ISSN 1440-771X

MONASH University

Australia

Department of Econometrics and Business Statistics

http://www.buseco.monash.edu.au/depts/ebs/pubs/wpapers/

Semiparametric Single-Index Panel Data Models
With Cross-Sectional Dependence

Bin Peng, Chaohua Dong and Jiti Gao

February 2014

Working Paper 09/14




Semiparametric Single-Index Panel Data Models
with Cross—Sectional Dependence!

BIN PENG?
Economics Discipline Group

University of Technology Sydney

CHAOHUA DONG AND JITI GAO
Department of Econometrics and Business Statistics

Monash University

Abstract

In this paper, we consider a semiparametric single index panel data model
with cross—sectional dependence, high—dimensionality and stationarity. Mean-
while, we allow fixed effects to be correlated with the regressors to capture un-
observable heterogeneity. Under a general spatial error dependence structure,
we then establish some consistent closed—form estimates for both the unknown
parameters and a link function for the case where both N and T go to oo.
Rates of convergence and asymptotic normality consistencies are established for
the proposed estimates. Our experience suggests that the proposed estimation
method is simple and thus attractive for finite-sample studies and empirical im-
plementations. Moreover, both the finite-sample performance and the empirical
applications show that the proposed estimation method works well when the

cross-sectional dependence exists in the data set.
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1 Introduction

Single-index models have been studied by both econometricians and statisticians in the past
twenty years. These models include many classic parametric models (e.g. linear model or
logistic model) by using a general function form g (2/f3) (see, for example, Chapter 2 of Gao
(2007)). For nonlinear panel data models, the researcher starts introducing single-index
panel data models (cf. Chen et al. (2013a) and Chen et al. (2013b)). For most of the
published work on semiparametric single-index models, the estimation is based on a non-
parametric kernel method, which may be sensitive to initial values due to the multi-modality
or flatness of a curve in practice. Chen et al. (2013b) use this technique to investigate a par-
tially linear panel data model with fixed effects and cross—sectional independence. In their
paper, a consistent parameter estimator is achieved with convergence rate v/ NT, but, due
to the identification requirements, they have to impose extra restrictions on the fixed effects.
Alternatively, one can use sieve estimation techniques to implement a two-step procedure.
Meanwhile, Su and Jin (2012) propose using sieve estimation techniques to a nonparmetric
multi—factor model, which is a nonparametric version of the parametric counterpart proposed
in Pesaran (2006).

To the best of our knowledge, consistent closed—form estimates have not been established
for this type of semiparametric single-index model in the literature. In this paper, we aim at
establishing consistent closed—form estimates for a semiparametric single-index panel data
model with both cross-sectional dependence and stationarity for the case where both N and
T go to co. The estimation procedure proposed below allows us to avoid some computational
issues and is therefore easy to implement. In this paper, we consider the stationary time
series case. Non-stationary situations are much more complex and will be discussed in a
companion paper. The estimation techniques proposed in this paper can also be extended
to the multi-factor structure model. (Under certain restrictions similar to those of Su and
Jin (2012), a semiparametric single-index extension can be achieved.) Furthermore, we add
fixed effects to the model and do not impose any particular assumptions on them, so they
can be correlated with the regressors to capture unobservable heterogeneity. Compared to
Chen et al. (2013b), our set-up is more flexible on the fixed effects. Moreover, we avoid the
issue about the curse of dimensionality through using a single-index form for the regressors.

In this paper, we assume that all the regressors and error terms can be cross—sectionally
correlated. As covered in Assumption 1 of Section 3 below, we impose a general spatial
correlation structure to link the cross-sectional dependence and stationary mixing condition

together. As a result, some types of spatial error correlation can easily be covered by the



assumptions given in Section 3 (cf. Chen et al. (2012a) and Chen et al. (2012b)). This
set—up is more flexible than that considered by Chen et al. (2013b). As Andrews (2005) and
Bai (2009) discuss, the common shocks (e.g. global finance crisis) exist in many economic
phenomena and cause serious forecasting biases, and an important characteristic is that they
induce a correlation among individuals. Thus, it is vital for us to have such models that can

capture this type of “global” cross—sectional dependence.

In summary, this paper makes the following contributions:

1. It proposes a semiparametric single-index panel data model to simultaneously accom-
modate cross—sectional dependence, high—dimensionality, stationarity and unobserv-

able heterogeneity;

2. It establishes simple and consistent closed—form estimates for both unknown parame-

ters and link function, and the closed—form estimates are easy to implement in practice;

3. It establishes both rates of convergence and asymptotic normality results for the esti-

mates under a general spatial error dependence structure; and

4. Tt evaluates the proposed estimation method and through using both simulated and

real data examples.

The structure of this paper is as follows. Section 2 introduces our model and discusses the
main idea. Section 3 constructs a closed—form estimate for a vector of unknown parameters
of interest and introduces assumptions for the establishment of asymptotic consistency and
normality results. In Section 4, we recover the unknown link function and evaluate the
rate of convergence. In Section 5, we provide a simple Monte Carlo experiment and two
empirical case studies by looking into UK’s climate data and US cigarettes demand. Section
6 concludes this paper with some comments. All the proofs are given in an appendix.

Throughout the paper, we will use the following notation: ® denotes the Kronecker
product; vec(A) defines the vec operator that transforms a matrix A into a vector by stacking
the columns of the matrix one underneath the other; [, denotes an identity matrix with
dimensions k X k; i, denotes a k x 1 one vector (1,...,1)'; M, = I, — P(P'P)~' P’ denotes
the project matrix generated by matrix P with dimensions k& x h and h < k; A~ denotes the
Moore-Penrose inverse of the matrix A; L denotes converging in probability; L denotes
converging in distribution; [|-|| denots the Euclidean norm; |a| < a means the largest integer

part of a.



2 Semiparametric Single-Index Panel Data Models

A semiparametric single-index panel data model is specified as follows:
vie =g (23,600) +vi +eq, i=1,...,N, t=1,....T, (2.1)

where y;; is a scalar process, z;; is a (d x 1) explanatory variable, e; is an error process and
the link function g : R — R is unknown. We use v;’s to capture fixed effects in this model,
which are allowed to be correlated with the regressors. Under the current set-up, our main
interests are to consistently estimate the vector of unknown parameters 6y = (0o1, ..., 600q)
and link function ¢(-) for the case where both N and 7" go to oo.

To ensure that identification requirements are satisfied (cf. Horowitz (2009) and Ichimura
(1993)), we assume that 6, belongs to a compact set ©, [|6p]] = 1 and 6y, > 0. For the
link function g (-), we expand it by Hermite polynomials and approximate it by a linear
combination of a finite number of basis functions from the expansion. As the number of basis
functions increases, the proxy approaches the true function. By doing so, a nonparametric
estimation is practically turned to a parametric one, so we need only to estimate 6, and the
coefficients of the basis functions simultaneously.

We now introduce the background of Hermite polynomials briefly and explain how to ex-
pand the link function. Hermite polynomial system {H,, (w), m =0,1,2,...} is a complete
orthogonal system in a Hilbert space L? (R, exp (—w?/2)) and each element is denoted as

m

dw™

Hy, (w) = (=1)" - exp (w?/2) - exp (—w?/2). (2.2)

Since [, Hy, (w) H, (w) exp (—w?/2) dw equals to m!v/2r for m = n and 0 for m #
n respectively, the normalised orthogonal system is denoted as {h,, (w), m =0,1,2,...},
where h,, (w) = ——~——H,, (w).

mi2mr

Thus, for Vg € L* (R, exp (—w?/2)), we can express it in terms of h,, (w) as follows:

q

o0

g(w) = Z Cmhm (W) and ¢, = /Rg (W) + by (w) - exp (—w?/2) dw. (2.3)

m=0
Furthermore, h,,(w) - exp(—w?/4) is bounded uniformly in w € R and m (cf. Nevai
(1986)).
Based on the above expansion, one is already able to use a profile method or an iterative
estimation method to estimate 6, and the link function. Since neither of these two methods
results in a closed form estimation method, numerical estimates are often sensitive to the

initial values used in practice due to multi-modality or flatness of a curve. Instead, we



further expand h (z},0y) by Lemma 1 of the appendix as follows:

k-1

g (z},00) = Z Conhn (25,00) + Z Conhim (24,00) (2.4)
m=0
k—1
= Z Clmp 90 :Uzt) + (Sk (.I'Zte[)) (25)
m=0 |p|=m
where
= m m m!
Ok (z3300) = Z Cnhm (T3400) 5 Qmp = < )Cmega ( > = THd
m=k p p Hj:lpj!
d
H 90], oy (Ty) = H hp, (Tirg) T = (Tig1s - - 7xit,d)/7 p= (1, pa)
j=1

Ip| =p1 + ...+ paq and p;’s for j = 1,...,d are non-negative integers.

The expansion (2.5) allows us to separate the covariate z; and the coefficient 6, so the
closed form estimator can be established from it. The term &y (z,6y) can be considered as
a truncated error term, which goes to zero as k increases. Since each h,,(w) - exp(—w?/4) is
bounded uniformly in w € R and m, %, (z) - exp(— ||z||* /4) must be bounded uniformly in
x € R% and p.

To further investigate the model, we now define an ordering relationship with respect to

pin (2.5).

Definition 1 Let P,, = {p: |p| = m}, where m is a non-negative integer. Suppose that
DD € P Wesayp= (pr,...,pa) <D= (P1,....0q) ifpj =pj forallj=1,....1—1 and
D1 < pr, where 1 <1 < d.

Based on Definition 1, we list all the .77, (z;)’s on the descending order with respect to
|p| = m for each m =0,1,...,k — 1 below.

e Asm =0,

b= (07 0,... 70)/7 % (xlt) = hy (xit,l) ho (%’m) - hy (xz't,d) =1,
a0p<90) = Cg. (26)



b= (L 0,... 70)/, % (il?it = h (IBit,l) ho (%t,?) -+ hg (iUz't,d) = Tit,1,

)
)

b= (0, 1,... 70)/ ’ % ('th) = hy (Iit,l) hy (xit,Q) - hg (Iz’t,d) = Tit,2,
)

b= (07 0,..., 1)/, % (%t) = hy (%t,l) ho (Iit,2) o hy (%t,d) = Titd,
alp(ﬁo) = Cleod. (27)

p= (0, 0 () = B () ho (ic2) <P (3i0) = o (102)
amp(0o) = cmbpy;
p=(m—1,1,0,...,0), I (zit) = hm_1 (Tic1) h1 (Ti2) ho (Tiz3) - - ho (Tit.a)
= hm—1 (Tie1) b1 (Ti2)

(Zmp<90) = mcm%r{_leog;

b= (07 0,... ,m)', % (l’zt) = hy (l’z‘t,l) ho (sz‘t,2) o hy, (xit,d) = Nm (l‘z‘t,d) )
Amp(B0) = by (2.8)

Note that, by (2.6), it is easy to know that the first .7, (z;;) in (2.5) is constant one and
its coefficient is constant cy. The second to the (d + 1)™ 2, (z;)’s in (2.5) are simply z;
with coefficients ¢;6p shown in (2.7) and will be used to recover the interest parameter 6,

later on.

Accordingly, it allows us to denote the next two vectors to shorten notation:
Z (-th) = (Zl (xit), voey Lkt (iUz't),)l and = (Al (90)/ R V| (90),)/ )

where, form =1,...,k—1, Z,, (x;)’s are column vectors consisting of all .7, (x;;)’s arranged
on descent ordering with respect to |p| = m and A,, (6y) are column vectors consisting of all
corresponding a,, (6p). Notice that we have suppressed the notation 6, in 8 for simplicity.

Thus, we can rewrite the model (2.1) as

Yir = co + H (7,80)' C + 8, (27,80) + i + €
= co+ Z (xu) B+ Ok (¢00) + i + e,



where ¢y = ag,(6y), C = (c1,¢y ... cp1) and H(w) = (hy(w), ho(w), ..., he_1(w))" for
w € R.

Moreover, it is easy to check that the cardinality of P, is (m:[fll_ 1), so the length of the
vector Z (xy) is

e

-1
K=Y #P, =

1

(d+k—1)

FICE 1=0 (k). (2.9)

3
I

Then, we may write Z (z;) as
/ n' /
Z (:Ezt) = (Zl (%ﬁ) yoros g1 (l’zt) ) = (21 (:Ezt) vy RK (%ﬁ)) )

where z, (z;)’s for u=1,..., K are ¢, (x;)’s in (2.7) and (2.8) in the exactly same order.

To remove the fixed effects, we introduce the following notation:

T T
_ 1 = 1 - 1
Yi. = T Zyita H; (0o) = T ZH (7300) . Zi = T Z Z (w)
t=1 t=1 t=1
. 1 — 1 —
Ok (0o) = T Z O (234600), & = T Z €it,
t=1 t=1

it = Yo — Ui Hul00) = H (2},00) — Hi.(00), Zu = Z (zar) — Zi.,
O (€400) = Oy (2400) — Oni. (B0), € = €xt — €.,
and then eliminate v;’s by the within—transformation. The model now becomes
Jit = H(60)'C + 0r, (x},00) + &t
= 71,6 4 0p (,600) + éar.
Alternatively, we can express the model in matrix forms as

(In @ Mip) Y = (Iny @ Mi;) H(60)C + (Iny @ Mi;,) D(6o) + (In ® My, )€ (2.10)

— (Iy & Miy) 26+ (Iy © Miy) Do) + (Iy © My, )€, (2.11)
where
y :<y117"‘7y1T7"’7yN17"'7yNT>/7
NTx1
H(O) = (H(2,0),...,H(\z0),....,H(2\0),..., H(z\0) for Vo € O,
NTx(k-1)
D(O) = (0p (4,0) ..., 6k (2)70) ..., 6k (2510) , ..., 0k (¥y0)) for VO € O,
NTx1
Z = (Z(CL’H),...,Z<I1T),...,Z(IN1>,...,Z(INT))/7
NTxK
E :(ella"'aelTy"'76N17"'76NT)/-
NTx1



Notice that ¢y is a constant, so it is also removed by the within—transformation. It
indicates that one can only identify the unknown function ¢ (-) up to a constant through
(2.10)-(2.11). To estimate the location, extra assumptions are needed (e.g. Assumption 1.ix
in Su and Jin (2012)). In the next section, we will recover the interest parameter 6, by
(2.11). After that, we will bring a consistent estimate for 6, back to (2.10) and recover the

link function in section 4.

3 Estimation of Parameter 6,

We consider a within—ordinary least squares (OLS) estimator of /:

B=[2(Iy®M,)Z] 2 (In® M) . (3.1)

To simplify the notation, for each time series {z;1,...,xir}, let Q1; = E [Z () Z (l‘it)/]

and ¢; = F[Z (xy)]. Also, denote that Q1 = % sz\il Qri, ¢ = % 2,111 g and Qo =
% Zf\il ¢:q.. Moreover, for t =1,...,T, let x; = (z14,...,2nt) and e; = (€14, ..., ent)

We now are ready to introduce the following assumptions. Specifically, we do not impose

any assumption on the fixed effects in this paper, so they can be correlated with the regressors

to capture unobservable heterogeneity.
Assumption 1 (Covariates and errors):

i. Let Ele;) = 0foralli > 1andt > 1. Suppose that {x;,e; : t > 1} is strictly stationary
and a-mixing. Let a;;(|t — s|) represent the a-mixing coefficient between {z;;, e;;} and
{zjs,€js}. Let the a-mixing coefficients satisfy

N oo N
oD (@) = O(N) and YN " (03;(0)" Y = O(N),

i=1 j=1 t=1 i=1 j=1

where 7 > 0 is chosen such that E [|e;|*™] < oo and E [||z||*™] < oco.
ii. Suppose that z; is independent of e;, for all 4,7 > 1 and ¢,s > 1.

Assumption 1.i entails that only the stationary cases are considered in this paper. The
nonstationary cases are more complex and will be discussed in a companion paper. We use
the a-mixing coefficient to measure the relationship between {z;;, e;} and {z;s,e;5}. This
set-up is in spirit the same as Assumption A2 of Chen et al. (2012a) and Assumption C
of Bai (2009). Since the mixing properties are hereditary, it allows us to avoid imposing

restrictions on the functions by doing so. Thus, all the cross-sectional dependences and time
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series properties are captured by the mixing coefficients. Particularly, «;;(0) only measures
the cross-sectional dependence between {z;,e;:} and {xj, e}

We now use the factor model structure as an example to show that Assumption 1.i is
verifiable. Suppose that e; = ~; f; + i, where all variables are scalars and ¢;; is independent
and identically distributed (i.i.d.) across i and ¢ with mean zero. Simple algebra shows that
the coefficient a;;(|t — s|) reduces to a;; - b(|t — s|), in which «;; = E[v;7y,] and b(|t — s|) is the
a—mixing coefficient of the factor time series { f1, ..., fr}. If f; is strictly stationary a-mixing
process and ~; is i.i.d. or a m-dependent sequence (cf. Appendix A of Gao (2007)Definition
9.1 and Theorem 9.1 in DasGupta (2008)), Assumption 1.i can easily be verified. More
details and useful empirical examples can be found under Assumption A2 in Chen et al.

(2012a).

Assumption 2 (Identifications):

i. Let © be a compact subset of R? and 6, € © be in the interior of ©. Moreover, |6 = 1
and (901 > 0.

ii. Elg(zj6p)] =0 for all i > 1 and t > 1. Moreover, for the same 7 in Assumption 1, let
Ellg («80) "] < oc.

Assumption 2.i is a standard identification requirement. Instead one can follow Ichimura
(1993) to assume y; = 1. However, by doing so, it seems to be hard to decide which variable
should be considered as constant one in practice. Assumption 2.ii is not really necessary when
the main interests are only estimating the parameter 6 and measuring the changes in output
y. Assumption 2.ii kicks in only if the location of a curve needs to be estimated. In practice,
the true expectation of F [g (x},00)] may not be zero, so Assumption 2.ii essentially means
that one is estimating g («},00) — E [g (2},60)] rather than the true g (x},0y) (cf. Su and Jin
(2012)). An example is given in a Monte Carlo study for illustration.

Assumption 3 (Boundaries):

i. Let the smallest eigenvalue of the K x K matrix (Q; — @2) be uniformly bounded away
from zero, such that A, (Q1 — @Q2) > 0 uniformly.

ii. (1) There exists r > 0 such that supg<.<; sup|g_g, <. Maxi>1 £ [07(],60)] = o(k™").

(2) max;>1 E [|7 (xi1)|4+77} =0 <|p\d> as |p| — oo, where [p| is given under (2.5).

3d 3d/2 ..
iii. ]’i]—T — 0 and kT — 0 as N, T,k — oo jointly.



Assumption 3.i can be verified by carrying on a similar procedure to Lemma A.2 in Gao
et al. (2002) and it is also similar to Assumption 2 in Newey (1997) and Assumption 3.iv in
Su and Jin (2012).

Assumption 3.ii is similar to Assumptions 2.ii and 3 in Newey (1997) and the second
condition of this assumption is more general than Assumption 3.iv in Su and Jin (2012). By
the argument under Assumption 2 in Newey (1997), it is not possible to assume 77, (z;1) is
bounded uniformly. Therefore, we put restrictions on the moments of the basis functions.
Compared to putting the bounds on the basis power series directly of Newey (1997), we be-
lieve our current assumption is more realistic. Also, the second condition in our Assumption
3.ii clearly allows z;; to follow the standard multivariate normal distribution, which is ruled
out by Assumption 3.iv in Su and Jin (2012) for the cases where the basis functions are the
hermite polynomials. More relevant discussions will be given under Theorem 1.

We now illustrate that it is verifiable by the following example:

Suppose that we consider the second condition in Assumption 3.ii and {z;1, ..., z;r} has
the standard multivariate normal density for i > 1. Let 7 be large enough (say n = 1 without
losing generality) and = (x1,...,x4). Then

E | (cu)| /\% 5 exp(—|||?/2)dz

5;=0

Note |7, (2)|” = |hp, (1) - - hy, (24)]°, 50 expand it as | A7 (z)] = ’H?:l S b hs; ()],

which gives that

5p;

/R%w - exp(—||z]2/2) dx<HZ|bS]|/|h ()] exp (—a2/4) - exp (—2/4) da
<HClzj|bsj|/eXp 2/4
<II¢ ey | <03H5p3 < Gyl

where we have used that hy, (;) exp (—2%/4) is bounded uniformly in s; and x;, and |b,,|
is bounded over s;. Then, by moments monotonicity, the second condition in Assumption
3.ii has been verified. Analogously, we can show that the condition 1 in Assumption 3.ii is
verifiable.

Assumption 3.iii implies that the rate of & — oo needs to be slower than that of
min{(NT )?ld,T%}. In practice, the lengths of the cross-sectional dimension and time se-

ries can be relatively large, so Assumption 3.iii is easy to achieve. Moreover, the researcher



normally assumes that N/T — ¢ € (0,00] as N,T — oo in the conventional panel data case,
which is also covered by Assumption 3.iii.

We are ready to establish the main results and their proofs are given in the appendix.

Theorem 1 Let Assumptions 1, 2.1 and 3 hold. Then, we have

65" =00 (57 ) +an (6.

The first term of the convergence rate is not the optimal rate O, (1’3—;), which is due to
the fact that we can not bound the hermite polynomials uniformly. However, the optimality
is achievable when the fourth order moment is bounded uniformly. This may be done in the
same way as in Su and Jin (2012). By doing so, we will rule out the standard multivariate
normal density for x;; at least. The same arguments also apply to the other convergency
rates given below.

Notice that the first d elements of § only involve 6 and constant ¢; by (2.7). Moreover,

. 2 . 2 . .
Hﬁd — B4 < HB - p ‘ , where 3% and 3% denote the first d elements of 3 and /3, respectively.

In connection with the identification restriction, it is easy to obtain that 4/ Zil Bf converges

]

to |c1|. Then, intuitively, the estimator of 6y is as follows.

- Q3 - B, 3 = (]d 0 > and I is a d X d identity matrix.
dx (K—d)
By Theorem 1, the following corollary follows immediately.
Corollary 1 Under the conditions of Theorem 1, 0 is consistent.
Furthermore, we establish the following normality.

Theorem 2 Let Assumptions 1, 2.i and 8 hold. If, in addition, XX — o for 0 < o <

L
oo, B = 0 and E “ o3 Qs (@ — Q) (Z (wa) —ai) en 4} = O(1), as (N,T) —

(00, 00) jointly, then

\/ﬁ(é—90> i>]\7(O,0172'Eo),

10



where
== lim % ﬁj Q3 (Q1 — Q)" {E (€} (Z (x0) = 4:) (Z (xar) = )]
. i E [enea (Z (w) - @) (Z (@) — 0]
' fj B [euca (2 (52) = 0) (2 o) ~ )] } (@} - Q)" @}

and ¢y is denoted in (2.3).

The extra conditions required in the body of this theorem imply that achieving the
asymptotic normality comes with a price such that r» > 4.5d, which is caused by the second
decomposition on g(z4,0y) (see (2.5) for details) and can be considered as a trade-off in order
to achieve the closed form estimator.

_ N -1
The restriction F U \/LN Zz’:l Qg (Ql — Qg) (Z (Izl) — Qz) €i1l

same as Assumption ii of Lemma A.1 in Chen et al. (2012b) and can be easily verified for

4
} = O(1) is in spirit the

the i.i.d cases.
Based on Theorems 1 and 2, it is easy to realise that
) A T

Z0 = QsQ1) (W >

=1t

= 2 ~ A\NZ\ Al P
Ziy l{t (yz’t - th5> ) le@é — 20,

1

where ng = ﬁ Efil Zthl Z-tZth. Therefore, the traditional hypothesis tests on 6, can be
established by

J 1/2
(Z Bf) 2,2 VNT (é - 00> Ly N(0,1,).

So far we have fully recovered the interest parameter 6. We will focus on the link function

in the following section.

4 Estimation of The Link Function

We now can only estimate g(z’'fy) up to a constant by using B , because ¢y gets cancelled
out by the within—transformation. Therefore, we need to take into account the location of
the link function by Assumption 2.ii and recover ¢y by the next theorem. The proofs of the

following results are given in the appendix.
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Theorem 3 Under Assumptions 1-3, we have
k‘3d/2 .
ST) o (),

(0 — o) = O, <

where ¢ = —x S S Z (i)' B.
In connection with (2.5) and Theorem 1, intuitively, we provide the next estimator for
(4.1)

g(2'0y).
5 (x/é) — Z(z) B+

7 kr

Based on the proof of Theorem 2, achieving the next result is straightforward
— o forr > 4.5d and
qi) €i1

Theorem 4 Let Assumptions 1, 2 and 3 hold. If, in addition
4
Y20 =) (- Q) (2 ) - aea| | -

%OandE[“mzil( (z)

0 <o <o, k;;
O(1), as (N,T) — (00, 00) jointly, then
NT
K32 ( (5’5 ‘9) _g(xI90)> 2 N (0,Z),
where
Yo
V@ - @) { B I (2 o) = ) (2 ) = 0]

El - N,/;HOO N i—1
+ Z E [eneu (Z (za) — @) (Z (za) — )]
(250 =) (2 @) - )] b Q- Q) (20—,

and K is chosen by (2.9)
Again, it is pointed out that while the rate of convergence may not be optimal, the

optimality is achievable when the fourth order moment is bounded uniformly. This may be
done in the same way as in Su and Jin (2012). However, the optimality comes with a price
For example, z;; cannot even follow the standard multivariate normal distribution.
Similar to Theorem 2, it is easy to establish a standardised version of the form:

C (5 (20)  9@0)) > N (0,1),

NT
K32

(11>

12



where

[1]>

1:<z<x>—q>’©;;<W1KZZ (5 - ﬁ))%(()—@,

i=1 t=1

o [ NT 1 T

Q2 = N—ZZZﬁ L and g = WZZZ(Q;“).

P —— i=1 t=1

In practice, the above results are useful to calculate the confidence interval for a point
prediction of g(x'6).

Notice that the above two theorems just recover g(z'6p) rather than g(w) itself. To
estimate the link function g(w) regardless of 6y, we now bring 6 in (2.10) and then provide

our estimator on C below.

A~

¢ — [%(é)’ (Iy ® M;,) %(é)] CHOY (Iy ® M) Y (4.2)

We will proceed as in the previous section to investigate (4.2). To simplify the nota-
tion, for each time series {w;1,...,zir}, let Ri; (0) = E [H (2},0) H (x,0)'] and r; (6) =
E[H («,0)]. Also, denote that Ry () = + SN R (), 7(F) = ~ SV 7 (6) and Ry () =
% SV 7 (0)7; (). Moreover, the next assumption is necessary for achieving the consis-

tency.
Assumption 4:

i. Let the smallest eigenvalue of the (k—1) x (k—1) matrix (R () — Rz (0)) be bounded

away from zero uniformly on a neighbourhood of 6.

. SUPg< <1 SUD|g_gy||<c MAXiz1 B [|hm (2 219)’4+n] = O (m) as m — oo, where 7 is given in

Assumption 1.

iii. Suppose that x; has a support X C R% For Vo € X, g(20) satisfies a Lipschitz

condition on a neighbourhood of 6, Uy,, such that
|9(2'61) — g(a'60)| < M () |61 — ol ,
where 6; € Uy,. Moreover, 1= SN ST (M (2a))? = 0,(1).
Assumption 4.i-ii are in spirit the same as Assumption 3.i-ii. Similar to the arguments
for Assumption 3.ii, we can show that Assumption 4.ii is verifiable. For example, if 2,0

follows a normal distribution, then we can show that Assumption 4.ii is verifiable by going

through the similar procedure of the example given for Assumption 3.ii. Assumption 4.iii is

13



similar to Assumptions 5.3.1 and 5.5 in Ichimura (1993) and Assumption 3 in Newey and
Powell (2003). We put Lipschitz condition on a neighbour of 6, rather than assume X is
compact. In this sense, this assumption is more general compared to Ichimura (1993). The
last equation in Assumption 4.iii can be easily verified under certain restriction by following
the similar procedure to the second result of Lemma 2 in the appendix.

Under the extra conditions, we establish the following theorem.

Theorem 5 Under the conditions of Theorem 2 and Assumption 4, as (N,T) — (oo, 00)
jointly, then

~

2 k3/2 .

Similar to the discussion under Theorem 1, if we use a stronger assumption to bound the
moments of h,,(x},0) uniformly, the first term in the convergency rate above will become the
optimal rate O, (%)

Notice that the second decomposition (2.5) raises the curse of dimensionality issue when
we estimate [ (cf. see the convergence rate in Theorem 1), but this issue does not exist in
the convergency rate given by Theorem 5.

Intuitively, we denote an estimator of g(w) similar to (4.1) as
g1(w) = H(w)'C + éo, (4.3)

~ 1 N T '3\ 4
where ¢y = ~NT Zizl Zt:l H{z,0) C.

The integrated mean squared error of the nonparametric estimate is summarised below.

Corollary 2 Under the conditions of Theorem &, if in additional Assumption 2.ii holds, as
(N, T) — (00, 0) jointly, then

3/2

[ o) = gtw)? exp (w2 dw = 0, (N7 )+ 0n (67).

The proofs of Theorem 5 and Corollary 2 are given in the appendix. We will evaluate the
proposed model and the estimation method using both simulated and real data examples in

Section 5 below.
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5 Numerical Study

In this section, we provide a Monte Carlo simulation and two empirical studies. In the
simulation, we consider an exponential functional form, g(w) = exp(w). The expectation
E [exp(2'6y)] is certainly not zero, but it will not affect us to obtain a consistent estimation
on 6. It further backs up our argument for Assumption 2.ii. Similar discussion can be found
in the Monte Carlo study section of Su and Jin (2012). In empirical studies, we investigate
UK’s climate data and US cigarettes demand. It clearly shows that our method outperforms

some existing methods in practice.

5.1 Monte Carlo Study

The data generating process (DGP) is as follows.
Yir = exp (1,601 + 22.:002) + i + €t (5.1)
and for j = 1,2

Tjit = ijfsz;t—l + 1.4.d. N (0, 1) for t = —99, e ,O7 Ce ,T,

Pz = 0.7, Pzy = 0.3, L ji,—100 = 0.

To introduce the cross-sectional dependence to the model, we follow the DGP in Chen
et al. (2012a) and let e, = (eyy,...,ent)’, €—100 = Onx1 and p. = 0.2 for 1 < ¢ < T. Then

the error term e, is generated as
er = pe€i—1 +i.i.d. N (Onx1,2e) for t =—99,...,0,...,T,

where X, = (04)nxny = 0.5 for 1 < i,5 < N. The fixed effects, ~;’s, follow from
ii.d. U(0,1).

The values of #y; and Oy are set to 0.8 and -0.6, and they are estimated by 51 and
52, respectively. In this Monte Carlo study, we choose N, T = 20,50,100,200 and k as
|1.36 - v/50] = 5, [1.36 - v/100] = 6 and [1.36 - v/200| = 7 respectively. We repeat the

estimation procedure 10000 times.

As Tables 1-3 shows, all the results are very accurate. The biases and the root mean
squared errors (RMSE) of 6, and 0, decrease as both N and T increase. Notice that the
biases for this simulation are quite small, which is due to the next reasons. In (A.11), it
is easy to be seen that the first term on the right hand side (RHS) is unbiased and has

expectation zero. The second term on RHS of (A.11) is biased and its convergence rate is
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0p(k™"), where r is directly related to the smoothness of the link function g(z). We know
that the n'" derivative of the exponential function exists for all positive integers n = 1,2, ...,
so it is reasonable to expect this term will generate very small bias. Similarly, we do not

expect the second term on RHS of (A.11) contributes too much to RMSE.

0, é?

k=5 N\T 20 50 100 200 20 50 100 200

Bias 20 -0.0012 0.0005 0.0006 0.0005 0.0000 0.0012 0.0011 0.0009

50 -0.0004 0.0005 0.0005 0.0003 0.0001 0.0009 0.0008 0.0005

100 -0.0005 0.0002 0.0004 0.0004 -0.0002 0.0005 0.0006 0.0004

200 -0.0004 0.0002 0.0002 0.0001 -0.0003 0.0004 0.0003 0.0002

RMSE 20 0.0264 0.0152 0.0109 0.0083 0.0352 0.0204 0.0146 0.0111

50 0.0171 0.0106 0.0078 0.0062 0.0228 0.0162 0.0104 0.0082

100 0.0131 0.0081 0.0061 0.0047 0.0174 0.0108 0.0081 0.0063

200 0.0099 0.0063 0.0048 0.0037 0.0132 0.0084 0.0064 0.0049

Table 1: Bias and RMSE for k =5
b, 2

k=6 N\T 20 50 100 200 20 50 100 200
Bias 20 -0.0015 -0.0002 -0.0001 -0.0002 -0.0003 0.0002 0.0001 -0.0001
50 -0.0009 -0.0002 -0.0001 -0.0002 -0.0007 -0.0001 0.0000 -0.0002
100 -0.0009 -0.0002 -0.0001 -0.0001 -0.0010 -0.0002 -0.0001 -0.0002
200 -0.0009 -0.0002 -0.0001 -0.0001 -0.0010 -0.0002 -0.0002 -0.0001
RMSE 20 0.0027 0.0138 0.0093 0.0064 0.0374 0.0185 0.0123  0.0086
50 0.0157 0.0087 0.0060 0.0042 0.0209 0.0116 0.0079  0.0055
100 0.0109  0.0061 0.0042 0.0031 0.0145 0.0082 0.0056 0.0041
200 0.0078 0.0045 0.0031 0.0023 0.0103 0.0060 0.0042 0.0031

Table 2: Bias and RMSE for £ =6
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61 92
k=7 N\T 20 50 100 200 20 50 100 200

Bias 20 -0.0014 -0.0001 -0.0001 -0.0001 0.0008 0.0003 0.0001 -0.0001
50 -0.0009 -0.0002 -0.0001 -0.0002 -0.0006 -0.0001 0.0000 -0.0002

100 -0.0009 -0.0002 -0.0001 -0.0001 -0.0010 -0.0002 -0.0001 -0.0002

200 -0.0009 -0.0002 -0.0002 -0.0001 -0.0010 -0.0002 -0.0002 -0.0001

RMSE 20 0.0333 0.0142 0.0092 0.0063 0.0458 0.0190 0.0123 0.0084
50 0.0161 0.0086 0.0058 0.0040 0.0214 0.0115 0.0077 0.0053

100 0.0109 0.0060 0.0040 0.0028 0.0145 0.0079 0.0054 0.0038

200  0.0076  0.0042 0.0029 0.0020 0.0101 0.0056  0.0039  0.0027

Table 3: Bias and RMSE for k=7

5.2 Empirical Studies

In this section, we provide two empirical studies to demonstrate how our method performs
in practice. As a comparison, we also run OLS regression on the following linear model after

within transformation for the next two data sets.
Yir = b0 + vi + ey (5.2)

According to the results on convergence rates in previous sections, it is impossible to tell
what the optimal k£ should be. To choose the truncation parameter k, we use the extended
version of the generalized cross-validation (GCV) criterion proposed in Gao et al. (2002) at
first. Then select a k according to the other measurements (e.g. R?) in a small range of the
k suggested by GCV. As they mention in the paper, how to select an optimum truncation
parameter has not been completely solved yet.

Below SIM and LIM denote the semiparametric single-index model (2.1) and the lin-
ear model (5.2), respectively. The corresponding standard deviations are reported in the

brackets.

5.2.1 TUK’s Climate Data

Firstly, we use the exactly same UK’s climate data as Chen et al. (2013a), which is avail-
able from http://www.metoffice.gov.uk/climate/uk/stationdata/. We investigate how the

average maximum temperature (TMAX) is affected by the number of millimeters of rainfall
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(RAIN) and the number of hours of sunshine (SUN). The data were collected over the decade
of January 1999 to December 2008 from 16 stations across UK, so N = 16 and 7" = 120.
The results are reported in Table 4 and Figures 1 and 2.

SIM LIM
0, 0, R? 0, 0 R
0313 0950 0.685 0.019 0.070 0.655
(0.702) ( 0.953) (0.003)  (0.004)

Table 4: Estimated coefficients for UK’s climate data

The R?’s indicate that the semiparametric estimator proposed in this paper generates
more accurate results. Compared to the R? = 0.6199 in Chen et al. (2013a), our method
performs better. For our model, the number of Hermite Polynomial function is chosen as 6
(such that hg,hq, ..., hs are chosen and K = 20 by (2.9)). Due to the similarity, we only
report the temperature plots for one station in Figure 1 and omit the others. The dash-
dot line is the observed TMAX data; the solid line is the estimated temperature by our
approach; and the two dash lines are 95% confidence interval obtained by using Theorem
4. Figure 1 shows that our estimates clearly capture the movement of average maximum
temperature. In Figure 2, the estimated curve is plotted according to (4.3). As one can
see, the linear model tells an unconvincing story. According to Figure 2 and the results
from OLS, one would have concluded that as the amount of rain fall goes up, the average
maximum temperature will increase. However, this seems to be very misleading. On the
other hand, the single-index model tells us that the maximum temperature will decrease as

the amount of rain fall increases, which is more meaningful to us.

5.2.2 US Cigarettes Demand

The data set of the second case study is from Baltagi et al. (2000) for analysing the demand

for cigarettes in the U.S., who use the next linear model of the form
InCy = Bo+ B1InCiyy + foln DIy + B31n Py + By In PNy + wyy, (5.3)

where i = 1,...,46 and ¢t = 1,...,30 represent the states and the years (1963-1992) respec-
tively, Cy is the real per capita sales of cigarettes (measured in packs), DI is the real per

capita disposable income, P; is the average retail price of a pack of cigarettes measured in
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Figure 2: Estimated curve for UK’s climate data

real terms, PN;; is the minimum real price of cigarettes in any neighbouring state and u;; is
the disturbance term.

We consider fitting the data by a semiparametric single-index model of the form
InCyy = g(2,0) + vi + eu, (5.4)

where z;; = (InCyy—1,In DI;;, In Py, In PN;)'. Due to the lagged dependent value included
in x;, the length of time series used in the regression is 29 (such that t = 2,...,30). s
capture all the state-specific effects. All the errors’ cross-sectional dependences and year-
specific effects are absorbed in e;;. Similar to the previous section, we report the estimates
below. The results of several other attempts can be found in Baltagi et al. (2000), Mammen
et al. (2009) and Chen et al. (2013b).

Compared to the R? = 0.9698 in Chen et al. (2013b), our method provides slightly better

results. For our model, the number of Hermite Polynomial function is chosen as 2 (such that
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él éz ég é4 R?
SIM  0.942 0.155 -0.288 0.070 0.973
(0.665) (0.412) (0.860) (0.776)

LIM 0811 0.133 -0.248 0.061 0.753
(0.033) (0.018) (0.029) (0.029)

Table 5: Estimated coefficients for US cigarette demand

ho and hy are chosen) so that the link function g is a linear function (with a different slope
compared to the identity function). Due to the similarity, we only report the plots for one
state in Figure 3 and omit the others. The dash-dot line is the real per capita sales of
cigarettes; the solid line is the estimated per capita sales of cigarettes by our approach; the
two dash lines are 95% confidence interval obtained by using Theorem 4. In Figure 4, the

estimated curve is plotted.

46

4.4

Real per capita sales of cigarettes

1965 1970 1975 1980 1985 1990
Time: 1963-1992

Figure 3: Estimated log real per capita sales of cigarettes

6 Conclusion

In this paper, we have proposed a semiparametric single-index panel data model associated
with cross-sectional dependence, high—dimensionality, stationarity and unobservable hetero-
geneity. Some closed—form estimates have been proposed and the closed—form estimates
have been used to recover the estimates of the parameters of interest and the link function
respectively. The resulting asymptotic theory has been established and illustrated using
both simulated and empirical examples. As both the theory and Monte Carlo study have

suggested, our model and estimation method perform well when cross-sectional dependence
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exists in the system. Moreover, since we have not imposed any specific assumption on the
fixed effects, they can be correlated with the regressors to capture unobservable heterogene-
ity. Two empirical examples have shown that the proposed model and estimation method

outperform some natural competitors.

Appendix

We now provide some useful lemmas before we prove the main results of this paper. Lemma 1 is

in the same spirit as Lemma 12.4.2 of Blower (2009).

Lemma 1 Suppose that u = (uy,...,uq),v = (vi,...,vq) € R? and ||v|]| = 1. Then
o\ 4 d
Hatuo) = S (") L ) T
lp|=m j=1 j=1
where p = (p1,...,p4), pj for j = 1,...,d are all nonnegative integers, |p| = p1 + -+ + pq and
(m) — _m!
P [Tp;!”
Proof of Lemma 1: It is known that Hermite polynomial system has the following generating
function
2 o A"
exp (Az — A?/2) =) ~TH (2). (A.1)
n=0

Pj
[
J

For each j =1,...,d, by (A.1) we have exp (vjuj - vjz/2) = Z;j:o o Hp, (uyj).
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Hence, we can take product of j to obtain that

exp (u'v |v]|? /2) H Z Hy, (uj)

j=1pj=

D Ip S R I

m=0 |p| jlpjjl

Notice that ||v|| = 1 and once again the generating function indicates that the term of degree m
on left hand side (LHS) is -1 Hp,(u/v), which, after matching with the term of degree m on right
hand side (RHS), gives the result. [ |

Lemma 2 Let Assumptions 1, 2 and 3 hold. Then, we have
3d
1B S S 2@ 2 @)~ Q| =0 (8);
1 N T R 1.
2 B [W 2 i1 2t=19 (fviﬂo)} =0 (x7);
2
k34/2\
- O( )
4- EHNT Zz 1Zt 1 (%t)ezt =0 (kgd/2>;

5. Amin (ﬁzl (IN & MiT) Z) > Amin (Ql — Qg) /2 > 0.

5. B|[# 2L Z (@) —a

Proof of Lemma 2: 1). Write

2

N T

Z Z xzt xzt -1
=1 t=1
, NoT 2

ﬁ Z Z 2y xzt ) xzt e Z Q1 zuv] ) (AZ)

1
ElNT
K K
£5

where z,(-) and z,(-) are the u'" and v** elements of Z(-), respectively, and Q1 v is the (u,v

i=1 t=1
)th

element of Q1 ;.
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Observe that

2
[ Z Z Zu xzt 2y xzt Z Q1 zuv]

=1 t=1
1 N N 1 T
= ﬁ Z ZE [2 Z Z Zu xltl Zo ﬂfztl) Ql,iuv) (Zu ('Ijtg) Zv (:pth) — Ql,juv)
i=1 j=1 t1=1ta=1
1 N N
= < 2 2 Cov (zu (win) 2 (#i1) 2 (272) 20 (1))
i=1 j=1
1 N N T-1
TNeT >0 <1 - ) Cov (2 (zi1) 20 (T11) , 2u (Tj14¢) 20 (T5,141))
i=1 j=1 t=1
1 N N T-1
+TT Z Z <1 - ) Cov (Zu (le) Zv (xgl) 2y (Z'Z 1+t> 2y (xz 1+t))
i=1 j=1 t=1
1 N N
- N2T Z Z(‘I’iﬂ'uval + Pijuv,2 + Pijuv,3)-
i=1 j=1

(A.3)

We then consider each term on right hand side (RHS) of (A.3) respectively. Due to the Davydov

inequality (cf. pages 19-20 in Bosq (1996) and supplementary of Su and Jin (2012))

T-1
(1 - ) Cov (2 (Ti1) 2v (T41) 5 2u (Tj,14¢) 20 (xj,l—kt))‘

t=1
T-1

<cp )y
t=1
' (E [|Zu (1) 2o (xﬂ)|2+n/2D

T—

2/(4+n)

1 ] s O/ (B [l ) 2 () 27

2/(4+n)

—_

4/(4+n)

1- t’ (eyg (£))M ). (E |:|Zu (z51) 2o ($j1)|2+77/2]>

< 3 (g ) (B [|zu )] B [z ()] )

= 2/(4+7)

(s ()" (B [0 (20) 7] B [J20 (20) 7))

where ¢, = 2(4+20/(440) (4 1) /n.
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In connection with Assumption 3.ii,

K K N N

JEE 55 9) 3 LI

u=1v=1 1=1 j=1

= NgT ZZXN: > D (g (1)) (0 (Ipu) -0 <‘pv‘d>>2/(4+’7)

(s @ (0 (Il ")) =0 (7).

where the last line is true due to the fact that max;<,<g |py| =k —1 and K = O (k:d).

Similarly,

K K N N 3 K K N N 3
RE 99 30 9) DI TIESC] Cy VPR 55 95 95 DIt IECI Gy

u=1v=1 =1 j=1 u=1v=1 =1 j=1

Thus, the result follows. |

2). Write

L NoT 21NN | LT
SEOD TS| IEECd 9 9] 12959 SERTPIERT] Bte

i=1 t=1 i=1 j=1

Expanding the RHS of the above equation by the same procedure as (A.3) and (A.4), the result

follows from Assumptions 1.i and 2.ii. |
3). By following the same procedure as the first result of this lemma, the result follows. ]
4). Write
| 2 K L NoT 2
Bl 2] ~ 3B [T w ]
i=1 t=1 u=1 i=1t=1
K | NN T
SIS ILIES 5 S e 2
u=1 i=1 j=1 t1=11ta=1
Following the same procedure as the first result of this lemma, the result follows. |
5) Write
1 1 o
Amin < 72 Uy ® Mi,) z> = Amin (NT ; ; Zztzgt>
1 N
= min {X (Q1— Q) x+ X <NT SN ZuZi — (@1 - Qz)) x}
n t=1 =1
;N
min (@1 — Q2) | NT NS ZuZi — (Q1 - Q) (A7)
t=1 i=1




We now consider S SN ZuZl — (Q1 — Qa).

1 __
NZ(ZZZZ quz)
=1
N N
_ 1
oS ol A TC O] R RS WL EAY [ 5 wC Al EPAE)
i=1 i=1

In connection with the first result of this lemma, we obtain

1 N T
ﬁ Z Z ZitZz{t - (Ql - QQ)

i=1 t=1
| NI N
'sz 2 Z () = Qui)| + || 3 (22— ad)| = 0 ).
—1 {=1 i=1
Thus, the result follows. |

Lemma 3 Let Assumptions 1—4 hold. Then the following results hold uniformly in a small neigh-

bour of 0y
2
1B S S H (@6) H (20) — R 0)]| =0 (%)
| T , 2 2
2 B\ 7 2 H (8) — 7 (9)H =0 T)

2
3 b NT Zz IZt 1 (xzte) €t

4 Amin (M (0) (In © M) H(6)) >

Proof of Lemma 3: 1). Write

1 N T
B~ ; ; H («},0) H (2/,0) — Ry ()
k—1k-1 1 N T 2
= Z Z E ﬁ Z Z h“ $Zt9 xzte Z Rl Jiuv 5 (A8)
u=1v=1 i=1 t=1

where h,(-) and h,(-) are the u'® and v™* elements of H(-), respectively, and Ry j,, is the (u,v)™

element of Ry ;(6).
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Observe that

1 NI 2
ﬁ Z Z hu zte zt9 Z Ry Juv
=1 t=1
N N
ZZC T (220) o (220) 5 s (:0) B (2710) )
=1 j=1
N N T-1
b 00 (1 1) Cov e (5130) b (£00) s (5]1140) o (1.40))
i=1 j=1 t=1
N T-1
N2T 2 (1_> Cov (hu (2510) ho (2510) , b (21440 ho (271.449))
=1 j=1 t=1
N
N2T Z Z iJjuv, 1 z]uv 2(0) + \Ijzguv 3(9)) (A 9)
=1 j=1

By the similar procedure of (A.4)

T—1
|Vijuv2(0)] = Z (1 - > Cov (h ( ;19) hy (x;lﬁ) o (x;‘,l—s-te) hey (xg}l-*-te))‘
t=1
T—1 2/(4+n)
< %} (Oéij (t))ﬂ/(4+77) . (E [‘hu (x;-le) |4+7I} E |:‘hv (méle) ‘4+77})
t=1
T_1 2/(4+n)
+%7 (a”( ))n/(4+n ( Dh ( 919)‘4%7} E “hv (x}le)““rnp )
t=1

where ¢, = 2U4+20/U+0) (4 4 n) /n.

In connection with Assumption 4.ii,

k—1k—-1 N N k—1k-1 N N T-1

Nszz:ZZ"I’muvﬂ NQTZZZZ 7]/(4+77) (O(U)O(,U))2/(4+77)
u=1v=1 i=1 j=1 u=1lov=11i=1 j=11t¢ 1
k—1k—1 N T—1

3
(0 O 0 (w0 =0 (7).

Similarly,

k—1k-1 N N 3 N N k3
N2TZZZZ|‘IJUUU 1| <]VT> and N2T ZZ|\IJUUU3‘ ( >

u=1v=1 =1 j=1

Thus, the result follows. n
2). Using the similar procedure to the first result of this lemma, the result follows. |
3). Write
L NT 2 k-1 1N 2
iz o] - 2o (g n o )
i=1 t=1 u=1 i=1 t=1

T T
Z Z o (%5,0) ha (x}tzﬂ) eitlem] . (A.10)

t1=1tx=1
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Similar to the procedure used in proving the first result of this lemma, the result follows.

4) Similar to (A.7), write

1

where H (a/,0) = H (2},0) — H;. () and H;. (0) = + >/, H (z},0).

We now consider

1 T N ~ / ~ / )
~T ; ; H (w0) H (246)' — (R (6) — R2 ()
1 Al ’ 1 N oo _
= N7 2 2 (F ) H () = Ras 0)) = 3 3 (Fi 0 F (0 =1 01 )

S (e (0) Fe (0) — 72 (0) s (6))
1 zgl ) ) . N i
<|+ Z (Hi. (0) —ri (0)) (H; (0) — i (0))'|| + ~ Z (H;. (0) —ri (8)) ;: (6)'
;le 7 | =1
- NZW (0) (Hi. (0) =i (0))'|| = 0p (1)
i=1

In connection with the first result of this lemma, we obtain

1 X 5
SO () B (46) (B (6) - By (9))”

1 t;l i;l 1 . _ _
< || o7 2o Do H (i) H (29) = Ry (0| + || 5 D (Hi (6) Hi (9) =i (0)7:(6)')
i=1 t=1 i—1

Thus, the result follows.

=0, (1).

Proof of Theorem 1: We now start the proof of the consistency. By the uniqueness of the

Moore-Penrose inverse and the fifth result of Lemma 2 of this appendix, the K x K dimensions

matrix [Z' (Ixy ® M;,) Z]~ is the inverse of Z' (Iy ® M;,) Z for each K. Therefore,

B—B=[2'(In® M) Z]” Z'(In ® My,) €

+ (2 Iy ® M;,.) 2] Z' (In ® M;,.) D(6o). (A.11)
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Focusing on 2 (Iy ® M;,) € firstly, we have

1 N T 1 N ~
— Z (xi) ey — — Z; ;.
TZZ zt it NZZ; 1.C1

i=1 t=1

| X
~ Z Zi &,
NS

2
Hz’ (In ® M;,)E

2
+2F

N T 2

1
NT DY Z(wir) e

i=1 t=1

<2F (A.12)

2
=0 (k3d/2> For the

By the fourth result of Lemma 2, we have E H o7 SN S Z (@) et
second term on RHS of (A.12), write

Z\H

u=1 i=1t1=1t2=1
K 1 N N 1 T T T T
= § N2 § E E T4 Z E § Z 2u (Tity ) €ity 2u (xjtS) Ejita
u=1 =1 j=1 t1=1t2=1t3=1t4=1
N T T K T T
1 1 1
=N > B T2 > D el D E T2 PIDBEACHENCTAIE
=1 j=1 to=1t4=1 u=1 t1=1t3=1

where the last line follows Assumption 1.ii.

By Cauchy-Schwarz inequality, moment monotonicity and Assumption 3.ii respectively,

K 1 T
ZIE ﬁ Zl Z_lzu $zt1 e :ths)]‘

K | T T , , 1/
< Z = Z Z (E [Zu (xitl)] K [zu (“Tjt?,)])

K 1 T T
<SS Y (B @) B [ (@5)]) = 0G),

Similar to the proof of the first result of Lemma 2, % Zi\il Zjvzl E [% Zz;:l 25:1 CitsCiity

O (7). Thus, EHNX:Z 1 Zi &

=0 (kgd/2) Based on the above, we have

_ 0O, <k73d/2) : (A.13)

NT
According to the fifth result of Lemma 2 and (A.13), we obtain
_ 2
H (2" (In ® My,) 2] 2/ (Iy ® Mi,) 5H

=& (IN®MZ‘T)Z [Z/(IN(X)MZT)Z] Z/ (IN®MZT)Z]_Z’ (IN®MiT)8

1 2 E3d/2
< [Amm (NTZ (In ® M) )] Op | N7 (A.14)

‘z’ IN® M;,)E
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We now consider [Z' (Iy ® M;,) Z]” 2’ (Ix ® M,,) D(0y) and write
|z (i © Mip) 2)” 2 (I © Mip) D(60) |
= D(00)' (Iv ® Miz) Z (2" (In ® Miy) Z/(NT)) "
(2" (In @ Mip) Z2)" 2" (Iy ® Miz) D(60)/(NT)
< [min (&' (Iy ® Myy) 2/(NT))]
D(bo) (In ® Miy) 2 (2" (In ® Mip) Z2) " 2" (In @ Miy) D(6)/(NT)
N (W) - (ID(60)|? /(NT) ) . (A.15)
Note that W = (Ixy @ M;,) Z(Z2' (In ® M;,) 2)” Z2' (Iy ® M,;,.) is symmetric and idempotent,
80 Amaz (W) = 1. According to Assumption 3.ii and the Weak Law of Large Numbers (WLLN), it
is easy to know that | D(8o)||> /(NT) = 0, (k~"). In connection with the fifth result of Lemma 2 of

< Dnin (2" (In © M) Z/(NT))] ™

this appendix, we obtain that

H (2 (Iy ® Mi,) 2] 2/ (In © M) D(GO)H2

=0, (k7). (A.16)

Therefore, the theorem follows form (A.14) and (A.16). |

R Ao\ —1/2
Proof of Theorem 2: It is easy to know that sgn(5;) - <Z?:1 622) converges to |c1|~! by
(2.7) and Theorem 1, so we only need to consider vV NT - Q3 <ﬁ — B) and write

VNT Qs (8= 8) = VNT - Qs [2 (In © Mi,) 2] 2/ (In © M) D(0)
+VNT - Q3 [2' (In @ Myp) 2] 2 (In ® My,) €. (A.17)
Notice that K = O (k%) and Q3 = O (1). In connection with (A.16) and the assumption in the
body of this theorem, it is straightforward to obtain
|VNT Qs [2/ (v Mi,) 2] 2 (1 @ Mi,) D(60)|
<V/NT-0(1) -0, (wﬂ) = 0,(1). (A.18)
Then, to achieve the normality, we need only to consider the second term on RHS of (A.17).

VNT - Q3 [Z2' (In ® M) Z] 2" (In @ My;) €

=VNT - Qs ((NlTZ/ (In @ My,.) Z) —(Q1— Q2)> <NlTZ/ (IN ® M) 5)

ST Qa(Q1 - Qo) (72 (In 0, €) (A.19)

For two non-singular symmetric matrices A, B with same dimensions, we observe that by The-
orem 2 on page 35 of Magnus (2007)
Ja7t =B = |57 (B = ) AP = [foee (B (B - 4) a7
=[|[(A"' @ B™") vec(B — A)H2 < A2 (A® B)|jvec(B — A)|* = X2

min min

(A®B)|B - A,
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where A\pin (A ® B) = Apin (A) - Anin (B) by Theorem 1 on page 28 of Magnus (2007). Therefore,

in connection with the proof of the fifth result of Lemma 2 in this appendix,

- k3d
H 72/ IN®MZ )Z) _(QI_Q2)_H:OP< ]VT)

Moreover, by (A.13), we can obtain that

H\/ﬁ.Q3 ((NTZ/ (In ® M, )Z) — (1 —Q2)_> (NTZ'(IN@’M% )5>

d dJ 5d
< VNT.0, (W’T).op( %):%( ’jfT):op(l).

The second term on RHS of (A.19) can be written as follows.

l

VNT - Q3 (Q1 — Q2)~ (NTZ/ (In ® M) 5)

N
=VNT - Q3(Q1 — Q2)~ %Z (¢ — Zi) &

i=1

| NI
+VNT - Q3 (Q1 — _722 (xit) ) €t (A.20)

For the first term on RHS of (A.20), we have E H% Ef\;l (qi — Zi,) €; T

(Q1—Q2) & >N, (¢ — Zi) &i|| = Oy (\/@)

Therefore,

2
=0 (ksd/Q). Similar

o (A.14),

N

HF Q3 (Q1—Q2)” Z

NT?

I|<VvNT-01)-0 <W>:op(1).

Since x;+ and e;; are assumed to be stationary and a-mixing, we now use the large-block and
small-block technique (e.g. Theorem 2.21 in Fan and Yao (2003); Lemma A.1 in Gao (2007);
Lemma A.1 in Chen et al. (2012b)) to prove the normality for the second term on RHS of (A.20).
Write

=z

M%

T
VNT - Q3 (Q1 — NT Z (i) — qi) eir = Z Vnr (1), (A.21)

=1 t:l

where Vivr (t) = A= 320, Qs (Q1 — Q2)™ (Z (wir) — ai) ear-

Notice that (X3 is just a selection matrix that selects the first d elements of 5, so Vyr is a
summation of random vectors with finite dimensions d x 1. Then, the conventional Central Limit
Theory (CLT) applies.

Partition the set {1,...,T} into 2k + 1 subsets with large block with size Iz, small block with

size sp and the remaining set with size T'— kp (Ip + s7), where

= |TO VA sp =TV, wkp=|T/(p+sp)] forany A > 2.
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For p=1,...,k7, let V= EtT:nT(lTJrsT)H Vnr (1)

B plr+(p—1)st B p(lr+sT)
V,= > Vit (t) and V, = > Vi (t).
t=(p—1)(Ir+s1)+1 t=plp+(p—1)sp+1

For the small blocks, it can be seen

KT KT
E va dZ ZE +2) (ke = p+ 1) El1utpul ¢
p=1 u=1 p=2
p(lr+ _ _
where U, = S50 Vot ()= (05 5pa)'

By the properties of a-mixing time series and a procedure similar to (A.6) in Chen et al. (2012b),

we obtain

Z IVl*] = 0 (55) = o1),

Analogously, we have

E HVH2 ~0 (T_T’””TZT) = o(1).

Therefore, in order to establish the CLT, we need only to consider Z;ﬁl Vp. In connection with

Proposition 2.6 in Fan and Yao (2003) and the condition on the a-mixing coefficient, we have

KT KT
E |exp Z v, —HE[eXp{HVpH}] <C(kr—1)a(sy) —0
p=1 p=1
for some 0 < C' < oo, which implies that f/p for p = 1,...,kr are asymptotically independent.

Furthermore, as in the proof of Theorem 2.21.(ii) in Fan and Yao (2003), we have
~ l
Cov [Vl} = %Eg (I+0(1)),

where
=)= Jim —ZQ3 Q- Qo) { B[ (2 (@) ) (Z ) ~ )]
+ Z E[enen (Z (xi1) — a:) (Z (xir) — ¢:)']
+2E e (2 o) ) (Z o) — 0] | (@~ ©4)™ Q%

It further implies that

ZCOV [Vp} = k- Cov [Vl} = W‘;ZT:O (I+o0(1)) = Ep.



Thus, the Feller condition is satisfied.

Moreover, by Cauchy-Schwarz inequality, we have

b [HVPHQ LIVl = e}} < {E U‘VPH?’] }2/3 {r (HVPH . 8)}1/3
< C{E [HVPH?’ ’ 1/3

and by Lemma B.2 in Chen et al. (2012b),

e[l < (%)

By the assumption in the body of the theorem

1 Y »
ﬁ ; Q3 (@1 — Q2) " (Z (zi1) — @) €nn

4
= 0(1).

||\/»ZQ3 (Q1— Q2) " (Z (1) — @i) ent

Therefore, £ {HVPH?’] =0 ((?)3/2) which implies that
B[] - rtmii= 4] <o ((ZT)/> ~o('1).

E [H%HQ (V) = s}] —y (“T;T> — o).

Therefore, the Lindeberg condition is satisfied. Therefore, the proof is completed. |

Consequently,

Proof of Theorem 3: By (2.5), we have the following decomposition:
| N7 ;| N7
RN D WICINEEE ) SPIREREEEE 5 SATTAL
i=1 t=1 i=1 t=1 i=1 t=1
Moreover, Zfil Zthl g (z,600) = Oy (ﬁ) by the second result of Lemma 2. Plus ¢y from

N
both sides and organize the equation so we obtain that

Gy — co = NTZZZ Zit) (5 5) Zz(sk 2),00) + (&) (A.22)

i=1 t=1 'thl

In view of the fact that (ﬁ DR Sy Z(l’it)> (ﬁ Sy Sz (acit)'> has rank one and

using the similar procedure of (A.14), it may be shown

— (B—ﬁ)/ <1T§;Z($it)> (J\:Té;Z(x”)) (B—ﬁ)




By using Cauchy-Schwarz inequality twice

Based on the above, the result has been proved. |

Proof of Theorem 4: By (A.22) and the assumptions in the body of this theorem, it is easy to

obtain the next equation after some algebra.

s (o (x’é) — g(a'00))

K3/2
NT , .,
+\/£ZNT(SU)/ (2 (In ® Miy) 2] 2/ (In ® My, ) € + 0p(1), (A.23)
where Zyr(z) = (2 (2) = LI S0 Z (@)

In connection with A 16), it is straightforward to obtain that

| NT _
H 3/2ZNT IN®M1 )Z] Z/(IN®M1T)D<60)

s 0(VE72). 0, (k) = 0, ( NT) — o,(1). (A.24)

< K3/2 kT

Thus, to prove the normality, we need only to consider the second term on RHS of (A.23):

IN®M1 )Z]izl(IN(X)MlT)g

\/7
F ((z (Ix ® M, )z>_ o —Qg)‘) <N1Tz (In ® M, )5)

NT

+4/ %ZNT(@")/ (Q1—Q2)” (NTZ/ (In ® M) 5> : (A.25)

Similar to the proof procedure of Theorem 2, write

H\%ZNT(:E)/ ((NTZ’ (In @ Miy) Z) ~ Q- QZ)) <NTZ/ e MiT)g) H

NT 3d Je3d/2 k4.5d
< . A/ 3d/2) . A Z ) = -
=\ K3/2 Op( k ) O”( NT) O”( NT) O”( NT)‘
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Similarly, we can show
NT
K3/2
NT N _ , L3d/2
s (70~ 0 @ - @) (g U @ 1)) +o,,( .

Thus, we just need to focus on the next term:

Znr(x) (Q1 — Q2)” (NTZI (In ® MiT)5>

NT
,(IN ®MiT)5>

K3/2 (Z(l') - Q)/ (Ql - Q2)7 <MZ
N
)~ 1) (@~ Q) =Y (a7 &
=1
NT N 1 LI
+ W (Z(x) B q) (Ql - QQ) ﬁ Z Z xzt 6zt- (A26)
i=1 t=1

In Theorem 2, we have shown that

k3d/2
=o< NT2>.
N
NT 1 o
H\/T/Q ) —q) Ql Q2)” N (i—Zi,)ei.
1

=

0]
< I](Vi.0<\/k3d/2) -Op< kgz) =0, (1).

3/2 NT?2

H(Ql —Q2)” % Z (¢ — Zs.) &

Hence, we obtain

We still use the large-block and small-block technique to prove the normality for the second

term on RHS of (A.26). Write

NT 1 N T T
K32 (Z(x) = 3) (Q1 — Q2)~ NT thzl (Tit) — qi) eir = ;VNTK t), (A.27)
where
N
VNTK (t) \/W Zz; QQ) ( (mlt) - ql) Eit-

Notice that

(Z(z) — @) (@1 — Q2)™ (Z (zus) — i) en)”
< )‘ma:v ((Z(.%') - g)(Z(I‘) - Q)/) ' H(Ql - QQ)_ (Z ($zt) - qi) eitHQ
= Op(kgd/Q)a

so that Vyrg is a summation of random scalar and its absolute value is bounded uniformly in

K with probability one. Then the conventional CLT is applicable. The rest of the proof will be
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exactly the same as that of Theorem 2 of this paper and that of Lemma A.1 in Chen et al. (2012b),

so we omit them there. [ |

Proof of Theorem 5: By the uniqueness of the Moore-Penrose inverse and the fourth result of
Lemma 3 of this appendix above, the (k—1) x (k—1) dimensions matrix |H(0)' (Iy ® M;,) ’H(é)} B

~ ~

is the inverse of H(0)' (Iny ® M;,.) H(0) for each k. Therefore,

+ [H(é)’ (In ® M) (é)} H(O) (In @ M;,) €, (A.28)

where G(0) ypsy = (9 (2110) .., g (@) ..., g (210) ..., g (@\p0)) for VO € O.
Similar to (A.16), we have

2

H {fﬂ(é)’ (In ® M;,) H(é)} CHOY (In ® My, ) D(O)|| = o0, (K77

By the third and fourth results of Lemma 3 and the similar procedure of (A.14), we obtain

2 3/2
NT

Then, we need only to consider the next term. By the same proof as (A.15) and Assumption

H [H(é)l (In ® Miz) ”H(é)} CHO) (In ® M) €

4.iii, we write

2

| [0y (1 21y H06)] 1Y (1 0 21 (9600) - 606)

-1

< (i (200 10 © 1) HO/NT))) 0D ([600) - 610

)
< (i (00 (10 0 ) HO/T))) A0 - (212 o0 = v )

where Xn1x1 = (M(xll), ... ,M(JJlT), e M(:UNl), ... ,M(xNT))I and

W = (Iv © Mig) H(0) (H(B) (I @ My ) H(B) ) H(BY (I @ Miy)

Since W is symmetric and idempotent, )\max(W) =1.

By Assumption 4.iii and Theorem 2, we know that

2 o 1

1 9 1 N T
o2 e gl ~ L W2 o _ 5
~7 Il H‘% QH NT Z“ thl(M(x“)) H‘% 0
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Hence, similar with (A.16), we obtain that

| [0y (1 0 21y 18] 1Y (1 0 20 (9660) - 606)

Based on the above, the result has been proved. |

Proof of Corollary 2: Write

[ @10~ g(w))?* - exp (~u?/2) du
_ / (H(w)C + 20— ey — Hw)C (w))2 exp (—w?/2) duw
< 4/ (é - c)' H(w)H (w)' (é - c) cexp (—w?/2) dw

41120 — col? +2/5k (w)? - exp (—w?/2) dw
=aflé—c|f +4lé0 — coll® + 2/5k (w)? - exp (—w?/2) duw.

By going through the exactly same procedure as Theorem 3, it is easy to prove that

~ 5 ]{33/2 .
[¢o — coll” = Op NT +op (K77).

For the truncated residual term, it is easy to verify the standard multivariate normal den-
sity is covered by Assumption 3.ii. Therefore, [ dj (w)? - exp (—w?/2) dw = o(k™") by using the

substitution rule of integration and Assumption 3.ii. [ |
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