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Abstract. In this paper, under the maximum angle condition, the finite element method
is analyzed for nonlinear elliptic variational problem formulated in [4]. In [4] the analysis
was done under the minimum angle condition.
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1. INTRODUCTION

In this paper we will analyze the finite element method for the nonlinear elliptic
variational problem formulated in [4] under the maximum angle condition, whereas
in [4] the analysis has been done under the minimum angle condition. We restrict
ourselves to the problem in a domain Q whose boundary 0f2 is formed by two circles
I, I, with the same center Sy and radii Ry, Re = Ri1+0, where o < R;. On one circle
the homogeneous Dirichlet boundary condition and on the other the nonhomogeneous
Neumann boundary condition are prescribed.

Our assumptions concern only the boundary, the data and the form a(u,v), which
is nonlinear in w and linear in v. Our problem is discretized in the way used in
practice: 1) the given domain € is approximated by a polygonal domain Qy; 2)
is triangulated and, using linear triangular finite elements, a finite dimensional space

*The work was supported by the grants 201/97/0153 and 201/00/0557 of the Grant
Agency of the Czech Republic.
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Xp C C(Qn) N HY(Qy) is constructed; 3) the forms a(u,v), L(v) are computed
approximately by means of numerical integration.

The theory presented generalizes the results obtained in [4] and [11]. In [4] the
same problem is formulated under the minimum angle condition but on an arbitrary
domain with a Lipschitz-continuous boundary. In [11] the finite element method is
analyzed for a linear strongly elliptic mixed boundary value problem. In this paper
we consider the same domain as in [11] but the problem is nonlinear. We prove the
convergence of approximate solutions to the exact solution w under the condition
u € HY(D).

In [10] the finite element method for a special monotone problem, which has appli-
cations in magnetostatics, was analyzed under the maximum angle condition. The
results can be considered to be a special case of the present paper.

There are relatively many papers devoted to the analysis of the finite element
method of nonlinear problems of elliptic type. Their list can be found, for example,
in [2]. However, in all these papers the minimum angle condition is used.

The notation of Sobolev spaces, their norms and seminorms is the same as in [6].

2. FORMULATION OF THE PROBLEM

2.1. Boundary value problem.
We will consider the boundary value problem

2
(1) _Z%<'au’vu)+b0<',U,VU) = f(z), 2 €9,
i=1
(2) u =0 on I,
2
(3) Zbl(’uvvu)nz(g) =g on Fg

i=1

where ) is a two-dimensional bounded domain with a boundary 9Q = I U Iy,
I7 and I; being circles with radii R; and Re = R + o, respectively. We assume that
the circles I'y, I, have the same center Sy and that

(4) Ry > p.

Obviously, 02 is Lipschitz continuous. The symbols n;(2) (i = 1, 2) denote the com-
ponents of the unit outward normal to 9. Further, f: @ — R!, b;: QO x R — R!
(i.e, b = bi(z,&) = bi(-,u,Vu), where z = (x1,22) € Q, & = (£,&1,&) =
(u(z), Vu(z)) € R®, i =0,1,2) are given functions and Vu = (9u/0z1, Ou/dx,).
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2.2. Weak formulation.

We will use the Lebesgue spaces La(£2), L2(09), Loo(€2) and the Sobolev spaces
H(Q), H%(Q), W1°(Q) equipped with their usual norms || - [lo.a, || - [|0.00, || - /0,002
and || -

l1.0 || - 2.2, || - [|1,00,2, respectively (see [1], [6], [7]). The seminorms in the
spaces H!(Q) and H%(Q) will be denoted by | - |1.o and | - |2, respectively.

Assumptions 2.2.1. Let {Q} (h € (0,h0)) be a set of polygonal approxima-
tions of Q. Let 2 C R? be a bounded domain such that

(5) Q> QUQ, Vhe (0,ho).

Let the functions f: Q— RY, ¢: Iy — R! and b;: QxR — R!, i = 0,1,2 have the
following properties:
(A) a) feWh=(Q),
b) q is piecewise of class C? (i.e. 9Q can be divided into a finite number of closed
arcs Z} such that

@k () = q(er),ve(t), t€ o, B,

is a twice continuously differentiable function on [ay, 8x], where x1 = @i (t),
x9 = Yi(t), t € [ak, ] is a parametric representation of Zj with @i,y €
C?([ak, Br)))- B B
(B) The functions b;(z,€) (z € Q, £ = (&,&1,&2) € R?) are continuous in  x R3.
There exists a constant C' > 0 such that

2
1bi(z, )| <0(1+Z§j> VreQ, VEe R (i=0,1,2).
=0

(C) The derivatives (0b;/0¢;)(x,§), (i,j = 0,1,2) are continuous and bounded in
Q x R3:

‘ 0b;

0¢;

(D) The functions b; satisfy

L (x 5)‘<CV1:6(~2, VE € RS,

2
Zag xfnmg/aZm Vo eQ, ¥, n e R
=0 0SJ

where a > 0 is a constant independent of z, & and 7.
(E) The functions db;/dz; (i = 0,1,2; j = 1,2) are continuous in 2 x R3. There
exists a constant C' > 0 such that

ob; 2 ~ . ‘
(91:]-(;8’5)‘ <0(1+§£j> Vee, VeeR® (:=0,1,2;5=1,2).

Assumptions 2.2.1 are the same as in [4].

95



A weak solution of problem (1)—(3) is a solution of the following variational prob-
lem (which can be obtained from (1)—(3) by means of Green’s theorem in a standard

way).

Problem 2.2.2. Let us set

(6) V={ve H(Q): v=0onTIy},
2

(7) alu,v) :/Q(Zbi(~,u,Vu)§;i +b0(~,u,Vu)v> dz Yu,v € HY(Q),
v) = L% (v Twy= [ vfda vgds.

Q L) = %) + 70) = [ ofar+ [ vgd

Find u € V such that

(9) a(u,v) = L(v) Yv € V.

Lemma 2.2.3. Let a solution u € V of Problem 2.2.2 satisfy u € H2(). Then
relation (1) holds almost everywhere in Q and relation (3) holds almost everywhere
on FQ.

Proof. The proof is omitted. O

We will solve Problem 2.2.2 approximately by the finite element method. To this
end let us approximate I'; by a regular polygon I's;, with vertices @1, ..., @, such that
every segment ;Q;+1 has no common point with Iy. Let the vertices Pi,..., P,
of the polygon I}, approximating I3 be obtained in the following way: P; is the
intersection of the segment Sy@Q; with I'y. The symbol §2;, will denote the polygonal
domain with the boundary 9€y,.

We divide each segment P;@Q; by points A%, A%, ..., AL | into m parts of the same
length in such a way that we have formally Aj = P;, A, = Q;. The points A’ are
the vertices of quadrilaterals into which the domain Qy, is divided. We further divide
every quadrilateral A} A;‘HA;- HA;fl into two triangles.

We admit to use narrow triangles. This means that we will have

(10) 2 <n

m
in our considerations, where h is the length of the greatest segment in the partition
of Q. The corresponding partition consisting of closed triangles T will be denoted

by 7.
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2.3. Discrete problem. The discrete problem is now formulated in an almost
standard way. (The expression “almost” concerns the approximation of the term
LY (v).) We define spaces

(11) Xn ={v e C(): v|, is a linear polynomial VT € T}
and

(12) Vi ={veX,: v=0o0nTy}.

We set

2

(13) ap(u,v) :/ <Z bi(-,u, Vu) g;} + bo(~,u,Vu)v> dr Yu,v € H'(Qp)
Q, \i7 i

and

(14) L (u) :/ wfdz Yu e X,
Qpn

To define LT (u) is more complicated and we refer to [11].
The symbols ay,(u, v), L$}(u) and L} (u), where u,v € X3, will denote the approxi-
mations of @y (u, v), E% (u) and zg(u), respectively, when using numerical integration.
Now we define a finite element discrete problem for the solution of Problem 2.2.2
with the use of numerical integration.

Problem 2.3.1. Find uy € V}, such that

(15) ap(up,v) = Lp(v) Yo € Vj,.

3. DISCRETE FRIEDRICHS’ INEQUALITY

In order to prove Theorem 4.5 (our abstract error estimate) we must derive discrete
Friedrichs’ inequality in the case of narrow triangles satisfying the maximum angle
condition. Contrary to [9], Lemma 6.1, we prove relation (17) without any restrictive
assumption concerning o and h. Such a type of an assumption will appear first in
Section 8 (see (76)).

In Section 7 we will analyze the problem where the Dirichlet boundary condi-
tion (2) is prescribed on I'; and the Neumann condition (3) on I'y. Therefore we will
prove discrete Friedrichs’ inequality for this case, too.
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Notation. We denote
(16) = —Q, wy=0-Q.
Lemma 3.1. We have

(17) lvllia, <Clvlia,, Yv € Vi, Vh < hg.

Proof. In the case of the Dirichlet boundary condition (2), the proof is the
same as that in [12], Lemma 6.1.a).
In the case of the Dirichlet boundary condition v = 0 on I's we have

Vi ={v € Xp: v=0o0nTIy}
and we define the quasinatural extension T of v € V}, by
(18) v=wvony, U=0onuw
Friedrichs’ inequality gives
(19) 17113, < Clol2 g

Relations (18) imply

(20) a0 < lvligq,-
If we prove
(21) @30 > Clollsg,. € >0,

then (17) follows from (19)—(21).

Let T be a triangle with vertices P;, P>, Ps where Py, P lie on Iy and P; on the
line SoP; in the domain Q. Let N7 and Ny be the midpoints of the sides P; P3 and
P, Ps3, respectively. Let T* denote the triangle with the vertices N1, No, P3. The
transformation

(22) r=2z"(§,n) =r1+ (v2 — 21)§ + (v3 — 717,
y=y"(En) =y + W2 —y1)§+ (ys —y1)n

maps one-to-one the reference triangle Ty with vertices P;(0,0), Py (1,0), P;(0,1)
onto the triangle 7. Let A C I} be the arc which is approximated by the segment
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An = PP, and let Py, be the bounded domain with the boundary 9P, = AU Ap.
Then we have

(23) oIS 77, = II0l5 7--

Let us assume that we have proved

(24) )5 7 > 6_4HU||(2),T'
Then

1
25

Hence (21) follows with C' = =
Now we prove (24). According to the definition, the function v(z,y) is on every
triangle T such that

v(&,m) EU( “(&m) ZBZPZ (&),

where
p&m) =1=&—=n, paA&m) =& ps(&m) =1
and B; = v(F)).
The triangle T* is the image of T; with vertices N7 [0, 3], N3|
transformation (22). First we prove that

], P5[0,1] in

11
272

(26)

& ), [FE )] acan <‘Z%[5(§7ﬂ]2d€dn~

Let us express the integrals

:/ [5(€,n)]2d€d77/1/1£<§:Bipi(€,n))2d£dn,
n= [ )] MM—/W/ ( > B dar

as quadratic forms of By, By, Bs. Then

2304(64.J5 — J1) = 57 (5768, + 288Bs + 182433
1 1664
+ 155 (4328, + 912By)? + =B},
from which estimate (26) follows. Estimate (26) gives (24). O

59



4. AN ABSTRACT ERROR ESTIMATE
Definition 4.1. We say that the forms a,: X, x X, — R, h € (0, ho), are

uniformly Xj-strongly monotone with respect to the seminorms |- |1 o, , if there exists
a > 0 such that

(27) an(v,v — w) = ap(w,v —w) = alv —wli g, Vv,w e Xp, Vhe (0,hg).

We say that the forms a;: X5 xX;, — R, h € (0, ho), are uniformly Xj-Lipschitz
continuous, if there exists a constant C' > 0 such that

(28)  lan(v, 2) = an(w, 2)| < Cllv = w10,

Z”LQ;L Yo, w,z € Xp, Vh € (O,ho).

We say that the forms aj: H(Qy) x H(2,) — R, h € (0, hg), are uniformly
H'(2,)-Lipschitz continuous, if there exists a constant C' > 0 such that

(29) [an(v,2) — an(w, 2)| < Cllv —wll1q,

2|10, Yo,w,z € HY (), Vh € (0,ho).

Theorem 4.2. The following implications hold:
(a) (D) = (27),
(b) (C) = (28),
(c) (C) = (29).

Implications a), b), ¢) are proved in [4], Theorem 3.1.2.
Remark 4.3. If we combine the discrete form of Friedrichs’ inequality (17)
with (27), we see that there exists a constant « > 0 such that

(30) an(v,v — w) = ap(w,v —w) = allv —wlli g, Yo,w € Xy, Vh € (0,hy).

Lemma 4.4. Let Iy be the circle with a center Sy and radius Ry = Ry — 0. Let Q
be a bounded domain such that 0€) = Iy UIy. There exists a linear and bounded
extension operator E: H¥(Q) — H*(Q) such that the constant C appearing in the
inequality

IE@)llxq < Clvlka

does not depend on Ry/p. The operator E is also a linear and bounded extension
operator from H*=(Q) into H*~(Q) (1 <i < k).

Lemma 4.4 is the same as in [12] and follows from the considerations introduced
in [8], pp. 20—22.
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Theorem 4.5. Let the forms aj(v,w) be uniformly Xj,-strongly monotone with
respect to the seminorms |-|1 o, (see (27)) and uniformly Xp-Lipschitz continu-
ous (see (28)). Let the forms ay(v,w) be uniformly H?'(Q)-Lipschitz continuous
(see (29)). Then Problem 2.3.1 has a unique solution and for all h € (0, hg) we have

1y~ . - ap(v,w) —ap(v,w
(31) O Y|a — unll1,0, < inf (|'Uu||1’Qh + sup [ (v, w) (v, )|>
vEV), wi‘/g, ||wH1»Qh

|Li(w) — L (w)| |28 (w) — LE (w))|

+ sup + sup
wevy w10, wevy, w1,
w#£0 w#£0
@ (i1, w) — Ln(w)]
+ sup )
wevy w1,
w#£0

where C is a positive constant, u € H'({) is the solution of Problem 2.2.2, u, € V,

is the solution of Problem 2.3.1, and @ = E(u) with E: H(Q) — H(Q).

Proof. The proof follows the same lines as in [9], Theorems 35.4 and 38.5. It
should be noted that the use of (30) is essential in this proof. g

5. THE INTERPOLATION ERROR
Definition 5.1. Let u € H*(Q). We define Qu € X}, by
Qhu’TeTh = Ipu = the linear interpolant of w.
Theorem 5.2. We have

inf [lv—all1,q, <[|@nu—ullq, < Chllull1a
veEV)

where the constant C' is independent of h, u and the triangulation 7y,, and u € H?((2).
Proof. The proof follows from the definition of Qju, Lemma 4.4 and the

following lemma. O

Lemma 5.3. Let u € H?(T) and let Itu be the linear polynomial satisfying
(Itu)(PT) = w(PF) (i = 1,2,3) where PL, P{, Pl are the vertices of T. Then

|lu— Itull,r < hr|ull2,7
S yr

where vy is the maximum angle of T and the constant C' does not depend on T
and u.

Proof. For the proof see [5]. O
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6. NUMERICAL INTEGRATION

In this section we estimate the second, third and fourth terms appearing on the
right-hand side of (31). These terms express the error of numerical integration. We
will use the notation z = (z1,22), dz = da; dzs, & = (&1,&) and d§ = d&; dés in
this section. The transformation (22) has the corresponding expression.

In the analysis of the second term from the right-hand side we will use the following
two lemmas.

Lemma 6.1. Let p € P1(T), where T is an arbitrary triangle. Then

C
32 = max |p|  ———
( ) ”p”O,OO,T o |p‘ \/HTSQTHPHO’T

where the constant C' does not depend on T and p.

Proof. The proof is the same as the proof of [4], Lemma 2.2.6; it does not
depend on the geometry of the triangle and the assertion of Lemma 6.1 holds also
for irregular triangles. O

Lemma 6.2. Let f € W'°(T') and p € P1(T'), where T is an arbitrary triangle.
Let the degree of precision d of the formula on the reference triangle Ty

I
(33) Fr(€)dé~ Y wr jF*(én ), F* € C(To)
T() j:l
be d > 0. Then we have

I
(34) ’/ fpdxr — meass TZ 2wry i f(xr,;)p(TT,5)
T =

< Chry/measy T f|1,00,7llPll1,7)

where the constant C' does not depend on T and p.

Proof. The assertion (34) is a special case of [1], Theorem 4.1.5 for k = 1
and ¢ = co. Nevertheless, we present the proof which is methodically different and
simpler then Ciarlet’s proof. We remind that

(35) xpj =[27 (En.5), 25 (Em.5)]

where {1, j = [€17, ;5821 ;] (7 = 1,..., 1) are the nodal points of formula (33). We
say that a quadrature formula on T has degree of precision d if it computes exactly
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every integral [ vdx with v € Py(d). Jp is the Jacobian of the transformation (22).
As |Jr| = 2measy T we obtain from (33), (35) by means of the Change of Variable
Theorem

I
/ F(x1,22)dz = 2 measy TZwTM‘F(xT,j).
T ;
j=1
We will denote

I
(36) Er(w) = /T w(z)dz — 3 rlon jw(ar),

=1

(37) Fr () = /T P(€)dE =3 wry jo(en ).

j=1

F*(&1,&) = F((21(&, &), 25(&,&)).

Hence, by means of the Change of Variable Theorem,

(38) Er(F) = Eq, (F*|Jr|) = |Jr|Er, (F).
By (38),
(39) |Er(wf)| = [Jr||Br, (f*w”)].

Using (37) we find

)Hf*w*

The assumption of Lemma 6.2 concerning d = 0 implies Ep(F) = 0 for all F' € Py(T).
This fact and (38) yield

0,00,70 < C|f W ||1,00,70 -

I
* * 1
) 1Bn(rul < (5 + Y lons
j=1

(41) B, (F*) =0 VF* € Po(To).

Relation (40) expresses the boundedness of the functional Er, on W1>°(T). This
fact, linearity of E7;, and (41) imply, according to the Bramble-Hilbert lemma (see [9],
Theorem 9.3),

(42) B (f*w?)] < ClF w100, 10
The rule on differentiation of a product yields (see also [9], Lemma P.64)

(43) |frw®

0,00,75 + | f™

1,00,T0 < |f*]1,00,10 0" 0,00,Tp [W" [1,00,Ty -
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As estimates [9], (9.5) hold for all triangles—they do not depend on the geom-
etry of the triangle, only on the linearity of the transformation z; = x1(&1,&2),
xo = x2(&1,&2)—we can write

8.%‘]‘
0&;

(44)

(£1,&)| < hr (1,7 =1,2)

and obtain by means of the theorem on differentiation of a composite function

(45) 1

Lo,y < Chr|f

1,00,T-

It is obvious that

(46> ‘f* 0,00, T = |f 0,00,T'-

By [9], (11.36)

(47) ‘w*|07oo7T0 < C‘w*|07To Yw* € Pl(To),
(48) \w*|17oo7T0 < C’\w*|17To Yw* € Pl(To).

The Change of Variable Theorem implies

(49) lw*llo.ry = |J7]~2|lwllo.r

and (47) yields

(50) |w”

c
50 < ——|w Yw € P1(T).
0,00,To \/w| |0,T 1( )

We obtain easily from (44) and (48) by means of the Change of Variable Theorem

< Chr
1,00,T, ——
oo = v/measg T’

Combining (39), (42), (43), (45), (46), (50), (51) we obtain

(51) |w*

|w|1’T Yw € Pl(T)

(52) |Er(wf)| < Chpy/meass T|| f

RS | (/[P

which is (34) written in another form. O
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Theorem 6.3. In the case d > 0 we have

(63)  |an(v,w) — ap(v,w)| < Ch(||v|l1,0, + Dlw|1,0, Yv,w e Xp, Yh e (0,ho),
where the constant C' is independent of h, v, w.

Proof. Forv,w € X} we can write

(54) ap(v,w) — ap(v,w) = I + I,

{/ (0, Vol,) da

— meass T Z Q(UTO,jbi (.’L‘TJ‘, ’U(.TT,]'), V’U|T) }
j=1

where

*ZZ

TeT;, 1=1

Ox;

and

= Z {/Tbo(-,v,Vv|T)wda:

TeTn
kT

— measy T’ Z 2wy, ;bo (xT’j, v(zr;), VU|T)'LU($T’J')}.
j=1

We can estimate [; and I5 in the same way as in the proof of [4], Theorem 2.2.7.
Instead of [4], Lemma 2.2.5 and 2.2.6 we use Lemma 6.2 and Lemma 6.1, respectively.

O

Theorem 6.4. Let the degree of precision of quadrature formulas be d > 0. Then
we have

(55) sup

< ORIl o0 g

The theorem is a consequence of Lemma 6.2.

When considering the line integrals we need also the trace inequalities which are
introduced in the following lemma.

Lemma 6.5. We have

C

(56) I < —lvllie Yo e HY(Q),

Q%

(57) [vllo.00, < —=lvlie, Yo € H' (Qn)

B
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where the constant C' does not depend on v, h and p.

The proofs of (56) and (57) are similar to [7], pp. 15-16.

Theorem 6.6. Let the degree of precision of quadrature formulas be d = 2. Then
we have

ZEw) -~ shw)| _ C
Ve

(58) sup h?

wEeVp, HwHLQh
wA0

where the constant C' does not depend on q, ¢ and h.

The proof can be obtain by combining the ideas of [4] with the proof of [11],
Theorem 22.

7. THE ERROR OF THE APPROXIMATION OF THE BOUNDARY

Notation. Let w € X;. The symbol w is called the natural extension of w and
denotes the function w: Q) — R such that @ = w on ), and

where p € P; satisfies p’T = w|T. T C (2 is a curved triangle which is approximated

by T. (The symbol T denotes an “ideal triangle”.)

Lemma 7.1. Let u € H?(Q). Then for w € V), we have

/ L u, Vu) 0w dz
wn =1 833,

u, Vu)o

(59)  |an(u,w) — Lin(w )| < |LF (@ — LY (w )|+

2

1
2

(z

—1 X

,u, V) — bo(-, @, Vu) +f)wdx ,

where u = E(u) is the extension of u in the sense of Lemma 4.4.

Proof. In the proof we use a modification of the trick with the use of Green’s
theorem introduced in [3], Theorem 3.2.5. By the definitions of @ (u, w) and Lp(w)

we have

2

an(d, w) — /Q h <Z bi(-,

(-, u, Vﬂ)w) dz — LY (w) — Lk (w).
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Using Green’s theorem and the fact that w € V}, we obtain

2 2
Eh(ﬂ,w)fih(w):/ Zwbi(yﬂ,Vﬂ)ni(Qh)dsf/ Zw%(~,ﬂ,Vﬂ)dx
0 =1 Q Ox;

h =1
+/ bo (-, 1, Vﬂ)wdxf/ wfdxle,;(w)
Qn
/ , @, Vu)n (Qp)w ds
Don =1

7/ (22: 0bs (,u VH)+f)wdx
n g 8.’Ez [l

+ [ bo(-, @, Va)wdz — L} (w).
Qp

To the right-hand side let us add zero in the form

/ 4, Vi) (Q)wds + LY (w) = 0.
=1
Then

ah (aa

/ , U, Vu)n (Qp)wds 7/ -, Va)n; (Q)wds
Don =1

2=

/ (Zf)xl >, Vi) = bo( U,Vﬂ)-l-f)wdx

— LY (w) + LY (w).

If we denote A = Tid — T and use Lemma 2.2.3 then we can write

ap (U, w) — Z/{mzb u, Vu)n (A)wds

ACwp,

/ <Zﬁxz i, Vi) = bo(, “’Va)'f'f)wdx
— Lj,(w) + L' ().

Transforming the first term on the right-hand side by means of Green’s theorem we

obtain

/Zb (-, u, Vu)n; (A wdsf/Zb uVu—der/Z u, Vu)w
oA

These results give (59).
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Lemma 7.2. Let (2) hold. Then

(60) [vllow, < Ch(l[vllor, + hlvlw,) forve H (),

and

m
(61) |w‘1»wh < Ch“ _‘w‘LQh’

©) e, < Ob(Julor, +Hwh.o,) < Ch(— 4,2 ) ful .
(63) [wllo.r, < Ch(l[wllory, + hlwli,z,) = Ch? w1z,
for w € V;, with w defined in Notation 7.1.

Proof. For the proof see [11].

Lemma 7.3. Let u € H2(). Then

1 m 1
gChZ(—Jth —>< )w .
) (1l Il
ab
\/ S () v o,
Wh
), i=0,1,2.

2

/ Z 0bs (,u, Vu)wde
wn =1 axz

Proof. We have

/ S u, Vu)w

hzl

(64)

(65)

By assumption (E) we have

ob;
ox;

— (-, u, Vu)| < 8au1

< (1+|u+’ 5—582

’(’M

Due to the inequality

(66) ymeass wy, < Ch,

this relation yields
ou

(67) \// - u, Vu)d \// 1+|u+’au il
wh a‘xl wh a$2

< C(ymeasywp, + [|ullo.w, + [ul1w,)
< C(h+lu

2
)da:

|1,wh,)'

As u € H?(Q), by (56) and (60) we obtain
(63) full o < C-=llulz
Ve
Combining (65) with (62) and (67), (68) we easily derive (64).
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Lemma 7.4. Let u € H?(). Then

ow m 1
/ Vg asf < 0 2 (14 Ll ) ol v e Vi
Wh j=1 xZ Q \/E

If in addition
(70) u € H*(Q) nWwhee(Q)

<on?, |2
0

(69)

then

(71)

)lwlia,, we Vi

/Wh Zbi(~,u,Vu) ow

dx
i=1 Oz

Proof. We have

[

If we use assumption (B) we obtain

(72)

Z\/ b2 (-, u, Vu) dz|wly o, -
wn

h =1

(73) / b2 (-, V) dz < C(h+ [[uf] ).
Wh

This result together with (68), (72) and (61) implies (69).
Assumption (70) and inequality (66) give

(74) [ull1w, < Chllull1,00,0-
From this and the preceding part of the proof we obtain (71). O

Lemma 7.5. For w € V}, and u € H*(Q) we have

< Ch*(|| Aty g + 1 llo.0) w1

where
~ 0b; ~
At = — . 9, — (-, @, V) + by (-, uVa).
Proof. Owing to the assumption that w € V} the assertion follows from
estimate (63). O
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Lemma 7.6. We have

— ¥ m
(75) LY (@) — Lyw| < Ch2\/EHQHO,BHWHLQ;L w € Vi

Proof. For the proof see [11], Lemma 29. O

8. THE FINAL ESTIMATE
In this section we use the assumption
(76) ahrr<2, o >o.
m

The preceding results then yield the following theorem:

Theorem 8.1. Let u € H*(Q), f € Wh(Q). Let assumption (76) and the
assumptions concerning the degree of precision of the quadrature formulas (see The-
orems 6.3, 6.4 and 6.6) be satisfied. Then

C

—h

Ve

where the constant C' does not depend on ¢, m, h and the triangulation 7},.
If in addition condition (70) is satisfied then

(77) [ = unll0, <

(78) [t — up

|1,Qh, < Ch

where again the constant C' does not depend on o, m, h and the triangulation 7Tp,.

9. THE CASE OF OPPOSITE BOUNDARY CONDITIONS

We will analyze the boundary value problem for equation (1) with boundary con-
ditions opposite to conditions (2) and (3):

(79) u=0 onlIy,
2

(80) Z bi(-,u, Vu)n; () =g on IY.

i=1
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Problem 2.3.1 and all results up to relation (16) remain without changes except for
Lemma 2.2.3, where (3) is replaced by (80), and

(81) Vi ={v € Xp: v=0o0nTIy}

is substituted for relation (12).
The natural extension w: Q5 UQ — R! of w is now defined by

We will use again assumption (76). Lemma 7.1 is replaced by the following lemma:

Lemma 9.1. For w € V), we have

(82)  [an(@.w) - Ln(w)| < |LF (@) - I (w)] +

—, Ow
/T} u,Vu)axi
v =1
/ fwdx|.
Th

/ bo(-, u, Va)w dx| +
h
Proof. The proof is a simple modification of the proof of Lemma 7.1. The

+

changes are small: T and Iy, are replaced by I'1 and Iy, respectively, and wy, by 7.
O

Now we estimate the terms appearing on the right-hand side of (82).

Lemma 9.2. Let u € H?(2) and let assumption (76) be satisfied. Then

/T ,, Vu)8

h =1

(83)

dz| < Ch <1 + %Iulm) lwlha, w € Vi,
If in addition

(84) e Whe(Q)

then

(85) < Ch(+ il oo g) Wl w € Vi

/ U Vu)a—wdx
Th j=1

Proof. We have

[x

2
<y /bf(-,ﬂ,Vﬂ)dx\w\lm.
i=1 Th

h =1
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By assumption (B) we have

(86) \// b?(’ a’ Vﬂ) dr < C<h + ||a‘|1,7'h)'
Th

If we use a relation analogous to (60) with 73, instead of wy, by the trace inequality
(56) and Lemma 4.4 we obtain

~ h
(87) [P Cﬁ\lﬂ\lzn

These results together with a relation analogous to (61) give (83).
Assumption (84) implies that

(88) [w

|177-h, < Ch”ﬂ

|1,o<:,§~2'

From here we obtain (85). O

Lemma 9.3. Let f € Wh°(Q). Then

/ fwdx
Th

Proof. The assertion follows from || f[lo,r, < Ch| flly o & d

(89)

< Chlfllo, 0 gllwlli,  w € Vi

Lemma 9.4. Let u € H%(Q) and let assumption (76) be satisfied. Then for
w € Vp, we have

(90)

h? 1

/Th’ bo (-, w, Vu)w dz NG 7

m) leolls .
If in addition
(91) e Whe(Q)

then

2

h ~
(92) < C%(l + llully oo @) 1wl -

/ bo (-, u, Vu)wdx
Th

Proof. We have

(93)

/ bo(-, w, Vu)w dz
Th

< \// b2(-, 1L, Vi) defwlo.r,
Th
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If we use assumption (B) we obtain

\// b(Z)("a’ Vﬂ) dr < C<h + ||aH1,‘f'h)'
Th

By (63), trace inequality (57) and a relation analogous to (61) we obtain

h
wilo,r < C—|w
[wllo,m NG I
This result together with Lemma 4.4, (87) and (93) gives (90).
If we use assumption (91) we obtain inequality (88). From this we obtain (92). O

|1,Qh, .

In the case of (79) and (80) the preceding results yield the following final theorem:

Theorem 9.5. Let the assumptions of Theorem 8.1 be satisfied except for the
additional assumption (70) which is replaced by (84). Then estimates (77) and (78)
are again valid.

10. GENERAL CONVERGENCE THEOREM

In this section we will assume that u € H(2) only and we will prove the conver-
gence under a stronger assumption than (76), namely

(94) 1?0 < £ < oo,
m

where

(95) 0<d<1

is a given number, which can be arbitrary small, and C, Cy are positive constants.
The lack of regurality of u € H(Q2) is usually a consequence of the fact that the
Dirichlet condition is prescribed only on a part of Iy or I (and the Neumann con-
dition is considered on the rest of Iy or I}).

The first term on the right-hand side of (31) is estimated by [12], Lemma 5.11 and
Theorem 5.1:

Theorem 10.1. We have
li ( fllo—a ): .
(96) Jim (nf o= l0,) =0
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The estimate of the second term can be obtained in the same way as in [9], Theorem
38.7.:

Theorem 10.2. For all h € (0, hg) we have

(97) inf sup lan (v, w) = G (v, w)
vEV) wE#Vh ||wH1,Qh

< Ch(L + [ull1,0)-

The third and fourth terms appearing on the right-hand side of (31) are estimated
in Theorems 6.4 and 6.6. The remaining part of this section is devoted to estimating
the fifth term on the right-hand side of (31).

Notation.
a) The symbol M, denotes the set of ideal triangles T4 € ’];fd lying along the part
of Q) where the homogeneous Dirichlet condition is prescribed.
b) The function @ € H'() is said to be associated with a given function w € X}, if
(i) @€ CQ);

(ii) w(P;) = w(F;) at all nodal points P; of Tp; '

(iii) @ is linear on each triangle T € (75 N 7,/¢) and on each triangle T ¢ 7,1
such that T & Mpy;

(iv) if T € My then @y = @),
triangular C%-element uniquely determined by the values w(Pl), w(Py),
w(Pl), PL, PL, P{ being the local notation of the vertices of T. (See [13]
and also [9], p. 257.)

where w is the simplest Zlamal’s ideal

The following lemma can be obtained in the same way as in [4], Theorem 3.3.10:
Lemma 10.3. For all w € V}, we have

(98) | L (w) — an (@, w)|
< |Lh (w) - LF(—)y

+ > ZZ uw)Mf(@w)]dx

ox;
Tie My, pia =0 !
- f@} dz

{Zb s Uy Vu oz,

m a v ) ]
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The following theorem is a generalization of [12], Theorem 5.10.
Theorem 10.4. We have
(99) | L (w) — @n(@, w)| < CRY?|wl|1,0, Yw € Vi,

where the constant C' does not depend on h and w.

Proof. Let us denote by the symbol I; p for j = 1,2 the part of I; on which
the homogeneous Dirichlet boundary condition is prescribed. Let BfL be the union
of triangles of 7}, lying along I p.

Let us denote the terms appearing on the right-hand side of (98) by Dy, ..., D4. By
Lemma 7.7 and assumption (94) we have

(100) D1 < Chllq

l0.00\(1y puTs, p) W1, -

Now we estimate Ds. By the Cauchy inequality and assumption (B) we have
(101) Do < O+ [lully,pprs, + llulli, B20w, + IIf

1/2
( > mwniw) ~

Tidth

lo.82\r, + [ fllo,B20w,,)

By [12], Theorem 5.5 we have

lu— urllo ria < Ch?||ullapid, lu — urly pia < ChéHUHQ,Tid

where u; is the simplest ideal triangular finite C°-element interpolating u € H?(T'?).
Setting here u = w and thus uy = @ we find

(102) > (@ =W} pua <CB* D | W]F e < CRP ([0l g, + @15 0,)-
Tide My, Tide My,

By (61), (62) and (94) we obtain

(103) w3 ., <CRlwl? g,

and

(104) > D =3 e < CRZJw])f g, -
Tide My,
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According to (101),
(105) Dy < CR|wl1,0,-

As to the estimate of D3 we use the Cauchy inequality and assumption (B) and
obtain

(106) Dy < C(1+ [l g + 1fllo, 0, v/ Mea52 W) [W]1 0 -

Due to (103), (106) we find that

(107) D3 < CRY2||w|1 -
Similarly,
(108) Dy < CRY2 w1 -

Relations (100), (105), (107), (108) together with Lemma 10.3 yield estimate (99).
]

Thus, using the preceding results we obtain

Theorem 10.5. Let assumptions (A)—(E) as well as the assumptions concern-
ing the degrees of precision of quadrature formulas on a triangle and its side (see
Theorems 6.4 and 6.6) be satisfied. Then

(109) lim [|u —unll1,0, =0,

where uy, is the solution of Problem 2.3.1, u € H'(Q) is the solution of Problem

2.2.2, and u = E(u) € H'(Q) is its extension in the sense of Lemma 4.4 with k = 1.
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