤❡ ♠♦❞❡❧ ♦❢ t❤❡ ❈❘▼✱

❛s ✐♥ ❋✐❣✉r❡ ✷ ❛✮✳ ❚❤❡② ❛r❡ ❣✐✈❡♥ ❜② ❚❛❜❧❡ ✶✳ ❚❤❡ ❧❛✇ Π ❝❛♥ ❜❡ ✉s❡❞ ❛s ❛♥ ❛❧t❡r♥❛t✐✈❡

❚❛❜❧❡ ✶✿ ❚❤❡ ♠♦❞❡s ♦❢ t❤❡ ♣r✐♦r ♠♦❞❡❧
qθj q1. q2. q3. q4. q5. q6.

q·1 ✵✳✷✵ ✵✳✶✷ ✵✳✵✷ ✵✳✵✶ ✵✳✵✵ ✵✳✵✵
q·2 ✵✳✷✾ ✵✳✷✵ ✵✳✵✼ ✵✳✵✺ ✵✳✵✵ ✵✳✵✵
q·3 ✵✳✹✷ ✵✳✸✻ ✵✳✷✵ ✵✳✵✽ ✵✳✵✷ ✵✳✵✵
q·4 ✵✳✺✼ ✵✳✹✽ ✵✳✸✺ ✵✳✷✵ ✵✳✵✾ ✵✳✵✶
q·5 ✵✳✻✾ ✵✳✻✷ ✵✳✺✵ ✵✳✸✹ ✵✳✷✵ ✵✳✵✹
q·6 ✵✳✽✷ ✵✳✼✽ ✵✳✼✵ ✵✳✺✽ ✵✳✹✹ ✵✳✷✵

✇❛② t♦ r❡♣r♦❞✉❝❡ ❛♥② ✐♥✐t✐❛❧ ❞♦s❡ ❡s❝❛❧❛t✐♦♥ ❛♥❞ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❝❤♦♦s❡ ✐t s♦ t❤❛t t❤❡ ♠❡t❤♦❞

❢♦❧❧♦✇s ♥❛t✉r❛❧❧② ❛ ❣✐✈❡♥ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ ❞♦s❡s ✉♥t✐❧ ✇❡ ♦❜s❡r✈❡ t❤❡ ✜rst t♦①✐❝✐t②✳ ❆♥

✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ✐s ❞❡♥♦t❡❞ s = (s1, . . . , sk) ✇✐t❤ sk ∈ D✳ ❚❤❡ ♠♦❞❡s ❛♥❞ t❤❡ ❞✐s♣❡rs✐♦♥

❜❡✐♥❣ ✜①❡❞✱ ✇❡ ❞❡✜♥❡ B(s) t❤❡ s❡t ♦❢ ❞✐str✐❜✉t✐♦♥s Π t❤❛t ♣r♦❞✉❝❡ t❤❡ s❡q✉❡♥❝❡ s ✉♥t✐❧ t❤❡

✜rst ♦❜s❡r✈❡❞ t♦①✐❝✐t②✿ B(s) = {Π : Yj = 0, 1 6 j 6 k ⇒ Xj = sk, 1 6 j 6 k }✳ ❚❤❡ ❧❛✇

Ps ✐s t❤❡ ♦♥❡ ♠✐♥✐♠✐③✐♥❣ t❤❡ ❞✐st❛♥❝❡ ✐♥ t❤❡ s❡♥s❡ L2 ❜❡t✇❡❡♥ t❤❡ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ U ❛♥❞

t❤❡ ❝❧♦s✉r❡ ♦❢ t❤❡ ❝♦♥✈❡① s❡t B(s)✿ Ps = argmin||Π − U||2✱ ❢♦r Π ∈ B(s)✳ ❚❤✐s ❧❛✇ ❞♦❡s ♥♦t

❜❡❧♦♥❣ t♦ B(s)✱ ❜✉t t❤❡r❡ ❡①✐st ❞✐str✐❜✉t✐♦♥s ✐♥ B(s) ❛r❜✐tr❛r✐❧② ❝❧♦s❡ t♦ Ps. ■t ✐s t❤❡♥ ♣♦ss✐❜❧❡

t♦ ✜♥❞ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❛s ❛❝❝✉r❛t❡ ❛s ✇❡ ✇✐s❤ ♦❢ t❤❡ ❧❡❛st ✐♥❢♦r♠❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❜❡❧♦♥❣✐♥❣

t♦ t❤❡ ❝❧♦s✉r❡ ♦❢ t❤❡ s❡t ♦❢ ♠❡❛s✉r❡ ♣r♦✈✐❞✐♥❣ t❤❡ s❡q✉❡♥❝❡ ✭❘ ❝♦❞❡s ❛✈❛✐❧❛❜❧❡ ♦♥ r❡q✉❡st✮✳

❚❛❜❧❡ ✷ ♣r♦✈✐❞❡s s✉❝❤ ❞✐str✐❜✉t✐♦♥s ❛❝❝✉r❛t❡ t♦ 10−3 ❢♦r ❞✐✛❡r❡♥t s❡q✉❡♥❝❡s✳ ❚❤❡s❡ ❧❛✇s ❛r❡

♥♦t ♥♦r♠❛❧✐③❡❞ ❜✉t t❤✐s ❞♦❡s ♥♦t ✐♠♣❛❝t t❤❡ ♣♦st❡r✐♦r Πn✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠✉❧❛t✐♦♥s✱ t❤❡

❞✐str✐❜✉t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s❡q✉❡♥❝❡ d ✐s ✉s❡❞✳ ❚❤❡ ❈❘▼ ❛❧s♦ ♣r♦❞✉❝❡s t❤✐s s❡q✉❡♥❝❡

✇❤✐❧❡ ❛✇❛✐t✐♥❣ t♦ ♦❜s❡r✈❡ t❤❡ ✜rst t♦①✐❝✐t②✳
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❋✐❣✉r❡ ✸✿ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❛ s❡q✉❡♥❝❡ ❢♦r ❙P✲❈❘▼✱ β = (0.01, 0.07, 0.10, 0.20, 0.40, 0.70)❀ △✿
t♦①✐❝✐t②✱ ×✿ ♥♦♥✲t♦①✐❝✐t②✳

▼♦❞❡❧ ❛♥❞ ♣r✐♦r ♠♦❞❡❧

❚❛❜❧❡ ✸ s❤♦✇s ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❙P✲❈❘▼ ✇❤❡♥ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❈❘▼ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝r✐t❡r✐❛

✭P❈❙✮ ❛♥❞ ✭❚❘✮ ❢♦r ✶✵ ✵✵✵ r❡♣❧✐❝❛t✐♦♥s✳ ❚❤❡ ✜♥❞✐♥❣s s❤♦✇ ✈❡r② s✐♠✐❧❛r ❜❡❤❛✈✐♦r ❢♦r t❤❡ ✜rst

✹ s❝❡♥❛r✐♦s✳ ❲❤❡♥ t❤❡ ❞❛t❛ ❛r❡ ❣❡♥❡r❛t❡❞ ❡①❛❝t❧② ❜② t❤❡ ♠♦❞❡❧ ❜❡✐♥❣ ✉s❡❞ ❢♦r ❈❘▼ ✭s❝❡♥❛r✐♦

✸✮✱ r❛t❤❡r s✉r♣r✐s✐♥❣❧②✱ t❤❛t ❞♦❡s ♥♦t ❛♣♣❡❛r t♦ ❣r❛♥t ❛♥② ❛❞✈❛♥t❛❣❡ t♦ t❤❡ ♠❡t❤♦❞ ❛♥❞ t❤❡ ❙P✲

❈❘▼ ❛♣♣❡❛rs t♦ s✉✛❡r ♥♦ ❤❛♥❞✐❝❛♣ ❛s ❛ ♣r✐❝❡ t♦ ♣❛② ❢♦r t❤❡ ❡①tr❛✲✢❡①✐❜✐❧✐t② ❛♥❞ ❛❞❛♣t❛❜✐❧✐t②

♦❢ ✐ts ♣r✐♦r ♠♦❞❡❧✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s❝❡♥❛r✐♦ ✹ ♣r❡s❡♥ts ❛♥ ✐♥t❡r❡st✐♥❣ ✐❧❧✉str❛t✐♦♥ ✐♥ ✇❤✐❝❤

t❤❡ ❈❘▼ ❢❛✐❧s t♦ s❛t✐s❢② t❤❡ ❆ss✉♠♣t✐♦♥ ✶✳✸ ❛♥❞✱ ❛s ❛ r❡s✉❧t✱ ❞♦❡s ♥♦t ♣♦ss❡ss t❤❡ ♣r♦♣❡rt②

♦❢ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ▼❚❉✳ ❉❡s♣✐t❡ t❤✐s✱ ❢♦r ❛ tr✐❛❧ ♦❢ ✷✺ ♣❛t✐❡♥ts✱ ✐t ✐s ❞✐✣❝✉❧t t♦ ♦❜s❡r✈❡

❛♥② t❤❡♦r❡t✐❝❛❧ ❛❞✈❛♥t❛❣❡ ♦❢ ❙P✲❈❘▼ ♦✈❡r ❈❘▼✳ ❍♦✇❡✈❡r✱ ✐t ✐s ❡♥♦✉❣❤ t♦ s❧♦✇❧② ✐♥❝r❡❛s❡

s❛♠♣❧❡ s✐③❡ t♦ ♦❜s❡r✈❡ t❤✐s ❝♦♥✈❡r❣❡♥❝❡ ❞✐✣❝✉❧t② ♠❛♥✐❢❡st✐♥❣ ✐ts❡❧❢ ✐♥ ♣r❛❝t✐❝❡ ✭s❡❡ ✜❣✉r❡ ✹✮✳

■♥❝r❡❛s✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛t✐❡♥ts ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ st✉❞② ❢❛✐❧s t♦ ❧❡❛❞ t♦ ✐♠♣r♦✈❡♠❡♥t ❢♦r

❈❘▼✳ ■♥ ❝♦♥tr❛st✱ t❤❡ ❙P✲❈❘▼ ✐s ǫ✲s❡♥s✐t✐✈❡ ❛♥❞ t❤❡ ♣♦rt✐♦♥ ♦❢ t❤❡ ❝✉r✈❡ t❤❛t ✐s tr❛❝❡❞ ♦✉t

❝♦rr❡s♣♦♥❞s t♦ ❛❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡✳ ■♥ ❛ r❡❛❧ ♣r❛❝t✐❝❛❧ s❡♥s❡✱ ❛s s❛♠♣❧❡ s✐③❡ ✐♥❝r❡❛s❡s✱

❙P✲❈❘▼ ❞♦❡s ❜❡tt❡r ❛♥❞ ❜❡tt❡r✳ ■♥ s♦♠❡ ✇❛②s✱ ❢♦r ❈❘▼ ✇❡ ✇❡r❡ ❢♦rt✉♥❛t❡ ✐♥ t❤❛t t❤❡ ❜❡st

♣❡r❢♦r♠❛♥❝❡ ✇❛s ❛❧r❡❛❞② ♦❜t❛✐♥❡❞ ❛r♦✉♥❞ ✷✺ s✉❜❥❡❝ts ❛♥❞ ✐♥❝r❡❛s✐♥❣ t❤✐s ♥✉♠❜❡r ✇❛s ♥♦t

r❡✇❛r❞❡❞ ❜② ✐♥❝r❡❛s❡❞ ❛❝❝✉r❛❝②✳ ❇❡②♦♥❞ t❤❛t s❛♠♣❧❡ s✐③❡ t❤❡ ❤❛♥❞✐❝❛♣ ❜❡❣✐♥s t♦ s❤♦✇ ✐ts❡❧❢✳

■♥ ♦t❤❡r s❝❡♥❛r✐♦s✱ ❢♦r ✐♥st❛♥❝❡ ✺ ❛♥❞ ✻✱ ✇❤❡r❡ t❤❡ ♠♦❞❡❧ s♣❡❝✐✜❝❛t✐♦♥ ✐s ②❡t ♠♦r❡ s❡✈❡r❡❧②
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t❡st❡❞ ❛♥❞ str✉❣❣❧❡s t♦ ❛❝❝♦♠♠♦❞❛t❡ ❛ s❧♦♣❡ ✐♥ t❤❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ t❤❡ ▼❚❉ t❤❛t ✐s ❛

str❛✐♥ t♦ ✜t✱ ❙P✲❈❘▼ s❤♦✇s ❝❧❡❛r❧② s✉♣❡r✐♦r ♣❡r❢♦r♠❛♥❝❡✱ ❜♦t❤ ❛s ♠❡❛s✉r❡❞ ❜② P❈❙ ❛♥❞ ❛s

♠❡❛s✉r❡❞ ❜② ❚❘✳ ❚❤❡ ❙P✲❈❘▼ ❣❛✐♥s ✐ts ❛❞✈❛♥t❛❣❡ ❢r♦♠ t❤❡ ✢❡①✐❜✐❧✐t② ♦❢ t❤❡ ♣r✐♦r ♠♦❞❡❧ t❤❛t

❝❛♥ r❡❛❞❥✉st t♦ ❡❛❝❤ ♦❜s❡r✈❛t✐♦♥✳ ❚❤❡ s❛♠❡ ❛r❣✉♠❡♥t ✉♥❞❡r❧✐❡s ✐ts ❛s②♠♣t♦t✐❝ ♣❡r❢♦r♠❛♥❝❡

❛♥❞ ✐ts ❛❞❛♣t❛❜✐❧✐t② t♦ t❤♦s❡ s✐t✉❛t✐♦♥s t❤❛t ❛♣♣❡❛r ❢❛r r❡♠♦✈❡❞ ❢r♦♠ t❤❡ ♠♦❞❡❧✳ ■♥ ♦r❞❡r t♦

❝♦♥✜r♠ t❤✐s ✐♠♣r❡ss✐♦♥✱ ✇❡ r❛♥❞♦♠❧② ❣❡♥❡r❛t❡❞ s❝❡♥❛r✐♦s ❜② ♠❛❦✐♥❣ ✉s❡ ♦❢ ♦r❞❡r st❛t✐st✐❝s

♦❢ ✏q✉❛s✐✲✉♥✐❢♦r♠✑ ✈❛r✐❛t❡s ✭s❡❡ ✜❣✉r❡ ✺✮✳ ❋♦r t❤✐s ♣✉r♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠✱ ❝❛❧❧❡❞ t❤❡

♣s❡✉❞♦✲✉♥✐❢♦r♠ s❝❡♥❛r✐♦ ✐s ✉s❡❞✳

✕ ❚❤❡ ▼❚❉ ✐s s❡❧❡❝t❡❞ ✉♥✐❢♦r♠❧② ❢r♦♠ ❛ r❛♥❣❡ ♦❢ ❞♦s❡s D✿ MTD ∼ UD ❀ r❡s✉❧t✐♥❣ ✐♥ t❤❡

✈❛❧✉❡ k✳

✶✽

http://biostats.bepress.com/cobra/art116



50 100 150 200

50
55

60
65

patient's number (n)

%
 o

f c
or

re
ct 

re
co

m
m

en
da

tio
n

❋✐❣✉r❡ ✹✿ ❋♦r s❝❡♥❛r✐♦ ✻✱ ✭P❈❙✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝❧✉❞❡❞ ♣❛t✐❡♥ts ✐♥ t❤❡ st✉❞②✳
�✿ ❙P✲❈❘▼ ❀ ×✿ ❈❘▼✳

✕ ❲❡ r❛♥❞♦♠❧② s❡❧❡❝t ❛♥ ✉♣♣❡r ❜♦✉♥❞ Bs = α + (1 − α) × M ❀ M ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡

❤❛✈✐♥❣ ❛ ❇❡t❛ ❧❛✇ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ▼❚❉ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❞♦s❡sm✿ M ∼ B(max{m−
k; 0.5}, 1)✳

✕ ❚❤❡ r❛♥❞♦♠ s❝❡♥❛r✐♦ β ❤❛s t❤❡ ❧❛✇ ♦❢ ❛♥ ♦r❞❡r❡❞ s❛♠♣❧❡ ♦❢ m ✉♥✐❢♦r♠ ❧❛✇s ♦♥ [0, Bs]

❝♦♥❞✐t✐♦♥❡❞ ❜② t❤❡ ❡✈❡♥t {MTD = k}✳
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✭❛✮ ❙❛♠♣❧❡ ✉♥❞❡r t❤❡ ♣s❡✉❞♦✲✉♥✐❢♦r♠ ❛❧❣♦r✐t❤♠
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✭❜✮ ❙❛♠♣❧❡ ✉♥❞❡r Λ

❋✐❣✉r❡ ✺✿ ❙❝❡♥❛r✐♦s t❡st❡❞ ❛♥❞ s❝❡♥❛r✐♦s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ♣r✐♦r✳

❚❤❡ s❡❝♦♥❞ ♣♦✐♥t ❞♦✇♥✇❡✐❣❤ts t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ ♠♦r❡ ❡①tr❡♠❡ s❝❡♥❛r✐♦s ✐♥ ✇❤✐❝❤ t❤❡

t♦①✐❝ ♣r♦❜❛❜✐❧✐t✐❡s ❢♦❧❧♦✇✐♥❣ t❤❡ ▼❚❉ r✐s❡ ✈❡r② s❤❛r♣❧②✳ ❙✉❝❤ s❝❡♥❛r✐♦s ❝❛♥ st✐❧❧ ❜❡ s❛♠♣❧❡❞

❜✉t ❧❡ss ❢r❡q✉❡♥t❧②✳ ❙❛♠♣❧✐♥❣ ♦❢ t❤❡ ❧❛✇ M ✐s ♥❛t✉r❛❧❀ ✐♥❞❡❡❞ ✇❤❡♥ ✇❡ ❤❛✈❡ ✻ ❞♦s❡s ❛♥❞ t❤❡

▼❚❉ ✐s ❧♦❝❛t❡❞ ❛t ❧❡✈❡❧ ✷✱ Bs ✐s t❤❡ ♠❛①✐♠✉♠ ♦❢ ✹ ✉♥✐❢♦r♠ ❧❛✇s ♦♥ [α, 1]✳ ❚❛❜❧❡ ✹ ❝♦♠♣❛r❡s

t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❈❘▼ ❛♥❞ ✐ts s❡♠✐✲♣❛r❛♠❡t❡r✐❝ ✈❡rs✐♦♥ ♦✈❡r t❤❡ s❡t ♦❢ ✶✵✵ ✵✵✵ r❛♥❞♦♠❧②

❣❡♥❡r❛t❡❞ s❝❡♥❛r✐♦s✳ ❚❤r❡❡ ❛❞❞✐t✐♦♥❛❧ ❝r✐t❡r✐❛ ❡♥❛❜❧✐♥❣ ❝♦♠♣❛r✐s♦♥ ❛r❡ ✐♥tr♦❞✉❝❡❞✳ ✭❚❘(a, b)✮

✶✾
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✐s t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ♣❛t✐❡♥ts tr❡❛t❡❞ ❛t ❞♦s❡s a ❛♥❞ b ✭s❡❡ t❤❡ ❞❡✜♥✐t✐♦♥ ✸✳✷✮❀ ✭∆✮ ✐s t❤❡ ♠❡❛♥

♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t♦①✐❝ r❛t❡s ❛t ✇❤✐❝❤ ♣❛t✐❡♥ts ❛r❡ tr❡❛t❡❞ ❛♥❞ t❤❡ t♦①✐❝✐t② ❛t t❤❡

▼❚❉✳ ❚❤❡ ✜❢t❤ ❝r✐t❡r✐❛ ✭❘✲∆✮ ✐s ❛♥ ✐♥❞❡① ❜❛s❡❞ ♦♥ t❤❡ st❛t✐st✐❝ ✭∆✮ r❡❧❛t✐✈❡ t♦ t❤❛t ✈❛❧✉❡

♦❜t❛✐♥❡❞ ❜② t❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥ ✭❖✬◗✉✐❣❧❡② ❡t ❛❧✳✱ ✷✵✵✷✮✳ ❚❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥ ✐s ❜❛s❡❞ ♦♥ t❤❡

✐❞❡❛ ♦❢ ❝♦♠♣❧❡t❡ ❛♥❞ ✐♥❝♦♠♣❧❡t❡ ✐♥❢♦r♠❛t✐♦♥✳ ❲❡ ❝❛♥ ✉s❡ ✐t s❡q✉❡♥t✐❛❧❧②✱ ✐♥ ❛ t❤❡♦r❡t✐❝❛❧

s❡tt✐♥❣✱ t♦ ♣r♦✈✐❞❡ ❛ r✉♥♥✐♥❣ ❜❡st ❡st✐♠❛t❡ ♦❢ t❤❡ ▼❚❉✱ t❤❡ ❧❡✈❡❧ ❛t ✇❤✐❝❤ ✇❡ ✇♦✉❧❞ ❧✐❦❡

t♦ tr❡❛t t❤❡ ♥❡①t ✐♥❝❧✉❞❡❞ ♣❛t✐❡♥t ✐♥ t❤❡ st✉❞②✳ ■♥ ♦r❞❡r t♦ ♠❛✐♥t❛✐♥ ❝♦♠♣❛r❛❜✐❧✐t②✱ ❛t ❧❡❛st

❡❛r❧② ♦♥✱ ✇❡ ❝♦♥str❛✐♥ t❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥ t♦ s✐♠✐❧❛r ❜❡❤❛✈✐♦✉r s✉❝❤ ❛s t❤❛t ✐♠♣♦s❡❞ ♦♥ t❤❡

❈❘▼✱ ✐✳❡✳✱ ♦♥❧② ✐♥❝r❡❛s❡s ✐♥ ❧❡✈❡❧ ❜② ♦♥❡ ❧❡✈❡❧ ❛t ❛ t✐♠❡✳ ❚❤✐s ❤❡❧♣s ♣r♦✈✐❞❡ ❛ r❡❢❡r❡♥❝❡ ❢♦r t❤❡

❝r✐t❡r✐♦♥ ✭∆✮ ✿ ∆✭❖♣t✮ = 9.75✳ ❚❤❡ ❜❛s❡ r❡❢❡r❡♥❝❡ ✐s ❝❛❧❝✉❧❛t❡❞ ❢♦r t❤❡ ❈❘▼✳

❘✲∆(M) =
∆(M)−∆✭❖P❚✮

∆✭❈❘▼✮−∆✭❖P❚✮
✭✶✶✮

❆s ❘✲∆ ❣❡ts ❝❧♦s❡r t♦ 0✱ ❛❧❧ t❤❡ ♠♦r❡ t❤❡ ❝♦♥s✐❞❡r❡❞ ♠❡t❤♦❞ ❣❡ts ❝❧♦s❡ t♦ t❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥✳

■♥ ❛❧❧ ❝❛t❡❣♦r✐❡s✱ t❤❡ ❙P✲❈❘▼ ♦❜t❛✐♥s t❤❡ ❜❡st r❡s✉❧ts ✭❚❛❜❧❡ ✹✮✳ ❘❡❣❛r❞✐♥❣ t❤❡ ❝r✐t❡r✐❛ ✭∆✮✱

❚❛❜❧❡ ✹✿ ❈♦♠♣❛r✐s♦♥ ❢r♦♠ ❛ s❛♠♣❧❡ s❝❡♥❛r✐♦ ✭s✐③❡❂✶✵✵ ✵✵✵✮✳
❈r✐t❡r✐♦♥ P❈❙ ❚❘ ❚❘✭❛✱❜✮ ∆ ❘✲∆

❈❘▼ ✺✵✳✹✸ ✸✾✳✷✸ ✺✾✳✻✽ ✶✵✳✵✺ ✶✳✵

❙P✲❈❘▼ ✺✶✳✹✺ ✸✾✳✺✻ ✻✵✳✷✷ ✾✳✾✸ ✵✳✻

❙P▼✭✵✱ ✶✴✶✵✱ ✶✴✸✱ ✹✵✮ ✺✶✳✶✻ ✸✾✳✶✾ ✺✾✳✽✵ ✶✵✳✶✷ ✶✳✷✸

t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❙P✲❈❘▼ ❛♥❞ t❤❡ ♦♣t✐♠❛❧ ♠❡t❤♦❞ ✐s ✹✵✪ s♠❛❧❧❡r t❤❛♥ t❤❛t ✇❤✐❝❤

♦❜t❛✐♥s ✇❤❡♥ ❝♦♠♣❛r✐♥❣ t❤❡ ❈❘▼ t♦ t❤❡ ♦♣t✐♠❛❧✳ ❚❤✐s s✐❣♥✐✜❝❛♥t ❣❛✐♥ ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞

✐♥ ♣❛rt ❜② t❤❡ ❢❛❝t t❤❛t ✇❡ ❛r❡ ✈❡r② ❝❧♦s❡ t♦ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♦♣t✐♠❛❧ ♠❡t❤♦❞✳ ❚❤❡

♣❛r❛♠❡tr✐s❛t✐♦♥ ❙P▼✭✵✱ ✶✴✶✵✱ ✶✴✸✱ ✹✵✮ ❢r♦♠ ❙❡❝t✐♦♥ ✷✳✷ ♦❜t❛✐♥s ❣♦♦❞ r❡s✉❧ts✱ ❡✈❡♥ ✐❢ ✐ts

❞✐st❛♥❝❡ t♦ t❤❡ ♦♣t✐♠❛❧ ♠❡t❤♦❞ ❧♦♦❦s s❧✐❣❤t❧② ❣r❡❛t❡r t❤❛♥ t❤❛t ❢♦r t❤❡ ❈❘▼✳ ❚❤✐s ❧❡❛❞s ✉s t♦

❝♦♥❝❧✉❞❡ t❤❛t ✈❡r② s✐♠♣❧❡ ♣❛r❛♠❡tr✐s❛t✐♦♥s ♦❢ ❙P✲❈❘▼ ❝❛♥ ❛tt❛✐♥ ❝♦♠♣❛r❛❜❧❡ ♣❡r❢♦r♠❛♥❝❡

t♦ t❤♦s❡ ♦❢ t❤❡ ❈❘▼✱ ❡✈❡♥ ✐♥ ❝❛s❡s ✇❤❡r❡ t❤❡ ❈❘▼ ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ♥❡❛r ♦♣t✐♠❛❧ ✭❚✐❛♥✱

✷✵✶✻✮✳

■♥ t❤❡s❡ s✐♠✉❧❛t✐♦♥s✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ❦❡❡♣ ✐♥ ♠✐♥❞ t❤❛t ♦✉r ❣♦❛❧ ✇❛s t♦ ❡♠✉❧❛t❡ ❛s ❜❡st ✇❡

❝♦✉❧❞ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❈❘▼✳ ❙✐♥❝❡ t❤✐s ❝❛♥ ❜❡ ❛❝❝♦♠♣❧✐s❤❡❞ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ✇❡ ❞♦ ♥♦

✇♦rs❡ t❤❛♥ t❤❡ ❈❘▼✳ ❍♦✇❡✈❡r✱ t❤❡ ❣r❡❛t❡r ✢❡①✐❜✐❧✐t② ❛❧❧♦✇s ✉s t♦ ❞♦ ❜❡tt❡r ✐♥ t❤♦s❡ ♣❛rt✐❝✉❧❛r

❝❛s❡s t❤❛t ♣r♦✈❡ t❤♦r♥② ❢♦r t❤❡ ❈❘▼ s✐♥❝❡ t❤❡ ❡①♣❧❛♥❛t✐♦♥ ❢♦r t❤❡ ❛✇❦✇❛r❞ ❜❡❤❛✈✐♦✉r ❤❡r❡

✐s t❤❡ str♦♥❣ ♣❛r❛♠❡tr✐s❛t✐♦♥ ♦❢ t❤❡ ❈❘▼✱ ❛ ❢❡❛t✉r❡ t❤❛t ✐s ❣r❡❛t❧② r❡❧❛①❡❞ ✐♥ ❙P✲❈❘▼✳ ■t

r❡♠❛✐♥ t♦ st✉❞② t❤❡ ❣r❡❛t r❛♥❣❡ ♦❢ ❙P▼ ♣❛r❛♠❡tr✐s❛t✐♦♥ ✉♥❞❡r ❞✐✛❡r❡♥t ❝✐r❝✉♠st❛♥❝❡s✳ ❚❤❡

♣♦st❡r✐♦r Πn ♦♥ t❤❡ ❞♦s❡s s✉❣❣❡sts s♦♠❡ ❛✈❡♥✉❡s ♦❢ ❡①♣❧♦r❛t✐♦♥ ❢♦r ❡st✐♠❛t✐♥❣ t❤❡ ▼❚❉ ❜②

❣r♦✉♣s ♦❢ ❞♦s❡s ✇❤✐❝❤ ♠❛② s❤♦✇ ✐ts❡❧❢ t♦ ❜❡ ♦❢ ✈❛❧✉❡ ✇❤❡♥ ✇❡ ♠♦✈❡ ❜❡②♦♥❞ P❤❛s❡ ■ t♦ t❤❡

P❤❛s❡ ■✴■■ s❡tt✐♥❣✳ ■♥ ❋✐❣✉r❡ ✻ ✱ t❤❡ t❛r❣❡t ✐s α = 0.2 ❛♥❞ t❤❡ ▼❚❉ ✐s ❧♦❝❛t❡❞ ❜❡t✇❡❡♥ 3

❛♥❞ 4✳ ❆t t❤❡ ❡♥❞ ♦❢ t❤❡ tr✐❛❧ t❤❡ ♣♦st❡r✐♦r ♣✉ts 81% ♦❢ ✐ts ♠❛ss ♦✈❡r t❤❡s❡ t✇♦ ❞♦s❡s✳ ■♥
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✭❜✮ ❚❤❡ ✜♥❛❧ ♣♦st❡r✐♦r Π✳

❋✐❣✉r❡ ✻✿ ❆ ❜❛❧❛♥❝❡❞ s❝❡♥❛r✐♦✿ β = (0.04, 0.08, 0.16, 0.24, 0.35, 0.45).

t❤✐s ❛rt✐❝❧❡ ✇❡ ❤❛✈❡ ♥♦t ♣r❡s❡♥t❡❞ ❛♥② r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ ❙P▼ ❛♥❞ ♠❡t❤♦❞s ♦t❤❡r t❤❛♥ t❤❡

❈❘▼✳ ❙✉❝❤ ❝♦♠♣❛r✐s♦♥s ❝❛♥ ❜❡ r❡❛❞✐❧② ❝❛rr✐❡❞ ♦✉t ❜♦t❤ ✐♥ t❤❡♦r② ❛♥❞ ✐♥ ♣r❛❝t✐❝❡ ❧❡❛❞✐♥❣ t♦

✐♠♣r♦✈❡♠❡♥ts ♦♥ ♠❡t❤♦❞s ❝✉rr❡♥t❧② ✐♥ ✉s❡✳ ❲❡ st✉❞② t❤✐s ♠♦r❡ ❞❡❡♣❧② ✐♥ ❛ s❡♣❛r❛t❡ ♣❛♣❡r✳

❈♦♥❝❧✉s✐♦♥ ❛♥❞ ♣❡rs♣❡❝t✐✈❡s

❚❤❡ ❝❡♥tr❛❧ ❢❡❛t✉r❡ ♦❢ t❤❡ ❙P▼ ✐s t❤❡ ❞✐r❡❝t ♠♦❞❡❧❧✐♥❣ ♦❢ t❤❡ ❦❡② ♣❛r❛♠❡t❡r ♦❢ ✐♥t❡r❡st✱ t❤❡

❞♦s❡ ✐ts❡❧❢✱ str✉❝t✉r❡❞ ❛r♦✉♥❞ ❛ r❡❣r❡ss✐♦♥ ❢✉♥❝t✐♦♥ t❤❛t ✐s ♥♦t ❢✉❧❧② s♣❡❝✐✜❡❞✳ ❚❤❡ ❛♣♣r♦❛❝❤

✐s ❡①♣r❡ss❡❞ ✈✐❛ ❛ ❤✐❡r❛r❝❤✐❝❛❧ ❇❛②❡s✐❛♥ str✉❝t✉r❡✳ ❙♦ ❢❛r✱ ✇❡ ❤❛✈❡ ♥♦t tr✐❡❞ t♦ ✐♥❝r❡❛s❡ t❤❡

✢❡①✐❜✐❧✐t② ♦❢ t❤❡ ✉s✉❛❧ ♣r✐♦r ❛s ❛ ✇❛② t♦ ❜❡tt❡r ❞❡❛❧ ✇✐t❤ ♣♦♦r ♠♦❞❡❧ s♣❡❝✐✜❝❛t✐♦♥✳ ■♥st❡❛❞

✇❡ r❡♣❧❛❝❡ t❤❡ ♠♦❞❡❧ ❜② ❛ ♣r✐♦r t❤❛t ✇❡ ❝❛❧❧ t❤❡ ♣r✐♦r ♠♦❞❡❧✳ ❚❤❡ t♦♣♦❧♦❣✐❝❛❧ s✉♣♣♦rt ♦❢ t❤✐s

✐s ✐♥❞❡①❡❞ ❜② t❤❡ ♣❛r❛♠❡t❡r ♦❢ ♠❛✐♥ ✐♥t❡r❡st✱ t❤❡ ▼❚❉✳ ❋r♦♠ t❤❡ ❛s②♠♣t♦t✐❝ st❛♥❞♣♦✐♥t✱ ✇❡

♥♦ ❧♦♥❣❡r s❡❡❦ t♦ ♦❜t❛✐♥ ❝♦♥✈❡r❣❡♥❝❡ ♦♥ t❤❡ s❡t ♦❢ ♣♦st❡r✐♦r ❧❛✇s✱ ❜✉t ♦♥❧② ♦♥ t❤❡ ♣❛rt✐❝✉❧❛r

❧❛✇ s✉rr♦✉♥❞✐♥❣ t❤❡ ♣❛r❛♠❡t❡r ♦❢ ✐♥t❡r❡st✱ t❤❡ ▼❚❉✳ ❚❤✐s✱ ❛❧❜❡✐t s♠❛❧❧✱ ❝❤❛♥❣❡ ✐♥ ❡♠♣❤❛s✐s

❧❡❛❞s t♦ ✐♠♣r♦✈❡❞ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ♦❜t❛✐♥ t❤❡ ❛❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡

♦❢ t❤❡ ❡st✐♠❛t♦r ♦❢ t❤❡ ▼❚❉ ❜✉✐❧t ♦♥ t❤❡ ♦❜s❡r✈❛t✐♦♥s ♦❜t❛✐♥❡❞ ❜② t❤❡ ♠❡t❤♦❞✳

❆s ❛ ❜②✲♣r♦❞✉❝t ✇❡ ♦❜t❛✐♥ ♠✉❝❤ ♠♦r❡ ❛♥❞ ✇❡ ♥♦t❡ t❤❛t t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ✐s s✉✣❝✐❡♥t❧②

✢❡①✐❜❧❡ t♦ ❛❧❧♦✇ ✐t t♦ ✐♥❝❧✉❞❡ ❛❧♠♦st ❛❧❧ ♦❢ t❤❡ ❝✉rr❡♥t❧② ✉s❡❞ ♠♦❞❡❧✲❜❛s❡❞ ❞❡s✐❣♥s ❛s s♣❡❝✐❛❧

❝❛s❡s✳ ❍❡r❡ ✇❡ ❤❛✈❡ ❛♣♣❧✐❡❞ t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ t♦ t❤❡ s♣❡❝✐✜❝ ❝❛s❡ ♦❢ t❤❡ ❈❘▼ ✇❤✐❝❤ ✐s ❛

str♦♥❣❧② ♣❛r❛♠❡tr✐③❡❞ ♠❡t❤♦❞✳ ❲❡ ❛r❡ ❝✉rr❡♥t❧② ✇♦r❦✐♥❣ ♦♥ ❞♦✐♥❣ t❤❡ s❛♠❡ t❤✐♥❣ ❢♦r t❤❡

❈❈❉✱ t❤❡ ♠❚P■ ❛♥❞ t❤❡ ❇❖■◆ ♠❡t❤♦❞s✱ ❛❧❧ ♦❢ ✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡♥ t♦ ❜❡ ❧❡ss ♣❛r❛♠❡tr✐❝ s✐♥❝❡

t❤❡② ❞♦ ♥♦t ❡①♣❧✐❝✐t❧② ♠♦❞❡❧ t❤❡ r❡❧❛t✐♦♥ Y ≈ f(X)✳ ❆❧❧ ♦❢ t❤❡s❡ ♠❡t❤♦❞s ❛❝❤✐❡✈❡ ❣♦♦❞

♣❡r❢♦r♠❛♥❝❡ ❜♦t❤ ✐♥ t❤❡ tr❡❛t♠❡♥t ♦❢ ♣❛t✐❡♥ts ❛♥❞ ✐♥ t❤❡ ❛❝❝✉r❛t❡ ❧♦❝❛t✐♥❣ ♦❢ t❤❡ ▼❚❉✳

❇❡✐♥❣ ❛❜❧❡ t♦ ♣✉t t❤❡♠ ✉♥❞❡r ❛ s✐♥❣❧❡ ✉♠❜r❡❧❧❛ ✲ s❡♠✐✲♣❛r❛♠❡tr✐❝ ❞♦s❡ ✜♥❞✐♥❣ ♠❡t❤♦❞s ✲ ✇✐❧❧

❡♥❛❜❧❡ ✉s t♦ ❜❡tt❡r st✉❞② t❤❡ ❞✐✛❡r❡♥❝❡s ❛♥❞ t❤❡ s✐♠✐❧❛r✐t✐❡s ❜❡t✇❡❡♥ t❤❡♠ ❛♥❞✱ ✉❧t✐♠❛t❡❧②✱

t♦ ❝♦♥str✉❝t ✐♠♣r♦✈❡♠❡♥ts✳ ❚❤❡ ❙P▼ ❢r❛♠❡✇♦r❦ ❛❧❧♦✇s ❢♦r t❤❡♦r❡t✐❝❛❧ st✉❞②✱ t❤❡ r❡s✉❧ts ♦❢
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✇❤✐❝❤ ✇✐❧❧ t❤❡♥ ❛♣♣❧② t♦ ❛❧❧ ♦❢ t❤❡s❡ s♣❡❝✐❛❧ ❝❛s❡s✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❙P▼ ❝❛♥ ❜❡ ✉s❡❞ ✐♥ ✐ts

♦✇♥ r✐❣❤t ❛s ❛ ♠❡t❤♦❞✱ ❛s ✐t st❛♥❞s✱ ❛♥❞ ♦✉r t❤❡♦r❡t✐❝❛❧ ❛♥❞ s✐♠✉❧❛t✐♦♥ ❜❛s❡❞ ✐♥✈❡st✐❣❛t✐♦♥s

s✉❣❣❡st t❤❛t ✐t ✐s ❛t ❧❡❛st ❛s ❣♦♦❞✱ ❛♥❞ ✐♥ ♠♦st ❝❛s❡s ❜❡tt❡r✱ t❤❛♥ ❛❧❧ t❤❡ ♠❡t❤♦❞s ✇❡ ❤❛✈❡

❛❧r❡❛❞② t❡st❡❞✳

❆❈❑◆❖❲▲❊❉●❊▼❊◆❚✿

❚❤❡ ❛✉t❤♦rs ✇♦✉❧❞ ❧✐❦❡ t♦ ❛❝❦♥♦✇❧❡❞❣❡ t❤❡ ♠❛♥② ✐♥s✐❣❤t❢✉❧ ❝♦♠♠❡♥ts ♦❢ t❤❡ r❡✈✐❡✇❡rs ❛♥❞ t❤❡

❡❞✐t♦rs✳ ❚❤❡② ❤❛✈❡ ❤❡❧♣❡❞ ✉s t♦ ✇r✐t❡ ❛ ❜r♦❛❞❡r ❛♥❞ ♠♦r❡ ❛❝❝❡ss✐❜❧❡ t❡①t✳

❘❡❢❡r❡♥❝❡s

❉❛✈✐❞ ❆③r✐❡❧✳ ❆ ♥♦t❡ ♦♥ t❤❡ r♦❜✉st♥❡ss ♦❢ t❤❡ ❝♦♥t✐♥✉❛❧ r❡❛ss❡ss♠❡♥t ♠❡t❤♦❞✳ ❙t❛t✐st✐❝s ✫

Pr♦❜❛❜✐❧✐t② ▲❡tt❡rs✱ ✽✷✭✺✮✿✾✵✷✕✾✵✻✱ ✷✵✶✷✳

❉❛✈✐❞ ❆③r✐❡❧✱ ▼✐❝❤❛ ▼❛♥❞❡❧✱ ❛♥❞ ❨♦s❡❢ ❘✐♥♦tt✳ ❚❤❡ tr❡❛t♠❡♥t ✈❡rs✉s ❡①♣❡r✐♠❡♥t❛t✐♦♥

❞✐❧❡♠♠❛ ✐♥ ❞♦s❡ ✜♥❞✐♥❣ st✉❞✐❡s✳ ❏♦✉r♥❛❧ ♦❢ ❙t❛t✐st✐❝❛❧ P❧❛♥♥✐♥❣ ❛♥❞ ■♥❢❡r❡♥❝❡✱ ✶✹✶✭✽✮✿

✷✼✺✾✕✷✼✻✽✱ ✷✵✶✶✳

❏❛♠❡s ❇❛❜❜✱ ❆♥❞r❡ ❘♦❣❛t❦♦✱ ❛♥❞ ❙❤❡❧❡♠②❛❤✉ ❩❛❝❦s✳ ❈❛♥❝❡r ♣❤❛s❡ ✐ ❝❧✐♥✐❝❛❧ tr✐❛❧s✿ ❡✣❝✐❡♥t

❞♦s❡ ❡s❝❛❧❛t✐♦♥ ✇✐t❤ ♦✈❡r❞♦s❡ ❝♦♥tr♦❧✳ ❙t❛t✐st✐❝s ✐♥ ♠❡❞✐❝✐♥❡✱ ✶✼✭✶✵✮✿✶✶✵✸✕✶✶✷✵✱ ✶✾✾✽✳

P❡t❡r ❏ ❇✐❝❦❡❧✱ ❈❆❏ ❑❧❛❛ss❡♥✱ ❨❛✬❛❝♦✈ ❘✐t♦✈✱ ❛♥❞ ❏♦♥ ❆ ❲❡❧❧♥❡r✳ ❙❡♠✐♣❛r❛♠❡tr✐❝ ✐♥❢❡r❡♥❝❡

❛♥❞ ♠♦❞❡❧s✳ ❚❡❝❤♥✐❝❛❧ r❡♣♦rt✱ ▼✐♠❡♦✱ ❯♥✐✈❡rs✐t② ♦❢ ❈❛❧✐❢♦r♥✐❛✱ ❇❡r❦❡❧❡②✱ ✷✵✵✺✳
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