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ABSTRACT

Monte Carlo simulation is one alternative for analyzing options markets when the assumptions of

simpler analytical models are violated. We introduce techniques for the sensitivity analysis of option

pricing which can be efficiently carried out in the simulation. In particular, using these techniques,

a single run of the simulation would often provide not only an estimate of the option value but also

estimates of the sensitivities of the option value to various parameters of the model. Both European

and American options are considered, starting with simple analytically tractable models to present

the idea and proceeding to more complicated examples. We then propose an approach for the pric-

ing of options with early exercise features by incorporating the gradient estimates in an iterative

stochastic approximation algorithm. The procedure is illustrated in a simple example estimating the

option value of an American call. Numerical results indicate that the additional computational effort

required over that required to estimate a European option is relatively small.

Keywords: sensitivity analysis, option pricing, Monte Carlo simulation, stochastic approximation

algorithm.
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Option pricing is an important area of research in the finance community. Due to the complexity

of the underlying dynamics, analytical models for option pricing entail many restrictive assumptions,

so for real-world applications approximate numerical methods are employed. One such method is

Monte Carlo simulation. Boyle (1977) was among the first to propose using Monte Carlo simulation

to study option pricing. Since then, many researchers, e.g., Figlewski (1992), Hull and White (1987),

Johnson and Shanno (1987), and Scott (1987), have employed Monte Carlo simulation for analyzing

options markets. The advantage of the approach is its generality in being able to model “imperfect”

market conditions not easily captured in analytically tractable models; as Boyle (1977) has stated,

“the Monte Carlo method should prove most valuable in situations where it is difficult if not impossi-

ble to proceed using a more accurate approach.” Its disadvantages are its computational inefficiency

when compared to most other numerical methods and its tendency to result in an uninsightful black

box treatment of the model.

Given that Monte Carlo simulation is to be employed, there are ways to make the technique both

more efficient and more insightful. For example, Boyle (1977) used control variates and antithetic

variates to reduce variance in his studies. However, he makes the statement, “To obtain option values

corresponding to different current stock prices a set of simulation trials has to be carried out for each

starting stock price.” Presumably, this statement would also apply equally to other parameters of

the system, as well. One step in reducing this inefficiency would be the availability of sensitivity

estimates that did not resort to the “brute force” method of numerous additional simulation trials.

The purpose of this paper is to introduce gradient estimation techniques from the stochastic discrete-

event simulation community to option valuation models. (To avoid confusion with its usage in the

lexicon of finance, we will avoid the use of the word “derivative” and use either of the two terms

gradient or sensitivity.) These techniques provide the simulation user with an efficient way to obtain

estimates for sensitivities of the option value with respect to various parameters of the model, both

input parameters such as the current stock price, the striking price, the time to expiration, the

volatility, and the interest rate, and “decision” parameters such as the early exercise threshold levels

for the American option.

We briefly review the mechanics of an option. The chief components are the striking price and

the expiration date (or time to expiration). In a call option, the holder of the option has the right to

purchase the underlying asset (e.g., shares of a stock) at the striking price. In the case of a European
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option, this right can only be exercised on the expiration date. In the case of an American option, this

right can be exercised at any time up to and including the expiration date. In either case, the option

does not have to be exercised at all on the expiration date if the stock price is below the striking price

(“out of the money” in finance terminology). A put option, on the other hand, is identical except

that it is the right to sell at the striking price. Calls and puts can themselves be either bought

or sold, which in combination with opportunities to buy and sell the asset itself, creates numerous

hedging strategy possibilities. The dynamics of the underlying asset are generally described by a

stochastic differential equation, usually containing diffusion processes and jump processes. Due to

the complexity of these dynamics, exact “easy” expressions for the option price are not obtainable

except for the simplest models, e.g., for the justly celebrated Black-Scholes model. This difficulty

necessitates the use of approximate numerical methods, with Monte Carlo simulation being one of

the most general and easily applied methods.

The chief benefits of the gradient estimation techniques that we introduce in this paper and which

we hope to illustrate through our examples are the following:

• implementation of these techniques requires very little additional overhead in the simulation;

• the estimation is computationally efficient compared to the multiple runs that would be needed

to construct finite difference estimates for each parameter of interest;

• the estimators can handle both jump processes and continuous processes;

• the estimators have lower variance (generally) than naive finite difference estimates;

• the simultaneous availability of sensitivity estimates opens up the possibility for on-line adjust-

ment of certain decision parameters (e.g., exercise thresholds).

The last item leads to the possibility of using the estimates in the difficult problem of pricing options

with early exercise features via Monte Carlo simulation. In particular, by viewing the pricing of

an American call as an optimization problem, the gradient with respect to early exercise threshold

levels can be incorporated into a stochastic approximation algorithm to estimate the option value,

thus refuting the widely held believe that

“Monte Carlo simulation can only be used for European-style options” (Hull 1993, p.363).
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Numerical results that we report for a few examples indicate that the algorithm converges very

quickly.

Stochastic derivative estimation in Monte Carlo simulation has been an active research area in the

study of discrete-event systems such as queueing systems. The two most widely used techniques are

perturbation analysis (PA) and the likelihood ratio (LR) method (also known as the score function

method). Monographs for the former are Ho and Cao (1991) and Glasserman (1991), and a recent

monograph for the latter is Rubinstein and Shapiro (1993). In this work, we will concentrate on PA,

which is a sample path method for estimating the gradient. Roughly speaking, if JT is a sample

performance over some time horizon [0, T ], E[JT ] its expectation, and θ a parameter of interest, then

our interest is in estimating the sensitivity ∂E[JT ]/∂θ. Infinitesimal perturbation analysis (IPA)

simply takes the estimate ∂JT /∂θ, so in order for it to be unbiased, the following must be satisfied:

E

[
∂JT

∂θ

]
=

∂E[JT ]
∂θ

. (1)

This is usually established by finding conditions on the system under which the dominated conver-

gence theorem can be applied to exchange the limit (differentiation) and integral (expectation). In

applications to queueing, this usually means a.s. (almost sure) continuity of JT with respect to θ.

What makes this a non-trivial problem in general is the dependence of JT on θ being non-explicit,

i.e., there may be a dynamic, recursive relationship. For (smoothly) continuously changing stock

prices (e.g., governed by a diffusion process), however, the problem is usually trivial, as we shall see.

However, the presence of jumps, e.g., in the form of ex-dividends or more generally a jump process,

makes the problem more interesting, and sometimes the conditions for (1) are violated.

When the conditions for unbiasedness of the IPA estimator are violated, an alternative means

to IPA employing conditional Monte Carlo estimator can be used. This approach has come to be

known as smoothed perturbation analysis (SPA). By conditioning on some appropriate set of random

variables represented by say Z, we hope to be able to satisfy the following less stringent condition:

E

[
∂E[JT |Z]

∂θ

]
=

∂E[JT ]
∂θ

. (2)

The term “smoothed” comes about from the usual smoothing property of a conditional expectation

(Gong and Ho 1987), which would require milder conditions under which the exchange in (2) holds

over those required for the exchange in (1).
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We now briefly compare and contrast our work to other related work. Early work in the area

of sensitivity analysis for option pricing includes Broadie and Glasserman (1996), which uses the

likelihood ratio method alluded to earlier and perturbation analysis, but the use of perturbation

analysis is restricted to infinitesimal perturbation analysis, and they consider European and Asian

options, but without early exercise features, as in American options. With respect to using Monte

Carlo simulation to perform pricing of options with early exercise features, early work includes Tilley

(1993) and Grant, Vora, and Weeks (1997). The former analyzes only American options, whereas

the latter considers more general path-dependent options such as Asian options. However, their

approaches differ totally from ours, in that they do not employ gradient estimation techniques with

stochastic approximation; rather, Monte Carlo simulation is used to perform the backwards induction

of the dynamic programming formulation to determine the optimal exercise threshold levels and then

the option value. In light of Hull’s earlier quote, we strongly believe that all new alternatives which

open up the possibility of using Monte Carlo simulation for the pricing of early exercise options merit

further consideration and research.

The rest of the paper is organized as follows. In section 1, we apply PA to a simple European

call option, including the celebrated Black-Scholes model as a special case. In section 2, we consider

a more complicated example of an American call option on an underlying asset with dividends. In

section 3, we show how the PA estimates can be incorporated in a stochastic approximation algorithm

to iteratively determine the optimal early exercise threshold levels, and hence be used to estimate

the value of options with early exercise features. Empirical performance of this algorithm is provided

via numerical results on American options, considering both analytically tractable Black-Scholes-

type models (diffusion model giving lognormally-distributed stock prices; these constitute the most

celebrated models for options pricing in the finance literature), and intractable, non-Markovian,

non-continuous (i.e., jump) models.
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1 A Simple European Call

We begin by introducing the following notation to be used throughout the rest of the paper:

St = the asset price at time t,

S0 = the initial stock asset,

r = the annualized riskless interest rate (compounded continuously),

µ, σ = parameters of the distribution of the underlying stock,

K = the striking price of the option contract,

T = the lifetime (expiration date) of the option contract,

JT = the net present value return of the option on its expiration.

We are without loss of generality designating the present time as time 0. Usually, σ will represent

the volatility of the underlying stock, and µ the drift or some other mean-related parameter. We

assume that St and JT are random variables, whereas the rest are constants.

In this section, we consider a simple European call where stock prices change continuously, and

the exchange in (1) can be established in a straightforward manner. The option value for a European

call is given by

JT = (ST −K)+e−rT 4
= max(ST −K, 0)e−rT . (3)

We are interested in E[JT ], the expected return of the option at its expiration date, and its sensitivity

∂E[JT ]/∂θ, where θ is the parameter of interest (e.g., S0, r, σ, µ, K, T ). We wish to derive an estimator

for ∂E[JT ]/∂θ. Since r and T are assumed constant, we can write E[JT ] = e−rT E[(ST −K)+], so

∂E[JT ]
∂θ

= e−rT

[
∂E[(ST −K)+]

∂θ
− E[(ST −K)+]

∂(rT )
∂θ

]
,

and hence the problem reduces to finding an unbiased estimator for ∂E[(ST −K)+]/∂θ.

The IPA derivative estimator from differentiating (3) is

∂JT

∂θ
= e−rT

{
∂(ST−K)

∂θ − (ST −K)∂(rT )
∂θ for ST > K

0 otherwise

= e−rT
[
∂(ST −K)

∂θ
− (ST −K)

∂(rT )
∂θ

]
1{ST > K}, (4)

6



where 1{·} is the set indicator function.

Theorem 1. If St is a.s. continuous and a.s. piecewise differentiable with respect to θ ∈ Θ for some

open set Θ, and

E

[
sup
θ∈Θ

ST

]
< ∞, E

[
sup
θ∈Θ

∣∣∣∣
∂ST

∂θ

∣∣∣∣
]

< ∞,

(the second “sup” taken over only those points in Θ where the derivative exists), then the IPA

estimator given by (4) is an unbiased estimator for ∂E[JT ]/∂θ.

Remark. Thus, for European options with smoothly changing stock prices, IPA works.

Proof. The proof essentially follows Glasserman (1991). If St is a.s. continuous with respect to θ,

then (ST − K)+ and hence JT are a.s. continuous and a.s. piecewise differentiable with respect to

θ (its only point of nondifferentiability at ST = K). Therefore, based on a generalized mean value

theorem (p.15 in Glasserman 1991), there exists a ∆ > 0 such that
∣∣∣∣
JT (θ + ε)− JT (θ)

ε

∣∣∣∣ ≤ sup
0≤ε≤∆

∣∣∣∣
∂JT (θ + ε)

∂θ

∣∣∣∣ .

Furthermore, we have by the second set of conditions E
[
sup0≤ε≤∆ dJT (θ + ε)/∂θ

]
≤ ∞, so using the

dominated convergence theorem, we have

∂E[JT ]
∂θ

= lim
ε→0

E[JT (θ + ε)]− E[JT (θ)]
ε

= E

[
lim
ε→0

JT (θ + ε)− JT (θ)
ε

]
applying the dominated convergence theorem

= E

[
∂JT

∂θ

]
.

Hence, the estimator given by (4) is an unbiased estimator for ∂E[JT ]/∂θ. 2

The stochastic derivatives for each of the five different parameters are given in Table 1. From a

simulation trial used to estimate of ST , the table can be used to get estimates of ∂E[JT ]/∂θ for each

parameter of interest, along with the usual estimate of E[JT ] itself via e−rT (ST −K)+. Notice that

no distributional assumptions need be made a priori.

Assuming the stock price is independent of the striking price, the sensitivity estimate with respect

to the striking price K is already determined, and thus an unbiased estimate for ∂E[JT ]/∂K is given

by ∂JT /∂K = −e−rT1{ST > K}. This result follows from (4) and Theorem 1, but can also be

established easily in a direct manner, since

E[JT ] = e−rT E[(ST −K)+] = e−rT
∫ ∞

K
(x−K)dFST

(x),
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Table 1: IPA Derivative Estimators for the European Option

θ ∂JT
∂θ for ST > K (0 otherwise)

K −e−rT

S0 e−rT ∂ST
∂S0

r e−rT [T (K − ST ) + ∂ST
∂r ]

σ e−rT ∂ST
∂σ

T e−rT [r(K − ST ) + ∂ST
∂T ]

so ∂E[JT ]/∂K = e−rT
∫ ∞

K
(−1)dFST

(x) = E[−e−rT1{ST > K}].

Some other special cases which may be of practical interest are when the parameters S0 and/or

σ are scale or location parameters. If they are scale parameters of the stock price, i.e., if they double

then the price of the stock would double, then

∂ST

∂θ
=

ST

θ
.

If they are location parameters of the stock price, i.e., if they are increased (or decreased) some

amount then the price of the stock would increase (or decrease) by the same amount, then

∂ST

∂θ
= 1.

Special Case: Black-Scholes

We illustrate the derivatives for the special case of Black-Scholes (see, e.g., Hull 1993). The stock

price St is assumed to follow the dynamics given by the stochastic differential equation

dSt = µStdt + σStdZt,

where dZt is the standard Wiener process whose increments are uncorrelated, and µ and σ2 are

the annualized drift and variance rate of the underlying stock, respectively. Risk-neutral valuation

(e.g., Cox and Ross 1976; see also Harrison and Pliska 1981) justifies µ = r, and the solution of

this differential equation is given by Ito’s equation, which yields a lognormally distributed random

variable

St = S0 exp[(r − σ2/2)t + σ
√

tZ], (5)

where Z ∼ N(0, 1), a normal random variable with mean 0 and standard deviation 1. Note that the

starting price S0 is a scale parameter for the stock price St.
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Table 2: IPA Derivative Estimator for Black-Scholes

θ ∂JT
∂θ for ST > K (0 otherwise)

K −e−rT

S0 e−rT ST
S0

r e−rT KT

σ e−rT ST (−σT +
√

TZ)
T e−rT

[
ST

(
−σ2

2 + σZ
2
√

T

)
+ Kr

]

Straightforward differentiation of (5) for (4) gives the estimates in Table 2. Since St is continuous

with respect to S0, r, σ, and t, Theorem 1 applies, and the estimators are unbiased. However, since

Black-Scholes is analytically tractable, unbiasedness can be established directly by calculating the

left-hand and right-hand sides of the required condition (1), instead of invoking the dominated

convergence theorem to exchange the two operators. First denote

d1 =
1

σ
√

T

(
ln

S0

K
+ (r + σ2/2)T

)
, d2 = d1 − σT.

Then we have (e.g., Stoll and Whaley 1993, p.319)

E[JT (S0,K; r, σ)] = S0N(d1)−Ke−rT N(−d2),∫ ∞

−d2

dN(z) = N(d2),
∫ ∞

−d2

ST dN(z) = S0e
rT N(−d2),

∫ ∞

−d2

zdN(z) = N ′(d1),
∫ ∞

−d2

zST dN(z) = σ
√

TS0e
rT N(−d2) + S0e

rT N ′(−d2),

where N(·) denotes the standard normal c.d.f. Also note that ST > K is equivalent to Z > −d2,

therefore,

E

[
∂JT

∂K
1{ST > K}

]
= −e−rT N(d2),

E

[
∂JT

∂S0
1{ST > K}

]
= N(−d2),

E

[
∂JT

∂r
1{ST > K}

]
= KTe−rT N(d2),

E

[
∂JT

∂σ
1{ST > K}

]
= S0

√
TN ′(−d2),

E

[
∂JT

∂T
1{ST > K}

]
=

σS0

2
√

T
N ′(−d2) + Kre−rT N(d2),
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which are consistent with the analytical derivatives obtained by differentiating the expression for

E[JT ] above.

2 An American Call on a Dividend-Paying Stock

In this section, we consider a more complicated option model: an American call option on a stock

which distributes a cash dividend of amount Dj at time tj =
∑j

i=1 τi (τj > 0), j = 1, . . . , η(T ),

where η(T ) is the number of dividends distributed during the lifetime of the call contract, τ1 denotes

the time until the first ex-dividend point, τi, i = 2, ..., η(T )− 1 denote the time between subsequent

ex-dividends, and τη(T ) denotes the time from the last ex-dividend point to the expiration date.

Following standard models (e.g., Stoll and Whaley 1993), we assume that after the ex-dividend, the

stock price drops by the amount of the dividend, i.e., St+j
= St−j

−Dj . (Any other drop can be handled

without loss of generality.) For notational convenience, we also denote τη(T )+1 = T −∑η(T )
i=1 τi, t0 =

0, tη(T )+1 = T . We will assume that the dividend amounts {Dj} are known (deterministic). Although

an American call option can be exercised at any time before the expiration date T , under the

assumption of no transaction costs, it is well-known that the option should only be exercised – if at

all – right before an ex-dividend date or at the expiration date (e.g., Stoll and Whaley 1993). Thus,

we assume that the following threshold exercise policy is adopted: there is a stock price sj(≥ K)

associated with tj such that the option is exercised if St−j
> sj .

The sample performance can be written as

JT = e−rT




η(T )∑

i=1




i−1∏

j=1

1{St−j
≤ sj}


1{St−i

> si}
(
St−i

−K
)

er(T−ti) +
η(T )∏

j=1

1{St−j
≤ sj}(ST −K)+


 ,

(6)

and we are interested in estimating ∂E[JT ]/∂θ. It should be clear that St is no longer a.s. continuous

with respect to its parameters, since jumps occur at each ex-dividend point. Hence, the conditions

of Theorem 1 are not met, and (4) will be biased for this model. We note again that since r and T

are constant,
∂E[JT ]

∂θ
= e−rT

[
∂E[ĴT ]

∂θ
− E[ĴT ]

∂(rT )
∂θ

]
, JT = e−rT ĴT ,

where

ĴT =
η(T )∑

i=1




i−1∏

j=1

1{St−j
≤ sj}


1{St−i

> si}
(
St−i

−K
)

er(T−ti) +
η(T )∏

j=1

1{St−j
≤ sj}(ST −K)+.

Thus, the more complicated function ĴT replaces (ST −K)+ from the model of the previous section.

The European call option can be thought of as the special case of sj = ∞ for all j.
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We will assume that aside from the discrete drops at ex-dividend points, the stock price changes

continuously, i.e., according to

h(Z; S, t, µ, σ),

which gives the stock price after duration t from the present, net of the present value of escrowed

dividends, given current stock price S and random vector Z, which is independent of the parameters.

Defining S̃t as the corresponding process, we have

S̃t = h(Z; S̃0, t, µ, σ).

For example, for the Black-Scholes log-normal distribution, we would have

h(Z; S, t, r, σ) = Se(r−σ2/2)t+σ
√

tZ ,

where Z is a standard N(0, 1) normal variable. The relationship between S̃t and St is given by

St = S̃t +
η(T )∑

i=j+1

Die
−r(ti−t), for tj ≤ t < tj+1, j = 0, 1, ..., η(T ).

In particular, just prior to ex-dividend points where early exercise decisions are made, we have

St−j
= S̃t−j

+
η(T )∑

i=j

Di exp


−r

i∑

k=j+1

τk


 , j = 1, ..., η(T ).

(The equation also holds at the non-ex-dividend terminal point j = η(T ) + 1.)

For illustrative purposes, we first consider η(T ) = 1, i.e., there is a single ex-dividend payable

during the lifetime of the contract [0, T ]. We will drop the subscript on the dividend, i.e., D1
4
= D,

and St+1
= St−1

−D. Then, we have

ĴT = 1{St−1
> s}(St−1

−K)er(T−t1) + 1{St−1
≤ s}(ST −K)+, (7)

where St−1
= h(Z1; S̃0, τ1, µ, σ) + D, ST = h(Z2;St−1

− D, τ2, µ, σ) and Z1 and Z2 are two random

variables with distribution functions F1(·) and F2(·) and density functions f1(·) and f2(·). To simplify

notation, we will usually omit the explicit display of the dependence on µ and σ.

The PA estimator for ∂E[JT ]/∂θ, the derivation of which is included in the appendix, is given by
(

∂JT

∂θ

)

PA
= e−rT

[(
∂ĴT

∂θ

)

PA

− ĴT
∂

∂θ
(rT )

]
, (8)

where
(

∂ĴT

∂θ

)

PA

=
∂h−1(y∗)

∂θ
f1(h−1(y∗))

(
E[JT |St−1

= s−]− E[JT |St−1
= s+]

)

+ 1{St−1
> s} ∂

∂θ

[
(St−1

−K)er(T−t1)
]
+ 1{St−1

≤ s} ∂

∂θ
(ST −K)+, (9)
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where we have defined

E[JT |St−1
= s−] = E[(ST −K)+|St−1

= s−] = E[(h(Z2; s−D, τ2)−K)+], (10)

E[JT |St−1
= s+] = (s−K)er(T−t1), (11)

y∗ = (s−D; S̃0, τ1). (12)

Note that the first term (JT |St−1
= s−) will also have to be estimated separately. Intuitively, the esti-

mator resembles the form of the general estimator derived in Fu and Hu (1992) with ∂h−1(y∗)
∂θ f1(h−1(y∗))

in (9) representing lim∆s→0 P (St−1
≤ s + ∆s, St−1

> s)/∆s.

In the appendix, we provide a proof of the following theorem on the unbiasedness of the estimators:

Theorem 2. Under the following assumptions, E[JT ] is differentiable and the PA estimator given

by (8)-(12) is unbiased for ∂E[JT ]/∂θ, θ ∈ Θ for some open set Θ, i.e., E[(∂JT /∂θ)PA] = ∂E[JT ]/∂θ.

A1. h(·) is continuously differentiable and is strictly increasing;

A2. On its support, f1(·) is continuous and bounded, i.e., there exists k > 0 such that f1(·) < k;

A3.

E

[
sup
θ∈Θ

St−1

]
< ∞, E

[
sup
θ∈Θ

∣∣∣∣∣
∂St−1
∂θ

∣∣∣∣∣

]
< ∞, E

[
sup
θ∈Θ

ST

]
< ∞, E

[
sup
θ∈Θ

∣∣∣∣
∂ST

∂θ

∣∣∣∣
]

< ∞.

and

E

[
sup
θ∈Θ

ST

∣∣∣∣∣ Z2

]
< ∞, E

[
sup
θ∈Θ

∣∣∣∣
∂ST

∂θ

∣∣∣∣
∣∣∣∣∣ Z2

]
< ∞ a.s.

Proof. The proof is provided in the appendix. The key is the usual one of showing an exchange of

differentiation (limit) and expectation (integration) operators in the derivation of the estimators.

We now illustrate the estimators with two examples.

Example 1: h(Z;S, t, r, σ) = Se(r−σ2/2)t+σ
√

tZ and f1(x) = f2(x) = e−x2/2/
√

2π, i.e., we assume the

stock price follows the Black-Scholes log-normal distribution. The inverse is given by h−1(y;S, t, r, σ) =

(ln(y/S)− (r − σ2/2)t)/(σ
√

t), so we have

h−1(y∗) =
1

σ
√

τ1

(
ln

s−D

S̃0

− (r − σ2/2)τ1

)
;

S̃0 = S0 −De−rτ1 ;

S̃t−1
= S̃0e

(r−σ2/2)τ1+σ
√

τ1Z1 ;

St−1
= S̃t−1

+ D = S̃0e
(r−σ2/2)τ1+σ

√
τ1Z1 + D;

S̃T = ST = (St−1
−D)e(r−σ2/2)τ2+σ

√
τ2Z2 = S̃0e

(r−σ2/2)T+σ
√

τ1Z1+σ
√

τ2Z2 .
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Case 1. θ = K.

∂h−1(y∗)
∂K

= 0;

∂

∂K

[
(St−1

−K)erτ2
]

= −erτ2 ;

∂

∂K
(ST −K)+ = −1{ST > K}.

Case 2. θ = S0.

∂h−1(y∗)
∂S0

= − 1
S̃0σ

√
τ1

;

∂

∂S0

[
(St−1

−K)erτ2
]

= erτ2S̃t−1
/S̃0;

∂

∂S0
(ST −K)+ = 1{ST > K}ST /S̃0.

Case 3. θ = s.

∂h−1(y∗)
∂s

=
1

(s−D)σ
√

τ1
;

∂

∂s

[
(St−1

−K)erτ2
]

= 0;

∂

∂s
(ST −K)+ = 0.

Case 4. θ = r.

∂h−1(y∗)
∂r

= −
√

τ1

σ

(
De−rτ1/S̃0 + 1

)
;

∂

∂r

[
(St−1

−K)erτ2
]

= erτ2
[
τ2(St−1

−K) + τ1S̃t−1
(1 + De−rτ1/S̃0)

]
;

∂

∂r
(ST −K)+ = 1{ST > K}ST (T + τ1De−rτ1/S̃0).

Case 5. θ = σ.

∂h−1(y∗)
∂σ

= − 1
σ2√τ1

ln
s−D

S̃0

+
√

τ1

2
+

r
√

τ1

σ2
;

∂

∂σ

[
(St−1

−K)erτ2
]

= erτ2S̃t−1
(−στ1 +

√
τ1Z1);

∂

∂σ
(ST −K)+ = 1{ST > K}(−σT +

√
τ1Z1 +

√
τ2Z2)ST .

Case 6. θ = τ1 (τ2 fixed).

∂h−1(y∗)
∂τ1

= − 1
2σ
√

τ1

(
1
τ1

ln
s−D

S̃0

+ 2rDe−rτ1/S̃0 + 2(r − σ2/2)
)

;
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∂

∂τ1

[
(St−1

−K)erτ2
]

= erτ2S̃t−1

(
r − σ2

2
+

σZ1

2
√

τ1

)
;

∂

∂τ1
(ST −K)+ = 1{ST > K}ST

(
r − σ2

2
+

σZ1

2
√

τ1
+ rDe−rτ1/S̃0

)
.

Case 7. θ = τ2 (τ1 fixed).

∂h−1(y∗)
∂τ2

= 0;

∂

∂τ2

[
(St−1

−K)erτ2
]

= erτ2r(St−1
−K);

∂

∂τ2
(ST −K)+ = 1{ST > K}ST

(
r − σ2

2
+

σZ2

2
√

τ2

)
.

Case 8. θ = D.

∂h−1(y∗)
∂D

=
1

σ
√

τ1

( −1
s−D

+ e−rτ1/S̃0

)
;

∂

∂D

[
(St−1

−K)erτ2
]

= erτ2(−e−rτ1S̃t−1
/S̃0 + 1);

∂

∂D
(ST −K)+ = −1{ST > K}e−rτ1ST /S̃0.

Example 2: Every m days, S̃t = S̃0e
rtX, where X ∼ U(1−σ

√
t, 1+σ

√
t), where σ

√
m < 1, i.e., h = hi

for t ∈ [im, (i+1)m], where hi(Z; S, t, r, σ) = Sert(1+σ
√

tZ), Z ∼ U(−1, 1), and f1(x) = f2(x) = 0.5

for x ∈ (−1, 1). Note that this distribution is not memoryless (the process is non-Markovian), and

that σ does not correspond precisely to the annualized variance rate, though it is a measure of

dispersion. We can write h as

h(S, t, r, σ) = Sert




i∏

j=1

(1 + σ
√

mZj)


 (1 + σ

√
t− imZi+1) for t ∈ [im, (i + 1)m].

For simplicity, we will assume τ1 = m and τ2 < m (there is no difficulty in considering more general

cases, aside from algebra), so we have

h−1(y∗) =
1

σ
√

τ1

(
s−D

S̃0erτ1
− 1

)
;

S̃0 = S0 −De−rτ1 ;

S̃t−1
= S̃0e

rτ1(1 + σ
√

τ1Z1);

St−1
= S̃t−1

+ D = S̃0e
rτ1(1 + σ

√
τ1Z1) + D;

S̃T = ST = (St−1
−D)erτ2(1 + σ

√
T − τ1Z2) = S̃0e

rT (1 + σ
√

τ1Z1)(1 + σ
√

τ2Z2).
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Case 1. θ = K.

∂h−1(y∗)
∂K

= 0;

∂

∂K

[
(St−1

−K)erτ2
]

= −erτ2 ;

∂

∂K
(ST −K)+ = −1{ST > K}.

Case 2. θ = S0.

∂h−1(y∗)
∂S0

= − s−D

S̃2
0σ
√

τ1erτ1
;

∂

∂S0

[
(St−1

−K)erτ2
]

= erτ2S̃t−1
/S̃0;

∂

∂S0
(ST −K)+ = 1{ST > K}ST /S̃0.

Case 3. θ = s.

∂h−1(y∗)
∂s

=
1

σ
√

τ1S̃0erτ1
;

∂

∂s

[
(St−1

−K)erτ2
]

= 0;

∂

∂s
(ST −K)+ = 0.

Case 4. θ = r.

∂h−1(y∗)
∂r

= −(s−D)
√

τ1

σS̃0erτ1

(
De−rτ1/S̃0 + 1

)
;

∂

∂r

[
(St−1

−K)erτ2
]

= erτ2
[
τ2(St−1

−K) + τ1S̃t−1
(1 + De−rτ1/S̃0)

]
;

∂

∂r
(ST −K)+ = 1{ST > K}ST (T + τ1De−rτ1/S̃0).

Case 5. θ = σ.

∂h−1(y∗)
∂σ

= − 1
σ2√τ1

(
s−D

S̃0erτ1
− 1

)
;

∂

∂σ

[
(St−1

−K)erτ2
]

= erτ2(S̃t−1
− S̃0e

rτ1)/σ;

∂

∂σ
(ST −K)+ = 1{ST > K}S̃0e

rT (2σ
√

τ1Z1
√

τ2Z2 +
√

τ1Z1 +
√

τ2Z2).

Case 6. θ = τ1 (τ2 fixed).

∂h−1(y∗)
∂τ1

= − s−D

2σ
√

τ1S̃0erτ1

((
1− S̃0e

rτ1

s−D

)
/τ1 + 2r

(
1 + De−rτ1/S̃0

))
;
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∂

∂τ1

[
(St−1

−K)erτ2
]

= erτ2

(
rS̃t−1

+ S̃0e
rτ1 σ

2
√

τ1
Z1 + rDe−rτ1S̃t−1

/S̃0

)
;

∂

∂τ1
(ST −K)+ = 1{ST > K}

(
rST + S̃0e

rT σ

2
√

τ1
Z1 (1 + σ

√
τ2Z2) + rDe−rτ1ST /S̃0

)
.

Case 7. θ = τ2 (τ1 fixed).

∂h−1(y∗)
∂τ2

= 0;

∂

∂τ2

[
(St−1

−K)erτ2
]

= erτ2r(St−1
−K);

∂

∂τ2
(ST −K)+ = 1{ST > K}

(
rST + S̃0e

rT (1 + σ
√

τ1Z1)
σ

2
√

τ2
Z2

)
.

Case 8. θ = D.

∂h−1(y∗)
∂D

=
s−D

σ
√

τ1S̃0erτ1

( −1
s−D

+ e−rτ1/S̃0

)
;

∂

∂D

[
(St−1

−K)erτ2
]

= erτ2(−e−rτ1S̃t−1
/S̃0 + 1);

∂

∂D
(ST −K)+ = −1{ST > K}e−rτ1ST /S̃0.

Analysis for general η(T ) ≥ 1 carried out in Fu et al. (2000) leads to the PA estimator

η(T )∑

i=1

1





i−1⋂

j=1

St−j
≤ sj





∂h−1(y∗i )
∂θ

fi(h−1(y∗i ))



E


L

∣∣∣∣∣∣

i−1⋂

j=1

St−j
≤ sj , St−i

= s−i


− (si −K)e−rti





+
η(T )∑

i=1

1





i−1⋂

j=1

St−j
≤ sj , St−i

> si





∂

∂θ

[
(St−i

−K)e−rti
]

+1{St−1
≤ s1, ..., St−

η(T )
≤ sη(T )}

∂

∂θ

[
(ST −K)+e−rT

]
,

where y∗i = (si −
η(T )∑

j=i

Dj exp


−r

j∑

k=i+1

τk


 ; S̃ti−1 , τi, µ, σ), i = 1, ..., η(T ).
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Numerical Results

Numerical results for a large number of parameter settings — 486 cases for Example 1 and 162 cases

for Example 2 — are reported here (from Fu and Hu 1993). We compare the PA estimators with

the performance of finite difference estimates. The “precision” of the estimate will be represented

by the standard error. For the finite difference estimate, there is obviously a choice that needs to be

made with respect to the size of the difference. Larger differences lead to lower variance but higher

bias, since you would be less likely to be estimating the gradient unless the performance curve is very

linear. Exact results via the Geske-Roll-Whaley model (cf. Stoll and Whaley 1993 or Hull 1993) are

also provided for Example 1, the lognormal case.

For Example 1, three different settings for each of K, S0, σ, D, and the (τ1, τ2) pair were chosen,

and two settings for r, giving a total of (35)(2) = 486 cases:

K = 40, 50, 60;

S0 = 40, 50, 60;

σ = 0.1, 0.3, 0.5;

(τ1, τ2) = (60, 30), (60, 90), (5, 30);

D = 0.5, 1.0, 2.0;

r = 0.05, 0.10.

Example 2 used the identical settings, with the exception of using only the first choice for the (τ1, τ2)

pair, giving a reduced total number of 162 cases. The value of s used was calculated via the Geske-

Roll-Whaley model, so it will be optimal for Example 1, but not for Example 2; this however, just

means that in Example 1, the estimate for E[JT ] will estimate the option value, whereas in Example

2, the estimate will merely estimate the option payoff at the same early exercise threshold. In the next

section, we will discuss a method that can be used to determine the optimal s values via simulation

for any given distribution of stock prices.

For the finite difference estimation, we used a difference of 0.1 for the derivatives with respect

to K and S0, and 0.001 for the derivatives with respect to r, σ, τ1, τ2, and D. Large differences

were also tried in order to reduce the variance, but the bias was increase dramatically, and so these

simulations are not reported here. The results are given in the form of a mean ± standard error

based on 36,100 simulation replications, with “PA” indicating the perturbation analysis estimates

and “FD” indicating the finite difference estimates. Tables 3 through 56 give the results for Example

1 (lognormal), where exact results are also included, and Tables 57 through 74 give the results for
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Example 1 (uniform). The minimal variation due to the one extra “off-line” simulation needed to

estimate E[JT |St−1
= s−] is not included in the sample variance calculations. The precision can

be further reduced by employing other variance reduction techniques such as control variates and

antithetic variates, as pointed out by Boyle (1977). However, these methods could also reduce

variance for PA, as well as the FD estimate, so the relative accuracy of the two should be unchanged.

For the most part, the perturbation analysis estimates did better than the finite difference es-

timates, and sometimes quite a bit better. In addition, in terms of raw computation time, the

reduction was on the order of 5, versus a “best” reduction of 8, since 8 derivatives were estimated

(the one with respect to s was omitted in this part, but are used in the next subsection). The results

indicate that the sensitivity estimate with respect to the volatility is usually the noisiest, for both

PA and FD.
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3 Application to Option Pricing of American Calls

3.1 Formulation as An Optimization Problem

Now, for an American call, we incorporate the gradient estimate with respect to the early exercise

threshold parameter into a stochastic approximation algorithm (see, e.g., Fu 1994) to determine the

optimal setting of this parameter, where the “best guess” of the optimal setting is updated iteratively

based on the gradient estimate. Let g(θ) = ∇θE[JT (θ)], where ∇θ denotes the gradient with respect

to θ, which in general could be a vector of parameters. In our application, JT is the return of the

option as a function of θ, which is the scalar early exercise threshold parameter s for the single

ex-dividend case, and a vector when there are multiple ex-dividend points. The option value can

then be defined as the point at which E[JT (θ)] is maximized with respect to θ. The basic underlying

assumption of the stochastic approximation algorithm is that the original problem can be solved by

finding the zero of the gradient, i.e., by finding θ∗, the optimal exercise threshold level, such that

g(θ∗) = 0. Of course, in practice, this may lead only to local optimality. Formulation of American

call options in this manner was also pointed out by Welch and Chen (1991) for the application of

analytical techniques.

Since the problem is a maximization problem, the stochastic approximation algorithm takes the

following form:

θ(n+1) = ΠΘ

(
θ(n) + anĝn

)
, (13)

where θ(n) is the parameter setting at the beginning of iteration n, ĝn is an estimate of g(θ(n)) from

iteration n, an is a (positive) sequence of step sizes, and ΠΘ is a projection onto some set Θ, e.g.,

the positive real numbers <+. For our example, we have the unbiased estimate defined by (8)-(12):

ĝn = e−rT ∂h−1(y∗)
∂θ

f(h−1(y∗))
(
E[JT |St−1

= s−]− E[JT |St−1
= s+]

)
, (14)

where the last two terms in (9) are zero, since the underlying stock process is independent of the

exercise threshold (Case 3 in either of the two examples).

To guarantee a.s. convergence of the algorithm to the optimum, certain conditions on the nature

of the noise in the gradient estimate, the sequence of step sizes, and the uniqueness of the optimum

are required. For example, the results in Kushner and Clark (1978) yield the following convergence

result:
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Theorem 3. Assume that g(θ) is continuous w.r.t. θ, and that

∑
an = ∞,

∑
a2

n < ∞, E[ĝ] = dE[g(θ)]/ds, E[ĝ2] bounded, on θ ∈ Θ.

Then, if g(θ) has a unique zero θ∗ ∈ Θ s.t. g(θ) > 0 ∀θ < θ∗, then θ(n) → θ∗ w.p.1 for the projection

algorithm.

The conditions on the step sizes are satisfied, for example, by the harmonic series an = a/n

(for some constant a). In the harmonic series sequence of step sizes, a decrease is taken at every

iteration. In practice, the harmonic series often leads to rather slow convergence. Modifications such

as decreasing the step size only if the gradient direction has changed from the previous iteration

work better in practice; this is the so-called accelerated harmonic series. We also note that the best

achievable asymptotic convergence rate for the algorithm – obtained when an unbiased estimate is

used – is n−1/2 (cf. Kushner and Clark 1978), the same (slow) rate as when Monte Carlo simulation

is used for estimation only.

3.2 Numerical Examples

The main considerations in applying the algorithm in practice are the following:

• Getting a gradient estimate ĝ.

• Choosing a step size an.

• Choosing an observation length for each iteration.

• Choosing a starting point for the algorithm.

• Choosing a stopping rule for the algorithm.

For our example, we took Θ = [K, 5K], with the value θ = 5K essentially meaning the American

option is equivalent to the European option for most realistic values of the parameters. For the step

sizes, we used the so-called accelerated harmonic series described before, with a = 100. We took

θ0 = K, i.e., the initial exercise threshold level was simply set to the striking prices. We considered

fixed observation lengths of both 10 and 100. Increasing the observation length gradually is another

option that we did not implement. Because we just wanted to get an idea as to the behavior and

performance of the algorithm, we did not implement a stopping rule, but instead investigated the

improvement of the option value at various points in the iteration.

20



We ran three different cases corresponding to varying the dividend amounts D = 0.5, 1.0, 2.0, and

keeping the other parameters at the following values:

K = S0 = 50, r = 0.10, σ = 0.30, (τ1, τ2) = (60, 30).

We used the lognormal distribution of Example 1 so we could track the performance of our algorithm

by calculating the objective function (expected option payoff, e.g., via Stoll and Whaley 1993) as

the values of s was changed according to the gradient algorithm. We would expect the curve for

D = 0.5 to be relatively flat with respect to the exercise threshold, since a lower cash dividend

makes the behavior closer to a European-type option, whereas D = 2.0 should show decidedly more

peakedness. In Figure 1, this behavior is borne out, where the expected option payoff as a function

of the early exercise threshold is plotted for the three dividend values. Of course, this information

was not used in the algorithm, since it would not be available for actual cases where simulation was

needed. We ran the algorithm for 9 different replications to get the average performance. A detailed

graphical representation of the improvement in estimating the option call value is shown in Figures 2

through 7, which depicts the expected option payoff (on the vertical axis) at the value of the exercise

threshold after a given number of simulations (on the horizontal axis) was used. Thus, the point 10

on the horizontal axis (in 100s of simulations) corresponds to 100 iterations for the case where the

observation length is 10, and only 10 iterations for the case where the observation length is 100. The

actual option value is represented by the horizontal line, and the mean of the objective function over

the 9 replications is shown by the thicker plot, with the thinner plots above and below bracketing

the mean by the standard error. There are six figures, since there are two observation lengths used

for each of the three cases.

The results show that the algorithm converges quite quickly. In all the figures except Figure 3,

convergence to within a penny of the actual option value is achieved within 1000 simulations, and

in Figure 3, it is achieved within 7000 simulations. Compared with the numerical results reported

in Fu and Hu (1993), this is much less effort than is needed to simply estimate an option payoff to

within a penny. In other words, the additional effort needed to estimate an American option using

Monte Carlo simulation over what is needed to estimate a European option in this case is negligible.

Finally, we reiterate that Example 1 was used just so the performance of the algorithm could be

easily tracked. As far as the algorithm itself is concerned, the intractable Example 2 could just have

easily been used.
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Appendix: Proof of Theorem 2

In this section, we provide the proof of Theorem 2 by way of deriving the PA estimator for ∂E[JT ]/∂θ,

given by Equation (8). First we will do the derivation assuming certain exchanges of operators are

valid, which we will prove by using the conditions of the theorem statement. Recall that to simplify

notation, we will usually omit the explicit display of the dependence on µ and σ.

Taking the expectation of the first term of ĴT , given by Equation (7), we have

E
[
1{St−1

> s}(St−1
−K)erτ2

]

= E
[
1{h(Z1; S̃0, τ1) + D > s}(h(Z1; S̃0, τ1) + D −K)erτ2

]

= E
[
1{Z1 > h−1(s−D; S̃0, τ1)}(h(Z1; S̃0, τ1) + D −K)erτ2

]

=
∫ ∞

h−1(y∗)
(h(x; S̃0, τ1) + D −K)erτ2f1(x)dx,

where we have defined y∗ = (s−D; S̃0, τ1). Differentiating, we have

∂

∂θ
E

[
1{St−1

> s}(St−1
−K)erτ2

]

= −∂h−1(y∗)
∂θ

(h(h−1(y∗); S̃0, τ1) + D −K)erτ2f1(h−1(y∗))

+
∫ ∞

h−1(y∗)

∂

∂θ

((
h(x; S̃0, τ1) + D −K

)
erτ2

)
f1(x)dx (15)

= −∂h−1(y∗)
∂θ

(s−K)erτ2f1(h−1(y∗)) + E

[
1{St−1

> s} ∂

∂θ

((
St−1

−K
)

erτ2
)]

. (16)

On the other hand,

E
[
1{St−1

≤ s}(ST −K)+
]

= E
[
1{St−1

≤ s}(h(Z2; St−1
−D, τ2)−K)+

]

= E

[∫ h−1(y∗)

−∞
(h(Z2; h(x; S̃0, τ1), τ2)−K)+f1(x)dx

]
,

so assuming an interchange of differentiation and expectation, we have

∂

∂θ
E

[
1{St−1

≤ s}(ST −K)+
]

= E

[
∂

∂θ

(∫ h−1(y∗)

−∞
(h(Z2;h(x; S̃0, τ1), τ2)−K)+f1(x)dx

)]
(17)

= E

[
∂h−1(y∗)

∂θ
(h(Z2; h(h−1(y∗); S̃0, τ1), τ2)−K)+f1(h−1(y∗))
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+
∫ h−1(y∗)

−∞
∂

∂θ

(
(h(Z2;h(x; S̃0, τ1), τ2)−K)+f1(x)

)
dx

]
(18)

= E

[
∂h−1(y∗)

∂θ
(h(Z2; s−D, τ2)−K)+f1(h−1(y∗)) + 1{St−1

≤ s} ∂

∂θ
(ST −K)+

]
. (19)

Combining (16) and (19), we have

∂E[ĴT ]
∂θ

=
∂h−1(y∗)

∂θ
f1(h−1(y∗))E

[
(h(Z2; s−D, τ2)−K)+ − (s−K)erτ2

]

+E

[
1{St−1

> s} ∂

∂θ

((
St−1

−K
)

erτ2
)]

+ E

[
1{St−1

≤ s} ∂

∂θ
(ST −K)+

]
,

resulting in the PA estimator given by Equations (8)-(12).

Now we proceed with the actual proof. As we said earlier, the key is to show that we can exchange

the differentiation (limit) and expectation (integration) operators in deriving (15), (17) and (18). Let

us first consider (15). Based on (A1) we know that h−1(y∗) exists, (h(x; S̃0, τ1)−K)erτ2f1(x) is con-

tinuous with respect to x and (h(x; S̃0, τ1)−K)erτ2f1(x) and h−1(y∗) are continuously differentiable

with respect to θ. On the other hand we have based on (A3) that

∫ ∞

h−1(y∗)
sup
θ∈Θ

∣∣∣∣
∂

∂θ

(
h(x; S̃0, τ1) + D −K)erτ2

)∣∣∣∣ f1(x)dx

= E

[
1{St−1

> s} sup
θ∈Θ

∣∣∣∣
∂

∂θ
((St−1

−K)erτ2)
∣∣∣∣
]

≤ E

[
sup
θ∈Θ

∣∣∣∣
∂

∂θ
((St−1

−K)erτ2)
∣∣∣∣
]

< ∞.

Hence using the chain rule (here as Leibniz’s rule for differentiating an integral), and the dominated

convergence theorem, we obtain

∂

∂θ

∫ ∞

h−1(y∗)
(h(x; S̃0, τ1) + D −K)erτ2f1(x)dx

= −∂h−1(y∗)
∂θ

(h(h−1(y∗); S̃0, τ1) + D −K)erτ2f1(h−1(y∗))

+
∫ ∞

h−1(y∗)

∂

∂θ

((
h(x; S̃0, τ1) + D −K

)
erτ2

)
f1(x)dx

= −∂h−1(y∗)
∂θ

(s−K)erτ2f1(h−1(y∗)) + E

[
1{St−1

> s} ∂

∂θ

((
St−1

−K
)

erτ2
)]

.

This verifies (15). We now turn to verification of (18). We note that

(h(Z2; h(x; S̃0, τ1)−D, τ2)−K)+f1(x)
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is a.s. continuous with respect to x, a.s. continuous and piecewise differentiable over Θ, and a.s.

differentiable at every θ ∈ Θ; furthermore a.s.

∫ h−1(y∗)

−∞
sup
θ∈Θ

∣∣∣∣
∂

∂θ

(
(h(Z2; h(x; S̃0)−D, τ2)−K

)+
∣∣∣∣ f1(x)dx

= E

[
sup
θ∈Θ

|1{St−1
≤ s} ∂

∂θ
(ST −K)+|

∣∣∣∣∣ Z2

]

≤ E

[
sup
θ∈Θ

|∂ST

∂θ
|
∣∣∣∣∣ Z2

]
+ sup

θ∈Θ

∣∣∣∣
∂K

∂θ

∣∣∣∣
< ∞

the last inequality following from (A3). Repeating the argument we used for verifying (15), we can

easily show that (18) is correct.

Finally, we verify (17). Since

∫ h−1(y∗)

−∞
(h(Z2; h(x; S̃0, τ1)−D, τ2)−K)+f1(x)dx

is a.s. continuous and piecewise differentiable with respect to θ, based on the dominated convergence

theorem it suffices for us to show that

E

[
sup
θ∈Θ

∣∣∣∣∣
∂

∂θ

(∫ h−1(y∗)

−∞
(h(Z2;h(x; S̃0, τ1)−D, τ2)−K)+f1(x)dx

)∣∣∣∣∣

]
< ∞.

On the other hand, based on (18) we know that

∂

∂θ

(∫ h−1(y∗)

−∞
(h(Z2;h(x; S̃0, τ1)−D, τ2)−K)+f1(x)dx

)

= (h(Z2; s−D, τ2)−K)+f1(h−1(y∗)) + 1{St−1
≤ s} ∂

∂θ
(ST −K)+ a.s.,

hence we only need to show

E

[
sup
θ∈Θ

∣∣∣∣(h(Z2; s−D, τ2)−K)+f1(h−1(y∗)) + 1{St−1
≤ s} ∂

∂θ
(ST −K)+

∣∣∣∣
]

< ∞,

which immediately follows from (A2) and (A3), completing our proof. 2
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                   Figure 1. Behavior of Expected Option Payoff                 
as a Function of Early Exercise Threshold
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Figure 2.  Convergence of the Stochastic Approximation Algorithm     
to the Option Value (D=1.0, 100 simulations/iteration)              
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Figure 3.  Convergence of the Stochastic Approximation Algorithm     
to the Option Value (D=1.0, 10 simulations/iteration)              
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Figure 4.  Convergence of the Stochastic Approximation Algorithm     
to the Option Value (D=0.5, 100 simulations/iteration)              
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Figure 5.  Convergence of the Stochastic Approximation Algorithm     
to the Option Value (D=0.5, 10 simulations/iteration)              
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Figure 6.  Convergence of the Stochastic Approximation Algorithm     
to the Option Value (D=2.0, 100 simulations/iteration)              
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Figure 7.  Convergence of the Stochastic Approximation Algorithm     
to the Option Value (D=2.0, 10 simulations/iteration)              
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Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 2.47 2.47 2.46 0.19 0.19 0.19 0.01 0.01 0.01
± 0.02 ± 0.02 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.505 -0.503 -0.502 -0.058 -0.057 -0.058 -0.002 -0.002 -0.003
±0.003 ±0.003 ±0.001 ±0.001 ±0.000 ±0.000

∂JT /∂S0 0.575 0.569 0.569 0.079 0.082 0.078 0.004 0.004 0.004
±0.003 ±0.013 ±0.002 ±0.004 ±0.000 ±0.000

∂JT /∂r 3.95 4.56 3.90 0.69 0.69 0.69 0.04 0.04 0.04
± 0.02 ± 0.28 ± 0.02 ± 0.01 ± 0.00 ± 0.00

∂JT /∂σ 7.49 7.99 7.41 2.83 2.89 2.83 0.22 0.22 0.23
± 0.06 ± 0.27 ± 0.06 ± 0.21 ± 0.02 ± 0.02

∂JT /∂τ1 7.09 7.85 7.07 2.04 2.10 2.04 0.15 0.15 0.16
± 0.06 ± 0.30 ± 0.05 ± 0.21 ± 0.02 ± 0.02

∂JT /∂τ2 4.14 4.14 4.15 1.91 1.91 1.91 0.14 0.14 0.16
± 0.06 ± 0.06 ± 0.05 ± 0.05 ± 0.02 ± 0.02

∂JT /∂D -0.232 -0.231 -0.231 -0.070 -0.070 -0.069 -0.004 -0.004 -0.004
±0.002 ±0.002 ±0.002 ±0.002 ±0.000 ±0.000

S0 = 50 JT 10.76 10.76 10.73 3.15 3.15 3.14 0.45 0.45 0.46
± 0.03 ± 0.03 ± 0.02 ± 0.02 ± 0.01 ± 0.01

∂JT /∂K -0.945 -0.944 -0.944 -0.504 -0.502 -0.500 -0.103 -0.102 -0.102
±0.001 ±0.001 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂S0 0.973 0.971 0.971 0.576 0.575 0.569 0.136 0.142 0.134
±0.001 ±0.006 ±0.003 ±0.014 ±0.002 ±0.004

∂JT /∂r 6.33 6.07 6.32 5.09 5.05 5.03 1.48 1.53 1.45
± 0.02 ± 0.16 ± 0.03 ± 0.40 ± 0.02 ± 0.06

∂JT /∂σ 1.60 1.21 1.54 9.53 9.42 9.41 5.29 5.44 5.24
± 0.10 ± 0.28 ± 0.07 ± 0.41 ± 0.08 ± 0.17

∂JT /∂τ1 4.87 4.72 4.92 8.79 8.80 8.73 3.89 4.04 3.86
± 0.09 ± 0.25 ± 0.08 ± 0.47 ± 0.07 ± 0.16

∂JT /∂τ2 0.67 0.67 0.66 5.83 5.82 5.82 3.66 3.66 3.61
± 0.03 ± 0.02 ± 0.08 ± 0.08 ± 0.07 ± 0.07

∂JT /∂D -0.043 -0.044 -0.043 -0.271 -0.271 -0.270 -0.118 -0.118 -0.117
±0.001 ±0.001 ±0.002 ±0.002 ±0.002 ±0.002

S0 = 60 JT 20.69 20.69 20.65 11.08 11.08 11.04 3.85 3.85 3.82
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.03 ± 0.03

∂JT /∂K -0.983 -0.983 -0.983 -0.905 -0.904 -0.902 -0.505 -0.503 -0.500
±0.000 ±0.000 ±0.001 ±0.001 ±0.003 ±0.003

∂JT /∂S0 1.000 1.001 1.000 0.943 0.950 0.938 0.578 0.564 0.569
±0.001 ±0.001 ±0.002 ±0.011 ±0.003 ±0.016

∂JT /∂r 6.47 6.47 6.47 7.79 7.64 7.75 6.30 6.12 6.19
± 0.03 ± 0.00 ± 0.02 ± 0.25 ± 0.04 ± 0.46

∂JT /∂σ 0.15 0.12 0.04 3.51 2.53 3.47 11.63 11.37 11.39
± 0.13 ± 0.15 ± 0.11 ± 0.60 ± 0.09 ± 0.50

∂JT /∂τ1 3.97 3.99 3.96 6.89 6.53 6.97 10.49 10.77 10.38
± 0.12 ± 0.13 ± 0.11 ± 0.52 ± 0.09 ± 0.57

∂JT /∂τ2 0.02 0.02 0.01 1.85 1.85 1.81 7.68 7.68 7.57
± 0.01 ± 0.00 ± 0.05 ± 0.05 ± 0.10 ± 0.10

∂JT /∂D -0.002 -0.002 -0.001 -0.098 -0.098 -0.098 -0.309 -0.309 -0.305
±0.001 ±0.001 ±0.001 ±0.001 ±0.002 ±0.002



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 2.28 2.28 2.27 0.16 0.16 0.16 0.00 0.00 0.01
± 0.02 ± 0.02 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.487 -0.484 -0.483 -0.049 -0.049 -0.050 -0.002 -0.002 -0.002
±0.003 ±0.003 ±0.001 ±0.001 ±0.000 ±0.000

∂JT /∂S0 0.549 0.546 0.545 0.067 0.069 0.068 0.003 0.003 0.003
±0.003 ±0.012 ±0.002 ±0.004 ±0.000 ±0.000

∂JT /∂r 3.74 4.03 3.71 0.58 0.62 0.59 0.03 0.03 0.03
± 0.02 ± 0.28 ± 0.01 ± 0.04 ± 0.00 ± 0.00

∂JT /∂σ 7.45 7.41 7.43 2.49 2.56 2.52 0.18 0.18 0.18
± 0.06 ± 0.22 ± 0.06 ± 0.30 ± 0.02 ± 0.02

∂JT /∂τ1 6.13 6.37 6.12 1.68 1.75 1.70 0.12 0.12 0.12
± 0.06 ± 0.28 ± 0.04 ± 0.29 ± 0.01 ± 0.01

∂JT /∂τ2 3.57 3.57 3.58 1.53 1.54 1.55 0.10 0.10 0.12
± 0.06 ± 0.05 ± 0.05 ± 0.04 ± 0.01 ± 0.01

∂JT /∂D -0.210 -0.210 -0.209 -0.058 -0.058 -0.059 -0.003 -0.003 -0.003
±0.002 ±0.002 ±0.001 ±0.001 ±0.000 ±0.000

S0 = 50 JT 10.44 10.44 10.41 2.90 2.90 2.89 0.39 0.39 0.39
± 0.03 ± 0.03 ± 0.02 ± 0.02 ± 0.01 ± 0.01

∂JT /∂K -0.949 -0.948 -0.948 -0.486 -0.484 -0.482 -0.091 -0.090 -0.090
±0.001 ±0.001 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂S0 0.969 0.969 0.967 0.549 0.544 0.544 0.119 0.117 0.118
±0.001 ±0.006 ±0.003 ±0.015 ±0.002 ±0.007

∂JT /∂r 6.34 6.44 6.34 4.78 5.06 4.75 1.28 1.30 1.26
± 0.02 ± 0.10 ± 0.03 ± 0.35 ± 0.02 ± 0.21

∂JT /∂σ 1.73 1.37 1.66 9.46 9.79 9.42 4.81 5.27 4.78
± 0.10 ± 0.27 ± 0.07 ± 0.35 ± 0.08 ± 0.31

∂JT /∂τ1 3.16 2.91 3.14 7.58 7.91 7.56 3.26 3.71 3.26
± 0.09 ± 0.24 ± 0.07 ± 0.37 ± 0.06 ± 0.30

∂JT /∂τ2 0.59 0.59 0.59 4.96 4.96 4.96 3.04 3.04 2.98
± 0.02 ± 0.02 ± 0.07 ± 0.07 ± 0.07 ± 0.07

∂JT /∂D -0.041 -0.080 -0.041 -0.240 -0.240 -0.240 -0.102 -0.102 -0.100
±0.001 ±0.039 ±0.002 ±0.002 ±0.002 ±0.002

S0 = 60 JT 20.36 20.36 20.33 10.69 10.69 10.65 3.54 3.54 3.52
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.03 ± 0.03

∂JT /∂K -0.991 -0.991 -0.991 -0.908 -0.907 -0.904 -0.485 -0.484 -0.482
±0.000 ±0.000 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂S0 1.000 1.001 1.000 0.936 0.927 0.932 0.550 0.558 0.545
±0.001 ±0.001 ±0.002 ±0.010 ±0.003 ±0.016

∂JT /∂r 6.52 6.52 6.52 7.75 7.21 7.72 5.87 5.29 5.82
± 0.03 ± 0.00 ± 0.02 ± 0.38 ± 0.04 ± 0.44

∂JT /∂σ 0.16 0.12 0.05 3.66 4.67 3.65 11.50 11.15 11.42
± 0.13 ± 0.15 ± 0.11 ± 0.76 ± 0.09 ± 0.48

∂JT /∂τ1 2.07 2.08 2.02 4.86 5.70 4.91 9.03 8.97 8.99
± 0.12 ± 0.14 ± 0.11 ± 0.66 ± 0.09 ± 0.52

∂JT /∂τ2 0.01 0.01 0.01 1.58 1.58 1.55 6.43 6.42 6.38
± 0.01 ± 0.00 ± 0.04 ± 0.04 ± 0.09 ± 0.09

∂JT /∂D -0.002 -0.002 -0.001 -0.088 0.001 -0.088 -0.268 -0.268 -0.266
±0.001 ±0.001 ±0.001 ±0.089 ±0.002 ±0.002



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 1.04 1.04 1.03 0.00 0.00 0.00 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.634 -0.630 -0.631 0.000 0.000 -0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.662 0.671 0.659 0.000 0.000 0.000 0.000 0.000 -0.000
±0.003 ±0.005 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 4.37 4.46 4.34 0.00 0.00 0.00 0.00 0.00 -0.00
± 0.02 ± 0.10 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 6.51 6.39 6.45 0.00 0.00 0.00 0.00 0.00 0.00
± 0.05 ± 0.08 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ1 4.19 4.27 4.23 0.00 0.00 0.00 0.00 0.00 -0.00
± 0.02 ± 0.05 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ2 0.76 0.76 0.75 0.00 0.00 0.00 0.00 0.00 -0.00
± 0.02 ± 0.02 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.073 -0.073 -0.072 -0.000 0.000 -0.000 -0.000 0.000 0.000
±0.001 ±0.001 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.66 10.66 10.65 1.32 1.32 1.31 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.984 -0.984 -0.984 -0.630 -0.626 -0.625 -0.000 -0.000 -0.000
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

∂JT /∂S0 1.000 1.000 1.000 0.660 0.667 0.653 0.000 0.000 0.000
±0.000 ±0.000 ±0.003 ±0.006 ±0.000 ±0.000

∂JT /∂r 6.47 6.47 6.47 5.56 5.37 5.51 0.00 0.00 0.00
± 0.01 ± 0.00 ± 0.02 ± 0.16 ± 0.00 ± 0.00

∂JT /∂σ 0.10 0.10 0.00 8.46 8.52 8.37 0.01 0.01 0.02
± 0.10 ± 0.10 ± 0.06 ± 0.16 ± 0.00 ± 0.00

∂JT /∂τ1 3.87 3.97 3.93 5.21 5.05 5.24 0.00 0.00 0.00
± 0.03 ± 0.03 ± 0.03 ± 0.13 ± 0.00 ± 0.00

∂JT /∂τ2 -0.00 0.00 -0.00 1.35 1.35 1.32 0.00 0.00 0.00
± 0.01 ± 0.00 ± 0.02 ± 0.02 ± 0.00 ± 0.00

∂JT /∂D -0.000 -0.000 0.000 -0.105 -0.105 -0.103 -0.000 -0.000 -0.000
±0.000 ±0.000 ±0.002 ±0.002 ±0.000 ±0.000

S0 = 60 JT 20.66 20.66 20.65 10.83 10.83 10.82 1.60 1.60 1.60
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01

∂JT /∂K -0.984 -0.984 -0.984 -0.984 -0.984 -0.984 -0.625 -0.622 -0.620
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 1.000 1.000 1.000 0.656 0.668 0.649
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.008

∂JT /∂r 6.47 6.47 6.47 8.09 8.08 8.09 6.80 6.82 6.73
± 0.03 ± 0.00 ± 0.02 ± 0.00 ± 0.03 ± 0.21

∂JT /∂σ 0.12 0.12 0.00 0.12 0.12 0.00 10.46 10.31 10.33
± 0.13 ± 0.13 ± 0.13 ± 0.13 ± 0.08 ± 0.09

∂JT /∂τ1 3.87 3.97 3.93 4.86 4.96 4.92 6.22 6.25 6.22
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.16

∂JT /∂τ2 0.00 0.00 -0.00 0.00 0.00 0.00 2.03 2.03 2.03
± 0.01 ± 0.00 ± 0.01 ± 0.00 ± 0.03 ± 0.03

∂JT /∂D -0.000 -0.000 0.000 -0.000 -0.000 -0.000 -0.138 -0.138 -0.138
±0.000 ±0.000 ±0.000 ±0.000 ±0.002 ±0.002



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 0.83 0.83 0.83 0.00 0.00 0.00 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.566 -0.563 -0.563 0.000 0.000 -0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.587 0.605 0.585 -0.000 0.000 0.000 -0.000 0.000 -0.000
±0.003 ±0.004 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 3.86 4.00 3.85 -0.00 0.00 0.00 -0.00 0.00 -0.00
± 0.02 ± 0.07 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 6.76 6.82 6.75 -0.00 0.00 0.00 -0.00 0.00 0.00
± 0.05 ± 0.12 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ1 2.94 3.00 2.95 -0.00 0.00 0.00 -0.00 0.00 -0.00
± 0.02 ± 0.04 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ2 0.54 0.54 0.56 0.00 0.00 0.00 0.00 0.00 -0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.060 -0.060 -0.061 0.000 0.000 -0.000 0.000 0.000 0.000
±0.001 ±0.001 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.34 10.34 10.33 1.06 1.06 1.05 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.992 -0.992 -0.992 -0.563 -0.559 -0.559 -0.000 -0.000 -0.000
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

∂JT /∂S0 1.000 1.000 1.000 0.585 0.594 0.582 0.000 0.000 0.000
±0.000 ±0.000 ±0.003 ±0.006 ±0.000 ±0.000

∂JT /∂r 6.52 6.52 6.52 4.90 4.91 4.88 0.00 0.00 0.00
± 0.01 ± 0.00 ± 0.02 ± 0.15 ± 0.00 ± 0.00

∂JT /∂σ 0.10 0.10 0.00 8.71 8.69 8.71 0.00 0.00 0.01
± 0.10 ± 0.10 ± 0.06 ± 0.07 ± 0.00 ± 0.00

∂JT /∂τ1 1.96 2.01 1.98 3.65 3.68 3.66 0.00 0.00 0.00
± 0.03 ± 0.03 ± 0.02 ± 0.08 ± 0.00 ± 0.00

∂JT /∂τ2 -0.00 0.00 -0.00 0.94 0.94 0.95 0.00 0.00 0.00
± 0.00 ± 0.00 ± 0.02 ± 0.02 ± 0.00 ± 0.00

∂JT /∂D -0.000 -0.000 0.000 -0.083 -0.083 -0.084 -0.000 -0.000 -0.000
±0.000 ±0.000 ±0.001 ±0.001 ±0.000 ±0.000

S0 = 60 JT 20.34 20.34 20.33 10.42 10.42 10.41 1.29 1.29 1.28
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01

∂JT /∂K -0.992 -0.992 -0.992 -0.992 -0.992 -0.992 -0.560 -0.557 -0.556
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 1.000 1.000 1.000 0.583 0.594 0.580
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.007

∂JT /∂r 6.52 6.52 6.52 8.15 8.15 8.15 5.97 5.84 5.94
± 0.03 ± 0.00 ± 0.01 ± 0.00 ± 0.03 ± 0.22

∂JT /∂σ 0.12 0.12 0.00 0.12 0.12 0.00 10.69 10.62 10.68
± 0.13 ± 0.13 ± 0.13 ± 0.13 ± 0.08 ± 0.12

∂JT /∂τ1 1.97 2.02 1.98 2.47 2.52 2.48 4.35 4.11 4.35
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.03 ± 0.18

∂JT /∂τ2 -0.00 0.00 -0.00 -0.00 0.00 0.00 1.39 1.39 1.41
± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.03 ± 0.03

∂JT /∂D -0.000 -0.000 0.000 -0.000 -0.000 -0.000 -0.106 -0.106 -0.107
±0.000 ±0.000 ±0.000 ±0.000 ±0.002 ±0.002



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 3.98 3.98 3.96 1.09 1.09 1.09 0.24 0.24 0.25
± 0.03 ± 0.03 ± 0.02 ± 0.02 ± 0.01 ± 0.01

∂JT /∂K -0.466 -0.464 -0.462 -0.153 -0.153 -0.152 -0.038 -0.038 -0.038
±0.003 ±0.003 ±0.002 ±0.002 ±0.001 ±0.001

∂JT /∂S0 0.577 0.595 0.569 0.225 0.230 0.222 0.065 0.070 0.066
±0.003 ±0.018 ±0.003 ±0.012 ±0.002 ±0.004

∂JT /∂r 3.88 4.13 3.82 1.83 2.20 1.79 0.56 0.56 0.57
± 0.03 ± 0.47 ± 0.03 ± 0.28 ± 0.02 ± 0.01

∂JT /∂σ 7.63 7.56 7.52 5.83 5.18 5.75 2.42 2.62 2.48
± 0.07 ± 0.52 ± 0.08 ± 0.73 ± 0.07 ± 0.18

∂JT /∂τ1 10.07 10.09 10.01 6.76 6.41 6.70 2.70 2.89 2.75
± 0.11 ± 0.69 ± 0.10 ± 0.97 ± 0.08 ± 0.19

∂JT /∂τ2 7.57 7.56 7.50 6.39 6.40 6.27 2.65 2.65 2.72
± 0.11 ± 0.11 ± 0.12 ± 0.12 ± 0.09 ± 0.09

∂JT /∂D -0.324 -0.324 -0.321 -0.196 -0.195 -0.192 -0.062 -0.062 -0.063
±0.002 ±0.002 ±0.003 ±0.003 ±0.002 ±0.002

S0 = 50 JT 11.46 11.46 11.39 5.05 5.05 5.03 1.86 1.86 1.85
± 0.05 ± 0.05 ± 0.04 ± 0.04 ± 0.03 ± 0.03

∂JT /∂K -0.811 -0.810 -0.806 -0.465 -0.463 -0.462 -0.200 -0.199 -0.198
±0.002 ±0.002 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂S0 0.885 0.884 0.877 0.577 0.546 0.570 0.284 0.270 0.280
±0.002 ±0.017 ±0.003 ±0.023 ±0.003 ±0.012

∂JT /∂r 5.91 6.21 5.83 4.98 4.94 4.91 2.86 2.57 2.81
± 0.03 ± 0.43 ± 0.04 ± 0.54 ± 0.03 ± 0.30

∂JT /∂σ 4.85 5.22 4.83 9.64 9.16 9.49 8.30 7.46 8.17
± 0.09 ± 0.49 ± 0.08 ± 0.61 ± 0.10 ± 0.64

∂JT /∂τ1 8.57 9.16 8.74 12.52 11.71 12.41 9.71 8.74 9.61
± 0.15 ± 0.52 ± 0.14 ± 1.06 ± 0.13 ± 0.88

∂JT /∂τ2 4.51 4.50 4.32 10.11 10.10 10.02 9.23 9.23 9.07
± 0.09 ± 0.09 ± 0.14 ± 0.14 ± 0.15 ± 0.15

∂JT /∂D -0.213 -0.213 -0.208 -0.359 -0.359 -0.355 -0.246 -0.246 -0.242
±0.002 ±0.002 ±0.003 ±0.003 ±0.003 ±0.003

S0 = 60 JT 20.84 20.84 20.78 12.23 12.23 12.17 6.14 6.14 6.11
± 0.06 ± 0.06 ± 0.06 ± 0.06 ± 0.05 ± 0.05

∂JT /∂K -0.945 -0.944 -0.944 -0.754 -0.753 -0.749 -0.465 -0.464 -0.462
±0.001 ±0.001 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂S0 0.979 0.965 0.977 0.842 0.839 0.832 0.579 0.596 0.570
±0.001 ±0.013 ±0.003 ±0.019 ±0.003 ±0.022

∂JT /∂r 6.39 5.34 6.37 7.19 7.68 7.10 6.12 5.64 6.03
± 0.03 ± 0.82 ± 0.04 ± 0.95 ± 0.04 ± 0.73

∂JT /∂σ 1.61 1.48 1.56 7.31 7.67 7.25 11.67 11.47 11.45
± 0.12 ± 0.65 ± 0.11 ± 0.54 ± 0.10 ± 0.94

∂JT /∂τ1 5.58 5.70 5.63 11.60 12.21 11.74 14.96 16.46 14.80
± 0.20 ± 0.71 ± 0.18 ± 0.54 ± 0.16 ± 1.22

∂JT /∂τ2 1.26 1.26 1.25 7.38 7.36 7.20 12.71 12.69 12.58
± 0.05 ± 0.05 ± 0.12 ± 0.12 ± 0.18 ± 0.18

∂JT /∂D -0.064 -0.064 -0.065 -0.287 -0.288 -0.286 -0.388 -0.388 -0.385
±0.001 ±0.001 ±0.002 ±0.002 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 3.79 3.79 3.77 1.00 1.00 1.00 0.22 0.22 0.23
± 0.03 ± 0.03 ± 0.02 ± 0.02 ± 0.01 ± 0.01

∂JT /∂K -0.456 -0.455 -0.452 -0.145 -0.144 -0.143 -0.035 -0.035 -0.035
±0.003 ±0.003 ±0.002 ±0.002 ±0.001 ±0.001

∂JT /∂S0 0.559 0.589 0.554 0.211 0.224 0.208 0.059 0.064 0.060
±0.003 ±0.016 ±0.003 ±0.008 ±0.002 ±0.005

∂JT /∂r 3.73 4.04 3.69 1.70 2.11 1.67 0.52 0.52 0.52
± 0.03 ± 0.47 ± 0.02 ± 0.29 ± 0.02 ± 0.01

∂JT /∂σ 7.59 8.03 7.53 5.57 6.22 5.53 2.26 2.37 2.29
± 0.07 ± 0.48 ± 0.08 ± 0.56 ± 0.06 ± 0.42

∂JT /∂τ1 9.21 9.69 9.18 6.13 6.98 6.11 2.42 2.86 2.45
± 0.10 ± 0.57 ± 0.10 ± 0.60 ± 0.07 ± 0.51

∂JT /∂τ2 6.88 6.86 6.81 5.72 5.72 5.63 2.35 2.35 2.40
± 0.10 ± 0.10 ± 0.11 ± 0.11 ± 0.08 ± 0.08

∂JT /∂D -0.303 -0.373 -0.300 -0.180 -0.180 -0.177 -0.057 -0.333 -0.057
±0.002 ±0.071 ±0.002 ±0.002 ±0.002 ±0.276

S0 = 50 JT 11.17 11.17 11.10 4.81 4.81 4.79 1.73 1.73 1.72
± 0.05 ± 0.05 ± 0.04 ± 0.04 ± 0.02 ± 0.02

∂JT /∂K -0.810 -0.809 -0.806 -0.456 -0.455 -0.452 -0.190 -0.189 -0.188
±0.002 ±0.002 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂S0 0.876 0.854 0.871 0.559 0.563 0.555 0.267 0.264 0.265
±0.002 ±0.020 ±0.003 ±0.022 ±0.003 ±0.011

∂JT /∂r 5.83 4.99 5.78 4.76 5.32 4.72 2.65 2.65 2.62
± 0.03 ± 0.50 ± 0.04 ± 0.59 ± 0.03 ± 0.03

∂JT /∂σ 5.00 4.75 4.96 9.57 10.03 9.51 8.00 7.64 7.94
± 0.09 ± 0.46 ± 0.08 ± 0.79 ± 0.10 ± 0.49

∂JT /∂τ1 7.26 7.12 7.35 11.41 11.12 11.38 8.82 8.78 8.80
± 0.15 ± 0.51 ± 0.13 ± 0.91 ± 0.12 ± 0.57

∂JT /∂τ2 4.13 4.12 3.90 9.12 9.11 9.04 8.28 8.28 8.16
± 0.08 ± 0.08 ± 0.13 ± 0.13 ± 0.14 ± 0.14

∂JT /∂D -0.199 -0.479 -0.194 -0.331 -0.331 -0.328 -0.225 -0.225 -0.223
±0.002 ±0.280 ±0.003 ±0.003 ±0.003 ±0.003

S0 = 60 JT 20.52 20.52 20.46 11.88 11.88 11.81 5.84 5.84 5.81
± 0.06 ± 0.06 ± 0.06 ± 0.06 ± 0.05 ± 0.05

∂JT /∂K -0.951 -0.951 -0.950 -0.753 -0.752 -0.748 -0.456 -0.455 -0.453
±0.001 ±0.001 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂S0 0.977 0.965 0.975 0.831 0.808 0.825 0.560 0.551 0.555
±0.002 ±0.012 ±0.003 ±0.022 ±0.003 ±0.026

∂JT /∂r 6.40 6.27 6.40 7.04 7.28 6.98 5.83 7.16 5.77
± 0.03 ± 0.39 ± 0.03 ± 0.67 ± 0.04 ± 0.53

∂JT /∂σ 1.68 1.59 1.61 7.41 7.53 7.40 11.57 12.53 11.48
± 0.12 ± 0.31 ± 0.10 ± 0.42 ± 0.10 ± 0.63

∂JT /∂τ1 3.89 5.07 3.84 10.06 10.22 10.16 13.61 15.36 13.57
± 0.20 ± 0.77 ± 0.17 ± 0.44 ± 0.16 ± 0.86

∂JT /∂τ2 1.12 1.12 1.12 6.60 6.58 6.42 11.44 11.42 11.29
± 0.04 ± 0.04 ± 0.12 ± 0.12 ± 0.17 ± 0.17

∂JT /∂D -0.059 0.082 -0.060 -0.263 -0.263 -0.260 -0.355 -0.355 -0.351
±0.001 ±0.141 ±0.002 ±0.002 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 2.62 2.62 2.60 0.23 0.23 0.23 0.01 0.01 0.01
± 0.02 ± 0.02 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.504 -0.501 -0.500 -0.067 -0.066 -0.067 -0.003 -0.003 -0.003
±0.003 ±0.003 ±0.001 ±0.001 ±0.000 ±0.000

∂JT /∂S0 0.579 0.569 0.570 0.090 0.092 0.090 0.005 0.005 0.005
±0.003 ±0.014 ±0.002 ±0.002 ±0.001 ±0.001

∂JT /∂r 4.41 4.27 4.33 0.82 0.82 0.82 0.05 0.05 0.05
± 0.03 ± 0.29 ± 0.02 ± 0.02 ± 0.00 ± 0.00

∂JT /∂σ 7.86 7.29 7.67 3.17 3.17 3.19 0.28 0.29 0.29
± 0.06 ± 0.38 ± 0.06 ± 0.16 ± 0.03 ± 0.03

∂JT /∂τ1 6.91 6.49 6.82 2.25 2.25 2.28 0.20 0.20 0.20
± 0.06 ± 0.56 ± 0.05 ± 0.15 ± 0.02 ± 0.02

∂JT /∂τ2 5.71 5.71 5.63 2.28 2.29 2.26 0.18 0.18 0.20
± 0.07 ± 0.07 ± 0.06 ± 0.05 ± 0.02 ± 0.02

∂JT /∂D -0.374 -0.503 -0.369 -0.087 -0.087 -0.087 -0.005 -0.005 -0.005
±0.003 ±0.130 ±0.002 ±0.002 ±0.001 ±0.001

S0 = 50 JT 10.80 10.80 10.76 3.32 3.32 3.30 0.52 0.52 0.52
± 0.03 ± 0.03 ± 0.02 ± 0.02 ± 0.01 ± 0.01

∂JT /∂K -0.934 -0.933 -0.931 -0.505 -0.502 -0.501 -0.114 -0.113 -0.112
±0.001 ±0.001 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂S0 0.968 0.952 0.961 0.581 0.597 0.571 0.148 0.153 0.147
±0.001 ±0.012 ±0.003 ±0.016 ±0.002 ±0.003

∂JT /∂r 6.52 6.39 6.48 5.78 6.30 5.68 1.69 1.69 1.67
± 0.02 ± 0.23 ± 0.03 ± 0.52 ± 0.03 ± 0.02

∂JT /∂σ 2.06 1.19 2.02 9.90 10.38 9.64 5.68 5.85 5.65
± 0.10 ± 0.54 ± 0.08 ± 0.66 ± 0.09 ± 0.17

∂JT /∂τ1 5.02 4.60 5.08 8.59 9.59 8.45 4.13 4.30 4.12
± 0.10 ± 0.48 ± 0.08 ± 0.73 ± 0.07 ± 0.16

∂JT /∂τ2 1.43 1.43 1.41 7.70 7.69 7.59 4.16 4.16 4.11
± 0.04 ± 0.04 ± 0.10 ± 0.09 ± 0.08 ± 0.08

∂JT /∂D -0.119 -0.119 -0.120 -0.438 -0.646 -0.432 -0.145 -0.145 -0.144
±0.001 ±0.001 ±0.003 ±0.170 ±0.002 ±0.002

S0 = 60 JT 20.69 20.69 20.65 11.18 11.18 11.11 4.04 4.04 4.01
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.03 ± 0.03

∂JT /∂K -0.982 -0.982 -0.982 -0.887 -0.886 -0.885 -0.506 -0.504 -0.502
±0.000 ±0.000 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂S0 1.000 0.996 0.999 0.936 0.907 0.925 0.581 0.569 0.573
±0.001 ±0.004 ±0.002 ±0.019 ±0.003 ±0.011

∂JT /∂r 6.48 6.22 6.47 8.39 7.33 8.30 7.38 7.34 7.28
± 0.03 ± 0.25 ± 0.03 ± 0.63 ± 0.04 ± 0.04

∂JT /∂σ 0.19 0.30 0.09 4.38 4.12 4.14 11.90 11.43 11.59
± 0.13 ± 0.21 ± 0.11 ± 0.52 ± 0.11 ± 0.65

∂JT /∂τ1 4.03 4.23 3.99 7.06 6.94 7.07 10.27 9.69 10.09
± 0.12 ± 0.19 ± 0.11 ± 0.35 ± 0.10 ± 0.66

∂JT /∂τ2 0.06 0.06 0.05 3.68 3.68 3.51 9.98 9.97 9.82
± 0.01 ± 0.01 ± 0.07 ± 0.07 ± 0.13 ± 0.13

∂JT /∂D -0.006 -0.006 -0.005 -0.269 -0.269 -0.268 -0.530 -0.530 -0.525
±0.001 ±0.001 ±0.002 ±0.002 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 2.41 2.41 2.39 0.19 0.19 0.19 0.01 0.01 0.01
± 0.02 ± 0.02 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.486 -0.483 -0.482 -0.058 -0.057 -0.057 -0.003 -0.002 -0.003
±0.003 ±0.003 ±0.001 ±0.001 ±0.000 ±0.000

∂JT /∂S0 0.551 0.564 0.545 0.078 0.080 0.077 0.004 0.004 0.004
±0.003 ±0.014 ±0.002 ±0.005 ±0.000 ±0.000

∂JT /∂r 4.05 4.72 4.01 0.70 0.70 0.70 0.04 0.04 0.04
± 0.03 ± 0.29 ± 0.02 ± 0.01 ± 0.00 ± 0.00

∂JT /∂σ 7.75 8.56 7.70 2.83 2.87 2.85 0.22 0.23 0.23
± 0.06 ± 0.33 ± 0.06 ± 0.35 ± 0.02 ± 0.02

∂JT /∂τ1 5.96 6.76 5.92 1.88 1.91 1.88 0.15 0.15 0.15
± 0.06 ± 0.39 ± 0.04 ± 0.34 ± 0.02 ± 0.02

∂JT /∂τ2 4.67 4.66 4.65 1.84 1.84 1.85 0.13 0.13 0.15
± 0.06 ± 0.06 ± 0.05 ± 0.05 ± 0.02 ± 0.02

∂JT /∂D -0.311 -0.311 -0.308 -0.074 -0.074 -0.073 -0.004 -0.004 -0.004
±0.002 ±0.002 ±0.002 ±0.002 ±0.000 ±0.000

S0 = 50 JT 10.48 10.48 10.44 3.05 3.05 3.03 0.44 0.44 0.45
± 0.03 ± 0.03 ± 0.02 ± 0.02 ± 0.01 ± 0.01

∂JT /∂K -0.940 -0.940 -0.937 -0.485 -0.483 -0.482 -0.101 -0.099 -0.099
±0.001 ±0.001 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂S0 0.963 0.960 0.960 0.551 0.552 0.546 0.131 0.130 0.129
±0.001 ±0.010 ±0.003 ±0.016 ±0.002 ±0.005

∂JT /∂r 6.43 6.62 6.41 5.20 5.39 5.15 1.46 1.39 1.44
± 0.02 ± 0.14 ± 0.03 ± 0.32 ± 0.02 ± 0.08

∂JT /∂σ 2.10 2.45 2.07 9.77 9.83 9.68 5.21 5.44 5.17
± 0.10 ± 0.49 ± 0.08 ± 0.48 ± 0.09 ± 0.32

∂JT /∂τ1 3.31 3.62 3.32 7.38 7.66 7.33 3.47 3.69 3.46
± 0.09 ± 0.41 ± 0.07 ± 0.51 ± 0.06 ± 0.32

∂JT /∂τ2 1.07 1.07 1.04 6.20 6.19 6.13 3.45 3.45 3.39
± 0.03 ± 0.03 ± 0.08 ± 0.08 ± 0.07 ± 0.07

∂JT /∂D -0.087 -0.100 -0.087 -0.345 -0.345 -0.342 -0.122 0.058 -0.121
±0.001 ±0.014 ±0.003 ±0.003 ±0.002 ±0.180

S0 = 60 JT 20.37 20.37 20.33 10.76 10.76 10.71 3.70 3.70 3.68
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.03 ± 0.03

∂JT /∂K -0.991 -0.991 -0.991 -0.892 -0.891 -0.890 -0.486 -0.484 -0.483
±0.000 ±0.000 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 0.999 0.925 0.906 0.922 0.553 0.537 0.547
±0.001 ±0.002 ±0.002 ±0.016 ±0.003 ±0.017

∂JT /∂r 6.52 6.44 6.52 7.96 7.51 7.93 6.39 5.86 6.32
± 0.03 ± 0.08 ± 0.02 ± 0.41 ± 0.04 ± 0.57

∂JT /∂σ 0.19 0.51 0.08 4.33 5.73 4.22 11.78 10.94 11.66
± 0.13 ± 0.26 ± 0.11 ± 0.69 ± 0.10 ± 0.85

∂JT /∂τ1 2.11 2.29 2.04 5.06 6.13 5.06 8.81 7.99 8.74
± 0.12 ± 0.19 ± 0.11 ± 0.64 ± 0.09 ± 0.85

∂JT /∂τ2 0.04 0.04 0.03 2.55 2.54 2.41 7.71 7.70 7.64
± 0.01 ± 0.01 ± 0.06 ± 0.06 ± 0.10 ± 0.10

∂JT /∂D -0.004 -0.004 -0.003 -0.171 -0.171 -0.170 -0.374 -0.373 -0.370
±0.001 ±0.001 ±0.002 ±0.002 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 1.10 1.10 1.09 0.00 0.00 0.00 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.617 -0.611 -0.613 0.000 0.000 -0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.651 0.651 0.643 0.000 0.000 0.000 0.000 0.000 -0.000
±0.003 ±0.008 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 4.74 4.69 4.69 0.00 0.00 0.00 0.00 0.00 -0.00
± 0.02 ± 0.19 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 7.34 7.24 7.15 0.00 0.00 0.00 0.00 0.00 0.00
± 0.05 ± 0.13 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ1 4.09 4.20 4.07 0.00 0.00 0.00 0.00 0.00 -0.00
± 0.02 ± 0.15 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ2 1.92 1.92 1.91 0.00 0.00 0.00 0.00 0.00 -0.00
± 0.02 ± 0.02 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.216 -0.215 -0.215 -0.000 0.000 -0.000 -0.000 0.000 0.000
±0.002 ±0.002 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.66 10.66 10.65 1.41 1.41 1.40 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.984 -0.984 -0.984 -0.612 -0.605 -0.608 -0.000 -0.000 -0.000
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

∂JT /∂S0 1.000 1.000 1.000 0.649 0.649 0.639 0.000 0.000 0.000
±0.000 ±0.000 ±0.003 ±0.010 ±0.000 ±0.000

∂JT /∂r 6.47 6.47 6.47 6.32 6.46 6.23 0.00 0.00 0.00
± 0.01 ± 0.00 ± 0.03 ± 0.20 ± 0.00 ± 0.00

∂JT /∂σ 0.10 0.10 0.00 9.54 9.39 9.13 0.01 0.02 0.04
± 0.11 ± 0.11 ± 0.07 ± 0.21 ± 0.01 ± 0.01

∂JT /∂τ1 3.92 3.97 3.93 5.06 5.14 5.00 0.00 0.00 0.01
± 0.03 ± 0.03 ± 0.03 ± 0.19 ± 0.00 ± 0.00

∂JT /∂τ2 0.00 0.00 0.00 3.16 3.16 3.13 0.00 0.00 0.01
± 0.01 ± 0.00 ± 0.03 ± 0.03 ± 0.00 ± 0.00

∂JT /∂D -0.000 -0.000 0.000 -0.316 -0.315 -0.313 -0.000 -0.000 -0.000
±0.000 ±0.000 ±0.002 ±0.002 ±0.000 ±0.000

S0 = 60 JT 20.66 20.66 20.65 10.83 10.83 10.82 1.73 1.73 1.72
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01

∂JT /∂K -0.984 -0.984 -0.984 -0.984 -0.984 -0.984 -0.610 -0.604 -0.607
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 1.000 1.000 1.000 0.650 0.645 0.639
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.009

∂JT /∂r 6.47 6.47 6.47 8.09 8.08 8.09 8.54 8.64 8.42
± 0.03 ± 0.00 ± 0.02 ± 0.00 ± 0.04 ± 0.28

∂JT /∂σ 0.12 0.12 0.00 0.12 0.13 0.00 11.78 11.64 11.06
± 0.13 ± 0.13 ± 0.13 ± 0.14 ± 0.09 ± 0.45

∂JT /∂τ1 3.92 3.97 3.93 4.91 4.96 4.92 6.04 6.11 5.91
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.30

∂JT /∂τ2 -0.00 0.00 -0.00 -0.00 0.00 0.00 5.21 5.21 5.15
± 0.01 ± 0.00 ± 0.01 ± 0.00 ± 0.04 ± 0.04

∂JT /∂D -0.000 -0.000 0.000 -0.000 -0.000 -0.000 -0.513 -0.512 -0.509
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 0.88 0.88 0.88 0.00 0.00 0.00 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.557 -0.551 -0.553 0.000 0.000 -0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.581 0.586 0.576 0.000 0.000 0.000 0.000 0.000 -0.000
±0.003 ±0.007 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 4.11 4.11 4.08 0.00 0.00 0.00 0.00 0.00 -0.00
± 0.02 ± 0.16 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 7.36 7.26 7.34 0.00 0.00 0.00 0.00 0.00 0.00
± 0.05 ± 0.11 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ1 2.86 2.75 2.85 0.00 0.00 0.00 0.00 0.00 -0.00
± 0.02 ± 0.10 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ2 1.23 1.23 1.23 0.00 0.00 0.00 0.00 0.00 -0.00
± 0.02 ± 0.02 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.151 -0.151 -0.150 -0.000 0.000 -0.000 -0.000 0.000 0.000
±0.002 ±0.002 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.34 10.34 10.33 1.12 1.12 1.11 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.992 -0.992 -0.992 -0.555 -0.549 -0.550 -0.000 -0.000 -0.000
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

∂JT /∂S0 1.000 1.000 1.000 0.579 0.586 0.574 0.000 0.000 0.000
±0.000 ±0.000 ±0.003 ±0.008 ±0.000 ±0.000

∂JT /∂r 6.52 6.52 6.52 5.28 5.16 5.24 0.00 0.00 0.00
± 0.01 ± 0.00 ± 0.03 ± 0.25 ± 0.00 ± 0.00

∂JT /∂σ 0.10 0.10 0.00 9.39 9.14 9.35 0.00 0.01 0.02
± 0.11 ± 0.11 ± 0.07 ± 0.23 ± 0.00 ± 0.00

∂JT /∂τ1 1.99 2.01 1.98 3.53 3.30 3.52 0.00 0.00 0.00
± 0.03 ± 0.03 ± 0.03 ± 0.19 ± 0.00 ± 0.00

∂JT /∂τ2 0.00 0.00 0.00 1.84 1.84 1.83 0.00 0.00 0.00
± 0.00 ± 0.00 ± 0.03 ± 0.03 ± 0.00 ± 0.00

∂JT /∂D -0.000 -0.000 0.000 -0.191 -0.191 -0.190 -0.000 -0.000 -0.000
±0.000 ±0.000 ±0.002 ±0.002 ±0.000 ±0.000

S0 = 60 JT 20.34 20.34 20.33 10.42 10.42 10.41 1.36 1.36 1.36
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01

∂JT /∂K -0.992 -0.992 -0.992 -0.992 -0.992 -0.992 -0.552 -0.547 -0.548
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 1.000 1.000 1.000 0.578 0.582 0.573
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.010

∂JT /∂r 6.52 6.52 6.52 8.15 8.15 8.15 6.50 6.72 6.46
± 0.03 ± 0.00 ± 0.01 ± 0.00 ± 0.03 ± 0.27

∂JT /∂σ 0.12 0.12 0.00 0.12 0.12 0.00 11.43 11.60 11.36
± 0.13 ± 0.13 ± 0.13 ± 0.13 ± 0.08 ± 0.27

∂JT /∂τ1 2.00 2.02 1.98 2.49 2.52 2.48 4.18 4.43 4.18
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.03 ± 0.21

∂JT /∂τ2 -0.00 0.00 -0.00 -0.00 0.00 0.00 2.51 2.50 2.48
± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.03 ± 0.03

∂JT /∂D -0.000 -0.000 0.000 -0.000 -0.000 -0.000 -0.229 -0.229 -0.228
±0.000 ±0.000 ±0.000 ±0.000 ±0.002 ±0.002



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 4.16 4.16 4.14 1.20 1.20 1.20 0.28 0.28 0.29
± 0.03 ± 0.03 ± 0.02 ± 0.02 ± 0.01 ± 0.01

∂JT /∂K -0.466 -0.464 -0.463 -0.163 -0.162 -0.161 -0.043 -0.042 -0.043
±0.003 ±0.003 ±0.002 ±0.002 ±0.001 ±0.001

∂JT /∂S0 0.581 0.623 0.572 0.237 0.237 0.234 0.072 0.072 0.072
±0.003 ±0.017 ±0.003 ±0.007 ±0.002 ±0.002

∂JT /∂r 4.25 4.58 4.18 2.01 2.00 1.98 0.63 0.63 0.64
± 0.03 ± 0.44 ± 0.03 ± 0.02 ± 0.02 ± 0.02

∂JT /∂σ 7.84 8.79 7.68 6.08 5.81 6.02 2.66 2.66 2.70
± 0.07 ± 0.60 ± 0.08 ± 0.25 ± 0.07 ± 0.07

∂JT /∂τ1 9.92 11.28 9.78 6.96 6.37 6.93 2.95 2.95 3.00
± 0.11 ± 0.94 ± 0.10 ± 0.49 ± 0.08 ± 0.08

∂JT /∂τ2 8.98 8.97 8.90 6.96 6.96 6.86 2.95 2.95 2.99
± 0.13 ± 0.13 ± 0.12 ± 0.12 ± 0.09 ± 0.09

∂JT /∂D -0.439 -0.438 -0.434 -0.226 -0.226 -0.224 -0.070 -0.070 -0.071
±0.003 ±0.003 ±0.003 ±0.003 ±0.002 ±0.002

S0 = 50 JT 11.58 11.58 11.53 5.27 5.27 5.23 1.99 1.99 1.98
± 0.05 ± 0.05 ± 0.04 ± 0.04 ± 0.03 ± 0.03

∂JT /∂K -0.795 -0.794 -0.791 -0.467 -0.466 -0.464 -0.209 -0.208 -0.207
±0.002 ±0.002 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂S0 0.879 0.853 0.867 0.582 0.560 0.574 0.294 0.294 0.291
±0.002 ±0.024 ±0.003 ±0.021 ±0.003 ±0.007

∂JT /∂r 6.31 5.00 6.23 5.50 5.47 5.42 3.11 3.11 3.08
± 0.03 ± 0.79 ± 0.04 ± 1.20 ± 0.04 ± 0.03

∂JT /∂σ 5.35 6.60 5.26 9.88 10.85 9.63 8.48 8.18 8.43
± 0.09 ± 0.86 ± 0.09 ± 1.41 ± 0.10 ± 0.30

∂JT /∂τ1 8.66 8.76 8.73 12.39 12.65 12.16 9.86 9.71 9.80
± 0.15 ± 0.16 ± 0.14 ± 1.50 ± 0.13 ± 0.67

∂JT /∂τ2 6.21 6.20 6.11 11.71 11.72 11.57 9.85 9.84 9.77
± 0.12 ± 0.11 ± 0.17 ± 0.17 ± 0.17 ± 0.16

∂JT /∂D -0.365 -0.365 -0.365 -0.486 -0.484 -0.480 -0.287 -0.287 -0.284
±0.002 ±0.002 ±0.003 ±0.003 ±0.003 ±0.003

S0 = 60 JT 20.90 20.90 20.82 12.41 12.41 12.35 6.36 6.36 6.33
± 0.06 ± 0.06 ± 0.06 ± 0.06 ± 0.05 ± 0.05

∂JT /∂K -0.935 -0.934 -0.933 -0.743 -0.742 -0.738 -0.468 -0.467 -0.466
±0.001 ±0.001 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂S0 0.977 0.973 0.970 0.839 0.845 0.825 0.582 0.602 0.576
±0.002 ±0.017 ±0.003 ±0.027 ±0.003 ±0.015

∂JT /∂r 6.63 6.18 6.58 7.98 8.75 7.83 6.89 6.79 6.81
± 0.03 ± 0.59 ± 0.04 ± 0.76 ± 0.05 ± 0.42

∂JT /∂σ 2.00 1.81 1.96 7.83 7.87 7.61 11.80 11.45 11.58
± 0.12 ± 1.01 ± 0.11 ± 0.62 ± 0.12 ± 1.09

∂JT /∂τ1 5.75 6.42 5.88 11.59 12.14 11.55 14.79 16.13 14.56
± 0.20 ± 1.18 ± 0.18 ± 0.96 ± 0.17 ± 1.34

∂JT /∂τ2 2.32 2.31 2.23 9.78 9.77 9.59 14.54 14.53 14.38
± 0.08 ± 0.08 ± 0.18 ± 0.17 ± 0.22 ± 0.22

∂JT /∂D -0.153 -0.154 -0.153 -0.499 -0.498 -0.494 -0.548 -0.547 -0.542
±0.002 ±0.002 ±0.002 ±0.002 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 3.96 3.96 3.94 1.10 1.10 1.10 0.25 0.25 0.26
± 0.03 ± 0.03 ± 0.02 ± 0.02 ± 0.01 ± 0.01

∂JT /∂K -0.457 -0.455 -0.454 -0.154 -0.153 -0.152 -0.038 -0.038 -0.039
±0.003 ±0.003 ±0.002 ±0.002 ±0.001 ±0.001

∂JT /∂S0 0.562 0.579 0.557 0.223 0.222 0.220 0.065 0.065 0.066
±0.003 ±0.019 ±0.003 ±0.011 ±0.002 ±0.002

∂JT /∂r 4.00 3.78 3.96 1.86 1.86 1.83 0.57 0.57 0.58
± 0.03 ± 0.44 ± 0.03 ± 0.02 ± 0.02 ± 0.01

∂JT /∂σ 7.78 7.71 7.71 5.85 4.88 5.80 2.45 2.45 2.51
± 0.07 ± 0.58 ± 0.08 ± 0.76 ± 0.07 ± 0.07

∂JT /∂τ1 9.01 9.35 8.97 6.33 5.86 6.30 2.61 2.61 2.66
± 0.11 ± 0.74 ± 0.10 ± 0.90 ± 0.08 ± 0.08

∂JT /∂τ2 8.03 8.02 7.92 6.26 6.26 6.16 2.58 2.59 2.65
± 0.12 ± 0.12 ± 0.12 ± 0.12 ± 0.09 ± 0.08

∂JT /∂D -0.389 -0.389 -0.386 -0.207 -0.206 -0.204 -0.063 -0.063 -0.064
±0.003 ±0.003 ±0.003 ±0.003 ±0.002 ±0.002

S0 = 50 JT 11.29 11.29 11.22 5.00 5.00 4.97 1.85 1.85 1.84
± 0.05 ± 0.05 ± 0.04 ± 0.04 ± 0.03 ± 0.03

∂JT /∂K -0.798 -0.797 -0.793 -0.457 -0.455 -0.454 -0.198 -0.197 -0.196
±0.002 ±0.002 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂S0 0.869 0.858 0.862 0.563 0.587 0.558 0.278 0.288 0.275
±0.002 ±0.018 ±0.003 ±0.021 ±0.003 ±0.010

∂JT /∂r 6.08 6.66 6.02 5.10 5.91 5.06 2.87 3.04 2.83
± 0.03 ± 0.54 ± 0.04 ± 0.52 ± 0.04 ± 0.18

∂JT /∂σ 5.37 5.01 5.36 9.78 10.82 9.68 8.27 9.13 8.19
± 0.09 ± 0.56 ± 0.09 ± 0.84 ± 0.10 ± 0.72

∂JT /∂τ1 7.32 6.75 7.40 11.21 12.71 11.16 8.98 9.82 8.94
± 0.15 ± 0.61 ± 0.13 ± 1.18 ± 0.12 ± 0.86

∂JT /∂τ2 5.30 5.29 5.16 10.36 10.35 10.20 8.93 8.93 8.77
± 0.10 ± 0.10 ± 0.15 ± 0.15 ± 0.15 ± 0.15

∂JT /∂D -0.302 -0.469 -0.300 -0.415 -0.415 -0.413 -0.257 -0.334 -0.254
±0.002 ±0.166 ±0.003 ±0.003 ±0.003 ±0.077

S0 = 60 JT 20.57 20.57 20.50 12.02 12.02 11.97 6.04 6.04 6.01
± 0.06 ± 0.06 ± 0.06 ± 0.06 ± 0.05 ± 0.05

∂JT /∂K -0.944 -0.943 -0.941 -0.744 -0.743 -0.738 -0.458 -0.456 -0.455
±0.001 ±0.001 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂S0 0.974 0.973 0.970 0.826 0.829 0.818 0.563 0.566 0.559
±0.002 ±0.015 ±0.003 ±0.025 ±0.003 ±0.024

∂JT /∂r 6.52 6.65 6.51 7.44 6.60 7.36 6.23 6.37 6.18
± 0.03 ± 0.17 ± 0.04 ± 0.86 ± 0.05 ± 0.50

∂JT /∂σ 1.99 2.94 1.96 7.75 7.81 7.76 11.75 12.73 11.64
± 0.12 ± 1.01 ± 0.11 ± 0.14 ± 0.11 ± 1.11

∂JT /∂τ1 4.07 5.19 4.09 9.98 9.78 10.08 13.41 14.98 13.34
± 0.20 ± 1.17 ± 0.18 ± 0.51 ± 0.16 ± 1.54

∂JT /∂τ2 1.81 1.81 1.74 8.00 7.99 7.94 12.65 12.64 12.48
± 0.06 ± 0.06 ± 0.14 ± 0.14 ± 0.19 ± 0.19

∂JT /∂D -0.113 -0.113 -0.114 -0.382 -0.382 -0.380 -0.438 -0.438 -0.435
±0.001 ±0.001 ±0.002 ±0.002 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 2.29 2.29 2.29 0.13 0.13 0.14 0.00 0.00 0.00
± 0.02 ± 0.02 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.514 -0.513 -0.510 -0.044 -0.044 -0.045 -0.001 -0.001 -0.002
±0.003 ±0.003 ±0.001 ±0.001 ±0.000 ±0.000

∂JT /∂S0 0.579 0.590 0.574 0.061 0.065 0.061 0.002 0.002 0.002
±0.003 ±0.009 ±0.002 ±0.004 ±0.000 ±0.000

∂JT /∂r 3.68 3.70 3.65 0.50 0.55 0.50 0.02 0.02 0.02
± 0.02 ± 0.21 ± 0.01 ± 0.05 ± 0.00 ± 0.00

∂JT /∂σ 6.88 6.81 6.87 2.22 2.41 2.25 0.13 0.14 0.14
± 0.05 ± 0.08 ± 0.05 ± 0.21 ± 0.02 ± 0.02

∂JT /∂τ1 7.22 7.22 7.28 1.69 1.88 1.71 0.10 0.10 0.10
± 0.06 ± 0.21 ± 0.04 ± 0.20 ± 0.01 ± 0.01

∂JT /∂τ2 2.37 2.37 2.41 1.27 1.28 1.29 0.08 0.08 0.09
± 0.05 ± 0.05 ± 0.04 ± 0.04 ± 0.01 ± 0.01

∂JT /∂D -0.129 -0.129 -0.130 -0.044 -0.044 -0.045 -0.002 -0.002 -0.002
±0.002 ±0.002 ±0.001 ±0.001 ±0.000 ±0.000

S0 = 50 JT 10.73 10.73 10.70 2.94 2.94 2.93 0.36 0.36 0.36
± 0.03 ± 0.03 ± 0.02 ± 0.02 ± 0.01 ± 0.01

∂JT /∂K -0.955 -0.955 -0.955 -0.511 -0.509 -0.507 -0.087 -0.086 -0.087
±0.001 ±0.001 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂S0 0.979 0.982 0.979 0.577 0.580 0.572 0.115 0.120 0.114
±0.001 ±0.004 ±0.003 ±0.012 ±0.002 ±0.006

∂JT /∂r 6.32 6.18 6.32 4.68 4.73 4.64 1.17 1.26 1.15
± 0.02 ± 0.16 ± 0.03 ± 0.36 ± 0.02 ± 0.12

∂JT /∂σ 1.18 1.27 1.09 8.88 8.83 8.85 4.56 4.98 4.54
± 0.10 ± 0.31 ± 0.07 ± 0.22 ± 0.08 ± 0.32

∂JT /∂τ1 4.59 4.93 4.70 9.00 9.23 9.03 3.48 3.92 3.50
± 0.09 ± 0.30 ± 0.07 ± 0.35 ± 0.06 ± 0.32

∂JT /∂τ2 0.27 0.27 0.26 3.68 3.68 3.73 2.75 2.75 2.68
± 0.02 ± 0.02 ± 0.06 ± 0.06 ± 0.07 ± 0.07

∂JT /∂D -0.017 -0.017 -0.017 -0.159 -0.159 -0.159 -0.083 -0.083 -0.081
±0.001 ±0.001 ±0.002 ±0.002 ±0.002 ±0.002

S0 = 60 JT 20.69 20.69 20.65 11.01 11.01 10.97 3.60 3.60 3.59
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.03 ± 0.03

∂JT /∂K -0.983 -0.983 -0.983 -0.921 -0.921 -0.919 -0.509 -0.507 -0.504
±0.000 ±0.000 ±0.001 ±0.001 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 0.953 0.936 0.950 0.577 0.596 0.570
±0.001 ±0.001 ±0.001 ±0.008 ±0.003 ±0.013

∂JT /∂r 6.47 6.47 6.47 7.70 7.80 7.68 5.73 5.67 5.67
± 0.03 ± 0.00 ± 0.02 ± 0.18 ± 0.03 ± 0.44

∂JT /∂σ 0.13 0.10 0.02 2.75 2.57 2.71 10.91 11.02 10.84
± 0.13 ± 0.13 ± 0.11 ± 0.42 ± 0.08 ± 0.30

∂JT /∂τ1 3.85 4.02 3.95 6.57 6.44 6.71 10.74 10.75 10.75
± 0.12 ± 0.12 ± 0.11 ± 0.27 ± 0.09 ± 0.45

∂JT /∂τ2 0.00 0.00 0.00 0.87 0.87 0.86 5.16 5.15 5.17
± 0.01 ± 0.00 ± 0.03 ± 0.03 ± 0.08 ± 0.08

∂JT /∂D -0.001 -0.001 -0.000 -0.042 -0.042 -0.042 -0.185 -0.185 -0.185
±0.001 ±0.001 ±0.001 ±0.001 ±0.002 ±0.002



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 2.11 2.11 2.11 0.11 0.11 0.11 0.00 0.00 0.00
± 0.02 ± 0.02 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.493 -0.491 -0.489 -0.038 -0.037 -0.038 -0.001 -0.001 -0.001
±0.003 ±0.003 ±0.001 ±0.001 ±0.000 ±0.000

∂JT /∂S0 0.551 0.540 0.548 0.052 0.054 0.053 0.002 0.002 0.002
±0.003 ±0.010 ±0.001 ±0.004 ±0.000 ±0.000

∂JT /∂r 3.51 3.62 3.48 0.42 0.02 0.43 0.02 0.02 0.02
± 0.02 ± 0.16 ± 0.01 ± 0.26 ± 0.00 ± 0.00

∂JT /∂σ 6.90 6.88 6.90 1.95 1.76 1.98 0.10 0.10 0.11
± 0.05 ± 0.12 ± 0.05 ± 0.29 ± 0.02 ± 0.02

∂JT /∂τ1 6.25 6.36 6.28 1.39 1.15 1.42 0.07 0.07 0.07
± 0.06 ± 0.15 ± 0.04 ± 0.29 ± 0.01 ± 0.01

∂JT /∂τ2 2.14 2.14 2.15 1.03 1.04 1.04 0.06 0.06 0.07
± 0.05 ± 0.05 ± 0.04 ± 0.04 ± 0.01 ± 0.01

∂JT /∂D -0.124 -0.124 -0.124 -0.037 -0.037 -0.038 -0.002 -0.002 -0.002
±0.001 ±0.001 ±0.001 ±0.001 ±0.000 ±0.000

S0 = 50 JT 10.41 10.41 10.38 2.71 2.71 2.70 0.30 0.30 0.31
± 0.03 ± 0.03 ± 0.02 ± 0.02 ± 0.01 ± 0.01

∂JT /∂K -0.959 -0.959 -0.959 -0.490 -0.489 -0.486 -0.077 -0.076 -0.076
±0.001 ±0.001 ±0.003 ±0.003 ±0.001 ±0.001

∂JT /∂S0 0.976 0.980 0.976 0.550 0.540 0.546 0.101 0.103 0.101
±0.001 ±0.003 ±0.003 ±0.013 ±0.002 ±0.005

∂JT /∂r 6.34 6.33 6.34 4.46 4.25 4.43 1.01 0.95 1.01
± 0.02 ± 0.05 ± 0.03 ± 0.43 ± 0.02 ± 0.14

∂JT /∂σ 1.31 1.28 1.22 8.89 8.75 8.88 4.11 4.33 4.12
± 0.10 ± 0.24 ± 0.07 ± 0.20 ± 0.08 ± 0.22

∂JT /∂τ1 2.90 2.99 2.91 7.79 7.46 7.80 2.93 3.14 2.96
± 0.09 ± 0.24 ± 0.07 ± 0.39 ± 0.06 ± 0.22

∂JT /∂τ2 0.26 0.26 0.26 3.28 3.28 3.30 2.25 2.26 2.21
± 0.02 ± 0.02 ± 0.06 ± 0.06 ± 0.06 ± 0.06

∂JT /∂D -0.018 -0.018 -0.018 -0.149 -0.149 -0.149 -0.071 -0.071 -0.070
±0.001 ±0.001 ±0.002 ±0.002 ±0.002 ±0.002

S0 = 60 JT 20.36 20.36 20.33 10.63 10.63 10.59 3.32 3.32 3.31
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.02 ± 0.02

∂JT /∂K -0.991 -0.991 -0.991 -0.922 -0.922 -0.920 -0.488 -0.487 -0.485
±0.000 ±0.000 ±0.001 ±0.001 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 0.947 0.963 0.944 0.549 0.559 0.545
±0.001 ±0.001 ±0.002 ±0.005 ±0.003 ±0.014

∂JT /∂r 6.52 6.52 6.52 7.70 8.04 7.68 5.43 5.80 5.40
± 0.03 ± 0.00 ± 0.02 ± 0.12 ± 0.03 ± 0.39

∂JT /∂σ 0.13 0.11 0.02 2.98 2.85 2.95 10.88 11.28 10.87
± 0.13 ± 0.13 ± 0.11 ± 0.35 ± 0.08 ± 0.28

∂JT /∂τ1 2.00 2.08 2.00 4.57 4.71 4.62 9.29 9.66 9.29
± 0.12 ± 0.12 ± 0.11 ± 0.34 ± 0.08 ± 0.38

∂JT /∂τ2 0.00 0.00 0.00 0.80 0.80 0.81 4.50 4.49 4.53
± 0.01 ± 0.00 ± 0.03 ± 0.03 ± 0.08 ± 0.08

∂JT /∂D -0.001 -0.001 -0.000 -0.042 -0.042 -0.042 -0.171 -0.171 -0.171
±0.001 ±0.001 ±0.001 ±0.001 ±0.002 ±0.002



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 1.00 1.00 0.99 0.00 0.00 0.00 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.647 -0.647 -0.645 0.000 0.000 -0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.673 0.683 0.671 -0.000 0.000 0.000 0.000 0.000 -0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 4.28 4.29 4.27 -0.00 0.00 0.00 0.00 0.00 -0.00
± 0.02 ± 0.03 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 5.76 5.80 5.72 -0.00 0.00 0.00 0.00 0.00 0.00
± 0.05 ± 0.08 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ1 4.16 4.29 4.27 -0.00 0.00 0.00 0.00 0.00 -0.00
± 0.02 ± 0.02 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ2 0.14 0.14 0.13 0.00 0.00 0.00 0.00 0.00 -0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.022 -0.022 -0.022 0.000 0.000 -0.000 -0.000 0.000 0.000
±0.001 ±0.001 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.66 10.66 10.65 1.26 1.26 1.25 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.984 -0.984 -0.984 -0.644 -0.643 -0.642 -0.000 -0.000 -0.000
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

∂JT /∂S0 1.000 1.000 1.000 0.670 0.679 0.668 0.000 0.000 0.000
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

∂JT /∂r 6.47 6.47 6.47 5.37 5.40 5.35 0.00 0.00 0.00
± 0.01 ± 0.00 ± 0.02 ± 0.06 ± 0.00 ± 0.00

∂JT /∂σ 0.10 0.10 0.00 7.46 7.47 7.42 0.00 0.00 0.00
± 0.10 ± 0.10 ± 0.07 ± 0.09 ± 0.00 ± 0.00

∂JT /∂τ1 3.77 3.96 3.93 5.24 5.33 5.34 0.00 0.00 0.00
± 0.03 ± 0.03 ± 0.03 ± 0.06 ± 0.00 ± 0.00

∂JT /∂τ2 -0.00 0.00 -0.00 0.35 0.36 0.34 0.00 0.00 0.00
± 0.01 ± 0.00 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂D -0.000 -0.000 0.000 -0.032 -0.032 -0.031 -0.000 -0.000 -0.000
±0.000 ±0.000 ±0.001 ±0.001 ±0.000 ±0.000

S0 = 60 JT 20.66 20.66 20.65 10.83 10.83 10.82 1.53 1.53 1.52
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01

∂JT /∂K -0.984 -0.984 -0.984 -0.984 -0.984 -0.984 -0.640 -0.639 -0.638
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 1.000 1.000 1.000 0.667 0.683 0.665
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.004

∂JT /∂r 6.47 6.47 6.47 8.09 8.08 8.09 6.46 6.56 6.44
± 0.03 ± 0.00 ± 0.02 ± 0.00 ± 0.03 ± 0.10

∂JT /∂σ 0.12 0.12 0.00 0.12 0.12 0.00 9.25 9.15 9.20
± 0.12 ± 0.12 ± 0.12 ± 0.12 ± 0.08 ± 0.10

∂JT /∂τ1 3.77 3.97 3.93 4.76 4.95 4.92 6.30 6.43 6.39
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.03 ± 0.08

∂JT /∂τ2 -0.00 0.00 -0.00 -0.00 0.00 0.00 0.64 0.64 0.64
± 0.01 ± 0.00 ± 0.01 ± 0.00 ± 0.02 ± 0.02

∂JT /∂D -0.000 -0.000 0.000 -0.000 -0.000 -0.000 -0.043 -0.043 -0.043
±0.000 ±0.000 ±0.000 ±0.000 ±0.001 ±0.001



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 0.80 0.80 0.79 0.00 0.00 0.00 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.573 -0.573 -0.571 0.000 0.000 -0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.594 0.607 0.592 -0.000 0.000 0.000 -0.000 0.000 -0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 3.79 3.82 3.78 -0.00 0.00 0.00 -0.00 0.00 -0.00
± 0.02 ± 0.02 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 6.13 6.12 6.11 -0.00 0.00 0.00 -0.00 0.00 0.00
± 0.05 ± 0.05 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ1 2.91 2.97 2.96 -0.00 0.00 0.00 -0.00 0.00 -0.00
± 0.02 ± 0.02 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ2 0.09 0.09 0.10 0.00 0.00 0.00 0.00 0.00 -0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.021 -0.021 -0.021 0.000 0.000 -0.000 0.000 0.000 0.000
±0.000 ±0.000 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.34 10.34 10.33 1.01 1.01 1.00 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.992 -0.992 -0.992 -0.571 -0.570 -0.569 0.000 0.000 -0.000
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

∂JT /∂S0 1.000 1.000 1.000 0.592 0.603 0.590 -0.000 0.000 0.000
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

∂JT /∂r 6.52 6.52 6.52 4.75 4.80 4.74 -0.00 0.00 0.00
± 0.01 ± 0.00 ± 0.02 ± 0.04 ± 0.00 ± 0.00

∂JT /∂σ 0.10 0.10 0.00 7.90 7.95 7.88 -0.00 0.00 0.00
± 0.10 ± 0.10 ± 0.06 ± 0.08 ± 0.00 ± 0.00

∂JT /∂τ1 1.91 2.01 1.98 3.67 3.74 3.71 -0.00 0.00 0.00
± 0.03 ± 0.03 ± 0.02 ± 0.02 ± 0.00 ± 0.00

∂JT /∂τ2 0.00 0.00 -0.00 0.25 0.25 0.26 0.00 0.00 0.00
± 0.00 ± 0.00 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂D -0.000 -0.000 0.000 -0.029 -0.029 -0.029 0.000 0.000 -0.000
±0.000 ±0.000 ±0.001 ±0.001 ±0.000 ±0.000

S0 = 60 JT 20.34 20.34 20.33 10.42 10.42 10.41 1.22 1.22 1.22
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01

∂JT /∂K -0.992 -0.992 -0.992 -0.992 -0.992 -0.992 -0.569 -0.568 -0.567
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 1.000 1.000 1.000 0.590 0.600 0.588
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.004

∂JT /∂r 6.52 6.52 6.52 8.15 8.15 8.15 5.72 5.74 5.71
± 0.03 ± 0.00 ± 0.01 ± 0.00 ± 0.03 ± 0.10

∂JT /∂σ 0.12 0.12 0.00 0.12 0.12 0.00 9.72 9.80 9.71
± 0.12 ± 0.12 ± 0.12 ± 0.12 ± 0.08 ± 0.11

∂JT /∂τ1 1.92 2.02 1.98 2.42 2.52 2.48 4.41 4.49 4.45
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.03 ± 0.04

∂JT /∂τ2 -0.00 0.00 -0.00 0.00 0.00 0.00 0.47 0.47 0.49
± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.02 ± 0.02

∂JT /∂D -0.000 -0.000 0.000 -0.000 -0.000 -0.000 -0.038 -0.038 -0.039
±0.000 ±0.000 ±0.000 ±0.000 ±0.001 ±0.001



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 3.70 3.70 3.69 0.92 0.92 0.92 0.19 0.19 0.20
± 0.03 ± 0.03 ± 0.02 ± 0.02 ± 0.01 ± 0.01

∂JT /∂K -0.468 -0.467 -0.465 -0.139 -0.138 -0.137 -0.031 -0.030 -0.031
±0.003 ±0.003 ±0.002 ±0.002 ±0.001 ±0.001

∂JT /∂S0 0.573 0.551 0.568 0.205 0.200 0.202 0.053 0.047 0.054
±0.003 ±0.017 ±0.003 ±0.012 ±0.002 ±0.006

∂JT /∂r 3.57 2.98 3.54 1.56 1.57 1.53 0.45 0.45 0.46
± 0.03 ± 0.65 ± 0.02 ± 0.02 ± 0.01 ± 0.01

∂JT /∂σ 7.16 6.77 7.13 5.31 4.95 5.25 2.03 1.94 2.08
± 0.06 ± 0.55 ± 0.07 ± 0.52 ± 0.06 ± 0.09

∂JT /∂τ1 10.25 10.11 10.28 6.41 6.68 6.37 2.30 2.37 2.34
± 0.10 ± 0.68 ± 0.10 ± 0.68 ± 0.07 ± 0.19

∂JT /∂τ2 5.42 5.41 5.43 5.19 5.20 5.08 2.13 2.14 2.19
± 0.09 ± 0.09 ± 0.10 ± 0.10 ± 0.08 ± 0.08

∂JT /∂D -0.220 -0.220 -0.220 -0.152 -0.152 -0.149 -0.049 -0.049 -0.050
±0.002 ±0.002 ±0.002 ±0.002 ±0.001 ±0.001

S0 = 50 JT 11.28 11.28 11.24 4.75 4.75 4.73 1.65 1.65 1.64
± 0.05 ± 0.05 ± 0.04 ± 0.04 ± 0.02 ± 0.02

∂JT /∂K -0.831 -0.831 -0.828 -0.467 -0.465 -0.463 -0.186 -0.185 -0.185
±0.002 ±0.002 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂S0 0.896 0.908 0.892 0.574 0.577 0.568 0.266 0.282 0.262
±0.002 ±0.012 ±0.003 ±0.018 ±0.003 ±0.015

∂JT /∂r 5.74 6.12 5.70 4.58 4.12 4.53 2.51 2.13 2.47
± 0.03 ± 0.22 ± 0.03 ± 0.64 ± 0.03 ± 0.59

∂JT /∂σ 4.17 4.89 4.16 9.17 8.97 9.11 7.79 6.97 7.69
± 0.09 ± 0.55 ± 0.08 ± 0.49 ± 0.09 ± 1.19

∂JT /∂τ1 8.30 9.51 8.50 12.75 11.69 12.75 9.42 8.36 9.38
± 0.15 ± 0.63 ± 0.13 ± 0.86 ± 0.13 ± 1.29

∂JT /∂τ2 2.69 2.69 2.60 7.71 7.71 7.71 7.83 7.83 7.66
± 0.06 ± 0.06 ± 0.12 ± 0.12 ± 0.14 ± 0.14

∂JT /∂D -0.118 -0.118 -0.116 -0.252 -0.252 -0.251 -0.195 -0.195 -0.192
±0.001 ±0.001 ±0.002 ±0.002 ±0.002 ±0.002

S0 = 60 JT 20.79 20.79 20.73 12.02 12.02 11.95 5.81 5.81 5.78
± 0.06 ± 0.06 ± 0.06 ± 0.06 ± 0.04 ± 0.04

∂JT /∂K -0.955 -0.955 -0.955 -0.773 -0.772 -0.768 -0.467 -0.466 -0.462
±0.001 ±0.001 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂S0 0.984 0.979 0.983 0.852 0.855 0.845 0.576 0.544 0.568
±0.001 ±0.008 ±0.003 ±0.014 ±0.003 ±0.024

∂JT /∂r 6.34 6.51 6.34 6.89 6.57 6.81 5.62 4.77 5.54
± 0.03 ± 0.12 ± 0.03 ± 0.42 ± 0.04 ± 0.90

∂JT /∂σ 1.21 1.48 1.12 6.59 6.41 6.56 11.20 10.36 11.09
± 0.12 ± 0.41 ± 0.10 ± 0.58 ± 0.10 ± 0.85

∂JT /∂τ1 5.19 5.70 5.27 11.47 11.22 11.70 15.24 14.68 15.19
± 0.20 ± 0.54 ± 0.18 ± 0.63 ± 0.16 ± 0.98

∂JT /∂τ2 0.63 0.62 0.60 5.10 5.09 4.84 10.12 10.11 10.08
± 0.03 ± 0.03 ± 0.10 ± 0.10 ± 0.15 ± 0.15

∂JT /∂D -0.029 -0.029 -0.029 -0.176 -0.176 -0.171 -0.279 -0.279 -0.278
±0.001 ±0.001 ±0.002 ±0.002 ±0.002 ±0.002



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 3.53 3.53 3.52 0.85 0.85 0.85 0.17 0.17 0.18
± 0.03 ± 0.03 ± 0.01 ± 0.01 ± 0.01 ± 0.01

∂JT /∂K -0.458 -0.456 -0.455 -0.131 -0.130 -0.129 -0.028 -0.028 -0.028
±0.003 ±0.003 ±0.002 ±0.002 ±0.001 ±0.001

∂JT /∂S0 0.556 0.577 0.553 0.191 0.205 0.189 0.048 0.041 0.049
±0.003 ±0.013 ±0.003 ±0.010 ±0.002 ±0.005

∂JT /∂r 3.46 3.47 3.45 1.46 1.82 1.43 0.41 0.41 0.42
± 0.03 ± 0.17 ± 0.02 ± 0.21 ± 0.01 ± 0.01

∂JT /∂σ 7.15 7.07 7.14 5.07 6.20 5.03 1.86 1.11 1.92
± 0.06 ± 0.17 ± 0.07 ± 0.46 ± 0.06 ± 0.53

∂JT /∂τ1 9.38 9.44 9.40 5.80 6.93 5.81 2.02 1.27 2.08
± 0.10 ± 0.20 ± 0.09 ± 0.56 ± 0.07 ± 0.53

∂JT /∂τ2 5.01 5.00 5.02 4.68 4.67 4.57 1.86 1.86 1.93
± 0.09 ± 0.09 ± 0.10 ± 0.10 ± 0.07 ± 0.07

∂JT /∂D -0.212 -0.212 -0.212 -0.141 -0.141 -0.138 -0.044 -0.044 -0.045
±0.002 ±0.002 ±0.002 ±0.002 ±0.001 ±0.001

S0 = 50 JT 11.00 11.00 10.96 4.52 4.52 4.51 1.52 1.52 1.52
± 0.05 ± 0.05 ± 0.04 ± 0.04 ± 0.02 ± 0.02

∂JT /∂K -0.831 -0.830 -0.827 -0.456 -0.455 -0.453 -0.177 -0.177 -0.176
±0.002 ±0.002 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂S0 0.889 0.898 0.885 0.556 0.573 0.553 0.251 0.266 0.248
±0.002 ±0.013 ±0.003 ±0.016 ±0.003 ±0.014

∂JT /∂r 5.72 5.65 5.69 4.42 4.19 4.40 2.36 2.63 2.33
± 0.03 ± 0.59 ± 0.03 ± 0.51 ± 0.03 ± 0.20

∂JT /∂σ 4.33 4.85 4.31 9.14 8.96 9.12 7.51 7.95 7.45
± 0.09 ± 0.54 ± 0.08 ± 0.44 ± 0.09 ± 0.28

∂JT /∂τ1 6.97 7.51 7.06 11.66 11.36 11.67 8.59 10.19 8.59
± 0.15 ± 0.57 ± 0.13 ± 0.61 ± 0.12 ± 0.61

∂JT /∂τ2 2.56 2.56 2.46 7.09 7.08 7.09 7.07 7.07 6.91
± 0.06 ± 0.06 ± 0.12 ± 0.12 ± 0.13 ± 0.13

∂JT /∂D -0.118 -0.118 -0.115 -0.240 -0.240 -0.240 -0.182 -0.182 -0.179
±0.001 ±0.001 ±0.002 ±0.002 ±0.002 ±0.002

S0 = 60 JT 20.47 20.47 20.41 11.67 11.67 11.61 5.54 5.54 5.51
± 0.06 ± 0.06 ± 0.06 ± 0.06 ± 0.04 ± 0.04

∂JT /∂K -0.961 -0.961 -0.961 -0.770 -0.769 -0.766 -0.456 -0.455 -0.453
±0.001 ±0.001 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂S0 0.983 0.975 0.982 0.842 0.871 0.837 0.557 0.517 0.553
±0.001 ±0.008 ±0.003 ±0.014 ±0.003 ±0.024

∂JT /∂r 6.38 6.09 6.38 6.82 7.32 6.77 5.41 4.18 5.37
± 0.03 ± 0.46 ± 0.03 ± 0.28 ± 0.04 ± 1.05

∂JT /∂σ 1.29 1.16 1.19 6.78 6.28 6.74 11.15 9.67 11.11
± 0.12 ± 0.33 ± 0.10 ± 0.50 ± 0.10 ± 1.03

∂JT /∂τ1 3.50 3.92 3.46 9.94 9.53 10.06 13.94 13.02 13.91
± 0.19 ± 0.73 ± 0.17 ± 0.52 ± 0.15 ± 1.16

∂JT /∂τ2 0.61 0.61 0.58 4.73 4.73 4.50 9.24 9.23 9.23
± 0.03 ± 0.03 ± 0.10 ± 0.10 ± 0.15 ± 0.14

∂JT /∂D -0.030 -0.030 -0.029 -0.171 -0.171 -0.166 -0.264 -0.264 -0.263
±0.001 ±0.001 ±0.002 ±0.002 ±0.002 ±0.002



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 3.31 3.31 3.29 0.60 0.60 0.60 0.07 0.07 0.07
± 0.03 ± 0.03 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.479 -0.477 -0.475 -0.117 -0.116 -0.116 -0.015 -0.015 -0.016
±0.003 ±0.003 ±0.002 ±0.002 ±0.001 ±0.001

∂JT /∂S0 0.578 0.577 0.572 0.165 0.167 0.164 0.025 0.026 0.027
±0.003 ±0.008 ±0.002 ±0.002 ±0.001 ±0.001

∂JT /∂r 7.95 7.68 7.88 2.43 2.44 2.40 0.39 0.39 0.41
± 0.05 ± 0.27 ± 0.04 ± 0.03 ± 0.02 ± 0.02

∂JT /∂σ 9.95 9.39 9.82 6.21 6.22 6.17 1.47 1.48 1.56
± 0.10 ± 0.34 ± 0.10 ± 0.10 ± 0.06 ± 0.06

∂JT /∂τ1 5.58 5.04 5.54 2.85 2.86 2.85 0.63 0.64 0.67
± 0.07 ± 0.33 ± 0.05 ± 0.05 ± 0.03 ± 0.03

∂JT /∂τ2 5.55 5.54 5.47 2.86 2.86 2.83 0.62 0.63 0.67
± 0.05 ± 0.05 ± 0.05 ± 0.05 ± 0.03 ± 0.03

∂JT /∂D -0.565 -0.564 -0.559 -0.163 -0.163 -0.161 -0.025 -0.025 -0.026
±0.003 ±0.003 ±0.002 ±0.002 ±0.001 ±0.001

S0 = 50 JT 11.11 11.11 11.03 4.28 4.28 4.25 1.15 1.15 1.15
± 0.04 ± 0.04 ± 0.03 ± 0.03 ± 0.02 ± 0.02

∂JT /∂K -0.852 -0.850 -0.850 -0.489 -0.487 -0.485 -0.170 -0.169 -0.168
±0.002 ±0.002 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂S0 0.944 0.908 0.915 0.586 0.588 0.582 0.231 0.232 0.229
±0.002 ±0.029 ±0.003 ±0.003 ±0.003 ±0.003

∂JT /∂r 12.43 11.76 12.20 10.14 10.14 10.07 4.22 4.22 4.18
± 0.05 ± 1.14 ± 0.06 ± 0.05 ± 0.05 ± 0.05

∂JT /∂σ 6.04 5.14 4.88 12.35 12.35 12.27 9.56 9.57 9.52
± 0.13 ± 1.22 ± 0.12 ± 0.12 ± 0.12 ± 0.12

∂JT /∂τ1 5.82 5.41 5.28 6.94 6.94 6.96 4.51 4.51 4.51
± 0.09 ± 1.39 ± 0.08 ± 0.08 ± 0.07 ± 0.07

∂JT /∂τ2 4.50 4.50 4.40 7.00 6.99 6.91 4.52 4.52 4.48
± 0.07 ± 0.06 ± 0.07 ± 0.07 ± 0.06 ± 0.06

∂JT /∂D -0.713 -0.710 -0.708 -0.576 -0.576 -0.572 -0.227 -0.227 -0.226
±0.002 ±0.002 ±0.003 ±0.003 ±0.003 ±0.003

S0 = 60 JT 20.76 20.76 20.68 11.85 11.85 11.76 5.26 5.26 5.22
± 0.04 ± 0.04 ± 0.05 ± 0.05 ± 0.04 ± 0.04

∂JT /∂K -0.965 -0.964 -0.964 -0.805 -0.804 -0.803 -0.495 -0.493 -0.492
±0.001 ±0.001 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂S0 1.018 0.935 0.991 0.883 0.883 0.879 0.592 0.594 0.589
±0.001 ±0.027 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂r 8.89 8.19 8.63 16.68 16.68 16.64 12.29 12.30 12.23
± 0.05 ± 0.70 ± 0.06 ± 0.04 ± 0.08 ± 0.06

∂JT /∂σ 1.26 0.34 0.87 7.76 7.78 7.60 14.82 14.82 14.72
± 0.13 ± 1.17 ± 0.18 ± 0.18 ± 0.15 ± 0.15

∂JT /∂τ1 3.98 3.40 4.23 6.90 6.90 6.87 8.36 8.36 8.38
± 0.12 ± 0.62 ± 0.11 ± 0.11 ± 0.10 ± 0.10

∂JT /∂τ2 1.30 1.30 1.21 6.89 6.89 6.79 8.43 8.42 8.32
± 0.04 ± 0.04 ± 0.09 ± 0.09 ± 0.08 ± 0.08

∂JT /∂D -0.239 -0.241 -0.240 -0.868 -0.868 -0.865 -0.582 -0.582 -0.579
±0.002 ±0.002 ±0.002 ±0.002 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 2.95 2.95 2.93 0.48 0.48 0.49 0.05 0.05 0.05
± 0.02 ± 0.02 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.457 -0.455 -0.453 -0.100 -0.099 -0.098 -0.012 -0.012 -0.013
±0.003 ±0.003 ±0.002 ±0.002 ±0.001 ±0.001

∂JT /∂S0 0.545 0.552 0.537 0.140 0.135 0.138 0.020 0.020 0.021
±0.003 ±0.019 ±0.002 ±0.006 ±0.001 ±0.001

∂JT /∂r 6.74 5.52 6.65 2.07 2.07 2.04 0.31 0.31 0.32
± 0.05 ± 0.92 ± 0.04 ± 0.03 ± 0.02 ± 0.01

∂JT /∂σ 10.03 8.52 9.86 5.56 5.03 5.52 1.21 1.21 1.26
± 0.09 ± 1.15 ± 0.09 ± 0.54 ± 0.06 ± 0.06

∂JT /∂τ1 4.78 3.30 4.75 2.27 1.73 2.27 0.48 0.48 0.50
± 0.06 ± 1.15 ± 0.05 ± 0.54 ± 0.03 ± 0.03

∂JT /∂τ2 4.27 4.26 4.18 2.28 2.28 2.26 0.47 0.47 0.50
± 0.05 ± 0.05 ± 0.04 ± 0.04 ± 0.02 ± 0.02

∂JT /∂D -0.451 -0.450 -0.445 -0.139 -0.139 -0.137 -0.020 -0.020 -0.021
±0.003 ±0.003 ±0.002 ±0.002 ±0.001 ±0.001

S0 = 50 JT 10.64 10.64 10.58 3.81 3.81 3.77 0.95 0.95 0.95
± 0.03 ± 0.03 ± 0.03 ± 0.03 ± 0.02 ± 0.02

∂JT /∂K -0.889 -0.888 -0.888 -0.462 -0.460 -0.458 -0.147 -0.146 -0.146
±0.002 ±0.002 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂S0 0.934 0.938 0.927 0.550 0.532 0.543 0.200 0.201 0.198
±0.002 ±0.022 ±0.003 ±0.020 ±0.003 ±0.003

∂JT /∂r 7.83 8.24 7.77 8.95 8.66 8.84 3.65 3.66 3.62
± 0.04 ± 0.60 ± 0.06 ± 0.50 ± 0.05 ± 0.05

∂JT /∂σ 4.29 2.90 4.13 12.65 11.06 12.43 8.77 8.78 8.74
± 0.09 ± 0.74 ± 0.11 ± 1.04 ± 0.12 ± 0.12

∂JT /∂τ1 3.74 2.75 3.78 5.89 4.34 5.83 3.64 3.64 3.64
± 0.09 ± 0.62 ± 0.08 ± 1.04 ± 0.06 ± 0.06

∂JT /∂τ2 1.64 1.64 1.57 5.56 5.56 5.47 3.65 3.65 3.63
± 0.03 ± 0.03 ± 0.06 ± 0.06 ± 0.06 ± 0.06

∂JT /∂D -0.225 -0.225 -0.223 -0.492 -0.492 -0.486 -0.198 -0.197 -0.196
±0.002 ±0.002 ±0.003 ±0.003 ±0.003 ±0.003

S0 = 60 JT 20.38 20.38 20.34 11.11 11.11 11.05 4.67 4.67 4.63
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.04

∂JT /∂K -0.987 -0.987 -0.986 -0.823 -0.822 -0.819 -0.466 -0.464 -0.462
±0.000 ±0.000 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂S0 0.998 1.002 0.997 0.886 0.858 0.874 0.555 0.549 0.547
±0.001 ±0.008 ±0.002 ±0.030 ±0.003 ±0.018

∂JT /∂r 6.64 6.68 6.63 11.34 13.27 11.23 11.19 11.36 11.06
± 0.05 ± 0.05 ± 0.05 ± 0.84 ± 0.07 ± 0.19

∂JT /∂σ 0.42 -1.27 0.32 7.83 7.14 7.67 15.22 16.14 14.97
± 0.13 ± 0.60 ± 0.12 ± 0.43 ± 0.14 ± 0.91

∂JT /∂τ1 2.17 0.66 2.16 5.33 6.10 5.33 7.00 7.89 6.93
± 0.12 ± 0.55 ± 0.11 ± 0.53 ± 0.09 ± 0.91

∂JT /∂τ2 0.11 0.11 0.10 3.42 3.42 3.39 6.84 6.84 6.73
± 0.01 ± 0.01 ± 0.05 ± 0.05 ± 0.07 ± 0.07

∂JT /∂D -0.017 -0.017 -0.017 -0.406 -0.406 -0.407 -0.521 -0.521 -0.515
±0.001 ±0.001 ±0.002 ±0.002 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 1.35 1.35 1.33 0.00 0.00 0.00 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.570 -0.563 -0.565 -0.000 -0.000 -0.001 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.624 0.627 0.613 0.000 0.000 0.001 0.000 0.000 -0.000
±0.003 ±0.007 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 9.21 9.30 9.09 0.01 0.01 0.01 0.00 0.00 -0.00
± 0.04 ± 0.16 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 10.09 9.88 9.57 0.03 0.04 0.06 0.00 0.00 0.00
± 0.08 ± 0.36 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂τ1 3.58 3.69 3.49 0.01 0.01 0.01 0.00 0.00 -0.00
± 0.02 ± 0.20 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ2 3.35 3.35 3.30 0.01 0.01 0.01 0.00 0.00 -0.00
± 0.02 ± 0.02 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.579 -0.579 -0.573 -0.000 -0.000 -0.001 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.66 10.66 10.65 1.84 1.84 1.82 0.01 0.01 0.01
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.984 -0.984 -0.984 -0.598 -0.592 -0.593 -0.005 -0.004 -0.005
±0.000 ±0.000 ±0.003 ±0.002 ±0.000 ±0.000

∂JT /∂S0 1.000 1.000 1.000 0.647 0.653 0.642 0.006 0.006 0.007
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

∂JT /∂r 6.47 6.47 6.47 12.38 12.41 12.28 0.12 0.12 0.13
± 0.02 ± 0.00 ± 0.05 ± 0.05 ± 0.01 ± 0.01

∂JT /∂σ 0.10 0.10 0.00 11.82 11.82 11.74 0.52 0.54 0.58
± 0.10 ± 0.10 ± 0.11 ± 0.11 ± 0.04 ± 0.04

∂JT /∂τ1 3.87 3.97 3.93 4.47 4.47 4.45 0.09 0.09 0.10
± 0.03 ± 0.03 ± 0.03 ± 0.03 ± 0.01 ± 0.01

∂JT /∂τ2 0.00 0.00 0.00 4.44 4.44 4.39 0.09 0.09 0.10
± 0.01 ± 0.00 ± 0.03 ± 0.03 ± 0.01 ± 0.01

∂JT /∂D -0.000 -0.000 -0.000 -0.636 -0.636 -0.631 -0.006 -0.006 -0.006
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

S0 = 60 JT 20.66 20.66 20.65 11.06 11.06 11.03 2.33 2.33 2.31
± 0.01 ± 0.01 ± 0.02 ± 0.02 ± 0.01 ± 0.01

∂JT /∂K -0.984 -0.984 -0.984 -0.959 -0.959 -0.959 -0.616 -0.612 -0.612
±0.000 ±0.000 ±0.000 ±0.000 ±0.002 ±0.002

∂JT /∂S0 1.000 1.000 1.000 1.000 1.000 0.999 0.666 0.671 0.661
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂r 6.47 6.47 6.47 19.87 19.87 19.87 15.30 15.32 15.19
± 0.05 ± 0.00 ± 0.03 ± 0.00 ± 0.06 ± 0.06

∂JT /∂σ 0.12 0.12 0.00 0.40 0.40 0.07 13.95 13.97 13.85
± 0.13 ± 0.13 ± 0.20 ± 0.20 ± 0.13 ± 0.13

∂JT /∂τ1 3.87 3.97 3.93 4.94 4.94 4.90 5.44 5.44 5.42
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.04

∂JT /∂τ2 -0.00 0.00 -0.00 4.85 4.85 4.80 5.41 5.41 5.35
± 0.01 ± 0.00 ± 0.03 ± 0.03 ± 0.03 ± 0.03

∂JT /∂D -0.000 -0.000 0.000 -0.984 -0.984 -0.983 -0.655 -0.655 -0.650
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 0.99 0.99 0.99 0.00 0.00 0.00 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.525 -0.520 -0.519 -0.000 -0.000 -0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.558 0.560 0.550 0.000 0.000 0.000 0.000 0.000 -0.000
±0.003 ±0.011 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 5.73 5.74 5.66 0.00 0.00 0.00 0.00 0.00 -0.00
± 0.04 ± 0.23 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 9.38 9.18 9.27 0.01 0.01 0.02 0.00 0.00 0.00
± 0.06 ± 0.26 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ1 2.56 2.43 2.55 0.00 0.00 0.00 0.00 0.00 -0.00
± 0.02 ± 0.19 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ2 1.34 1.34 1.33 0.00 0.00 0.00 0.00 0.00 -0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.252 -0.252 -0.250 -0.000 -0.000 -0.000 -0.000 0.000 0.000
±0.002 ±0.002 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.34 10.34 10.33 1.31 1.31 1.30 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.992 -0.992 -0.992 -0.519 -0.514 -0.515 -0.002 -0.002 -0.002
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

∂JT /∂S0 1.000 1.000 1.000 0.556 0.566 0.548 0.002 0.003 0.003
±0.000 ±0.000 ±0.003 ±0.013 ±0.000 ±0.000

∂JT /∂r 6.52 6.52 6.52 8.17 7.99 8.06 0.05 0.05 0.05
± 0.02 ± 0.00 ± 0.05 ± 0.35 ± 0.01 ± 0.01

∂JT /∂σ 0.10 0.10 0.00 12.31 12.10 12.07 0.23 0.24 0.25
± 0.10 ± 0.10 ± 0.08 ± 0.49 ± 0.03 ± 0.03

∂JT /∂τ1 1.96 2.01 1.98 3.06 2.94 3.04 0.03 0.03 0.04
± 0.03 ± 0.03 ± 0.03 ± 0.33 ± 0.00 ± 0.00

∂JT /∂τ2 -0.00 0.00 0.00 2.09 2.09 2.05 0.03 0.03 0.04
± 0.00 ± 0.00 ± 0.02 ± 0.02 ± 0.00 ± 0.00

∂JT /∂D -0.000 -0.000 -0.000 -0.338 -0.338 -0.334 -0.002 -0.002 -0.003
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

S0 = 60 JT 20.34 20.34 20.33 10.42 10.42 10.41 1.65 1.65 1.64
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01

∂JT /∂K -0.992 -0.992 -0.992 -0.992 -0.992 -0.992 -0.518 -0.514 -0.515
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 1.000 1.000 1.000 0.556 0.576 0.550
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.014

∂JT /∂r 6.52 6.52 6.52 8.15 8.15 8.15 10.94 11.99 10.83
± 0.04 ± 0.00 ± 0.02 ± 0.00 ± 0.06 ± 0.34

∂JT /∂σ 0.12 0.12 0.00 0.12 0.12 0.00 15.17 16.14 14.80
± 0.13 ± 0.13 ± 0.13 ± 0.13 ± 0.11 ± 0.69

∂JT /∂τ1 1.97 2.02 1.98 2.47 2.52 2.48 3.56 4.63 3.52
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.03 ± 0.38

∂JT /∂τ2 -0.00 0.00 -0.00 0.00 0.00 0.00 2.89 2.89 2.85
± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.02 ± 0.02

∂JT /∂D -0.000 -0.000 0.000 -0.000 -0.000 -0.000 -0.417 -0.416 -0.414
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 5.28 5.28 5.25 2.16 2.16 2.16 0.81 0.81 0.82
± 0.05 ± 0.05 ± 0.03 ± 0.03 ± 0.02 ± 0.02

∂JT /∂K -0.442 -0.441 -0.438 -0.203 -0.202 -0.202 -0.083 -0.082 -0.081
±0.003 ±0.003 ±0.002 ±0.002 ±0.001 ±0.001

∂JT /∂S0 0.589 0.587 0.584 0.315 0.317 0.314 0.148 0.149 0.146
±0.004 ±0.008 ±0.003 ±0.003 ±0.003 ±0.003

∂JT /∂r 7.35 7.35 7.28 4.22 4.22 4.20 2.06 2.07 2.03
± 0.06 ± 0.04 ± 0.05 ± 0.04 ± 0.04 ± 0.04

∂JT /∂σ 9.83 9.80 9.76 8.88 8.88 8.87 5.75 5.76 5.72
± 0.11 ± 0.11 ± 0.11 ± 0.11 ± 0.11 ± 0.11

∂JT /∂τ1 7.74 7.70 7.75 6.41 6.41 6.43 4.00 4.00 3.98
± 0.12 ± 0.11 ± 0.11 ± 0.10 ± 0.09 ± 0.09

∂JT /∂τ2 7.78 7.78 7.68 6.44 6.44 6.40 4.00 4.00 3.97
± 0.10 ± 0.09 ± 0.09 ± 0.09 ± 0.08 ± 0.08

∂JT /∂D -0.578 -0.578 -0.573 -0.310 -0.310 -0.309 -0.146 -0.146 -0.143
±0.003 ±0.003 ±0.003 ±0.003 ±0.003 ±0.003

S0 = 50 JT 12.50 12.50 12.40 6.75 6.75 6.70 3.34 3.34 3.33
± 0.07 ± 0.07 ± 0.06 ± 0.06 ± 0.04 ± 0.04

∂JT /∂K -0.704 -0.703 -0.698 -0.448 -0.447 -0.444 -0.246 -0.245 -0.243
±0.002 ±0.002 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂S0 0.836 0.837 0.822 0.595 0.596 0.590 0.370 0.371 0.366
±0.003 ±0.025 ±0.004 ±0.004 ±0.003 ±0.003

∂JT /∂r 11.53 11.47 11.36 9.30 9.31 9.22 6.14 6.14 6.06
± 0.07 ± 0.04 ± 0.07 ± 0.05 ± 0.07 ± 0.05

∂JT /∂σ 8.59 10.25 8.19 12.26 12.26 12.22 11.86 11.87 11.82
± 0.15 ± 1.08 ± 0.14 ± 0.14 ± 0.14 ± 0.14

∂JT /∂τ1 8.18 9.95 7.86 9.66 9.66 9.71 8.69 8.68 8.69
± 0.16 ± 1.62 ± 0.15 ± 0.14 ± 0.14 ± 0.13

∂JT /∂τ2 7.81 7.81 7.67 9.77 9.76 9.65 8.73 8.73 8.65
± 0.13 ± 0.12 ± 0.12 ± 0.12 ± 0.12 ± 0.11

∂JT /∂D -0.794 -0.792 -0.784 -0.585 -0.585 -0.580 -0.364 -0.364 -0.360
±0.003 ±0.003 ±0.003 ±0.003 ±0.003 ±0.003

S0 = 60 JT 21.43 21.43 21.26 13.78 13.78 13.68 8.21 8.21 8.16
± 0.09 ± 0.09 ± 0.09 ± 0.09 ± 0.07 ± 0.07

∂JT /∂K -0.851 -0.851 -0.850 -0.663 -0.662 -0.659 -0.452 -0.451 -0.448
±0.002 ±0.002 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂S0 0.960 1.003 0.934 0.795 0.796 0.790 0.599 0.600 0.594
±0.002 ±0.042 ±0.003 ±0.003 ±0.004 ±0.004

∂JT /∂r 12.92 15.11 12.67 13.76 13.76 13.66 11.24 11.24 11.14
± 0.07 ± 1.46 ± 0.08 ± 0.05 ± 0.09 ± 0.06

∂JT /∂σ 6.02 7.71 4.86 10.94 10.95 10.91 14.73 14.73 14.68
± 0.17 ± 2.25 ± 0.18 ± 0.18 ± 0.17 ± 0.17

∂JT /∂τ1 7.30 9.30 6.46 9.92 9.92 10.01 11.62 11.61 11.67
± 0.20 ± 2.40 ± 0.19 ± 0.19 ± 0.18 ± 0.17

∂JT /∂τ2 6.02 6.02 5.76 10.06 10.06 9.93 11.75 11.74 11.61
± 0.15 ± 0.14 ± 0.16 ± 0.15 ± 0.15 ± 0.14

∂JT /∂D -0.781 -0.777 -0.774 -0.782 -0.782 -0.777 -0.589 -0.589 -0.584
±0.002 ±0.002 ±0.003 ±0.003 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 4.94 4.94 4.90 1.96 1.96 1.95 0.71 0.71 0.72
± 0.04 ± 0.04 ± 0.03 ± 0.03 ± 0.02 ± 0.02

∂JT /∂K -0.430 -0.428 -0.425 -0.189 -0.188 -0.188 -0.074 -0.074 -0.073
±0.003 ±0.003 ±0.002 ±0.002 ±0.001 ±0.001

∂JT /∂S0 0.569 0.549 0.561 0.293 0.294 0.291 0.132 0.134 0.132
±0.004 ±0.017 ±0.003 ±0.003 ±0.003 ±0.003

∂JT /∂r 6.77 6.75 6.67 3.92 3.92 3.90 1.85 1.85 1.83
± 0.06 ± 0.04 ± 0.05 ± 0.04 ± 0.04 ± 0.03

∂JT /∂σ 9.98 10.02 9.84 8.60 8.59 8.58 5.32 5.33 5.33
± 0.10 ± 0.31 ± 0.11 ± 0.11 ± 0.11 ± 0.11

∂JT /∂τ1 7.03 6.58 7.00 5.71 5.70 5.71 3.44 3.45 3.47
± 0.11 ± 0.87 ± 0.10 ± 0.10 ± 0.08 ± 0.08

∂JT /∂τ2 6.79 6.78 6.66 5.70 5.70 5.68 3.47 3.48 3.47
± 0.09 ± 0.09 ± 0.09 ± 0.09 ± 0.08 ± 0.08

∂JT /∂D -0.522 -0.521 -0.515 -0.289 -0.289 -0.288 -0.131 -0.131 -0.131
±0.003 ±0.003 ±0.003 ±0.003 ±0.002 ±0.002

S0 = 50 JT 12.00 12.00 11.90 6.30 6.30 6.25 3.05 3.05 3.04
± 0.06 ± 0.06 ± 0.06 ± 0.06 ± 0.04 ± 0.04

∂JT /∂K -0.715 -0.713 -0.709 -0.434 -0.433 -0.429 -0.231 -0.230 -0.229
±0.002 ±0.002 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂S0 0.830 0.777 0.816 0.573 0.607 0.565 0.344 0.345 0.342
±0.003 ±0.041 ±0.004 ±0.017 ±0.003 ±0.003

∂JT /∂r 9.20 8.07 9.07 8.76 10.36 8.63 5.73 5.73 5.69
± 0.06 ± 1.09 ± 0.07 ± 0.94 ± 0.07 ± 0.05

∂JT /∂σ 8.46 7.06 8.26 12.52 14.22 12.36 11.57 11.57 11.54
± 0.11 ± 0.98 ± 0.13 ± 1.05 ± 0.14 ± 0.14

∂JT /∂τ1 6.98 4.52 6.97 8.72 10.70 8.69 7.72 7.70 7.72
± 0.15 ± 1.59 ± 0.14 ± 1.10 ± 0.13 ± 0.13

∂JT /∂τ2 5.70 5.70 5.57 8.63 8.63 8.49 7.75 7.75 7.70
± 0.09 ± 0.09 ± 0.11 ± 0.11 ± 0.11 ± 0.11

∂JT /∂D -0.543 -0.543 -0.539 -0.545 -0.545 -0.538 -0.341 -0.341 -0.339
±0.003 ±0.003 ±0.003 ±0.003 ±0.003 ±0.003

S0 = 60 JT 20.90 20.90 20.77 13.15 13.15 13.03 7.68 7.68 7.61
± 0.07 ± 0.07 ± 0.08 ± 0.08 ± 0.07 ± 0.07

∂JT /∂K -0.885 -0.884 -0.883 -0.662 -0.660 -0.657 -0.437 -0.436 -0.433
±0.002 ±0.002 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂S0 0.950 0.962 0.940 0.787 0.781 0.775 0.576 0.604 0.569
±0.002 ±0.035 ±0.003 ±0.037 ±0.004 ±0.016

∂JT /∂r 8.55 9.07 8.48 12.04 10.86 11.88 10.72 11.20 10.59
± 0.06 ± 1.26 ± 0.07 ± 1.65 ± 0.09 ± 0.49

∂JT /∂σ 4.51 3.24 4.36 11.63 10.49 11.30 15.03 16.77 14.86
± 0.13 ± 1.39 ± 0.15 ± 1.76 ± 0.17 ± 1.30

∂JT /∂τ1 4.89 3.98 5.01 8.95 5.88 8.83 10.41 12.08 10.40
± 0.20 ± 1.40 ± 0.18 ± 2.60 ± 0.17 ± 1.30

∂JT /∂τ2 2.93 2.93 2.80 8.18 8.17 7.98 10.46 10.45 10.29
± 0.07 ± 0.07 ± 0.13 ± 0.13 ± 0.14 ± 0.14

∂JT /∂D -0.316 -0.316 -0.315 -0.636 -0.635 -0.629 -0.559 -0.558 -0.553
±0.002 ±0.002 ±0.003 ±0.003 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 3.60 3.60 3.58 0.68 0.68 0.68 0.08 0.08 0.09
± 0.03 ± 0.03 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.502 -0.500 -0.500 -0.130 -0.129 -0.129 -0.019 -0.018 -0.019
±0.003 ±0.003 ±0.002 ±0.002 ±0.001 ±0.001

∂JT /∂S0 0.600 0.602 0.597 0.182 0.184 0.180 0.030 0.031 0.031
±0.003 ±0.003 ±0.002 ±0.002 ±0.001 ±0.001

∂JT /∂r 8.31 8.31 8.27 2.69 2.70 2.66 0.46 0.46 0.47
± 0.05 ± 0.04 ± 0.04 ± 0.04 ± 0.02 ± 0.02

∂JT /∂σ 9.88 9.88 9.80 6.68 6.70 6.65 1.72 1.73 1.78
± 0.10 ± 0.10 ± 0.10 ± 0.10 ± 0.07 ± 0.07

∂JT /∂τ1 5.60 5.59 5.61 3.09 3.09 3.08 0.74 0.75 0.77
± 0.07 ± 0.07 ± 0.05 ± 0.05 ± 0.03 ± 0.03

∂JT /∂τ2 5.65 5.64 5.58 3.10 3.10 3.07 0.73 0.74 0.77
± 0.06 ± 0.05 ± 0.05 ± 0.05 ± 0.03 ± 0.03

∂JT /∂D -0.590 -0.590 -0.587 -0.179 -0.179 -0.177 -0.030 -0.030 -0.031
±0.003 ±0.003 ±0.002 ±0.002 ±0.001 ±0.001

S0 = 50 JT 11.55 11.55 11.48 4.58 4.58 4.54 1.27 1.27 1.26
± 0.05 ± 0.05 ± 0.04 ± 0.04 ± 0.02 ± 0.02

∂JT /∂K -0.855 -0.854 -0.854 -0.507 -0.505 -0.505 -0.182 -0.181 -0.181
±0.002 ±0.002 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂S0 0.924 0.925 0.922 0.605 0.607 0.602 0.246 0.248 0.245
±0.002 ±0.002 ±0.003 ±0.003 ±0.003 ±0.003

∂JT /∂r 14.14 14.14 14.12 10.47 10.48 10.43 4.51 4.51 4.49
± 0.05 ± 0.03 ± 0.06 ± 0.05 ± 0.06 ± 0.05

∂JT /∂σ 4.81 4.82 4.63 12.34 12.34 12.25 10.01 10.02 9.98
± 0.15 ± 0.15 ± 0.12 ± 0.12 ± 0.12 ± 0.12

∂JT /∂τ1 5.17 5.17 5.15 7.01 7.01 7.03 4.74 4.74 4.74
± 0.10 ± 0.09 ± 0.08 ± 0.08 ± 0.07 ± 0.07

∂JT /∂τ2 5.21 5.21 5.11 7.08 7.08 7.00 4.76 4.76 4.73
± 0.08 ± 0.08 ± 0.07 ± 0.07 ± 0.06 ± 0.06

∂JT /∂D -0.909 -0.909 -0.907 -0.595 -0.595 -0.592 -0.242 -0.242 -0.241
±0.002 ±0.002 ±0.003 ±0.003 ±0.003 ±0.003

S0 = 60 JT 21.25 21.25 21.15 12.28 12.28 12.20 5.55 5.55 5.51
± 0.06 ± 0.06 ± 0.06 ± 0.06 ± 0.04 ± 0.04

∂JT /∂K -0.946 -0.946 -0.946 -0.815 -0.814 -0.813 -0.510 -0.509 -0.508
±0.001 ±0.001 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂S0 0.993 0.993 0.991 0.891 0.892 0.888 0.608 0.610 0.605
±0.001 ±0.001 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂r 15.63 15.63 15.63 16.81 16.81 16.77 12.64 12.64 12.59
± 0.06 ± 0.01 ± 0.06 ± 0.04 ± 0.08 ± 0.06

∂JT /∂σ 1.17 1.17 0.91 7.46 7.47 7.27 14.80 14.80 14.69
± 0.20 ± 0.20 ± 0.18 ± 0.18 ± 0.15 ± 0.15

∂JT /∂τ1 4.21 4.21 4.16 6.80 6.80 6.76 8.42 8.41 8.44
± 0.12 ± 0.12 ± 0.11 ± 0.11 ± 0.10 ± 0.10

∂JT /∂τ2 4.24 4.24 4.11 6.82 6.82 6.72 8.51 8.51 8.41
± 0.10 ± 0.10 ± 0.09 ± 0.09 ± 0.08 ± 0.08

∂JT /∂D -0.977 -0.977 -0.975 -0.876 -0.876 -0.873 -0.598 -0.598 -0.595
±0.001 ±0.001 ±0.002 ±0.002 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 3.20 3.20 3.18 0.56 0.56 0.56 0.06 0.06 0.07
± 0.03 ± 0.03 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.473 -0.471 -0.469 -0.111 -0.110 -0.110 -0.014 -0.014 -0.015
±0.003 ±0.003 ±0.002 ±0.002 ±0.001 ±0.001

∂JT /∂S0 0.560 0.563 0.555 0.155 0.157 0.153 0.023 0.024 0.024
±0.003 ±0.003 ±0.002 ±0.002 ±0.001 ±0.001

∂JT /∂r 7.81 7.82 7.74 2.30 2.30 2.27 0.35 0.35 0.37
± 0.05 ± 0.04 ± 0.04 ± 0.03 ± 0.02 ± 0.02

∂JT /∂σ 10.08 10.07 10.01 6.02 6.03 5.99 1.37 1.38 1.45
± 0.10 ± 0.10 ± 0.10 ± 0.10 ± 0.06 ± 0.06

∂JT /∂τ1 4.60 4.59 4.60 2.47 2.47 2.47 0.55 0.55 0.58
± 0.06 ± 0.06 ± 0.05 ± 0.05 ± 0.03 ± 0.03

∂JT /∂τ2 4.65 4.65 4.59 2.49 2.49 2.46 0.54 0.54 0.57
± 0.05 ± 0.05 ± 0.04 ± 0.04 ± 0.03 ± 0.03

∂JT /∂D -0.554 -0.554 -0.550 -0.154 -0.154 -0.152 -0.023 -0.023 -0.024
±0.003 ±0.003 ±0.002 ±0.002 ±0.001 ±0.001

S0 = 50 JT 10.86 10.86 10.78 4.07 4.07 4.04 1.05 1.05 1.05
± 0.04 ± 0.04 ± 0.03 ± 0.03 ± 0.02 ± 0.02

∂JT /∂K -0.854 -0.852 -0.852 -0.478 -0.476 -0.474 -0.160 -0.159 -0.158
±0.002 ±0.002 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂S0 0.916 0.903 0.905 0.566 0.567 0.560 0.215 0.216 0.213
±0.002 ±0.025 ±0.003 ±0.003 ±0.003 ±0.003

∂JT /∂r 13.30 12.23 13.20 9.88 9.88 9.78 3.96 3.96 3.91
± 0.05 ± 1.12 ± 0.06 ± 0.05 ± 0.05 ± 0.05

∂JT /∂σ 5.86 4.10 5.35 12.59 12.59 12.52 9.27 9.28 9.22
± 0.14 ± 1.42 ± 0.12 ± 0.12 ± 0.12 ± 0.12

∂JT /∂τ1 3.93 2.26 3.68 5.75 5.74 5.77 3.86 3.86 3.84
± 0.09 ± 1.42 ± 0.08 ± 0.08 ± 0.06 ± 0.06

∂JT /∂τ2 3.58 3.58 3.47 5.83 5.83 5.75 3.87 3.87 3.84
± 0.07 ± 0.07 ± 0.06 ± 0.06 ± 0.06 ± 0.06

∂JT /∂D -0.814 -0.813 -0.809 -0.561 -0.561 -0.555 -0.213 -0.213 -0.211
±0.002 ±0.002 ±0.003 ±0.003 ±0.003 ±0.003

S0 = 60 JT 20.46 20.46 20.37 11.45 11.45 11.36 4.94 4.94 4.90
± 0.05 ± 0.05 ± 0.05 ± 0.05 ± 0.04 ± 0.04

∂JT /∂K -0.969 -0.969 -0.969 -0.807 -0.806 -0.803 -0.482 -0.480 -0.477
±0.001 ±0.001 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂S0 1.008 1.022 0.989 0.870 0.871 0.866 0.569 0.570 0.564
±0.001 ±0.032 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂r 10.57 12.05 10.42 16.65 16.65 16.58 11.93 11.93 11.81
± 0.05 ± 1.00 ± 0.06 ± 0.04 ± 0.08 ± 0.06

∂JT /∂σ 1.48 1.43 1.11 8.36 8.37 8.24 15.11 15.11 15.02
± 0.15 ± 0.84 ± 0.17 ± 0.17 ± 0.15 ± 0.15

∂JT /∂τ1 2.37 2.36 2.37 5.04 5.04 5.04 6.90 6.90 6.93
± 0.12 ± 0.24 ± 0.11 ± 0.11 ± 0.09 ± 0.09

∂JT /∂τ2 1.31 1.31 1.21 5.11 5.10 5.02 7.01 7.01 6.92
± 0.06 ± 0.06 ± 0.09 ± 0.09 ± 0.08 ± 0.08

∂JT /∂D -0.418 -0.418 -0.419 -0.863 -0.863 -0.859 -0.564 -0.564 -0.559
±0.002 ±0.002 ±0.002 ±0.002 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 1.67 1.67 1.65 0.00 0.00 0.00 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.639 -0.632 -0.635 -0.001 -0.001 -0.001 0.000 0.000 0.000
±0.002 ±0.002 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.690 0.696 0.684 0.001 0.001 0.001 0.000 0.000 -0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 10.57 10.58 10.49 0.02 0.02 0.02 0.00 0.00 -0.00
± 0.04 ± 0.04 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 9.07 9.08 9.00 0.10 0.10 0.11 0.00 0.00 0.00
± 0.09 ± 0.09 ± 0.02 ± 0.02 ± 0.00 ± 0.00

∂JT /∂τ1 3.68 3.68 3.67 0.02 0.02 0.02 0.00 0.00 -0.00
± 0.02 ± 0.02 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ2 3.67 3.67 3.63 0.02 0.02 0.02 0.00 0.00 -0.00
± 0.02 ± 0.02 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.678 -0.678 -0.673 -0.001 -0.001 -0.001 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 11.15 11.15 11.12 2.17 2.17 2.15 0.01 0.01 0.01
± 0.02 ± 0.02 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.960 -0.960 -0.960 -0.653 -0.647 -0.648 -0.008 -0.008 -0.008
±0.000 ±0.000 ±0.002 ±0.002 ±0.001 ±0.000

∂JT /∂S0 1.001 1.001 1.000 0.703 0.709 0.698 0.010 0.010 0.010
±0.000 ±0.000 ±0.003 ±0.003 ±0.001 ±0.001

∂JT /∂r 15.86 15.85 15.86 13.47 13.50 13.38 0.19 0.20 0.20
± 0.03 ± 0.00 ± 0.05 ± 0.05 ± 0.01 ± 0.01

∂JT /∂σ 0.29 0.29 0.00 11.15 11.16 11.07 0.81 0.83 0.85
± 0.17 ± 0.17 ± 0.11 ± 0.11 ± 0.05 ± 0.05

∂JT /∂τ1 3.92 3.92 3.89 4.64 4.64 4.62 0.15 0.15 0.15
± 0.03 ± 0.03 ± 0.03 ± 0.03 ± 0.01 ± 0.01

∂JT /∂τ2 3.88 3.88 3.84 4.63 4.63 4.59 0.14 0.15 0.15
± 0.03 ± 0.03 ± 0.03 ± 0.03 ± 0.01 ± 0.01

∂JT /∂D -0.984 -0.984 -0.984 -0.692 -0.692 -0.687 -0.010 -0.010 -0.010
±0.000 ±0.000 ±0.003 ±0.003 ±0.001 ±0.001

S0 = 60 JT 21.15 21.15 21.12 11.56 11.56 11.52 2.67 2.67 2.65
± 0.02 ± 0.02 ± 0.02 ± 0.02 ± 0.02 ± 0.02

∂JT /∂K -0.960 -0.960 -0.960 -0.960 -0.959 -0.959 -0.662 -0.658 -0.657
±0.000 ±0.000 ±0.000 ±0.000 ±0.002 ±0.002

∂JT /∂S0 1.001 1.001 1.000 1.000 1.000 1.000 0.712 0.717 0.707
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂r 15.86 15.85 15.86 19.80 19.79 19.79 16.38 16.40 16.26
± 0.05 ± 0.00 ± 0.03 ± 0.00 ± 0.06 ± 0.06

∂JT /∂σ 0.34 0.34 -0.00 0.37 0.37 0.05 13.22 13.24 13.12
± 0.20 ± 0.20 ± 0.20 ± 0.20 ± 0.14 ± 0.14

∂JT /∂τ1 3.92 3.92 3.89 4.88 4.88 4.85 5.59 5.59 5.57
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.04

∂JT /∂τ2 3.89 3.89 3.84 4.85 4.85 4.80 5.60 5.59 5.54
± 0.04 ± 0.03 ± 0.03 ± 0.03 ± 0.03 ± 0.03

∂JT /∂D -0.984 -0.984 -0.984 -0.984 -0.984 -0.983 -0.701 -0.701 -0.696
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 1.18 1.18 1.17 0.00 0.00 0.00 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.529 -0.521 -0.527 -0.000 -0.000 -0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.566 0.580 0.563 0.000 0.000 0.000 0.000 0.000 -0.000
±0.003 ±0.004 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 8.69 8.76 8.65 0.00 0.00 0.01 0.00 0.00 -0.00
± 0.04 ± 0.10 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 10.11 10.47 9.98 0.01 0.02 0.04 0.00 0.00 0.00
± 0.08 ± 0.23 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂τ1 2.29 2.32 2.28 0.00 0.00 0.01 0.00 0.00 -0.00
± 0.02 ± 0.11 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ2 2.28 2.28 2.26 0.00 0.00 0.01 0.00 0.00 -0.00
± 0.02 ± 0.02 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.555 -0.555 -0.552 -0.000 -0.000 -0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.34 10.34 10.33 1.55 1.55 1.54 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.992 -0.992 -0.992 -0.545 -0.539 -0.542 -0.003 -0.003 -0.003
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

∂JT /∂S0 1.000 1.000 1.000 0.582 0.588 0.578 0.004 0.004 0.004
±0.000 ±0.001 ±0.003 ±0.003 ±0.000 ±0.000

∂JT /∂r 6.53 6.53 6.53 11.25 11.27 11.18 0.07 0.08 0.08
± 0.02 ± 0.00 ± 0.06 ± 0.05 ± 0.01 ± 0.01

∂JT /∂σ 0.10 0.19 0.00 12.51 12.51 12.42 0.35 0.35 0.38
± 0.11 ± 0.20 ± 0.11 ± 0.11 ± 0.03 ± 0.03

∂JT /∂τ1 1.99 2.01 1.98 2.88 2.88 2.88 0.05 0.05 0.06
± 0.03 ± 0.03 ± 0.03 ± 0.03 ± 0.01 ± 0.01

∂JT /∂τ2 0.00 0.00 0.00 2.90 2.90 2.86 0.05 0.05 0.06
± 0.00 ± 0.00 ± 0.02 ± 0.02 ± 0.01 ± 0.01

∂JT /∂D -0.002 -0.002 -0.001 -0.577 -0.577 -0.573 -0.004 -0.004 -0.004
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

S0 = 60 JT 20.34 20.34 20.33 10.56 10.56 10.52 1.92 1.92 1.90
± 0.01 ± 0.01 ± 0.02 ± 0.02 ± 0.01 ± 0.01

∂JT /∂K -0.992 -0.992 -0.992 -0.978 -0.978 -0.978 -0.556 -0.550 -0.552
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 0.999 1.000 0.999 0.593 0.598 0.588
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂r 6.52 6.52 6.52 20.18 20.18 20.18 13.75 13.78 13.65
± 0.04 ± 0.00 ± 0.03 ± 0.00 ± 0.07 ± 0.06

∂JT /∂σ 0.12 0.12 0.00 0.48 0.49 0.14 14.95 14.96 14.84
± 0.13 ± 0.13 ± 0.20 ± 0.20 ± 0.13 ± 0.13

∂JT /∂τ1 2.00 2.02 1.98 2.52 2.52 2.49 3.48 3.48 3.48
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.03 ± 0.03

∂JT /∂τ2 0.00 0.00 -0.00 2.51 2.51 2.46 3.50 3.50 3.46
± 0.01 ± 0.00 ± 0.03 ± 0.03 ± 0.03 ± 0.03

∂JT /∂D -0.000 -0.000 0.000 -0.991 -0.991 -0.991 -0.588 -0.588 -0.584
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 5.57 5.57 5.54 2.32 2.32 2.31 0.88 0.88 0.89
± 0.05 ± 0.05 ± 0.03 ± 0.03 ± 0.02 ± 0.02

∂JT /∂K -0.457 -0.456 -0.453 -0.214 -0.213 -0.213 -0.089 -0.089 -0.087
±0.003 ±0.003 ±0.002 ±0.002 ±0.002 ±0.002

∂JT /∂S0 0.604 0.606 0.599 0.329 0.331 0.328 0.158 0.158 0.155
±0.004 ±0.004 ±0.003 ±0.003 ±0.003 ±0.003

∂JT /∂r 7.56 7.57 7.49 4.42 4.42 4.40 2.21 2.21 2.16
± 0.06 ± 0.04 ± 0.05 ± 0.04 ± 0.04 ± 0.04

∂JT /∂σ 9.83 9.83 9.79 9.16 9.16 9.15 6.07 6.08 6.04
± 0.11 ± 0.11 ± 0.11 ± 0.11 ± 0.11 ± 0.11

∂JT /∂τ1 7.76 7.75 7.80 6.60 6.60 6.64 4.21 4.21 4.20
± 0.12 ± 0.12 ± 0.11 ± 0.10 ± 0.09 ± 0.09

∂JT /∂τ2 7.86 7.86 7.77 6.68 6.67 6.63 4.24 4.24 4.19
± 0.10 ± 0.10 ± 0.09 ± 0.09 ± 0.08 ± 0.08

∂JT /∂D -0.594 -0.594 -0.589 -0.324 -0.324 -0.322 -0.155 -0.155 -0.152
±0.003 ±0.003 ±0.003 ±0.003 ±0.003 ±0.003

S0 = 50 JT 12.90 12.90 12.80 7.04 7.04 7.00 3.53 3.53 3.52
± 0.08 ± 0.08 ± 0.06 ± 0.06 ± 0.05 ± 0.05

∂JT /∂K -0.713 -0.712 -0.707 -0.460 -0.459 -0.456 -0.256 -0.256 -0.253
±0.002 ±0.002 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂S0 0.837 0.837 0.830 0.607 0.608 0.602 0.382 0.383 0.378
±0.003 ±0.003 ±0.004 ±0.004 ±0.003 ±0.003

∂JT /∂r 11.79 11.79 11.69 9.50 9.51 9.41 6.35 6.36 6.27
± 0.07 ± 0.04 ± 0.07 ± 0.05 ± 0.07 ± 0.06

∂JT /∂σ 8.04 8.05 8.03 12.29 12.29 12.25 12.11 12.11 12.06
± 0.16 ± 0.16 ± 0.14 ± 0.14 ± 0.14 ± 0.14

∂JT /∂τ1 7.68 7.68 7.76 9.71 9.70 9.76 8.88 8.87 8.88
± 0.16 ± 0.16 ± 0.15 ± 0.15 ± 0.14 ± 0.13

∂JT /∂τ2 7.81 7.81 7.72 9.85 9.84 9.73 8.93 8.93 8.86
± 0.13 ± 0.13 ± 0.12 ± 0.12 ± 0.12 ± 0.12

∂JT /∂D -0.823 -0.823 -0.816 -0.597 -0.597 -0.592 -0.376 -0.376 -0.372
±0.003 ±0.003 ±0.003 ±0.003 ±0.003 ±0.003

S0 = 60 JT 21.85 21.85 21.72 14.17 14.17 14.07 8.51 8.51 8.46
± 0.10 ± 0.10 ± 0.09 ± 0.09 ± 0.07 ± 0.07

∂JT /∂K -0.852 -0.851 -0.851 -0.673 -0.672 -0.667 -0.462 -0.461 -0.458
±0.002 ±0.002 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂S0 0.940 0.940 0.937 0.803 0.804 0.797 0.609 0.610 0.604
±0.002 ±0.002 ±0.003 ±0.003 ±0.004 ±0.004

∂JT /∂r 14.07 14.07 14.06 13.89 13.89 13.78 11.44 11.45 11.34
± 0.08 ± 0.03 ± 0.08 ± 0.05 ± 0.09 ± 0.06

∂JT /∂σ 4.92 4.92 4.74 10.79 10.79 10.77 14.75 14.75 14.70
± 0.21 ± 0.21 ± 0.19 ± 0.19 ± 0.17 ± 0.17

∂JT /∂τ1 6.33 6.33 6.33 9.84 9.83 9.93 11.65 11.65 11.72
± 0.21 ± 0.20 ± 0.19 ± 0.19 ± 0.18 ± 0.17

∂JT /∂τ2 6.47 6.47 6.28 10.01 10.01 9.89 11.83 11.82 11.69
± 0.17 ± 0.16 ± 0.16 ± 0.15 ± 0.15 ± 0.14

∂JT /∂D -0.924 -0.924 -0.921 -0.790 -0.790 -0.784 -0.599 -0.599 -0.594
±0.002 ±0.002 ±0.003 ±0.003 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 5.20 5.20 5.17 2.10 2.10 2.10 0.78 0.78 0.79
± 0.05 ± 0.05 ± 0.03 ± 0.03 ± 0.02 ± 0.02

∂JT /∂K -0.442 -0.440 -0.437 -0.200 -0.199 -0.199 -0.080 -0.080 -0.079
±0.003 ±0.003 ±0.002 ±0.002 ±0.001 ±0.001

∂JT /∂S0 0.579 0.581 0.574 0.306 0.307 0.305 0.142 0.143 0.140
±0.004 ±0.004 ±0.003 ±0.003 ±0.003 ±0.003

∂JT /∂r 7.31 7.31 7.23 4.12 4.13 4.11 1.99 1.99 1.96
± 0.06 ± 0.04 ± 0.05 ± 0.04 ± 0.04 ± 0.04

∂JT /∂σ 9.97 9.96 9.93 8.87 8.88 8.87 5.64 5.66 5.64
± 0.11 ± 0.11 ± 0.11 ± 0.11 ± 0.11 ± 0.11

∂JT /∂τ1 6.86 6.85 6.93 5.87 5.87 5.90 3.66 3.67 3.67
± 0.11 ± 0.11 ± 0.10 ± 0.10 ± 0.09 ± 0.09

∂JT /∂τ2 7.01 7.01 6.92 5.92 5.92 5.89 3.69 3.69 3.67
± 0.09 ± 0.09 ± 0.09 ± 0.09 ± 0.08 ± 0.08

∂JT /∂D -0.574 -0.574 -0.569 -0.303 -0.303 -0.302 -0.140 -0.140 -0.139
±0.004 ±0.004 ±0.003 ±0.003 ±0.003 ±0.003

S0 = 50 JT 12.32 12.32 12.22 6.58 6.58 6.53 3.22 3.22 3.21
± 0.07 ± 0.07 ± 0.06 ± 0.06 ± 0.04 ± 0.04

∂JT /∂K -0.707 -0.706 -0.701 -0.445 -0.444 -0.440 -0.241 -0.240 -0.238
±0.002 ±0.002 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂S0 0.821 0.839 0.813 0.582 0.583 0.577 0.357 0.358 0.354
±0.003 ±0.015 ±0.004 ±0.004 ±0.003 ±0.003

∂JT /∂r 11.62 11.74 11.51 9.19 9.19 9.09 5.96 5.97 5.90
± 0.07 ± 0.14 ± 0.07 ± 0.05 ± 0.07 ± 0.06

∂JT /∂σ 8.63 8.66 8.52 12.47 12.47 12.43 11.83 11.84 11.80
± 0.15 ± 0.81 ± 0.14 ± 0.14 ± 0.14 ± 0.14

∂JT /∂τ1 6.63 7.80 6.61 8.60 8.59 8.67 7.88 7.88 7.90
± 0.16 ± 1.32 ± 0.14 ± 0.14 ± 0.13 ± 0.13

∂JT /∂τ2 6.67 6.67 6.57 8.77 8.77 8.66 7.95 7.95 7.89
± 0.13 ± 0.13 ± 0.12 ± 0.12 ± 0.11 ± 0.11

∂JT /∂D -0.806 -0.805 -0.798 -0.578 -0.577 -0.572 -0.354 -0.354 -0.351
±0.003 ±0.003 ±0.004 ±0.004 ±0.003 ±0.003

S0 = 60 JT 21.17 21.17 21.01 13.48 13.48 13.39 7.95 7.95 7.90
± 0.09 ± 0.09 ± 0.09 ± 0.09 ± 0.07 ± 0.07

∂JT /∂K -0.858 -0.857 -0.857 -0.663 -0.662 -0.659 -0.447 -0.446 -0.442
±0.002 ±0.002 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂S0 0.939 0.992 0.928 0.784 0.785 0.778 0.584 0.585 0.579
±0.002 ±0.025 ±0.003 ±0.003 ±0.004 ±0.004

∂JT /∂r 13.59 13.87 13.49 13.70 13.70 13.60 11.06 11.06 10.95
± 0.07 ± 0.34 ± 0.08 ± 0.05 ± 0.09 ± 0.06

∂JT /∂σ 5.76 6.73 5.21 11.38 11.38 11.34 14.98 14.97 14.92
± 0.19 ± 0.74 ± 0.18 ± 0.18 ± 0.17 ± 0.17

∂JT /∂τ1 5.28 8.80 4.91 8.47 8.47 8.56 10.32 10.31 10.42
± 0.20 ± 1.59 ± 0.19 ± 0.18 ± 0.17 ± 0.17

∂JT /∂τ2 4.98 4.98 4.74 8.67 8.66 8.54 10.54 10.54 10.40
± 0.15 ± 0.15 ± 0.15 ± 0.15 ± 0.14 ± 0.14

∂JT /∂D -0.860 -0.858 -0.854 -0.778 -0.778 -0.772 -0.579 -0.579 -0.574
±0.002 ±0.002 ±0.003 ±0.003 ±0.004 ±0.004



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 2.86 2.86 2.84 0.45 0.45 0.45 0.05 0.05 0.05
± 0.02 ± 0.02 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.467 -0.465 -0.463 -0.094 -0.093 -0.092 -0.011 -0.011 -0.012
±0.003 ±0.003 ±0.002 ±0.002 ±0.001 ±0.001

∂JT /∂S0 0.565 0.544 0.551 0.135 0.136 0.133 0.019 0.019 0.020
±0.003 ±0.021 ±0.002 ±0.002 ±0.001 ±0.001

∂JT /∂r 5.99 5.58 5.86 1.96 1.96 1.93 0.29 0.29 0.29
± 0.04 ± 0.37 ± 0.03 ± 0.03 ± 0.01 ± 0.01

∂JT /∂σ 9.66 9.14 9.35 5.29 5.22 5.24 1.13 1.13 1.16
± 0.07 ± 0.58 ± 0.09 ± 0.11 ± 0.05 ± 0.06

∂JT /∂τ1 6.05 6.16 5.97 2.43 2.35 2.41 0.49 0.49 0.50
± 0.06 ± 0.68 ± 0.05 ± 0.08 ± 0.03 ± 0.03

∂JT /∂τ2 4.17 4.17 4.08 2.39 2.39 2.36 0.48 0.48 0.49
± 0.05 ± 0.04 ± 0.04 ± 0.04 ± 0.02 ± 0.02

∂JT /∂D -0.359 -0.359 -0.353 -0.132 -0.132 -0.130 -0.019 -0.019 -0.019
±0.003 ±0.003 ±0.002 ±0.002 ±0.001 ±0.001

S0 = 50 JT 10.84 10.84 10.79 3.78 3.78 3.74 0.94 0.94 0.94
± 0.03 ± 0.03 ± 0.03 ± 0.03 ± 0.02 ± 0.02

∂JT /∂K -0.918 -0.917 -0.915 -0.467 -0.465 -0.463 -0.145 -0.144 -0.143
±0.001 ±0.001 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂S0 0.960 0.952 0.952 0.568 0.551 0.554 0.201 0.196 0.199
±0.001 ±0.018 ±0.003 ±0.022 ±0.003 ±0.005

∂JT /∂r 6.85 7.18 6.81 8.29 7.71 8.13 3.62 3.62 3.58
± 0.03 ± 0.37 ± 0.06 ± 0.71 ± 0.05 ± 0.05

∂JT /∂σ 2.78 2.84 2.73 12.48 10.55 12.01 8.65 8.64 8.58
± 0.09 ± 0.74 ± 0.10 ± 1.21 ± 0.12 ± 0.12

∂JT /∂τ1 5.00 5.21 5.22 7.37 5.49 7.20 4.07 4.06 4.04
± 0.09 ± 0.53 ± 0.08 ± 1.21 ± 0.07 ± 0.07

∂JT /∂τ2 0.96 0.96 0.94 5.91 5.91 5.81 4.01 4.02 3.98
± 0.02 ± 0.02 ± 0.06 ± 0.06 ± 0.06 ± 0.06

∂JT /∂D -0.096 -0.097 -0.098 -0.428 -0.427 -0.423 -0.196 -0.196 -0.194
±0.001 ±0.001 ±0.003 ±0.003 ±0.003 ±0.003

S0 = 60 JT 20.69 20.69 20.65 11.33 11.33 11.25 4.72 4.72 4.67
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.04

∂JT /∂K -0.982 -0.982 -0.982 -0.849 -0.848 -0.845 -0.470 -0.468 -0.466
±0.000 ±0.000 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂S0 1.000 0.995 0.999 0.917 0.896 0.900 0.572 0.558 0.559
±0.001 ±0.004 ±0.002 ±0.030 ±0.003 ±0.018

∂JT /∂r 6.49 6.48 6.48 9.68 9.69 9.49 10.79 10.50 10.59
± 0.05 ± 0.00 ± 0.05 ± 1.04 ± 0.07 ± 0.50

∂JT /∂σ 0.21 0.60 0.11 6.45 6.73 6.16 15.20 14.41 14.61
± 0.12 ± 0.45 ± 0.11 ± 0.95 ± 0.13 ± 1.07

∂JT /∂τ1 3.88 4.16 4.00 7.09 8.40 7.26 8.70 7.98 8.44
± 0.12 ± 0.32 ± 0.11 ± 0.73 ± 0.10 ± 1.15

∂JT /∂τ2 0.03 0.03 0.03 2.85 2.85 2.75 7.70 7.70 7.56
± 0.01 ± 0.00 ± 0.05 ± 0.04 ± 0.08 ± 0.07

∂JT /∂D -0.004 -0.004 -0.004 -0.243 -0.243 -0.239 -0.487 -0.486 -0.480
±0.001 ±0.001 ±0.002 ±0.002 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 2.58 2.58 2.56 0.36 0.36 0.36 0.03 0.03 0.04
± 0.02 ± 0.02 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.457 -0.455 -0.450 -0.079 -0.078 -0.078 -0.009 -0.008 -0.009
±0.003 ±0.003 ±0.001 ±0.001 ±0.001 ±0.001

∂JT /∂S0 0.538 0.513 0.529 0.113 0.112 0.112 0.014 0.015 0.015
±0.003 ±0.021 ±0.002 ±0.004 ±0.001 ±0.001

∂JT /∂r 5.33 5.26 5.23 1.63 1.63 1.60 0.21 0.21 0.22
± 0.04 ± 0.55 ± 0.03 ± 0.03 ± 0.01 ± 0.01

∂JT /∂σ 9.30 8.52 9.19 4.66 4.44 4.62 0.87 0.88 0.92
± 0.07 ± 0.77 ± 0.09 ± 0.24 ± 0.05 ± 0.05

∂JT /∂τ1 5.22 4.23 5.23 1.92 1.69 1.92 0.35 0.35 0.37
± 0.06 ± 0.87 ± 0.04 ± 0.23 ± 0.02 ± 0.02

∂JT /∂τ2 3.23 3.22 3.16 1.88 1.88 1.86 0.34 0.34 0.36
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.02 ± 0.02

∂JT /∂D -0.300 -0.300 -0.294 -0.110 -0.110 -0.108 -0.014 -0.014 -0.015
±0.003 ±0.003 ±0.002 ±0.002 ±0.001 ±0.001

S0 = 50 JT 10.49 10.49 10.45 3.39 3.39 3.36 0.77 0.77 0.77
± 0.03 ± 0.03 ± 0.03 ± 0.03 ± 0.01 ± 0.01

∂JT /∂K -0.930 -0.930 -0.928 -0.453 -0.452 -0.449 -0.125 -0.124 -0.124
±0.001 ±0.001 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂S0 0.958 0.936 0.954 0.537 0.531 0.530 0.172 0.179 0.171
±0.001 ±0.017 ±0.003 ±0.022 ±0.002 ±0.008

∂JT /∂r 6.66 6.43 6.64 7.20 7.42 7.11 3.07 3.07 3.04
± 0.03 ± 0.37 ± 0.05 ± 0.60 ± 0.05 ± 0.04

∂JT /∂σ 2.56 2.05 2.54 12.02 12.43 11.86 7.82 7.87 7.80
± 0.09 ± 0.50 ± 0.09 ± 0.93 ± 0.12 ± 0.65

∂JT /∂τ1 3.31 3.12 3.40 6.31 6.76 6.31 3.27 3.31 3.27
± 0.09 ± 0.46 ± 0.08 ± 0.93 ± 0.06 ± 0.65

∂JT /∂τ2 0.63 0.63 0.63 4.54 4.54 4.45 3.20 3.20 3.18
± 0.02 ± 0.02 ± 0.05 ± 0.05 ± 0.05 ± 0.05

∂JT /∂D -0.070 -0.070 -0.071 -0.349 -0.349 -0.345 -0.166 -0.166 -0.165
±0.001 ±0.001 ±0.003 ±0.003 ±0.002 ±0.002

S0 = 60 JT 20.36 20.36 20.33 10.85 10.85 10.80 4.23 4.23 4.18
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.03 ± 0.03

∂JT /∂K -0.991 -0.990 -0.990 -0.866 -0.865 -0.863 -0.455 -0.453 -0.450
±0.000 ±0.000 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂S0 1.000 1.004 0.999 0.910 0.947 0.904 0.541 0.563 0.532
±0.001 ±0.002 ±0.002 ±0.023 ±0.003 ±0.023

∂JT /∂r 6.53 6.53 6.53 8.79 10.19 8.70 9.25 8.25 9.10
± 0.05 ± 0.00 ± 0.04 ± 0.60 ± 0.07 ± 0.73

∂JT /∂σ 0.18 0.12 0.09 5.79 5.68 5.72 14.75 13.66 14.50
± 0.12 ± 0.31 ± 0.10 ± 0.86 ± 0.12 ± 1.08

∂JT /∂τ1 2.03 2.06 2.04 5.16 5.02 5.27 7.41 6.37 7.38
± 0.12 ± 0.30 ± 0.11 ± 0.68 ± 0.09 ± 1.08

∂JT /∂τ2 0.01 0.01 0.02 1.79 1.79 1.73 5.87 5.87 5.75
± 0.01 ± 0.00 ± 0.04 ± 0.04 ± 0.07 ± 0.07

∂JT /∂D -0.003 -0.003 -0.002 -0.164 -0.164 -0.160 -0.391 -0.390 -0.385
±0.001 ±0.001 ±0.002 ±0.002 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 1.08 1.08 1.07 0.00 0.00 0.00 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.613 -0.609 -0.607 -0.000 -0.000 -0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.649 0.671 0.639 0.000 0.000 0.000 0.000 0.000 -0.000
±0.003 ±0.008 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 5.05 5.31 4.98 0.00 0.00 0.00 0.00 0.00 -0.00
± 0.03 ± 0.14 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 7.79 7.55 7.63 0.01 0.01 0.02 0.00 0.00 0.00
± 0.05 ± 0.07 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ1 3.97 4.08 4.04 0.00 0.00 0.00 0.00 0.00 -0.00
± 0.02 ± 0.11 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ2 0.89 0.89 0.88 0.00 0.00 0.00 0.00 0.00 -0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.120 -0.120 -0.118 -0.000 -0.000 -0.000 -0.000 0.000 0.000
±0.002 ±0.002 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.66 10.66 10.65 1.42 1.42 1.42 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.984 -0.984 -0.984 -0.592 -0.588 -0.586 -0.002 -0.002 -0.002
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

∂JT /∂S0 1.000 1.000 1.000 0.634 0.619 0.622 0.002 0.003 0.003
±0.000 ±0.000 ±0.003 ±0.013 ±0.000 ±0.000

∂JT /∂r 6.47 6.47 6.47 7.12 7.32 7.00 0.05 0.05 0.05
± 0.02 ± 0.00 ± 0.04 ± 0.32 ± 0.01 ± 0.01

∂JT /∂σ 0.10 0.10 0.00 10.99 10.72 10.57 0.23 0.24 0.25
± 0.10 ± 0.10 ± 0.07 ± 0.20 ± 0.03 ± 0.03

∂JT /∂τ1 3.77 3.96 3.93 4.84 5.10 4.85 0.04 0.04 0.04
± 0.03 ± 0.03 ± 0.03 ± 0.25 ± 0.00 ± 0.00

∂JT /∂τ2 -0.00 0.00 -0.00 1.77 1.77 1.75 0.04 0.04 0.04
± 0.01 ± 0.00 ± 0.02 ± 0.02 ± 0.00 ± 0.00

∂JT /∂D -0.000 -0.000 0.000 -0.200 -0.200 -0.198 -0.002 -0.002 -0.003
±0.000 ±0.000 ±0.002 ±0.002 ±0.000 ±0.000

S0 = 60 JT 20.66 20.66 20.65 10.83 10.83 10.82 1.81 1.81 1.80
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01

∂JT /∂K -0.984 -0.984 -0.984 -0.984 -0.984 -0.984 -0.574 -0.570 -0.571
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 1.000 1.000 1.000 0.624 0.621 0.610
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.013

∂JT /∂r 6.47 6.47 6.47 8.09 8.08 8.09 9.82 9.62 9.69
± 0.05 ± 0.00 ± 0.03 ± 0.00 ± 0.05 ± 0.38

∂JT /∂σ 0.12 0.12 0.00 0.12 0.12 0.00 14.45 13.52 13.60
± 0.12 ± 0.12 ± 0.12 ± 0.12 ± 0.09 ± 0.42

∂JT /∂τ1 3.77 3.97 3.93 4.76 4.95 4.92 5.65 5.38 5.57
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.37

∂JT /∂τ2 -0.00 0.00 -0.00 -0.00 0.00 0.00 2.98 2.98 2.97
± 0.01 ± 0.00 ± 0.01 ± 0.00 ± 0.03 ± 0.03

∂JT /∂D -0.000 -0.000 0.000 -0.000 -0.000 -0.000 -0.298 -0.298 -0.298
±0.000 ±0.000 ±0.000 ±0.000 ±0.002 ±0.002



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 0.84 0.84 0.84 0.00 0.00 0.00 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.555 -0.553 -0.551 -0.000 -0.000 -0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.580 0.592 0.576 0.000 0.000 0.000 0.000 0.000 -0.000
±0.003 ±0.007 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 4.26 4.09 4.24 0.00 0.00 0.00 0.00 0.00 -0.00
± 0.02 ± 0.19 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 7.50 7.49 7.49 0.00 0.00 0.00 0.00 0.00 0.00
± 0.05 ± 0.06 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ1 2.80 2.58 2.83 0.00 0.00 0.00 0.00 0.00 -0.00
± 0.02 ± 0.15 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ2 0.49 0.49 0.49 0.00 0.00 0.00 0.00 0.00 -0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.080 -0.080 -0.080 -0.000 -0.000 -0.000 -0.000 0.000 0.000
±0.001 ±0.001 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.34 10.34 10.33 1.10 1.10 1.10 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.992 -0.992 -0.992 -0.545 -0.543 -0.540 -0.001 -0.000 -0.001
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

∂JT /∂S0 1.000 1.000 1.000 0.573 0.593 0.567 0.001 0.001 0.001
±0.000 ±0.000 ±0.003 ±0.009 ±0.000 ±0.000

∂JT /∂r 6.52 6.52 6.52 5.74 6.09 5.69 0.01 0.01 0.02
± 0.02 ± 0.00 ± 0.03 ± 0.25 ± 0.00 ± 0.00

∂JT /∂σ 0.10 0.10 0.00 10.16 10.13 10.14 0.07 0.07 0.09
± 0.10 ± 0.10 ± 0.07 ± 0.19 ± 0.02 ± 0.02

∂JT /∂τ1 1.91 2.01 1.98 3.43 3.60 3.46 0.01 0.01 0.01
± 0.03 ± 0.03 ± 0.02 ± 0.19 ± 0.00 ± 0.00

∂JT /∂τ2 0.00 0.00 -0.00 0.91 0.91 0.91 0.01 0.01 0.01
± 0.00 ± 0.00 ± 0.02 ± 0.02 ± 0.00 ± 0.00

∂JT /∂D -0.000 -0.000 0.000 -0.121 -0.121 -0.121 -0.001 -0.001 -0.001
±0.000 ±0.000 ±0.002 ±0.002 ±0.000 ±0.000

S0 = 60 JT 20.34 20.34 20.33 10.42 10.42 10.41 1.38 1.38 1.38
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01

∂JT /∂K -0.992 -0.992 -0.992 -0.992 -0.992 -0.992 -0.537 -0.534 -0.531
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 1.000 1.000 1.000 0.567 0.556 0.559
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.013

∂JT /∂r 6.52 6.52 6.52 8.15 8.15 8.15 7.46 7.73 7.36
± 0.04 ± 0.00 ± 0.02 ± 0.00 ± 0.05 ± 0.28

∂JT /∂σ 0.12 0.12 0.00 0.12 0.12 0.00 12.99 13.24 12.90
± 0.12 ± 0.12 ± 0.12 ± 0.12 ± 0.09 ± 0.19

∂JT /∂τ1 1.92 2.02 1.98 2.42 2.52 2.48 4.02 4.29 4.04
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.03 ± 0.17

∂JT /∂τ2 -0.00 0.00 -0.00 0.00 0.00 0.00 1.43 1.44 1.42
± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.02 ± 0.02

∂JT /∂D -0.000 -0.000 0.000 -0.000 -0.000 -0.000 -0.166 -0.166 -0.163
±0.000 ±0.000 ±0.000 ±0.000 ±0.002 ±0.002



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 4.78 4.78 4.73 1.86 1.86 1.86 0.67 0.67 0.69
± 0.04 ± 0.04 ± 0.03 ± 0.03 ± 0.02 ± 0.02

∂JT /∂K -0.426 -0.424 -0.422 -0.182 -0.181 -0.181 -0.070 -0.070 -0.070
±0.003 ±0.003 ±0.002 ±0.002 ±0.001 ±0.001

∂JT /∂S0 0.576 0.550 0.564 0.288 0.297 0.286 0.129 0.130 0.128
±0.003 ±0.029 ±0.003 ±0.007 ±0.002 ±0.002

∂JT /∂r 6.25 5.92 6.13 3.79 3.79 3.77 1.78 1.78 1.77
± 0.05 ± 0.28 ± 0.05 ± 0.04 ± 0.04 ± 0.03

∂JT /∂σ 9.83 9.89 9.51 8.34 8.79 8.29 5.09 5.10 5.11
± 0.09 ± 0.73 ± 0.11 ± 0.50 ± 0.10 ± 0.10

∂JT /∂τ1 8.17 9.30 8.02 6.06 6.50 6.03 3.51 3.51 3.56
± 0.11 ± 1.35 ± 0.10 ± 0.50 ± 0.09 ± 0.08

∂JT /∂τ2 6.94 6.94 6.78 5.95 5.95 5.92 3.54 3.54 3.53
± 0.09 ± 0.08 ± 0.09 ± 0.09 ± 0.08 ± 0.08

∂JT /∂D -0.464 -0.463 -0.457 -0.280 -0.280 -0.279 -0.127 -0.127 -0.126
±0.003 ±0.003 ±0.003 ±0.003 ±0.002 ±0.002

S0 = 50 JT 11.92 11.92 11.86 6.21 6.21 6.16 2.99 2.99 2.98
± 0.05 ± 0.05 ± 0.05 ± 0.05 ± 0.04 ± 0.04

∂JT /∂K -0.736 -0.735 -0.729 -0.431 -0.430 -0.426 -0.226 -0.226 -0.225
±0.002 ±0.002 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂S0 0.857 0.857 0.836 0.582 0.616 0.569 0.346 0.357 0.343
±0.003 ±0.039 ±0.004 ±0.021 ±0.003 ±0.010

∂JT /∂r 7.96 8.87 7.79 8.37 8.84 8.21 5.66 5.66 5.61
± 0.05 ± 0.86 ± 0.07 ± 0.54 ± 0.07 ± 0.05

∂JT /∂σ 7.47 6.96 7.34 12.44 11.89 12.05 11.40 11.89 11.31
± 0.10 ± 0.49 ± 0.12 ± 1.31 ± 0.14 ± 0.76

∂JT /∂τ1 8.36 9.03 8.49 10.06 10.17 9.82 8.37 9.44 8.31
± 0.15 ± 0.71 ± 0.14 ± 1.44 ± 0.13 ± 0.97

∂JT /∂τ2 4.94 4.94 4.94 9.18 9.17 9.00 8.26 8.26 8.21
± 0.08 ± 0.07 ± 0.11 ± 0.11 ± 0.11 ± 0.11

∂JT /∂D -0.385 -0.385 -0.384 -0.510 -0.509 -0.502 -0.337 -0.337 -0.335
±0.002 ±0.002 ±0.003 ±0.003 ±0.003 ±0.003

S0 = 60 JT 21.01 21.01 20.93 13.15 13.15 13.02 7.66 7.66 7.59
± 0.06 ± 0.06 ± 0.07 ± 0.07 ± 0.07 ± 0.07

∂JT /∂K -0.904 -0.903 -0.903 -0.670 -0.669 -0.665 -0.435 -0.434 -0.430
±0.001 ±0.001 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂S0 0.967 1.000 0.956 0.810 0.763 0.788 0.586 0.550 0.575
±0.002 ±0.026 ±0.003 ±0.050 ±0.004 ±0.029

∂JT /∂r 7.34 5.85 7.26 10.88 10.35 10.64 10.51 8.79 10.34
± 0.06 ± 0.99 ± 0.07 ± 1.26 ± 0.08 ± 1.37

∂JT /∂σ 3.28 3.86 3.21 11.21 10.39 10.62 14.98 12.66 14.56
± 0.12 ± 1.98 ± 0.13 ± 1.27 ± 0.16 ± 2.29

∂JT /∂τ1 6.00 6.33 6.35 10.83 9.42 10.61 11.93 10.75 11.67
± 0.20 ± 2.01 ± 0.18 ± 1.65 ± 0.17 ± 2.58

∂JT /∂τ2 2.03 2.03 1.96 8.21 8.20 8.01 11.40 11.39 11.18
± 0.05 ± 0.05 ± 0.11 ± 0.11 ± 0.14 ± 0.13

∂JT /∂D -0.165 -0.167 -0.166 -0.523 -0.521 -0.517 -0.543 -0.541 -0.535
±0.002 ±0.002 ±0.003 ±0.003 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 4.47 4.47 4.44 1.68 1.68 1.68 0.59 0.59 0.60
± 0.04 ± 0.04 ± 0.03 ± 0.03 ± 0.02 ± 0.02

∂JT /∂K -0.420 -0.419 -0.416 -0.171 -0.170 -0.169 -0.064 -0.063 -0.063
±0.003 ±0.003 ±0.002 ±0.002 ±0.001 ±0.001

∂JT /∂S0 0.555 0.574 0.547 0.269 0.262 0.266 0.116 0.117 0.115
±0.003 ±0.028 ±0.003 ±0.011 ±0.002 ±0.002

∂JT /∂r 5.77 5.83 5.67 3.50 3.50 3.46 1.60 1.60 1.59
± 0.05 ± 0.15 ± 0.05 ± 0.04 ± 0.04 ± 0.03

∂JT /∂σ 9.59 10.34 9.47 8.04 7.89 7.98 4.72 4.72 4.74
± 0.09 ± 0.45 ± 0.11 ± 0.34 ± 0.10 ± 0.10

∂JT /∂τ1 7.37 9.32 7.39 5.40 4.08 5.37 3.05 3.05 3.08
± 0.11 ± 0.82 ± 0.10 ± 0.93 ± 0.08 ± 0.08

∂JT /∂τ2 5.95 5.95 5.83 5.26 5.25 5.21 3.07 3.07 3.07
± 0.08 ± 0.08 ± 0.08 ± 0.08 ± 0.07 ± 0.07

∂JT /∂D -0.418 -0.643 -0.411 -0.259 -0.259 -0.256 -0.115 -0.115 -0.114
±0.003 ±0.226 ±0.003 ±0.003 ±0.002 ±0.002

S0 = 50 JT 11.54 11.54 11.49 5.82 5.82 5.76 2.73 2.73 2.71
± 0.05 ± 0.05 ± 0.05 ± 0.05 ± 0.04 ± 0.04

∂JT /∂K -0.747 -0.746 -0.741 -0.422 -0.421 -0.418 -0.212 -0.212 -0.211
±0.002 ±0.002 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂S0 0.845 0.846 0.835 0.559 0.563 0.551 0.322 0.328 0.320
±0.003 ±0.037 ±0.004 ±0.026 ±0.003 ±0.009

∂JT /∂r 7.33 7.74 7.25 7.65 7.84 7.54 5.22 4.99 5.18
± 0.05 ± 0.49 ± 0.07 ± 0.57 ± 0.06 ± 0.23

∂JT /∂σ 7.19 6.67 7.20 12.26 10.93 12.05 11.07 11.28 11.00
± 0.09 ± 0.56 ± 0.12 ± 1.23 ± 0.14 ± 0.53

∂JT /∂τ1 7.15 6.72 7.30 9.04 7.16 9.02 7.45 8.17 7.43
± 0.15 ± 0.58 ± 0.14 ± 1.51 ± 0.12 ± 0.74

∂JT /∂τ2 3.93 3.93 3.91 7.91 7.91 7.73 7.30 7.30 7.24
± 0.07 ± 0.07 ± 0.10 ± 0.10 ± 0.11 ± 0.10

∂JT /∂D -0.319 -0.319 -0.318 -0.456 -0.455 -0.449 -0.311 -0.311 -0.309
±0.002 ±0.002 ±0.003 ±0.003 ±0.003 ±0.003

S0 = 60 JT 20.66 20.66 20.57 12.59 12.59 12.52 7.17 7.17 7.10
± 0.06 ± 0.06 ± 0.07 ± 0.07 ± 0.06 ± 0.06

∂JT /∂K -0.920 -0.920 -0.918 -0.679 -0.678 -0.674 -0.424 -0.423 -0.420
±0.001 ±0.001 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂S0 0.964 0.942 0.959 0.794 0.833 0.784 0.562 0.533 0.555
±0.002 ±0.027 ±0.003 ±0.046 ±0.004 ±0.030

∂JT /∂r 7.00 7.99 6.97 9.69 10.26 9.59 9.59 10.06 9.45
± 0.06 ± 0.50 ± 0.06 ± 1.17 ± 0.08 ± 0.71

∂JT /∂σ 3.00 4.52 2.95 10.63 10.73 10.54 14.86 13.69 14.61
± 0.12 ± 1.61 ± 0.12 ± 0.91 ± 0.15 ± 1.72

∂JT /∂τ1 4.40 6.13 4.52 9.37 9.99 9.45 10.70 10.62 10.67
± 0.19 ± 1.79 ± 0.18 ± 1.18 ± 0.16 ± 1.86

∂JT /∂τ2 1.44 1.44 1.39 6.41 6.40 6.33 9.84 9.83 9.61
± 0.04 ± 0.04 ± 0.10 ± 0.10 ± 0.13 ± 0.12

∂JT /∂D -0.124 -0.124 -0.124 -0.423 -0.423 -0.421 -0.484 -0.484 -0.477
±0.002 ±0.002 ±0.003 ±0.003 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 1.19 1.19 1.17 0.01 0.01 0.01 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.429 -0.424 -0.422 -0.004 -0.004 -0.004 0.000 0.000 -0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.469 0.473 0.462 0.005 0.005 0.006 0.000 0.000 0.000
±0.003 ±0.012 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 1.51 1.55 1.49 0.02 0.02 0.02 0.00 0.00 0.00
± 0.01 ± 0.03 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 4.79 4.65 4.73 0.18 0.18 0.20 0.00 0.00 0.00
± 0.04 ± 0.24 ± 0.02 ± 0.02 ± 0.00 ± 0.00

∂JT /∂τ1 10.26 10.03 10.30 0.26 0.27 0.33 0.00 0.00 0.00
± 0.19 ± 1.09 ± 0.03 ± 0.03 ± 0.00 ± 0.00

∂JT /∂τ2 8.87 8.85 8.72 0.31 0.32 0.33 0.00 0.00 0.00
± 0.08 ± 0.08 ± 0.03 ± 0.03 ± 0.00 ± 0.00

∂JT /∂D -0.427 -0.427 -0.419 -0.005 -0.005 -0.006 -0.000 0.000 -0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.06 10.06 10.05 1.60 1.60 1.58 0.03 0.03 0.03
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.999 -0.999 -0.999 -0.442 -0.437 -0.436 -0.017 -0.016 -0.017
±0.000 ±0.000 ±0.003 ±0.003 ±0.001 ±0.001

∂JT /∂S0 1.000 1.000 1.000 0.483 0.498 0.476 0.021 0.022 0.021
±0.000 ±0.000 ±0.003 ±0.009 ±0.001 ±0.001

∂JT /∂r 0.55 0.55 0.55 2.06 1.95 2.03 0.10 0.10 0.10
± 0.01 ± 0.00 ± 0.01 ± 0.11 ± 0.00 ± 0.00

∂JT /∂σ 0.03 0.03 0.00 6.10 6.14 6.02 0.77 0.77 0.77
± 0.03 ± 0.03 ± 0.05 ± 0.25 ± 0.03 ± 0.03

∂JT /∂τ1 4.21 4.31 3.99 12.14 13.02 12.17 1.28 1.30 1.31
± 0.33 ± 0.32 ± 0.24 ± 1.07 ± 0.07 ± 0.07

∂JT /∂τ2 -0.00 0.00 0.00 11.60 11.58 11.42 1.31 1.32 1.31
± 0.01 ± 0.00 ± 0.10 ± 0.10 ± 0.05 ± 0.05

∂JT /∂D -0.000 -0.000 -0.000 -0.466 -0.466 -0.459 -0.021 -0.021 -0.021
±0.000 ±0.000 ±0.003 ±0.003 ±0.001 ±0.001

S0 = 60 JT 20.07 20.07 20.05 10.08 10.08 10.07 2.01 2.01 1.99
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.02 ± 0.02

∂JT /∂K -0.999 -0.999 -0.999 -0.998 -0.998 -0.998 -0.453 -0.450 -0.447
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 1.000 1.001 1.000 0.495 0.498 0.489
±0.000 ±0.000 ±0.000 ±0.002 ±0.003 ±0.007

∂JT /∂r 0.55 0.55 0.55 0.69 0.69 0.69 2.58 2.73 2.55
± 0.01 ± 0.00 ± 0.01 ± 0.00 ± 0.02 ± 0.15

∂JT /∂σ 0.04 0.04 0.00 0.04 0.01 0.01 7.37 7.82 7.28
± 0.04 ± 0.04 ± 0.04 ± 0.05 ± 0.06 ± 0.25

∂JT /∂τ1 4.28 4.37 3.99 5.32 5.37 5.04 14.25 14.57 14.33
± 0.40 ± 0.39 ± 0.40 ± 0.52 ± 0.29 ± 0.94

∂JT /∂τ2 0.00 0.00 -0.00 0.01 0.01 0.01 14.21 14.18 14.00
± 0.01 ± 0.00 ± 0.01 ± 0.00 ± 0.12 ± 0.12

∂JT /∂D -0.000 -0.000 0.000 -0.001 -0.001 -0.001 -0.488 -0.488 -0.482
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 1.12 1.12 1.10 0.01 0.01 0.01 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.418 -0.414 -0.413 -0.003 -0.003 -0.004 0.000 0.000 -0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.455 0.469 0.450 0.004 0.005 0.005 -0.000 0.000 0.000
±0.003 ±0.013 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 1.40 1.40 1.38 0.02 0.02 0.02 -0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 4.70 5.40 4.65 0.16 0.16 0.17 -0.00 0.00 0.00
± 0.04 ± 0.23 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂τ1 9.96 11.16 10.06 0.22 0.22 0.28 -0.00 0.00 0.00
± 0.19 ± 1.12 ± 0.03 ± 0.03 ± 0.00 ± 0.00

∂JT /∂τ2 7.78 7.76 7.65 0.26 0.27 0.28 0.00 0.00 0.00
± 0.07 ± 0.07 ± 0.02 ± 0.02 ± 0.00 ± 0.00

∂JT /∂D -0.392 -0.392 -0.385 -0.004 -0.004 -0.005 0.000 0.000 -0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.04 10.04 10.03 1.50 1.50 1.48 0.03 0.03 0.03
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.999 -0.999 -0.999 -0.429 -0.425 -0.423 -0.014 -0.014 -0.015
±0.000 ±0.000 ±0.003 ±0.003 ±0.001 ±0.001

∂JT /∂S0 1.000 1.000 1.000 0.467 0.475 0.461 0.018 0.019 0.019
±0.000 ±0.000 ±0.003 ±0.014 ±0.001 ±0.001

∂JT /∂r 0.55 0.55 0.55 1.92 1.81 1.89 0.08 0.08 0.09
± 0.01 ± 0.00 ± 0.01 ± 0.12 ± 0.00 ± 0.00

∂JT /∂σ 0.03 0.03 0.00 6.02 5.27 5.96 0.67 0.68 0.69
± 0.03 ± 0.03 ± 0.05 ± 0.61 ± 0.03 ± 0.03

∂JT /∂τ1 2.27 2.31 2.00 11.45 11.95 11.61 1.06 1.09 1.13
± 0.33 ± 0.32 ± 0.24 ± 1.42 ± 0.07 ± 0.07

∂JT /∂τ2 -0.00 0.00 0.00 10.26 10.24 10.09 1.10 1.12 1.13
± 0.00 ± 0.00 ± 0.09 ± 0.09 ± 0.05 ± 0.05

∂JT /∂D -0.000 -0.000 -0.000 -0.434 -0.434 -0.426 -0.018 -0.018 -0.019
±0.000 ±0.000 ±0.003 ±0.003 ±0.001 ±0.001

S0 = 60 JT 20.04 20.04 20.03 10.05 10.05 10.03 1.89 1.89 1.86
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.02 ± 0.02

∂JT /∂K -0.999 -0.999 -0.999 -0.999 -0.999 -0.999 -0.438 -0.435 -0.432
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 1.000 0.999 1.000 0.477 0.466 0.471
±0.000 ±0.000 ±0.000 ±0.001 ±0.003 ±0.012

∂JT /∂r 0.55 0.55 0.55 0.69 0.69 0.69 2.44 2.56 2.40
± 0.01 ± 0.00 ± 0.01 ± 0.00 ± 0.02 ± 0.12

∂JT /∂σ 0.04 0.04 0.00 0.04 0.04 0.00 7.32 7.52 7.23
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.06 ± 0.33

∂JT /∂τ1 2.33 2.38 2.00 2.86 2.69 2.52 13.20 11.38 13.37
± 0.40 ± 0.39 ± 0.40 ± 0.41 ± 0.29 ± 1.40

∂JT /∂τ2 0.00 0.00 -0.00 0.00 0.00 0.00 12.66 12.63 12.43
± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.11 ± 0.11

∂JT /∂D -0.000 -0.000 0.000 -0.000 -0.000 -0.000 -0.459 -0.459 -0.452
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 0.29 0.29 0.29 0.00 0.00 0.00 0.00 0.00 0.00
± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.470 -0.461 -0.464 0.000 0.000 0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.480 0.513 0.476 -0.000 0.000 -0.000 -0.000 0.000 -0.000
±0.003 ±0.008 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 0.78 0.73 0.77 -0.00 0.00 -0.00 -0.00 0.00 -0.00
± 0.01 ± 0.08 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 3.65 3.69 3.70 -0.00 0.00 0.00 -0.00 0.00 0.00
± 0.03 ± 0.12 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ1 6.94 6.90 6.98 -0.00 0.00 -0.00 -0.00 0.00 -0.00
± 0.07 ± 0.25 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ2 2.06 2.06 2.03 0.00 0.00 -0.00 0.00 0.00 -0.00
± 0.03 ± 0.03 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.170 -0.170 -0.168 0.000 0.000 0.000 0.000 0.000 0.000
±0.002 ±0.002 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.06 10.06 10.05 0.42 0.42 0.41 0.00 0.00 0.00
± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.999 -0.999 -0.999 -0.451 -0.441 -0.445 0.000 0.000 0.000
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

∂JT /∂S0 1.000 1.000 1.000 0.463 0.494 0.459 -0.000 0.000 -0.000
±0.000 ±0.000 ±0.003 ±0.010 ±0.000 ±0.000

∂JT /∂r 0.55 0.55 0.55 1.33 1.23 1.30 -0.00 0.00 -0.00
± 0.01 ± 0.00 ± 0.01 ± 0.12 ± 0.00 ± 0.00

∂JT /∂σ 0.03 0.03 0.00 5.26 5.29 5.27 -0.00 0.00 0.00
± 0.03 ± 0.03 ± 0.04 ± 0.22 ± 0.00 ± 0.00

∂JT /∂τ1 4.00 4.10 3.99 7.55 7.15 7.60 -0.00 0.00 -0.00
± 0.11 ± 0.11 ± 0.08 ± 0.46 ± 0.00 ± 0.00

∂JT /∂τ2 0.00 0.00 -0.00 3.60 3.60 3.52 0.00 0.00 -0.00
± 0.01 ± 0.00 ± 0.04 ± 0.04 ± 0.00 ± 0.00

∂JT /∂D -0.000 -0.000 0.000 -0.260 -0.260 -0.255 0.000 0.000 0.000
±0.000 ±0.000 ±0.002 ±0.002 ±0.000 ±0.000

S0 = 60 JT 20.06 20.06 20.05 10.07 10.07 10.07 0.56 0.56 0.55
± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.999 -0.999 -0.999 -0.999 -0.999 -0.999 -0.447 -0.438 -0.441
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 1.000 1.000 1.000 0.461 0.487 0.455
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.011

∂JT /∂r 0.55 0.55 0.55 0.68 0.68 0.68 1.98 1.92 1.94
± 0.01 ± 0.00 ± 0.01 ± 0.00 ± 0.01 ± 0.05

∂JT /∂σ 0.04 0.04 0.00 0.04 0.04 0.00 6.85 6.83 6.82
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.05 ± 0.26

∂JT /∂τ1 4.03 4.12 3.99 5.02 5.12 4.99 8.00 7.53 8.03
± 0.13 ± 0.13 ± 0.13 ± 0.13 ± 0.10 ± 0.61

∂JT /∂τ2 -0.00 0.00 -0.00 0.00 0.00 -0.00 5.27 5.27 5.17
± 0.01 ± 0.00 ± 0.01 ± 0.00 ± 0.04 ± 0.04

∂JT /∂D -0.000 -0.000 0.000 -0.000 -0.000 0.000 -0.340 -0.340 -0.333
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 0.25 0.25 0.25 0.00 0.00 0.00 0.00 0.00 0.00
± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.467 -0.459 -0.462 0.000 0.000 0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.473 0.505 0.471 -0.000 0.000 -0.000 -0.000 0.000 -0.000
±0.003 ±0.007 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 0.64 0.58 0.63 -0.00 0.00 -0.00 -0.00 0.00 -0.00
± 0.01 ± 0.07 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 3.34 3.38 3.38 -0.00 0.00 0.00 -0.00 0.00 0.00
± 0.03 ± 0.11 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ1 6.41 6.14 6.43 -0.00 0.00 -0.00 -0.00 0.00 -0.00
± 0.06 ± 0.23 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ2 1.38 1.38 1.37 0.00 0.00 -0.00 0.00 0.00 -0.00
± 0.02 ± 0.02 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.126 -0.125 -0.124 0.000 0.000 0.000 0.000 0.000 0.000
±0.002 ±0.002 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.03 10.03 10.03 0.36 0.36 0.35 0.00 0.00 0.00
± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.999 -0.999 -0.999 -0.450 -0.442 -0.443 0.000 0.000 0.000
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

∂JT /∂S0 1.000 1.000 1.000 0.458 0.472 0.454 -0.000 0.000 -0.000
±0.000 ±0.000 ±0.003 ±0.009 ±0.000 ±0.000

∂JT /∂r 0.55 0.55 0.55 1.04 0.97 1.02 -0.00 0.00 -0.00
± 0.01 ± 0.00 ± 0.01 ± 0.09 ± 0.00 ± 0.00

∂JT /∂σ 0.03 0.03 0.00 4.78 4.74 4.80 -0.00 0.00 0.00
± 0.03 ± 0.03 ± 0.04 ± 0.17 ± 0.00 ± 0.00

∂JT /∂τ1 2.06 2.11 2.00 7.20 6.69 7.24 -0.00 0.00 -0.00
± 0.11 ± 0.11 ± 0.08 ± 0.36 ± 0.00 ± 0.00

∂JT /∂τ2 0.00 0.00 -0.00 2.38 2.38 2.34 0.00 0.00 -0.00
± 0.00 ± 0.00 ± 0.03 ± 0.03 ± 0.00 ± 0.00

∂JT /∂D -0.000 -0.000 0.000 -0.189 -0.189 -0.185 0.000 0.000 0.000
±0.000 ±0.000 ±0.002 ±0.002 ±0.000 ±0.000

S0 = 60 JT 20.03 20.03 20.03 10.04 10.04 10.03 0.47 0.47 0.47
± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.999 -0.999 -0.999 -0.999 -0.999 -0.999 -0.437 -0.429 -0.433
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 1.000 1.000 1.000 0.446 0.462 0.445
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.011

∂JT /∂r 0.55 0.55 0.55 0.68 0.68 0.68 1.52 1.52 1.50
± 0.01 ± 0.00 ± 0.01 ± 0.00 ± 0.01 ± 0.08

∂JT /∂σ 0.04 0.04 0.00 0.04 0.04 0.00 6.25 6.07 6.27
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.05 ± 0.30

∂JT /∂τ1 2.08 2.13 2.00 2.58 2.63 2.50 7.73 6.71 7.82
± 0.13 ± 0.13 ± 0.13 ± 0.13 ± 0.10 ± 0.55

∂JT /∂τ2 -0.00 0.00 -0.00 -0.00 0.00 -0.00 3.48 3.48 3.42
± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.04 ± 0.04

∂JT /∂D -0.000 -0.000 0.000 -0.000 -0.000 0.000 -0.246 -0.246 -0.242
±0.000 ±0.000 ±0.000 ±0.000 ±0.002 ±0.002



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 2.16 2.16 2.13 0.18 0.18 0.18 0.01 0.01 0.01
± 0.02 ± 0.02 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.432 -0.430 -0.427 -0.053 -0.052 -0.052 -0.002 -0.002 -0.003
±0.003 ±0.003 ±0.001 ±0.001 ±0.000 ±0.000

∂JT /∂S0 0.499 0.505 0.492 0.073 0.073 0.071 0.004 0.004 0.004
±0.003 ±0.010 ±0.002 ±0.002 ±0.000 ±0.000

∂JT /∂r 1.64 1.64 1.61 0.26 0.26 0.25 0.01 0.01 0.01
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂σ 4.87 4.32 4.81 1.66 1.66 1.65 0.14 0.14 0.15
± 0.04 ± 0.46 ± 0.04 ± 0.04 ± 0.01 ± 0.01

∂JT /∂τ1 14.48 14.78 14.65 4.53 4.55 4.56 0.33 0.34 0.40
± 0.33 ± 1.31 ± 0.17 ± 0.16 ± 0.05 ± 0.05

∂JT /∂τ2 14.38 14.34 14.15 4.61 4.62 4.55 0.38 0.39 0.40
± 0.13 ± 0.13 ± 0.11 ± 0.11 ± 0.04 ± 0.04

∂JT /∂D -0.489 -0.489 -0.482 -0.072 -0.072 -0.071 -0.004 -0.004 -0.004
±0.003 ±0.003 ±0.002 ±0.002 ±0.000 ±0.000

S0 = 50 JT 10.09 10.09 10.07 2.82 2.82 2.79 0.42 0.42 0.43
± 0.02 ± 0.02 ± 0.02 ± 0.02 ± 0.01 ± 0.01

∂JT /∂K -0.982 -0.981 -0.981 -0.445 -0.442 -0.438 -0.093 -0.092 -0.092
±0.001 ±0.001 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂S0 0.988 0.980 0.987 0.511 0.508 0.504 0.122 0.124 0.121
±0.001 ±0.018 ±0.003 ±0.007 ±0.002 ±0.002

∂JT /∂r 0.68 0.68 0.68 2.13 2.13 2.10 0.53 0.54 0.53
± 0.01 ± 0.00 ± 0.01 ± 0.01 ± 0.01 ± 0.01

∂JT /∂σ 0.42 -0.38 0.39 6.12 6.12 6.05 3.07 3.07 3.06
± 0.03 ± 0.46 ± 0.06 ± 0.06 ± 0.05 ± 0.05

∂JT /∂τ1 7.05 3.50 6.74 17.95 17.26 18.14 8.52 8.56 8.54
± 0.54 ± 2.43 ± 0.42 ± 1.30 ± 0.25 ± 0.25

∂JT /∂τ2 0.92 0.92 0.88 18.20 18.15 17.93 8.56 8.58 8.53
± 0.05 ± 0.04 ± 0.17 ± 0.17 ± 0.15 ± 0.15

∂JT /∂D -0.048 -0.048 -0.049 -0.508 -0.508 -0.500 -0.122 -0.122 -0.121
±0.001 ±0.001 ±0.003 ±0.003 ±0.002 ±0.002

S0 = 60 JT 20.07 20.07 20.05 10.28 10.28 10.21 3.48 3.48 3.44
± 0.02 ± 0.02 ± 0.03 ± 0.03 ± 0.03 ± 0.03

∂JT /∂K -0.999 -0.999 -0.999 -0.915 -0.914 -0.913 -0.452 -0.450 -0.447
±0.000 ±0.000 ±0.001 ±0.001 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 0.940 0.955 0.935 0.519 0.521 0.512
±0.000 ±0.000 ±0.002 ±0.036 ±0.003 ±0.003

∂JT /∂r 0.55 0.55 0.55 1.68 1.90 1.66 2.60 2.60 2.57
± 0.01 ± 0.00 ± 0.01 ± 0.16 ± 0.02 ± 0.01

∂JT /∂σ 0.03 0.03 0.00 2.17 1.71 2.05 7.36 7.36 7.28
± 0.04 ± 0.04 ± 0.04 ± 0.52 ± 0.07 ± 0.07

∂JT /∂τ1 4.52 4.61 3.99 15.11 15.35 15.08 21.55 21.24 21.76
± 0.67 ± 0.65 ± 0.63 ± 3.10 ± 0.51 ± 0.90

∂JT /∂τ2 0.00 0.00 0.00 6.05 6.04 5.76 21.97 21.92 21.66
± 0.01 ± 0.00 ± 0.13 ± 0.13 ± 0.20 ± 0.20

∂JT /∂D -0.000 -0.000 -0.000 -0.276 -0.276 -0.273 -0.517 -0.517 -0.511
±0.000 ±0.000 ±0.002 ±0.002 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 2.08 2.08 2.05 0.17 0.17 0.17 0.01 0.01 0.01
± 0.02 ± 0.02 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.425 -0.422 -0.418 -0.050 -0.050 -0.049 -0.002 -0.002 -0.002
±0.003 ±0.003 ±0.001 ±0.001 ±0.000 ±0.000

∂JT /∂S0 0.488 0.503 0.481 0.068 0.070 0.067 0.004 0.004 0.004
±0.003 ±0.011 ±0.002 ±0.002 ±0.000 ±0.000

∂JT /∂r 1.58 1.58 1.56 0.24 0.24 0.24 0.01 0.01 0.01
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂σ 4.85 5.10 4.79 1.58 1.59 1.57 0.13 0.13 0.14
± 0.04 ± 0.30 ± 0.04 ± 0.04 ± 0.01 ± 0.01

∂JT /∂τ1 13.94 15.75 14.07 4.16 4.19 4.23 0.30 0.31 0.36
± 0.33 ± 1.35 ± 0.16 ± 0.16 ± 0.04 ± 0.04

∂JT /∂τ2 13.39 13.35 13.18 4.27 4.29 4.22 0.34 0.35 0.36
± 0.13 ± 0.13 ± 0.10 ± 0.10 ± 0.04 ± 0.04

∂JT /∂D -0.472 -0.441 -0.465 -0.068 -0.068 -0.067 -0.004 -0.004 -0.004
±0.003 ±0.032 ±0.002 ±0.002 ±0.000 ±0.000

S0 = 50 JT 10.05 10.05 10.04 2.71 2.71 2.68 0.40 0.40 0.40
± 0.02 ± 0.02 ± 0.02 ± 0.02 ± 0.01 ± 0.01

∂JT /∂K -0.986 -0.986 -0.987 -0.435 -0.432 -0.429 -0.088 -0.087 -0.087
±0.001 ±0.001 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂S0 0.990 1.001 0.991 0.499 0.508 0.492 0.116 0.117 0.115
±0.001 ±0.015 ±0.003 ±0.009 ±0.002 ±0.002

∂JT /∂r 0.62 0.62 0.63 2.06 2.01 2.03 0.51 0.51 0.50
± 0.01 ± 0.00 ± 0.01 ± 0.06 ± 0.01 ± 0.01

∂JT /∂σ 0.32 0.25 0.27 6.11 5.64 6.04 2.95 2.96 2.95
± 0.03 ± 0.64 ± 0.06 ± 0.42 ± 0.05 ± 0.05

∂JT /∂τ1 4.84 7.18 4.14 16.90 17.99 17.21 7.92 7.95 7.95
± 0.54 ± 2.14 ± 0.42 ± 1.53 ± 0.24 ± 0.24

∂JT /∂τ2 0.55 0.55 0.52 17.01 16.97 16.75 7.97 7.99 7.95
± 0.03 ± 0.03 ± 0.16 ± 0.16 ± 0.15 ± 0.15

∂JT /∂D -0.029 -0.029 -0.029 -0.491 -0.491 -0.485 -0.116 -0.116 -0.115
±0.001 ±0.001 ±0.003 ±0.003 ±0.002 ±0.002

S0 = 60 JT 20.05 20.05 20.03 10.18 10.18 10.13 3.35 3.35 3.32
± 0.02 ± 0.02 ± 0.02 ± 0.02 ± 0.03 ± 0.03

∂JT /∂K -0.999 -0.999 -0.999 -0.932 -0.932 -0.932 -0.443 -0.441 -0.437
±0.000 ±0.000 ±0.001 ±0.001 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 0.947 0.923 0.948 0.507 0.509 0.500
±0.000 ±0.000 ±0.001 ±0.036 ±0.003 ±0.011

∂JT /∂r 0.55 0.55 0.55 1.31 0.93 1.32 2.54 2.54 2.50
± 0.01 ± 0.00 ± 0.01 ± 0.52 ± 0.02 ± 0.01

∂JT /∂σ 0.03 0.03 0.00 1.71 1.84 1.64 7.36 6.75 7.28
± 0.04 ± 0.04 ± 0.04 ± 0.84 ± 0.07 ± 0.44

∂JT /∂τ1 2.57 2.61 2.00 12.53 17.57 12.00 20.22 18.67 20.51
± 0.66 ± 0.65 ± 0.63 ± 3.62 ± 0.50 ± 1.76

∂JT /∂τ2 -0.00 0.00 0.00 3.95 3.95 3.77 20.56 20.51 20.26
± 0.01 ± 0.00 ± 0.10 ± 0.10 ± 0.20 ± 0.20

∂JT /∂D -0.000 -0.000 -0.000 -0.180 -0.180 -0.180 -0.504 -0.504 -0.497
±0.000 ±0.000 ±0.002 ±0.002 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 1.42 1.42 1.41 0.01 0.01 0.01 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.468 -0.463 -0.464 -0.006 -0.005 -0.006 0.000 0.000 -0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.510 0.517 0.506 0.008 0.008 0.009 0.000 0.000 0.000
±0.003 ±0.003 ±0.001 ±0.001 ±0.000 ±0.000

∂JT /∂r 1.80 1.80 1.78 0.03 0.03 0.03 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 4.93 4.93 4.88 0.25 0.26 0.28 0.00 0.00 0.00
± 0.04 ± 0.04 ± 0.02 ± 0.02 ± 0.00 ± 0.00

∂JT /∂τ1 9.41 9.64 9.52 0.38 0.39 0.47 0.00 0.00 0.00
± 0.20 ± 0.35 ± 0.03 ± 0.03 ± 0.00 ± 0.00

∂JT /∂τ2 9.62 9.60 9.49 0.43 0.44 0.47 0.00 0.00 0.00
± 0.08 ± 0.08 ± 0.03 ± 0.03 ± 0.00 ± 0.00

∂JT /∂D -0.509 -0.509 -0.504 -0.008 -0.008 -0.009 -0.000 0.000 -0.000
±0.003 ±0.003 ±0.001 ±0.001 ±0.000 ±0.000

S0 = 50 JT 10.06 10.06 10.05 1.84 1.84 1.82 0.04 0.04 0.05
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.999 -0.999 -0.999 -0.479 -0.475 -0.475 -0.021 -0.021 -0.022
±0.000 ±0.000 ±0.003 ±0.003 ±0.001 ±0.001

∂JT /∂S0 1.000 0.997 1.000 0.521 0.525 0.517 0.027 0.028 0.027
±0.000 ±0.003 ±0.003 ±0.003 ±0.001 ±0.001

∂JT /∂r 0.55 0.55 0.55 2.30 2.30 2.28 0.12 0.12 0.13
± 0.01 ± 0.00 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂σ 0.03 -0.10 0.00 6.18 6.18 6.11 0.94 0.95 0.97
± 0.03 ± 0.14 ± 0.05 ± 0.05 ± 0.03 ± 0.03

∂JT /∂τ1 4.27 4.21 4.01 11.83 11.81 11.96 1.56 1.59 1.64
± 0.33 ± 0.47 ± 0.25 ± 0.24 ± 0.08 ± 0.08

∂JT /∂τ2 0.01 0.01 0.01 12.10 12.08 11.93 1.62 1.63 1.64
± 0.01 ± 0.00 ± 0.10 ± 0.10 ± 0.06 ± 0.06

∂JT /∂D -0.001 -0.001 -0.001 -0.520 -0.520 -0.516 -0.027 -0.027 -0.027
±0.000 ±0.000 ±0.003 ±0.003 ±0.001 ±0.001

S0 = 60 JT 20.07 20.07 20.05 10.11 10.11 10.08 2.26 2.26 2.24
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.02 ± 0.02

∂JT /∂K -0.999 -0.999 -0.999 -0.988 -0.988 -0.987 -0.485 -0.482 -0.482
±0.000 ±0.000 ±0.001 ±0.001 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 0.997 0.960 0.992 0.527 0.531 0.524
±0.000 ±0.000 ±0.001 ±0.025 ±0.003 ±0.003

∂JT /∂r 0.55 0.55 0.55 1.16 1.07 1.16 2.80 2.80 2.78
± 0.01 ± 0.00 ± 0.01 ± 0.13 ± 0.02 ± 0.01

∂JT /∂σ 0.04 0.04 0.00 0.51 0.82 0.38 7.42 7.42 7.34
± 0.04 ± 0.04 ± 0.04 ± 0.80 ± 0.06 ± 0.06

∂JT /∂τ1 4.33 4.38 3.99 6.03 5.06 6.11 14.28 14.24 14.40
± 0.40 ± 0.39 ± 0.40 ± 2.31 ± 0.30 ± 0.29

∂JT /∂τ2 0.00 0.00 -0.00 1.18 1.18 1.09 14.56 14.54 14.37
± 0.01 ± 0.00 ± 0.05 ± 0.05 ± 0.12 ± 0.12

∂JT /∂D -0.000 -0.000 0.000 -0.119 -0.119 -0.121 -0.527 -0.527 -0.523
±0.000 ±0.000 ±0.002 ±0.002 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 1.34 1.34 1.32 0.01 0.01 0.01 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.453 -0.448 -0.447 -0.005 -0.005 -0.006 0.000 0.000 -0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.492 0.507 0.486 0.007 0.007 0.007 -0.000 0.000 0.000
±0.003 ±0.006 ±0.001 ±0.001 ±0.000 ±0.000

∂JT /∂r 1.72 1.72 1.70 0.02 0.02 0.03 -0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 4.92 5.01 4.87 0.22 0.22 0.25 -0.00 0.00 0.00
± 0.04 ± 0.17 ± 0.02 ± 0.02 ± 0.00 ± 0.00

∂JT /∂τ1 8.56 9.23 8.65 0.32 0.32 0.40 -0.00 0.00 0.00
± 0.19 ± 0.65 ± 0.03 ± 0.03 ± 0.00 ± 0.00

∂JT /∂τ2 8.61 8.59 8.48 0.37 0.37 0.40 0.00 0.00 0.00
± 0.08 ± 0.08 ± 0.03 ± 0.03 ± 0.00 ± 0.00

∂JT /∂D -0.486 -0.486 -0.480 -0.007 -0.007 -0.007 0.000 0.000 -0.000
±0.003 ±0.003 ±0.001 ±0.001 ±0.000 ±0.000

S0 = 50 JT 10.04 10.04 10.03 1.73 1.73 1.71 0.04 0.04 0.04
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.999 -0.999 -0.999 -0.462 -0.458 -0.457 -0.019 -0.019 -0.019
±0.000 ±0.000 ±0.003 ±0.003 ±0.001 ±0.001

∂JT /∂S0 1.000 0.999 1.000 0.501 0.509 0.496 0.024 0.025 0.024
±0.000 ±0.001 ±0.003 ±0.006 ±0.001 ±0.001

∂JT /∂r 0.55 0.55 0.55 2.21 2.21 2.19 0.11 0.11 0.11
± 0.01 ± 0.00 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂σ 0.03 0.03 0.00 6.18 6.14 6.11 0.86 0.87 0.87
± 0.03 ± 0.03 ± 0.05 ± 0.22 ± 0.03 ± 0.03

∂JT /∂τ1 2.30 2.37 2.00 10.61 10.98 10.76 1.38 1.39 1.43
± 0.33 ± 0.35 ± 0.24 ± 0.60 ± 0.08 ± 0.07

∂JT /∂τ2 0.00 0.00 0.00 10.85 10.83 10.69 1.41 1.42 1.43
± 0.00 ± 0.00 ± 0.10 ± 0.09 ± 0.05 ± 0.05

∂JT /∂D -0.000 -0.000 -0.000 -0.499 -0.499 -0.494 -0.024 -0.024 -0.024
±0.000 ±0.000 ±0.003 ±0.003 ±0.001 ±0.001

S0 = 60 JT 20.04 20.04 20.03 10.05 10.05 10.04 2.13 2.13 2.10
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.02 ± 0.02

∂JT /∂K -0.999 -0.999 -0.999 -0.998 -0.998 -0.998 -0.468 -0.465 -0.464
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 0.999 0.989 0.999 0.508 0.514 0.503
±0.000 ±0.000 ±0.000 ±0.008 ±0.003 ±0.003

∂JT /∂r 0.55 0.55 0.55 0.72 0.60 0.72 2.69 2.70 2.67
± 0.01 ± 0.00 ± 0.01 ± 0.12 ± 0.02 ± 0.02

∂JT /∂σ 0.04 0.04 0.00 0.10 0.51 0.06 7.43 7.47 7.35
± 0.04 ± 0.04 ± 0.04 ± 0.57 ± 0.06 ± 0.07

∂JT /∂τ1 2.36 2.38 2.00 3.11 2.33 2.79 12.72 13.12 12.91
± 0.40 ± 0.39 ± 0.40 ± 1.43 ± 0.29 ± 0.43

∂JT /∂τ2 -0.00 0.00 -0.00 0.10 0.10 0.09 13.08 13.05 12.89
± 0.01 ± 0.00 ± 0.01 ± 0.01 ± 0.11 ± 0.11

∂JT /∂D -0.000 -0.000 0.000 -0.009 -0.131 -0.009 -0.507 -0.507 -0.502
±0.000 ±0.000 ±0.001 ±0.122 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 0.44 0.44 0.43 0.00 0.00 0.00 0.00 0.00 0.00
± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.463 -0.448 -0.458 0.000 0.000 0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.479 0.496 0.474 0.000 0.000 -0.000 0.000 0.000 -0.000
±0.003 ±0.007 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 1.69 1.73 1.66 0.00 0.00 -0.00 0.00 0.00 -0.00
± 0.01 ± 0.03 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 4.90 4.94 4.83 0.00 0.00 -0.00 0.00 0.00 0.00
± 0.04 ± 0.16 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ1 4.61 4.65 4.61 0.00 0.00 -0.00 0.00 0.00 -0.00
± 0.07 ± 0.32 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ2 4.26 4.26 4.20 0.00 0.00 -0.00 0.00 0.00 -0.00
± 0.03 ± 0.03 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.451 -0.440 -0.445 -0.000 0.000 0.000 0.000 0.000 0.000
±0.003 ±0.011 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.06 10.06 10.05 0.61 0.61 0.60 0.00 0.00 0.00
± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.999 -0.999 -0.999 -0.487 -0.475 -0.484 0.000 0.000 0.000
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

∂JT /∂S0 1.000 1.000 1.000 0.504 0.518 0.501 0.000 0.000 -0.000
±0.000 ±0.000 ±0.003 ±0.004 ±0.000 ±0.000

∂JT /∂r 0.55 0.55 0.55 2.33 2.33 2.31 0.00 0.00 -0.00
± 0.01 ± 0.00 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂σ 0.03 0.03 0.00 6.19 6.28 6.11 0.00 0.00 0.00
± 0.03 ± 0.03 ± 0.05 ± 0.08 ± 0.00 ± 0.00

∂JT /∂τ1 4.05 4.10 3.99 5.63 5.68 5.65 0.00 0.00 -0.00
± 0.11 ± 0.11 ± 0.08 ± 0.18 ± 0.00 ± 0.00

∂JT /∂τ2 0.00 0.00 -0.00 5.66 5.65 5.59 0.00 0.00 -0.00
± 0.01 ± 0.00 ± 0.04 ± 0.04 ± 0.00 ± 0.00

∂JT /∂D -0.000 -0.000 0.000 -0.501 -0.501 -0.498 -0.000 0.000 0.000
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

S0 = 60 JT 20.06 20.06 20.05 10.07 10.07 10.07 0.78 0.78 0.77
± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.01 ± 0.01

∂JT /∂K -0.999 -0.999 -0.999 -0.999 -0.999 -0.999 -0.509 -0.498 -0.505
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 1.000 1.000 1.000 0.526 0.537 0.522
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂r 0.55 0.55 0.55 0.68 0.68 0.68 2.93 2.93 2.91
± 0.01 ± 0.00 ± 0.01 ± 0.00 ± 0.02 ± 0.01

∂JT /∂σ 0.04 0.04 0.00 0.04 0.04 0.00 7.42 7.42 7.34
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.06 ± 0.06

∂JT /∂τ1 4.08 4.12 3.99 5.08 5.12 4.99 6.85 6.83 6.88
± 0.13 ± 0.13 ± 0.13 ± 0.13 ± 0.10 ± 0.10

∂JT /∂τ2 0.00 0.00 -0.00 0.00 0.00 -0.00 6.94 6.93 6.86
± 0.01 ± 0.00 ± 0.01 ± 0.00 ± 0.05 ± 0.04

∂JT /∂D -0.000 -0.000 0.000 -0.000 -0.000 0.000 -0.525 -0.525 -0.521
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 0.36 0.36 0.36 0.00 0.00 0.00 0.00 0.00 0.00
± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.435 -0.422 -0.430 0.000 0.000 0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.447 0.478 0.443 -0.000 0.000 -0.000 -0.000 0.000 -0.000
±0.003 ±0.009 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 1.32 1.31 1.30 -0.00 0.00 -0.00 -0.00 0.00 -0.00
± 0.01 ± 0.04 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 4.59 4.86 4.58 -0.00 0.00 0.00 -0.00 0.00 0.00
± 0.04 ± 0.17 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ1 4.31 4.41 4.35 -0.00 0.00 -0.00 -0.00 0.00 -0.00
± 0.06 ± 0.38 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ2 2.90 2.90 2.85 0.00 0.00 -0.00 0.00 0.00 -0.00
± 0.03 ± 0.03 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.342 -0.341 -0.336 0.000 0.000 0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.03 10.03 10.03 0.50 0.50 0.50 0.00 0.00 0.00
± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.999 -0.999 -0.999 -0.445 -0.433 -0.439 0.000 0.000 0.000
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

∂JT /∂S0 1.000 1.000 1.000 0.458 0.481 0.453 -0.000 0.000 -0.000
±0.000 ±0.000 ±0.003 ±0.008 ±0.000 ±0.000

∂JT /∂r 0.55 0.55 0.55 1.92 2.02 1.89 -0.00 0.00 -0.00
± 0.01 ± 0.00 ± 0.01 ± 0.07 ± 0.00 ± 0.00

∂JT /∂σ 0.03 0.03 0.00 6.00 5.95 5.96 -0.00 0.00 0.00
± 0.03 ± 0.03 ± 0.05 ± 0.25 ± 0.00 ± 0.00

∂JT /∂τ1 2.08 2.11 2.00 4.77 5.10 4.83 -0.00 0.00 -0.00
± 0.11 ± 0.11 ± 0.08 ± 0.47 ± 0.00 ± 0.00

∂JT /∂τ2 0.00 0.00 -0.00 4.04 4.03 3.97 0.00 0.00 -0.00
± 0.00 ± 0.00 ± 0.03 ± 0.03 ± 0.00 ± 0.00

∂JT /∂D -0.000 -0.000 0.000 -0.407 -0.407 -0.400 0.000 0.000 0.000
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

S0 = 60 JT 20.03 20.03 20.03 10.04 10.04 10.03 0.64 0.64 0.64
± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.01 ± 0.01

∂JT /∂K -0.999 -0.999 -0.999 -0.999 -0.999 -0.999 -0.457 -0.446 -0.451
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 1.000 1.000 1.000 0.470 0.481 0.465
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.007

∂JT /∂r 0.55 0.55 0.55 0.68 0.68 0.68 2.52 2.48 2.48
± 0.01 ± 0.00 ± 0.01 ± 0.00 ± 0.02 ± 0.07

∂JT /∂σ 0.04 0.04 0.00 0.04 0.04 0.00 7.35 7.42 7.28
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.06 ± 0.28

∂JT /∂τ1 2.11 2.13 2.00 2.61 2.63 2.50 5.42 5.45 5.46
± 0.13 ± 0.13 ± 0.13 ± 0.13 ± 0.10 ± 0.51

∂JT /∂τ2 0.00 0.00 -0.00 0.00 0.00 -0.00 5.11 5.10 5.03
± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.04 ± 0.04

∂JT /∂D -0.000 -0.000 0.000 -0.000 -0.000 0.000 -0.448 -0.448 -0.441
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 2.41 2.41 2.38 0.22 0.22 0.22 0.01 0.01 0.01
± 0.02 ± 0.02 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.462 -0.459 -0.457 -0.062 -0.061 -0.061 -0.003 -0.003 -0.003
±0.003 ±0.003 ±0.001 ±0.001 ±0.000 ±0.000

∂JT /∂S0 0.528 0.531 0.523 0.084 0.085 0.083 0.005 0.005 0.005
±0.003 ±0.003 ±0.002 ±0.002 ±0.000 ±0.001

∂JT /∂r 1.77 1.77 1.76 0.30 0.30 0.30 0.02 0.02 0.02
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂σ 4.92 4.92 4.87 1.88 1.88 1.88 0.16 0.16 0.18
± 0.05 ± 0.05 ± 0.04 ± 0.04 ± 0.02 ± 0.02

∂JT /∂τ1 14.31 14.18 14.56 5.16 5.16 5.20 0.39 0.40 0.50
± 0.34 ± 0.38 ± 0.18 ± 0.17 ± 0.05 ± 0.05

∂JT /∂τ2 14.75 14.71 14.53 5.21 5.23 5.20 0.45 0.46 0.50
± 0.14 ± 0.14 ± 0.11 ± 0.11 ± 0.04 ± 0.04

∂JT /∂D -0.528 -0.528 -0.522 -0.084 -0.084 -0.083 -0.005 -0.005 -0.005
±0.003 ±0.003 ±0.002 ±0.002 ±0.000 ±0.000

S0 = 50 JT 10.20 10.20 10.15 3.08 3.08 3.04 0.49 0.49 0.49
± 0.03 ± 0.03 ± 0.03 ± 0.03 ± 0.01 ± 0.01

∂JT /∂K -0.930 -0.929 -0.929 -0.468 -0.465 -0.464 -0.104 -0.103 -0.103
±0.001 ±0.001 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂S0 0.958 0.982 0.951 0.535 0.537 0.530 0.136 0.138 0.135
±0.001 ±0.042 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂r 1.89 2.17 1.89 2.25 2.25 2.23 0.60 0.60 0.59
± 0.01 ± 0.32 ± 0.01 ± 0.01 ± 0.01 ± 0.01

∂JT /∂σ 1.61 1.70 1.49 6.16 6.16 6.10 3.34 3.35 3.33
± 0.05 ± 0.35 ± 0.06 ± 0.06 ± 0.05 ± 0.05

∂JT /∂τ1 9.82 9.54 9.57 17.94 17.90 18.24 9.27 9.32 9.30
± 0.54 ± 0.91 ± 0.43 ± 0.42 ± 0.26 ± 0.26

∂JT /∂τ2 5.38 5.38 5.23 18.49 18.44 18.22 9.35 9.37 9.30
± 0.14 ± 0.14 ± 0.17 ± 0.17 ± 0.16 ± 0.16

∂JT /∂D -0.438 -0.438 -0.441 -0.534 -0.534 -0.529 -0.136 -0.136 -0.135
±0.003 ±0.003 ±0.003 ±0.003 ±0.002 ±0.002

S0 = 60 JT 20.07 20.07 20.05 10.55 10.55 10.46 3.75 3.75 3.71
± 0.02 ± 0.02 ± 0.04 ± 0.04 ± 0.03 ± 0.03

∂JT /∂K -0.999 -0.999 -0.999 -0.862 -0.861 -0.860 -0.472 -0.470 -0.468
±0.000 ±0.000 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂S0 1.000 1.003 1.000 0.904 0.916 0.898 0.539 0.541 0.534
±0.000 ±0.003 ±0.002 ±0.028 ±0.003 ±0.003

∂JT /∂r 0.55 0.55 0.55 3.89 3.83 3.87 2.72 2.72 2.70
± 0.01 ± 0.00 ± 0.01 ± 0.06 ± 0.02 ± 0.01

∂JT /∂σ 0.04 0.00 0.00 3.47 5.18 3.28 7.40 7.40 7.32
± 0.04 ± 0.05 ± 0.08 ± 0.91 ± 0.07 ± 0.07

∂JT /∂τ1 4.57 4.55 4.01 14.01 17.90 13.24 21.60 21.54 21.93
± 0.67 ± 0.91 ± 0.64 ± 4.04 ± 0.52 ± 0.51

∂JT /∂τ2 0.01 0.01 0.01 12.83 12.83 12.47 22.22 22.17 21.90
± 0.01 ± 0.01 ± 0.24 ± 0.23 ± 0.21 ± 0.20

∂JT /∂D -0.001 -0.001 -0.001 -0.839 -1.032 -0.835 -0.538 -0.538 -0.533
±0.000 ±0.000 ±0.002 ±0.193 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 2.32 2.32 2.30 0.20 0.20 0.20 0.01 0.01 0.01
± 0.02 ± 0.02 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.453 -0.450 -0.447 -0.059 -0.058 -0.058 -0.003 -0.003 -0.003
±0.003 ±0.003 ±0.001 ±0.001 ±0.000 ±0.000

∂JT /∂S0 0.517 0.518 0.511 0.080 0.081 0.079 0.004 0.004 0.005
±0.003 ±0.004 ±0.002 ±0.002 ±0.000 ±0.000

∂JT /∂r 1.74 1.74 1.72 0.28 0.28 0.28 0.02 0.02 0.02
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂σ 4.93 5.05 4.88 1.80 1.81 1.80 0.15 0.15 0.17
± 0.04 ± 0.13 ± 0.04 ± 0.04 ± 0.02 ± 0.02

∂JT /∂τ1 13.50 12.74 13.65 4.78 4.81 4.83 0.36 0.36 0.45
± 0.34 ± 0.59 ± 0.17 ± 0.17 ± 0.05 ± 0.05

∂JT /∂τ2 13.80 13.77 13.61 4.86 4.87 4.83 0.41 0.41 0.45
± 0.13 ± 0.13 ± 0.11 ± 0.11 ± 0.04 ± 0.04

∂JT /∂D -0.516 -0.516 -0.510 -0.080 -0.079 -0.079 -0.004 -0.004 -0.005
±0.003 ±0.003 ±0.002 ±0.002 ±0.000 ±0.000

S0 = 50 JT 10.12 10.12 10.08 2.97 2.97 2.93 0.46 0.46 0.46
± 0.02 ± 0.02 ± 0.03 ± 0.03 ± 0.01 ± 0.01

∂JT /∂K -0.955 -0.954 -0.954 -0.459 -0.456 -0.454 -0.099 -0.098 -0.098
±0.001 ±0.001 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂S0 0.967 0.932 0.967 0.523 0.525 0.517 0.129 0.131 0.128
±0.001 ±0.036 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂r 1.16 1.19 1.16 2.20 2.20 2.18 0.57 0.57 0.57
± 0.01 ± 0.42 ± 0.01 ± 0.01 ± 0.01 ± 0.01

∂JT /∂σ 1.07 2.34 1.01 6.17 6.17 6.11 3.23 3.23 3.21
± 0.04 ± 0.90 ± 0.06 ± 0.06 ± 0.05 ± 0.05

∂JT /∂τ1 7.61 11.50 7.19 16.83 15.98 17.08 8.67 8.69 8.68
± 0.54 ± 3.23 ± 0.43 ± 0.68 ± 0.26 ± 0.25

∂JT /∂τ2 2.72 2.72 2.57 17.31 17.26 17.06 8.72 8.74 8.68
± 0.09 ± 0.09 ± 0.17 ± 0.17 ± 0.15 ± 0.15

∂JT /∂D -0.207 0.000 -0.206 -0.522 -0.522 -0.517 -0.129 -0.129 -0.128
±0.002 ±0.207 ±0.003 ±0.003 ±0.002 ±0.002

S0 = 60 JT 20.05 20.05 20.03 10.36 10.36 10.30 3.61 3.61 3.57
± 0.02 ± 0.02 ± 0.04 ± 0.04 ± 0.03 ± 0.03

∂JT /∂K -0.999 -0.999 -0.999 -0.880 -0.879 -0.877 -0.463 -0.460 -0.458
±0.000 ±0.000 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂S0 1.000 0.999 1.000 0.909 0.992 0.907 0.527 0.529 0.522
±0.000 ±0.002 ±0.002 ±0.047 ±0.003 ±0.003

∂JT /∂r 0.55 0.55 0.55 2.76 2.74 2.77 2.66 2.66 2.64
± 0.01 ± 0.00 ± 0.01 ± 0.03 ± 0.02 ± 0.01

∂JT /∂σ 0.04 0.04 0.00 3.01 4.05 2.95 7.42 7.42 7.34
± 0.04 ± 0.04 ± 0.06 ± 0.65 ± 0.07 ± 0.07

∂JT /∂τ1 2.60 2.61 2.00 13.01 12.96 12.87 20.17 20.12 20.52
± 0.67 ± 0.66 ± 0.64 ± 3.08 ± 0.51 ± 0.50

∂JT /∂τ2 0.00 0.00 0.00 8.69 8.68 8.51 20.82 20.77 20.51
± 0.01 ± 0.00 ± 0.18 ± 0.18 ± 0.20 ± 0.20

∂JT /∂D -0.000 -0.000 -0.000 -0.554 -0.554 -0.555 -0.527 -0.527 -0.521
±0.000 ±0.000 ±0.003 ±0.003 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 0.86 0.86 0.86 0.00 0.00 0.00 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.423 -0.420 -0.418 -0.002 -0.002 -0.002 0.000 0.000 -0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.455 0.463 0.451 0.003 0.003 0.003 -0.000 0.000 0.000
±0.003 ±0.015 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 0.90 0.77 0.88 0.01 0.01 0.01 -0.00 0.00 0.00
± 0.01 ± 0.16 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 3.95 3.65 3.93 0.09 0.09 0.09 -0.00 0.00 0.00
± 0.03 ± 0.31 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂τ1 14.78 15.11 14.92 0.14 0.14 0.15 -0.00 0.00 0.00
± 0.19 ± 0.89 ± 0.02 ± 0.02 ± 0.00 ± 0.00

∂JT /∂τ2 5.88 5.87 5.77 0.16 0.16 0.15 0.00 0.00 0.00
± 0.07 ± 0.07 ± 0.02 ± 0.02 ± 0.00 ± 0.00

∂JT /∂D -0.234 -0.293 -0.229 -0.003 -0.003 -0.003 0.000 0.000 -0.000
±0.002 ±0.042 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.06 10.06 10.05 1.22 1.22 1.20 0.02 0.02 0.02
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.999 -0.999 -0.999 -0.416 -0.412 -0.410 -0.009 -0.008 -0.009
±0.000 ±0.000 ±0.003 ±0.003 ±0.001 ±0.001

∂JT /∂S0 1.000 1.000 1.000 0.451 0.439 0.446 0.011 0.011 0.012
±0.000 ±0.000 ±0.003 ±0.018 ±0.001 ±0.001

∂JT /∂r 0.55 0.55 0.55 1.39 1.24 1.36 0.05 0.05 0.05
± 0.01 ± 0.00 ± 0.01 ± 0.17 ± 0.00 ± 0.00

∂JT /∂σ 0.03 0.03 0.00 5.42 4.55 5.36 0.43 0.43 0.47
± 0.03 ± 0.03 ± 0.04 ± 0.53 ± 0.02 ± 0.02

∂JT /∂τ1 4.11 4.30 3.99 16.26 14.36 16.36 0.67 0.69 0.79
± 0.32 ± 0.32 ± 0.24 ± 1.41 ± 0.05 ± 0.05

∂JT /∂τ2 -0.00 0.00 -0.00 8.90 8.89 8.72 0.73 0.74 0.79
± 0.01 ± 0.00 ± 0.09 ± 0.09 ± 0.04 ± 0.04

∂JT /∂D -0.000 -0.000 0.000 -0.302 -0.302 -0.296 -0.011 -0.011 -0.012
±0.000 ±0.000 ±0.003 ±0.003 ±0.001 ±0.001

S0 = 60 JT 20.07 20.07 20.05 10.08 10.08 10.07 1.59 1.59 1.57
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01

∂JT /∂K -0.999 -0.999 -0.999 -0.999 -0.999 -0.999 -0.417 -0.413 -0.411
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 1.000 1.000 1.000 0.454 0.440 0.449
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.018

∂JT /∂r 0.55 0.55 0.55 0.68 0.68 0.68 1.92 1.79 1.89
± 0.01 ± 0.00 ± 0.01 ± 0.00 ± 0.01 ± 0.15

∂JT /∂σ 0.03 0.03 0.00 0.03 0.03 0.00 6.84 7.08 6.76
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.06 ± 0.45

∂JT /∂τ1 4.17 4.37 3.99 5.17 5.36 4.99 17.51 15.62 17.64
± 0.39 ± 0.38 ± 0.39 ± 0.38 ± 0.29 ± 1.78

∂JT /∂τ2 0.00 0.00 -0.00 -0.00 0.00 0.00 11.94 11.92 11.70
± 0.01 ± 0.00 ± 0.01 ± 0.00 ± 0.11 ± 0.11

∂JT /∂D -0.000 -0.000 0.000 -0.000 -0.000 -0.000 -0.357 -0.356 -0.349
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 0.82 0.82 0.81 0.00 0.00 0.00 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.423 -0.419 -0.417 -0.002 -0.002 -0.002 0.000 0.000 -0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.451 0.488 0.448 0.002 0.002 0.002 -0.000 0.000 0.000
±0.003 ±0.014 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 0.83 0.85 0.82 0.01 0.01 0.01 -0.00 0.00 0.00
± 0.01 ± 0.14 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 3.83 4.06 3.82 0.08 0.08 0.08 -0.00 0.00 0.00
± 0.03 ± 0.19 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂τ1 14.47 16.13 14.62 0.12 0.12 0.13 -0.00 0.00 0.00
± 0.18 ± 0.71 ± 0.02 ± 0.02 ± 0.00 ± 0.00

∂JT /∂τ2 5.12 5.11 5.03 0.13 0.13 0.13 0.00 0.00 0.00
± 0.06 ± 0.06 ± 0.02 ± 0.02 ± 0.00 ± 0.00

∂JT /∂D -0.212 -0.212 -0.208 -0.002 -0.002 -0.002 0.000 0.000 -0.000
±0.002 ±0.002 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.04 10.04 10.03 1.15 1.15 1.14 0.01 0.01 0.02
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.999 -0.999 -0.999 -0.412 -0.409 -0.408 -0.007 -0.007 -0.008
±0.000 ±0.000 ±0.003 ±0.003 ±0.001 ±0.000

∂JT /∂S0 1.000 1.000 1.000 0.444 0.445 0.442 0.010 0.010 0.011
±0.000 ±0.000 ±0.003 ±0.017 ±0.001 ±0.001

∂JT /∂r 0.55 0.55 0.55 1.27 1.43 1.25 0.04 0.04 0.05
± 0.01 ± 0.00 ± 0.01 ± 0.08 ± 0.00 ± 0.00

∂JT /∂σ 0.03 0.03 0.00 5.24 4.87 5.22 0.38 0.38 0.42
± 0.03 ± 0.03 ± 0.04 ± 0.46 ± 0.02 ± 0.02

∂JT /∂τ1 2.21 2.31 2.00 15.96 15.31 16.17 0.56 0.57 0.68
± 0.32 ± 0.32 ± 0.24 ± 1.26 ± 0.05 ± 0.05

∂JT /∂τ2 -0.00 0.00 -0.00 7.72 7.71 7.59 0.62 0.63 0.68
± 0.00 ± 0.00 ± 0.09 ± 0.08 ± 0.04 ± 0.04

∂JT /∂D -0.000 -0.000 0.000 -0.272 -0.246 -0.269 -0.010 -0.010 -0.011
±0.000 ±0.000 ±0.002 ±0.027 ±0.001 ±0.001

S0 = 60 JT 20.04 20.04 20.03 10.04 10.04 10.03 1.50 1.50 1.48
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01

∂JT /∂K -0.999 -0.999 -0.999 -0.999 -0.999 -0.999 -0.412 -0.409 -0.407
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 1.000 1.000 1.000 0.446 0.452 0.442
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.019

∂JT /∂r 0.55 0.55 0.55 0.68 0.68 0.68 1.76 1.77 1.73
± 0.01 ± 0.00 ± 0.01 ± 0.00 ± 0.01 ± 0.01

∂JT /∂σ 0.03 0.03 0.00 0.03 0.03 0.00 6.65 5.92 6.60
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.05 ± 0.60

∂JT /∂τ1 2.28 2.37 2.00 2.78 2.87 2.50 17.22 17.35 17.48
± 0.39 ± 0.38 ± 0.39 ± 0.38 ± 0.29 ± 1.66

∂JT /∂τ2 0.00 0.00 -0.00 0.00 0.00 0.00 10.38 10.36 10.19
± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.11 ± 0.11

∂JT /∂D -0.000 -0.000 0.000 -0.000 -0.000 -0.000 -0.323 -0.323 -0.317
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 0.22 0.22 0.21 0.00 0.00 0.00 0.00 0.00 0.00
± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.538 -0.536 -0.534 0.000 0.000 0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.543 0.590 0.540 -0.000 0.000 -0.000 -0.000 0.000 -0.000
±0.003 ±0.004 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 0.35 0.37 0.36 -0.00 0.00 -0.00 -0.00 0.00 -0.00
± 0.00 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 2.11 2.20 2.18 -0.00 0.00 0.00 -0.00 0.00 0.00
± 0.02 ± 0.03 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ1 8.35 8.37 8.42 -0.00 0.00 -0.00 -0.00 0.00 -0.00
± 0.06 ± 0.07 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ2 0.35 0.35 0.35 0.00 0.00 -0.00 0.00 0.00 -0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.024 -0.024 -0.025 0.000 0.000 0.000 0.000 0.000 0.000
±0.001 ±0.001 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.06 10.06 10.05 0.29 0.29 0.29 0.00 0.00 0.00
± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.999 -0.999 -0.999 -0.521 -0.518 -0.517 0.000 0.000 0.000
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

∂JT /∂S0 1.000 1.000 1.000 0.526 0.566 0.524 -0.000 0.000 -0.000
±0.000 ±0.000 ±0.003 ±0.005 ±0.000 ±0.000

∂JT /∂r 0.55 0.55 0.55 0.54 0.58 0.54 -0.00 0.00 -0.00
± 0.01 ± 0.00 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂σ 0.03 0.03 0.00 3.12 3.25 3.23 -0.00 0.00 0.00
± 0.03 ± 0.03 ± 0.03 ± 0.03 ± 0.00 ± 0.00

∂JT /∂τ1 3.90 4.10 3.99 10.18 10.34 10.25 -0.00 0.00 -0.00
± 0.11 ± 0.11 ± 0.08 ± 0.11 ± 0.00 ± 0.00

∂JT /∂τ2 0.00 0.00 -0.00 0.90 0.91 0.91 0.00 0.00 -0.00
± 0.01 ± 0.00 ± 0.02 ± 0.02 ± 0.00 ± 0.00

∂JT /∂D -0.000 -0.000 0.000 -0.051 -0.051 -0.051 0.000 0.000 0.000
±0.000 ±0.000 ±0.001 ±0.001 ±0.000 ±0.000

S0 = 60 JT 20.06 20.06 20.05 10.07 10.07 10.07 0.37 0.37 0.37
± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.999 -0.999 -0.999 -0.999 -0.999 -0.999 -0.501 -0.498 -0.497
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 1.000 1.000 1.000 0.508 0.540 0.506
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.007

∂JT /∂r 0.55 0.55 0.55 0.68 0.68 0.68 0.80 0.88 0.79
± 0.01 ± 0.00 ± 0.01 ± 0.00 ± 0.01 ± 0.03

∂JT /∂σ 0.04 0.04 0.00 0.04 0.04 0.00 4.38 4.57 4.49
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.06

∂JT /∂τ1 3.92 4.12 3.99 4.92 5.12 4.99 11.73 11.91 11.79
± 0.13 ± 0.13 ± 0.13 ± 0.13 ± 0.09 ± 0.21

∂JT /∂τ2 0.00 0.00 -0.00 -0.00 0.00 -0.00 1.73 1.74 1.74
± 0.01 ± 0.00 ± 0.01 ± 0.00 ± 0.03 ± 0.03

∂JT /∂D -0.000 -0.000 0.000 -0.000 -0.000 0.000 -0.086 -0.086 -0.086
±0.000 ±0.000 ±0.000 ±0.000 ±0.002 ±0.002



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 0.20 0.20 0.20 0.00 0.00 0.00 0.00 0.00 0.00
± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.517 -0.516 -0.514 0.000 0.000 0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.522 0.569 0.520 -0.000 0.000 -0.000 -0.000 0.000 -0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 0.33 0.34 0.33 -0.00 0.00 -0.00 -0.00 0.00 -0.00
± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 2.06 2.10 2.10 -0.00 0.00 0.00 -0.00 0.00 0.00
± 0.02 ± 0.02 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ1 7.35 7.33 7.37 -0.00 0.00 -0.00 -0.00 0.00 -0.00
± 0.05 ± 0.05 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ2 0.24 0.24 0.25 0.00 0.00 -0.00 0.00 0.00 -0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.019 -0.019 -0.019 0.000 0.000 0.000 0.000 0.000 0.000
±0.001 ±0.001 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.03 10.03 10.03 0.26 0.26 0.26 0.00 0.00 0.00
± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.999 -0.999 -0.999 -0.506 -0.504 -0.502 0.000 0.000 0.000
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

∂JT /∂S0 1.000 1.000 1.000 0.511 0.547 0.509 -0.000 0.000 -0.000
±0.000 ±0.000 ±0.003 ±0.005 ±0.000 ±0.000

∂JT /∂r 0.55 0.55 0.55 0.48 0.44 0.48 -0.00 0.00 -0.00
± 0.01 ± 0.00 ± 0.00 ± 0.05 ± 0.00 ± 0.00

∂JT /∂σ 0.03 0.03 0.00 2.99 3.00 3.05 -0.00 0.00 -0.00
± 0.03 ± 0.03 ± 0.03 ± 0.06 ± 0.00 ± 0.00

∂JT /∂τ1 2.01 2.10 2.00 9.04 8.95 9.05 -0.00 0.00 -0.00
± 0.11 ± 0.11 ± 0.07 ± 0.10 ± 0.00 ± 0.00

∂JT /∂τ2 -0.00 0.00 -0.00 0.63 0.63 0.64 0.00 0.00 -0.00
± 0.00 ± 0.00 ± 0.02 ± 0.02 ± 0.00 ± 0.00

∂JT /∂D -0.000 -0.000 0.000 -0.039 -0.039 -0.040 0.000 0.000 0.000
±0.000 ±0.000 ±0.001 ±0.001 ±0.000 ±0.000

S0 = 60 JT 20.03 20.03 20.03 10.04 10.04 10.03 0.33 0.33 0.33
± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.999 -0.999 -0.999 -0.999 -0.999 -0.999 -0.491 -0.489 -0.488
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 1.000 1.000 1.000 0.496 0.531 0.496
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.006

∂JT /∂r 0.55 0.55 0.55 0.68 0.68 0.68 0.68 0.48 0.69
± 0.01 ± 0.00 ± 0.01 ± 0.00 ± 0.01 ± 0.12

∂JT /∂σ 0.04 0.04 0.00 0.04 0.04 0.00 4.08 3.99 4.17
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.13

∂JT /∂τ1 2.03 2.13 2.00 2.53 2.63 2.50 10.51 10.25 10.53
± 0.13 ± 0.13 ± 0.13 ± 0.13 ± 0.09 ± 0.21

∂JT /∂τ2 -0.00 0.00 -0.00 0.00 0.00 -0.00 1.18 1.19 1.20
± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.03 ± 0.03

∂JT /∂D -0.000 -0.000 0.000 -0.000 -0.000 0.000 -0.064 -0.064 -0.065
±0.000 ±0.000 ±0.000 ±0.000 ±0.001 ±0.001



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 1.73 1.73 1.71 0.12 0.12 0.12 0.00 0.00 0.00
± 0.02 ± 0.02 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.400 -0.397 -0.394 -0.037 -0.036 -0.037 -0.002 -0.002 -0.002
±0.003 ±0.003 ±0.001 ±0.001 ±0.000 ±0.000

∂JT /∂S0 0.461 0.489 0.455 0.051 0.052 0.051 0.003 0.003 0.003
±0.003 ±0.017 ±0.001 ±0.001 ±0.000 ±0.000

∂JT /∂r 1.25 0.98 1.22 0.18 0.18 0.18 0.01 0.01 0.01
± 0.01 ± 0.27 ± 0.01 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 4.51 3.79 4.46 1.23 1.24 1.24 0.09 0.09 0.09
± 0.04 ± 0.53 ± 0.03 ± 0.03 ± 0.01 ± 0.01

∂JT /∂τ1 17.73 20.27 17.91 3.35 3.39 3.42 0.22 0.23 0.25
± 0.32 ± 1.67 ± 0.14 ± 0.14 ± 0.04 ± 0.04

∂JT /∂τ2 12.29 12.27 12.07 3.40 3.44 3.41 0.25 0.25 0.24
± 0.13 ± 0.12 ± 0.10 ± 0.10 ± 0.03 ± 0.03

∂JT /∂D -0.370 -0.505 -0.364 -0.051 -0.051 -0.051 -0.003 -0.003 -0.003
±0.003 ±0.098 ±0.001 ±0.001 ±0.000 ±0.000

S0 = 50 JT 10.07 10.07 10.06 2.35 2.35 2.33 0.31 0.31 0.32
± 0.01 ± 0.01 ± 0.02 ± 0.02 ± 0.01 ± 0.01

∂JT /∂K -0.997 -0.997 -0.997 -0.408 -0.405 -0.402 -0.073 -0.072 -0.072
±0.000 ±0.000 ±0.003 ±0.003 ±0.001 ±0.001

∂JT /∂S0 0.999 0.992 0.999 0.471 0.469 0.465 0.097 0.098 0.097
±0.000 ±0.006 ±0.003 ±0.020 ±0.002 ±0.002

∂JT /∂r 0.55 0.55 0.55 1.76 2.01 1.73 0.42 0.42 0.42
± 0.01 ± 0.00 ± 0.01 ± 0.18 ± 0.01 ± 0.01

∂JT /∂σ 0.07 0.07 0.04 5.86 6.41 5.79 2.55 2.55 2.54
± 0.03 ± 0.03 ± 0.05 ± 0.57 ± 0.05 ± 0.05

∂JT /∂τ1 4.73 5.73 4.43 20.16 20.95 20.26 7.06 7.08 7.08
± 0.54 ± 0.88 ± 0.41 ± 2.44 ± 0.23 ± 0.22

∂JT /∂τ2 0.07 0.07 0.06 16.62 16.58 16.35 7.09 7.11 7.06
± 0.01 ± 0.01 ± 0.16 ± 0.16 ± 0.14 ± 0.14

∂JT /∂D -0.003 -0.003 -0.003 -0.421 -0.421 -0.414 -0.097 -0.097 -0.096
±0.000 ±0.000 ±0.003 ±0.003 ±0.002 ±0.002

S0 = 60 JT 20.07 20.07 20.05 10.12 10.12 10.09 3.00 3.00 2.96
± 0.02 ± 0.02 ± 0.02 ± 0.02 ± 0.03 ± 0.03

∂JT /∂K -0.999 -0.999 -0.999 -0.976 -0.975 -0.975 -0.417 -0.416 -0.411
±0.000 ±0.000 ±0.001 ±0.001 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 0.982 0.980 0.982 0.482 0.493 0.475
±0.000 ±0.000 ±0.001 ±0.017 ±0.003 ±0.015

∂JT /∂r 0.55 0.55 0.55 0.80 0.80 0.80 2.28 2.46 2.24
± 0.01 ± 0.00 ± 0.01 ± 0.00 ± 0.02 ± 0.19

∂JT /∂σ 0.03 0.03 0.00 0.60 -0.04 0.57 7.17 7.12 7.09
± 0.04 ± 0.04 ± 0.03 ± 0.56 ± 0.06 ± 0.36

∂JT /∂τ1 4.41 4.60 3.99 10.01 11.10 9.64 22.95 23.55 22.98
± 0.65 ± 0.64 ± 0.63 ± 2.50 ± 0.49 ± 2.35

∂JT /∂τ2 -0.00 0.00 -0.00 1.12 1.12 1.08 20.77 20.73 20.45
± 0.01 ± 0.00 ± 0.05 ± 0.05 ± 0.20 ± 0.20

∂JT /∂D -0.000 -0.000 0.000 -0.037 -0.037 -0.037 -0.454 -0.454 -0.446
±0.000 ±0.000 ±0.001 ±0.001 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD exact PA FD exact PA FD exact

S0 = 40 JT 1.67 1.67 1.65 0.11 0.11 0.11 0.00 0.00 0.00
± 0.02 ± 0.02 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.397 -0.395 -0.392 -0.035 -0.034 -0.034 -0.001 -0.001 -0.001
±0.003 ±0.003 ±0.001 ±0.001 ±0.000 ±0.000

∂JT /∂S0 0.454 0.450 0.451 0.048 0.049 0.048 0.002 0.002 0.002
±0.003 ±0.020 ±0.001 ±0.001 ±0.000 ±0.000

∂JT /∂r 1.19 1.12 1.17 0.17 0.17 0.17 0.01 0.01 0.01
± 0.01 ± 0.07 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 4.44 4.09 4.40 1.17 1.17 1.18 0.08 0.08 0.08
± 0.04 ± 0.49 ± 0.03 ± 0.03 ± 0.01 ± 0.01

∂JT /∂τ1 17.49 15.80 17.79 3.06 3.08 3.16 0.19 0.20 0.22
± 0.32 ± 1.99 ± 0.13 ± 0.13 ± 0.03 ± 0.03

∂JT /∂τ2 11.35 11.32 11.13 3.16 3.17 3.15 0.22 0.23 0.22
± 0.12 ± 0.12 ± 0.09 ± 0.09 ± 0.03 ± 0.03

∂JT /∂D -0.351 -0.351 -0.345 -0.048 -0.048 -0.048 -0.002 -0.002 -0.002
±0.003 ±0.003 ±0.001 ±0.001 ±0.000 ±0.000

S0 = 50 JT 10.04 10.04 10.03 2.27 2.27 2.24 0.29 0.29 0.30
± 0.01 ± 0.01 ± 0.02 ± 0.02 ± 0.01 ± 0.01

∂JT /∂K -0.998 -0.998 -0.998 -0.404 -0.401 -0.397 -0.069 -0.068 -0.068
±0.000 ±0.000 ±0.003 ±0.003 ±0.001 ±0.001

∂JT /∂S0 0.999 1.002 0.999 0.464 0.486 0.458 0.092 0.094 0.091
±0.000 ±0.003 ±0.003 ±0.021 ±0.002 ±0.002

∂JT /∂r 0.55 0.55 0.55 1.69 1.69 1.65 0.40 0.40 0.39
± 0.01 ± 0.00 ± 0.01 ± 0.01 ± 0.01 ± 0.01

∂JT /∂σ 0.06 0.02 0.03 5.80 5.78 5.74 2.46 2.46 2.44
± 0.03 ± 0.24 ± 0.05 ± 0.59 ± 0.05 ± 0.05

∂JT /∂τ1 2.78 4.75 2.36 19.74 22.10 20.01 6.56 6.59 6.58
± 0.54 ± 1.14 ± 0.41 ± 2.47 ± 0.22 ± 0.22

∂JT /∂τ2 0.04 0.04 0.04 15.39 15.36 15.12 6.62 6.63 6.57
± 0.01 ± 0.01 ± 0.16 ± 0.15 ± 0.14 ± 0.14

∂JT /∂D -0.002 -0.002 -0.002 -0.402 -0.402 -0.394 -0.092 -0.092 -0.091
±0.000 ±0.000 ±0.003 ±0.003 ±0.002 ±0.002

S0 = 60 JT 20.04 20.04 20.03 10.08 10.08 10.05 2.89 2.89 2.85
± 0.02 ± 0.02 ± 0.02 ± 0.02 ± 0.03 ± 0.03

∂JT /∂K -0.999 -0.999 -0.999 -0.980 -0.980 -0.980 -0.411 -0.409 -0.405
±0.000 ±0.000 ±0.001 ±0.001 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 0.984 0.993 0.985 0.473 0.458 0.467
±0.000 ±0.000 ±0.001 ±0.014 ±0.003 ±0.019

∂JT /∂r 0.55 0.55 0.55 0.77 0.77 0.77 2.18 2.18 2.14
± 0.01 ± 0.00 ± 0.01 ± 0.00 ± 0.02 ± 0.01

∂JT /∂σ 0.03 0.03 0.00 0.52 0.72 0.47 7.11 6.88 7.04
± 0.04 ± 0.04 ± 0.03 ± 0.68 ± 0.06 ± 0.43

∂JT /∂τ1 2.51 2.60 2.00 7.31 9.44 6.62 22.37 18.97 22.48
± 0.65 ± 0.64 ± 0.63 ± 2.56 ± 0.49 ± 2.90

∂JT /∂τ2 0.00 0.00 -0.00 0.82 0.82 0.80 19.26 19.21 18.97
± 0.01 ± 0.00 ± 0.04 ± 0.04 ± 0.19 ± 0.19

∂JT /∂D -0.000 -0.000 0.000 -0.028 -0.028 -0.028 -0.434 -0.434 -0.426
±0.000 ±0.000 ±0.001 ±0.001 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD PA FD PA FD

S0 = 40 JT 1.58 1.58 0.00 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.504 -0.500 0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.604 0.602 0.000 0.000 0.000 0.000
±0.003 ±0.010 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 4.35 4.39 0.00 0.00 0.00 0.00
± 0.02 ± 0.25 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 4.89 5.06 0.00 0.00 0.00 0.00
± 0.03 ± 0.24 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ1 5.74 5.62 0.00 0.00 0.00 0.00
± 0.04 ± 0.30 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ2 2.75 2.75 0.00 0.00 0.00 0.00
± 0.03 ± 0.03 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.234 -0.232 0.000 0.000 0.000 0.000
±0.002 ±0.002 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.66 10.66 2.01 2.01 0.00 0.00
± 0.02 ± 0.02 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.984 -0.984 -0.508 -0.505 -0.006 -0.006
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

∂JT /∂S0 1.000 1.000 0.605 0.608 0.008 0.008
±0.000 ±0.000 ±0.003 ±0.013 ±0.001 ±0.001

∂JT /∂r 6.47 6.47 5.71 5.90 0.09 0.09
± 0.02 ± 0.00 ± 0.03 ± 0.32 ± 0.01 ± 0.01

∂JT /∂σ 0.03 0.03 6.28 6.35 0.22 0.23
± 0.06 ± 0.06 ± 0.04 ± 0.33 ± 0.01 ± 0.01

∂JT /∂τ1 3.97 3.96 7.15 7.27 0.16 0.16
± 0.06 ± 0.06 ± 0.04 ± 0.40 ± 0.01 ± 0.01

∂JT /∂τ2 0.00 0.00 4.10 4.10 0.21 0.21
± 0.01 ± 0.00 ± 0.05 ± 0.05 ± 0.01 ± 0.01

∂JT /∂D -0.000 -0.000 -0.299 -0.296 -0.008 -0.007
±0.000 ±0.000 ±0.002 ±0.002 ±0.001 ±0.001

S0 = 60 JT 20.66 20.66 10.82 10.82 2.44 2.44
± 0.02 ± 0.02 ± 0.02 ± 0.02 ± 0.02 ± 0.02

∂JT /∂K -0.984 -0.984 -0.982 -0.982 -0.514 -0.511
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.034 1.028 0.606 0.604
±0.000 ±0.000 ±0.000 ±0.010 ±0.003 ±0.014

∂JT /∂r 6.47 6.47 8.45 8.72 7.16 7.10
± 0.03 ± 0.00 ± 0.02 ± 0.30 ± 0.04 ± 0.47

∂JT /∂σ 0.04 0.04 -0.84 -1.56 7.59 7.60
± 0.07 ± 0.07 ± 0.07 ± 0.57 ± 0.05 ± 0.55

∂JT /∂τ1 3.97 3.97 4.34 3.47 8.55 8.44
± 0.07 ± 0.07 ± 0.07 ± 0.52 ± 0.05 ± 0.65

∂JT /∂τ2 -0.00 0.00 0.07 0.07 5.46 5.46
± 0.01 ± 0.00 ± 0.01 ± 0.01 ± 0.06 ± 0.06

∂JT /∂D -0.000 -0.000 -0.003 0.275 -0.362 -0.359
±0.000 ±0.000 ±0.001 ±0.163 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD PA FD PA FD

S0 = 40 JT 1.39 1.39 0.00 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.473 -0.471 0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.568 0.569 0.000 0.000 0.000 0.000
±0.003 ±0.009 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 4.04 4.04 0.00 0.00 0.00 0.00
± 0.02 ± 0.25 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 4.87 4.72 0.00 0.00 0.00 0.00
± 0.03 ± 0.22 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ1 4.61 4.58 0.00 0.00 0.00 0.00
± 0.03 ± 0.25 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ2 2.11 2.11 0.00 0.00 0.00 0.00
± 0.03 ± 0.03 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.200 -0.198 0.000 0.000 0.000 0.000
±0.002 ±0.002 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.34 10.34 1.77 1.77 0.00 0.00
± 0.02 ± 0.02 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.992 -0.992 -0.477 -0.474 -0.001 -0.001
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

∂JT /∂S0 1.000 1.000 0.569 0.552 0.001 0.001
±0.000 ±0.000 ±0.003 ±0.011 ±0.000 ±0.000

∂JT /∂r 6.52 6.52 5.26 4.77 0.01 0.01
± 0.01 ± 0.00 ± 0.03 ± 0.28 ± 0.00 ± 0.00

∂JT /∂σ 0.03 0.03 6.26 5.75 0.03 0.04
± 0.06 ± 0.06 ± 0.04 ± 0.28 ± 0.01 ± 0.01

∂JT /∂τ1 2.01 2.01 5.75 5.20 0.02 0.02
± 0.06 ± 0.06 ± 0.04 ± 0.34 ± 0.00 ± 0.00

∂JT /∂τ2 -0.00 0.00 3.12 3.12 0.03 0.03
± 0.00 ± 0.00 ± 0.04 ± 0.04 ± 0.00 ± 0.00

∂JT /∂D -0.000 -0.000 -0.250 -0.247 -0.001 -0.001
±0.000 ±0.000 ±0.002 ±0.002 ±0.000 ±0.000

S0 = 60 JT 20.34 20.34 10.42 10.42 2.15 2.15
± 0.02 ± 0.02 ± 0.02 ± 0.02 ± 0.01 ± 0.01

∂JT /∂K -0.992 -0.992 -0.992 -0.992 -0.480 -0.477
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 1.000 0.569 0.577
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.014

∂JT /∂r 6.52 6.52 8.15 8.15 6.52 6.48
± 0.03 ± 0.00 ± 0.02 ± 0.00 ± 0.04 ± 0.51

∂JT /∂σ 0.04 0.04 0.04 0.04 7.62 7.92
± 0.07 ± 0.07 ± 0.07 ± 0.07 ± 0.05 ± 0.56

∂JT /∂τ1 2.02 2.02 2.52 2.52 6.86 7.50
± 0.07 ± 0.07 ± 0.07 ± 0.07 ± 0.05 ± 0.62

∂JT /∂τ2 0.00 0.00 -0.00 0.00 4.14 4.14
± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.05 ± 0.05

∂JT /∂D -0.000 -0.000 -0.000 -0.000 -0.295 -0.292
±0.000 ±0.000 ±0.000 ±0.000 ±0.002 ±0.002



Table

K = 40 K = 50 K = 40
PA FD PA FD PA FD

S0 = 40 JT 0.79 0.79 0.00 0.00 0.00 0.00
± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.644 -0.639 0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.716 0.732 0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 4.70 4.74 0.00 0.00 0.00 0.00
± 0.02 ± 0.07 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 3.65 3.71 0.00 0.00 0.00 0.00
± 0.03 ± 0.06 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ1 3.80 3.80 0.00 0.00 0.00 0.00
± 0.02 ± 0.04 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ2 0.33 0.34 0.00 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.045 -0.046 0.000 0.000 0.000 0.000
±0.001 ±0.001 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.66 10.66 0.99 0.99 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.984 -0.984 -0.639 -0.634 0.000 0.000
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

∂JT /∂S0 1.000 1.000 0.715 0.731 0.000 0.000
±0.000 ±0.000 ±0.003 ±0.005 ±0.000 ±0.000

∂JT /∂r 6.47 6.47 6.03 6.17 0.00 0.00
± 0.01 ± 0.00 ± 0.02 ± 0.11 ± 0.00 ± 0.00

∂JT /∂σ 0.03 0.03 4.90 4.90 0.00 0.00
± 0.06 ± 0.06 ± 0.03 ± 0.07 ± 0.00 ± 0.00

∂JT /∂τ1 3.94 3.94 4.74 4.80 0.00 0.00
± 0.02 ± 0.02 ± 0.02 ± 0.08 ± 0.00 ± 0.00

∂JT /∂τ2 -0.00 0.00 0.84 0.84 0.00 0.00
± 0.01 ± 0.00 ± 0.02 ± 0.02 ± 0.00 ± 0.00

∂JT /∂D -0.000 -0.000 -0.088 -0.088 0.000 0.000
±0.000 ±0.000 ±0.001 ±0.001 ±0.000 ±0.000

S0 = 60 JT 20.66 20.66 10.82 10.82 1.20 1.20
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01

∂JT /∂K -0.984 -0.984 -0.984 -0.984 -0.639 -0.633
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 1.000 0.715 0.724
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.006

∂JT /∂r 6.47 6.47 8.09 8.08 7.46 7.72
± 0.03 ± 0.00 ± 0.02 ± 0.00 ± 0.03 ± 0.18

∂JT /∂σ 0.04 0.04 0.04 0.04 6.17 6.20
± 0.07 ± 0.07 ± 0.07 ± 0.07 ± 0.04 ± 0.07

∂JT /∂τ1 3.95 3.95 4.93 4.93 5.67 5.61
± 0.03 ± 0.02 ± 0.02 ± 0.02 ± 0.03 ± 0.11

∂JT /∂τ2 -0.00 0.00 0.00 0.00 1.50 1.51
± 0.01 ± 0.00 ± 0.01 ± 0.00 ± 0.02 ± 0.02

∂JT /∂D -0.000 -0.000 -0.000 -0.000 -0.134 -0.135
±0.000 ±0.000 ±0.000 ±0.000 ±0.002 ±0.002



Table

K = 40 K = 50 K = 40
PA FD PA FD PA FD

S0 = 40 JT 0.57 0.57 0.00 0.00 0.00 0.00
± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.553 -0.550 0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.615 0.627 0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 4.00 3.91 0.00 0.00 0.00 0.00
± 0.02 ± 0.05 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 3.99 3.97 0.00 0.00 0.00 0.00
± 0.03 ± 0.04 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ1 2.37 2.34 0.00 0.00 0.00 0.00
± 0.01 ± 0.03 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ2 0.12 0.12 0.00 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.026 -0.026 0.000 0.000 0.000 0.000
±0.001 ±0.001 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.33 10.33 0.72 0.72 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.992 -0.992 -0.547 -0.543 0.000 0.000
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

∂JT /∂S0 1.000 1.000 0.615 0.623 0.000 0.000
±0.000 ±0.000 ±0.003 ±0.004 ±0.000 ±0.000

∂JT /∂r 6.52 6.52 5.10 4.93 0.00 0.00
± 0.01 ± 0.00 ± 0.02 ± 0.08 ± 0.00 ± 0.00

∂JT /∂σ 0.03 0.03 5.27 5.27 0.00 0.00
± 0.06 ± 0.06 ± 0.03 ± 0.04 ± 0.00 ± 0.00

∂JT /∂τ1 1.99 1.99 2.97 2.92 0.00 0.00
± 0.02 ± 0.02 ± 0.02 ± 0.04 ± 0.00 ± 0.00

∂JT /∂τ2 -0.00 0.00 0.38 0.38 0.00 0.00
± 0.00 ± 0.00 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂D -0.000 -0.000 -0.052 -0.052 0.000 0.000
±0.000 ±0.000 ±0.001 ±0.001 ±0.000 ±0.000

S0 = 60 JT 20.33 20.33 10.41 10.41 0.87 0.87
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01

∂JT /∂K -0.992 -0.992 -0.992 -0.992 -0.544 -0.540
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 1.000 0.614 0.621
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.005

∂JT /∂r 6.52 6.52 8.15 8.15 6.25 6.19
± 0.03 ± 0.00 ± 0.01 ± 0.00 ± 0.03 ± 0.12

∂JT /∂σ 0.04 0.04 0.04 0.04 6.61 6.57
± 0.07 ± 0.07 ± 0.07 ± 0.07 ± 0.04 ± 0.06

∂JT /∂τ1 2.00 2.00 2.49 2.49 3.55 3.56
± 0.02 ± 0.02 ± 0.02 ± 0.02 ± 0.02 ± 0.07

∂JT /∂τ2 0.00 0.00 -0.00 0.00 0.72 0.72
± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.01 ± 0.01

∂JT /∂D -0.000 -0.000 -0.000 -0.000 -0.082 -0.081
±0.000 ±0.000 ±0.000 ±0.000 ±0.001 ±0.001



Table

K = 40 K = 50 K = 40
PA FD PA FD PA FD

S0 = 40 JT 2.44 2.44 0.08 0.08 0.00 0.00
± 0.02 ± 0.02 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.479 -0.476 -0.048 -0.046 0.000 0.000
±0.003 ±0.003 ±0.001 ±0.001 ±0.000 ±0.000

∂JT /∂S0 0.600 0.612 0.063 0.064 0.000 0.000
±0.003 ±0.017 ±0.002 ±0.002 ±0.000 ±0.000

∂JT /∂r 4.53 4.76 0.60 0.60 0.00 0.00
± 0.03 ± 0.46 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂σ 5.10 5.48 1.18 1.18 0.00 0.00
± 0.03 ± 0.51 ± 0.03 ± 0.03 ± 0.00 ± 0.00

∂JT /∂τ1 7.98 9.03 1.31 1.31 0.00 0.00
± 0.05 ± 0.67 ± 0.03 ± 0.03 ± 0.00 ± 0.00

∂JT /∂τ2 5.08 5.08 1.68 1.69 0.00 0.00
± 0.06 ± 0.06 ± 0.04 ± 0.04 ± 0.00 ± 0.00

∂JT /∂D -0.366 -0.360 -0.062 -0.062 0.000 0.000
±0.003 ±0.003 ±0.001 ±0.001 ±0.000 ±0.000

S0 = 50 JT 10.66 10.66 3.09 3.09 0.31 0.31
± 0.03 ± 0.03 ± 0.02 ± 0.02 ± 0.01 ± 0.01

∂JT /∂K -0.912 -0.911 -0.486 -0.483 -0.103 -0.102
±0.001 ±0.001 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂S0 0.979 0.963 0.601 0.595 0.132 0.134
±0.002 ±0.013 ±0.003 ±0.019 ±0.002 ±0.002

∂JT /∂r 6.86 6.70 5.95 6.46 1.54 1.55
± 0.02 ± 0.41 ± 0.03 ± 0.45 ± 0.02 ± 0.02

∂JT /∂σ 1.30 2.33 6.41 6.99 2.76 2.76
± 0.05 ± 0.38 ± 0.04 ± 0.68 ± 0.04 ± 0.04

∂JT /∂τ1 4.91 5.96 9.95 10.82 3.17 3.18
± 0.09 ± 0.38 ± 0.07 ± 0.93 ± 0.05 ± 0.05

∂JT /∂τ2 2.48 2.48 6.82 6.82 3.91 3.91
± 0.05 ± 0.05 ± 0.08 ± 0.08 ± 0.06 ± 0.06

∂JT /∂D -0.189 -0.192 -0.437 -0.431 -0.130 -0.130
±0.002 ±0.002 ±0.003 ±0.003 ±0.002 ±0.002

S0 = 60 JT 20.67 20.67 10.97 10.97 3.75 3.75
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.03 ± 0.03

∂JT /∂K -0.984 -0.984 -0.862 -0.861 -0.493 -0.491
±0.000 ±0.000 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 0.937 0.934 0.602 0.623
±0.001 ±0.001 ±0.002 ±0.015 ±0.003 ±0.021

∂JT /∂r 6.47 6.47 8.56 9.71 7.48 7.62
± 0.03 ± 0.00 ± 0.03 ± 0.63 ± 0.04 ± 0.63

∂JT /∂σ 0.04 0.04 2.91 2.64 7.66 7.43
± 0.07 ± 0.07 ± 0.06 ± 0.39 ± 0.05 ± 0.90

∂JT /∂τ1 4.00 4.00 7.30 6.96 11.93 12.72
± 0.11 ± 0.11 ± 0.10 ± 0.24 ± 0.08 ± 1.24

∂JT /∂τ2 0.00 0.00 4.66 4.66 8.53 8.54
± 0.01 ± 0.00 ± 0.07 ± 0.07 ± 0.11 ± 0.11

∂JT /∂D -0.000 -0.000 -0.299 -0.301 -0.505 -0.499
±0.001 ±0.001 ±0.002 ±0.002 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD PA FD PA FD

S0 = 40 JT 2.24 2.24 0.05 0.05 0.00 0.00
± 0.02 ± 0.02 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.460 -0.458 -0.037 -0.036 0.000 0.000
±0.003 ±0.003 ±0.001 ±0.001 ±0.000 ±0.000

∂JT /∂S0 0.575 0.579 0.049 0.050 0.000 0.000
±0.003 ±0.015 ±0.001 ±0.001 ±0.000 ±0.000

∂JT /∂r 4.28 4.40 0.46 0.46 0.00 0.00
± 0.03 ± 0.31 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂σ 5.08 5.51 0.94 0.94 0.00 0.00
± 0.03 ± 0.43 ± 0.03 ± 0.03 ± 0.00 ± 0.00

∂JT /∂τ1 6.87 6.85 0.94 0.94 0.00 0.00
± 0.05 ± 0.56 ± 0.03 ± 0.03 ± 0.00 ± 0.00

∂JT /∂τ2 4.29 4.29 1.25 1.26 0.00 0.00
± 0.05 ± 0.05 ± 0.03 ± 0.03 ± 0.00 ± 0.00

∂JT /∂D -0.328 -0.437 -0.048 -0.048 0.000 0.000
±0.003 ±0.115 ±0.001 ±0.001 ±0.000 ±0.000

S0 = 50 JT 10.33 10.33 2.85 2.85 0.23 0.23
± 0.03 ± 0.03 ± 0.02 ± 0.02 ± 0.01 ± 0.01

∂JT /∂K -0.911 -0.910 -0.465 -0.462 -0.086 -0.086
±0.001 ±0.001 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂S0 0.972 0.982 0.576 0.619 0.111 0.112
±0.002 ±0.013 ±0.003 ±0.020 ±0.002 ±0.002

∂JT /∂r 6.80 7.25 5.57 6.84 1.30 1.30
± 0.02 ± 0.38 ± 0.03 ± 0.57 ± 0.02 ± 0.02

∂JT /∂σ 1.44 1.72 6.41 8.32 2.39 2.39
± 0.05 ± 0.42 ± 0.04 ± 0.78 ± 0.04 ± 0.04

∂JT /∂τ1 3.16 3.58 8.55 10.41 2.46 2.46
± 0.09 ± 0.46 ± 0.06 ± 0.96 ± 0.04 ± 0.04

∂JT /∂τ2 2.19 2.19 5.79 5.79 3.13 3.13
± 0.04 ± 0.04 ± 0.07 ± 0.07 ± 0.06 ± 0.06

∂JT /∂D -0.172 -0.176 -0.384 -0.378 -0.110 -0.110
±0.002 ±0.002 ±0.003 ±0.003 ±0.002 ±0.002

S0 = 60 JT 20.35 20.35 10.58 10.58 3.45 3.45
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.02 ± 0.02

∂JT /∂K -0.992 -0.992 -0.857 -0.856 -0.469 -0.467
±0.000 ±0.000 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 0.927 0.935 0.575 0.591
±0.001 ±0.001 ±0.002 ±0.015 ±0.003 ±0.020

∂JT /∂r 6.52 6.52 8.37 8.05 6.90 7.18
± 0.03 ± 0.00 ± 0.03 ± 0.31 ± 0.04 ± 0.80

∂JT /∂σ 0.04 0.04 3.14 2.83 7.69 8.06
± 0.07 ± 0.07 ± 0.06 ± 0.34 ± 0.05 ± 0.94

∂JT /∂τ1 2.04 2.04 5.29 4.98 10.21 10.03
± 0.11 ± 0.11 ± 0.10 ± 0.35 ± 0.07 ± 1.14

∂JT /∂τ2 0.00 0.00 4.07 4.06 7.17 7.17
± 0.01 ± 0.00 ± 0.06 ± 0.06 ± 0.10 ± 0.09

∂JT /∂D -0.000 -0.000 -0.265 -0.266 -0.431 -0.425
±0.001 ±0.001 ±0.002 ±0.002 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD PA FD PA FD

S0 = 40 JT 1.66 1.66 0.00 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.529 -0.523 0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.609 0.595 0.000 0.000 0.000 0.000
±0.003 ±0.013 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 5.21 4.99 0.00 0.00 0.00 0.00
± 0.03 ± 0.32 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 5.01 4.66 0.00 0.00 0.00 0.00
± 0.03 ± 0.42 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ1 5.68 5.33 0.00 0.00 0.00 0.00
± 0.04 ± 0.45 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ2 4.13 4.12 0.00 0.00 0.00 0.00
± 0.05 ± 0.05 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.491 -0.488 0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.66 10.66 2.14 2.14 0.01 0.01
± 0.02 ± 0.02 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.984 -0.984 -0.538 -0.534 -0.012 -0.012
±0.000 ±0.000 ±0.003 ±0.003 ±0.001 ±0.001

∂JT /∂S0 1.021 1.002 0.586 0.590 0.015 0.016
±0.000 ±0.008 ±0.003 ±0.003 ±0.001 ±0.001

∂JT /∂r 6.65 6.75 6.67 6.68 0.18 0.18
± 0.02 ± 0.23 ± 0.03 ± 0.03 ± 0.01 ± 0.01

∂JT /∂σ -0.43 -0.49 5.77 5.77 0.42 0.43
± 0.06 ± 0.50 ± 0.05 ± 0.05 ± 0.02 ± 0.02

∂JT /∂τ1 3.65 3.86 6.53 6.53 0.30 0.30
± 0.06 ± 0.43 ± 0.04 ± 0.04 ± 0.01 ± 0.01

∂JT /∂τ2 0.02 0.02 5.59 5.59 0.39 0.40
± 0.01 ± 0.01 ± 0.06 ± 0.06 ± 0.02 ± 0.02

∂JT /∂D -0.003 -0.005 -0.577 -0.577 -0.015 -0.015
±0.001 ±0.001 ±0.003 ±0.003 ±0.001 ±0.001

S0 = 60 JT 20.66 20.66 10.81 10.81 2.62 2.62
± 0.02 ± 0.02 ± 0.02 ± 0.02 ± 0.02 ± 0.02

∂JT /∂K -0.984 -0.984 -0.977 -0.977 -0.544 -0.541
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.015 1.004 0.593 0.597
±0.000 ±0.000 ±0.001 ±0.012 ±0.003 ±0.003

∂JT /∂r 6.47 6.47 9.33 9.23 8.10 8.11
± 0.03 ± 0.00 ± 0.02 ± 0.47 ± 0.04 ± 0.04

∂JT /∂σ 0.04 0.04 0.02 0.05 6.91 6.91
± 0.07 ± 0.07 ± 0.08 ± 0.47 ± 0.05 ± 0.05

∂JT /∂τ1 3.97 3.97 4.94 5.38 7.86 7.86
± 0.07 ± 0.07 ± 0.07 ± 0.32 ± 0.05 ± 0.05

∂JT /∂τ2 -0.00 0.00 1.49 1.50 6.75 6.76
± 0.01 ± 0.00 ± 0.05 ± 0.05 ± 0.08 ± 0.07

∂JT /∂D -0.000 -0.000 -0.269 -0.270 -0.583 -0.583
±0.000 ±0.000 ±0.002 ±0.002 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD PA FD PA FD

S0 = 40 JT 1.46 1.46 0.00 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.487 -0.482 0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.569 0.563 0.000 0.000 0.000 0.000
±0.003 ±0.012 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 4.59 4.27 0.00 0.00 0.00 0.00
± 0.03 ± 0.27 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 5.12 4.67 0.00 0.00 0.00 0.00
± 0.03 ± 0.36 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ1 4.53 4.32 0.00 0.00 0.00 0.00
± 0.03 ± 0.40 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ2 3.07 3.07 0.00 0.00 0.00 0.00
± 0.04 ± 0.04 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.372 -0.414 0.000 0.000 0.000 0.000
±0.003 ±0.045 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.34 10.34 1.84 1.84 0.00 0.00
± 0.02 ± 0.02 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.992 -0.992 -0.495 -0.492 -0.005 -0.004
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

∂JT /∂S0 1.000 1.000 0.569 0.589 0.006 0.007
±0.000 ±0.000 ±0.003 ±0.015 ±0.000 ±0.001

∂JT /∂r 6.52 6.52 6.02 6.29 0.07 0.07
± 0.01 ± 0.00 ± 0.03 ± 0.46 ± 0.01 ± 0.01

∂JT /∂σ 0.03 0.03 6.33 6.70 0.17 0.18
± 0.06 ± 0.06 ± 0.04 ± 0.61 ± 0.01 ± 0.01

∂JT /∂τ1 2.01 2.01 5.62 5.85 0.11 0.11
± 0.06 ± 0.06 ± 0.04 ± 0.63 ± 0.01 ± 0.01

∂JT /∂τ2 -0.00 0.00 3.97 3.98 0.15 0.15
± 0.00 ± 0.00 ± 0.05 ± 0.05 ± 0.01 ± 0.01

∂JT /∂D -0.000 -0.000 -0.441 -0.438 -0.006 -0.006
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

S0 = 60 JT 20.34 20.34 10.39 10.39 2.24 2.24
± 0.02 ± 0.02 ± 0.02 ± 0.02 ± 0.02 ± 0.02

∂JT /∂K -0.992 -0.992 -0.980 -0.979 -0.502 -0.499
±0.000 ±0.000 ±0.001 ±0.001 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.013 1.000 0.569 0.565
±0.000 ±0.000 ±0.001 ±0.011 ±0.003 ±0.016

∂JT /∂r 6.52 6.52 8.84 8.00 7.54 6.72
± 0.03 ± 0.00 ± 0.02 ± 0.34 ± 0.04 ± 0.39

∂JT /∂σ 0.04 0.04 0.02 -1.18 7.54 6.67
± 0.07 ± 0.07 ± 0.07 ± 0.57 ± 0.05 ± 0.64

∂JT /∂τ1 2.02 2.02 2.39 1.58 6.70 5.69
± 0.07 ± 0.07 ± 0.07 ± 0.47 ± 0.05 ± 0.65

∂JT /∂τ2 0.00 0.00 0.63 0.64 4.94 4.94
± 0.01 ± 0.00 ± 0.03 ± 0.03 ± 0.07 ± 0.07

∂JT /∂D -0.000 -0.000 -0.135 -0.137 -0.505 -0.502
±0.000 ±0.000 ±0.002 ±0.002 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD PA FD PA FD

S0 = 40 JT 0.81 0.81 0.00 0.00 0.00 0.00
± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.646 -0.634 0.000 0.000 0.000 0.000
±0.002 ±0.002 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.719 0.726 0.000 0.000 0.000 0.000
±0.003 ±0.006 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 5.38 5.31 0.00 0.00 0.00 0.00
± 0.02 ± 0.17 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 4.37 4.32 0.00 0.00 0.00 0.00
± 0.03 ± 0.11 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ1 3.76 3.59 0.00 0.00 0.00 0.00
± 0.02 ± 0.13 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ2 1.69 1.69 0.00 0.00 0.00 0.00
± 0.02 ± 0.02 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.251 -0.251 0.000 0.000 0.000 0.000
±0.002 ±0.002 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.66 10.66 1.04 1.04 0.00 0.00
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.984 -0.984 -0.665 -0.654 0.000 0.000
±0.000 ±0.000 ±0.002 ±0.002 ±0.000 ±0.000

∂JT /∂S0 1.000 1.000 0.722 0.713 0.000 0.000
±0.000 ±0.000 ±0.003 ±0.007 ±0.000 ±0.000

∂JT /∂r 6.47 6.47 7.38 7.44 0.00 0.00
± 0.01 ± 0.00 ± 0.03 ± 0.20 ± 0.00 ± 0.00

∂JT /∂σ 0.03 0.03 5.50 5.58 0.00 0.00
± 0.06 ± 0.06 ± 0.04 ± 0.21 ± 0.00 ± 0.00

∂JT /∂τ1 3.95 3.94 4.68 4.73 0.00 0.00
± 0.02 ± 0.02 ± 0.02 ± 0.20 ± 0.00 ± 0.00

∂JT /∂τ2 0.00 0.00 2.96 2.96 0.00 0.00
± 0.01 ± 0.00 ± 0.02 ± 0.02 ± 0.00 ± 0.00

∂JT /∂D -0.000 -0.000 -0.406 -0.406 0.000 0.000
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

S0 = 60 JT 20.66 20.66 10.82 10.82 1.28 1.28
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01

∂JT /∂K -0.984 -0.984 -0.984 -0.984 -0.680 -0.671
±0.000 ±0.000 ±0.000 ±0.000 ±0.002 ±0.002

∂JT /∂S0 1.000 1.000 1.000 1.000 0.708 0.717
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.002

∂JT /∂r 6.47 6.47 8.09 8.08 10.12 10.14
± 0.03 ± 0.00 ± 0.02 ± 0.00 ± 0.04 ± 0.04

∂JT /∂σ 0.04 0.04 0.04 0.04 6.05 6.06
± 0.07 ± 0.07 ± 0.07 ± 0.07 ± 0.06 ± 0.06

∂JT /∂τ1 3.95 3.95 4.93 4.93 5.37 5.37
± 0.03 ± 0.02 ± 0.02 ± 0.02 ± 0.03 ± 0.02

∂JT /∂τ2 -0.00 0.00 0.00 0.00 5.26 5.26
± 0.01 ± 0.00 ± 0.01 ± 0.00 ± 0.03 ± 0.03

∂JT /∂D -0.000 -0.000 -0.000 -0.000 -0.696 -0.696
±0.000 ±0.000 ±0.000 ±0.000 ±0.002 ±0.002



Table

K = 40 K = 50 K = 40
PA FD PA FD PA FD

S0 = 40 JT 0.59 0.59 0.00 0.00 0.00 0.00
± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.544 -0.534 0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.614 0.629 0.000 0.000 0.000 0.000
±0.003 ±0.005 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 4.37 4.47 0.00 0.00 0.00 0.00
± 0.02 ± 0.13 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 4.67 4.71 0.00 0.00 0.00 0.00
± 0.03 ± 0.09 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ1 2.35 2.38 0.00 0.00 0.00 0.00
± 0.01 ± 0.09 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ2 0.79 0.79 0.00 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.143 -0.143 0.000 0.000 0.000 0.000
±0.002 ±0.002 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.33 10.33 0.75 0.75 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.992 -0.992 -0.545 -0.537 0.000 0.000
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

∂JT /∂S0 1.000 1.000 0.613 0.617 0.000 0.000
±0.000 ±0.000 ±0.003 ±0.006 ±0.000 ±0.000

∂JT /∂r 6.52 6.52 5.68 5.52 0.00 0.00
± 0.01 ± 0.00 ± 0.03 ± 0.16 ± 0.00 ± 0.00

∂JT /∂σ 0.03 0.03 6.04 6.03 0.00 0.00
± 0.06 ± 0.06 ± 0.04 ± 0.14 ± 0.00 ± 0.00

∂JT /∂τ1 1.99 1.99 2.92 2.90 0.00 0.00
± 0.02 ± 0.02 ± 0.02 ± 0.11 ± 0.00 ± 0.00

∂JT /∂τ2 0.00 0.00 1.29 1.29 0.00 0.00
± 0.00 ± 0.00 ± 0.02 ± 0.02 ± 0.00 ± 0.00

∂JT /∂D -0.000 -0.000 -0.199 -0.199 0.000 0.000
±0.000 ±0.000 ±0.002 ±0.002 ±0.000 ±0.000

S0 = 60 JT 20.33 20.33 10.41 10.41 0.91 0.91
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01

∂JT /∂K -0.992 -0.992 -0.992 -0.992 -0.551 -0.542
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 1.000 0.615 0.621
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.008

∂JT /∂r 6.52 6.52 8.15 8.15 7.12 7.30
± 0.03 ± 0.00 ± 0.01 ± 0.00 ± 0.03 ± 0.26

∂JT /∂σ 0.04 0.04 0.04 0.04 7.38 7.49
± 0.07 ± 0.07 ± 0.07 ± 0.07 ± 0.04 ± 0.25

∂JT /∂τ1 2.00 2.00 2.49 2.49 3.49 3.53
± 0.02 ± 0.02 ± 0.02 ± 0.02 ± 0.02 ± 0.19

∂JT /∂τ2 -0.00 0.00 -0.00 0.00 1.85 1.85
± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.02 ± 0.02

∂JT /∂D -0.000 -0.000 -0.000 -0.000 -0.258 -0.258
±0.000 ±0.000 ±0.000 ±0.000 ±0.002 ±0.002



Table

K = 40 K = 50 K = 40
PA FD PA FD PA FD

S0 = 40 JT 2.58 2.58 0.11 0.11 0.00 0.00
± 0.02 ± 0.02 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.501 -0.498 -0.059 -0.059 0.000 0.000
±0.003 ±0.003 ±0.001 ±0.001 ±0.000 ±0.000

∂JT /∂S0 0.573 0.576 0.078 0.080 0.000 0.000
±0.003 ±0.003 ±0.002 ±0.002 ±0.000 ±0.000

∂JT /∂r 4.99 4.99 0.74 0.74 0.00 0.00
± 0.03 ± 0.03 ± 0.02 ± 0.02 ± 0.00 ± 0.00

∂JT /∂σ 4.67 4.67 1.44 1.45 0.00 0.00
± 0.04 ± 0.04 ± 0.03 ± 0.03 ± 0.00 ± 0.00

∂JT /∂τ1 7.15 7.15 1.61 1.62 0.00 0.00
± 0.05 ± 0.05 ± 0.03 ± 0.03 ± 0.00 ± 0.00

∂JT /∂τ2 5.97 5.97 2.06 2.06 0.00 0.00
± 0.08 ± 0.08 ± 0.04 ± 0.04 ± 0.00 ± 0.00

∂JT /∂D -0.564 -0.564 -0.077 -0.077 0.000 0.000
±0.003 ±0.003 ±0.002 ±0.002 ±0.000 ±0.000

S0 = 50 JT 10.71 10.71 3.30 3.30 0.37 0.37
± 0.03 ± 0.03 ± 0.02 ± 0.02 ± 0.01 ± 0.01

∂JT /∂K -0.915 -0.914 -0.508 -0.505 -0.117 -0.116
±0.001 ±0.001 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂S0 0.970 0.988 0.579 0.582 0.149 0.151
±0.002 ±0.013 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂r 7.46 7.35 6.31 6.31 1.74 1.74
± 0.02 ± 0.36 ± 0.04 ± 0.03 ± 0.03 ± 0.02

∂JT /∂σ 1.51 1.46 5.84 5.84 3.06 3.06
± 0.06 ± 0.10 ± 0.05 ± 0.05 ± 0.04 ± 0.04

∂JT /∂τ1 5.23 5.08 8.97 8.97 3.55 3.56
± 0.09 ± 0.26 ± 0.07 ± 0.07 ± 0.05 ± 0.05

∂JT /∂τ2 3.19 3.19 7.47 7.47 4.31 4.31
± 0.07 ± 0.07 ± 0.10 ± 0.10 ± 0.07 ± 0.07

∂JT /∂D -0.397 -0.397 -0.570 -0.570 -0.147 -0.147
±0.002 ±0.002 ±0.003 ±0.003 ±0.002 ±0.002

S0 = 60 JT 20.67 20.67 11.09 11.09 4.02 4.02
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.03 ± 0.03

∂JT /∂K -0.983 -0.983 -0.871 -0.870 -0.512 -0.509
±0.000 ±0.000 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂S0 1.014 0.979 0.936 0.935 0.583 0.585
±0.001 ±0.013 ±0.002 ±0.017 ±0.003 ±0.003

∂JT /∂r 6.75 6.59 9.72 8.83 7.62 7.62
± 0.03 ± 0.57 ± 0.03 ± 0.58 ± 0.04 ± 0.04

∂JT /∂σ -0.32 0.47 3.02 1.97 7.00 7.00
± 0.07 ± 0.61 ± 0.07 ± 0.51 ± 0.06 ± 0.06

∂JT /∂τ1 3.52 4.21 7.56 6.23 10.79 10.78
± 0.12 ± 0.70 ± 0.11 ± 0.78 ± 0.08 ± 0.08

∂JT /∂τ2 0.19 0.19 5.89 5.88 8.99 8.98
± 0.03 ± 0.03 ± 0.11 ± 0.11 ± 0.12 ± 0.12

∂JT /∂D -0.043 -0.046 -0.593 -0.591 -0.574 -0.574
±0.001 ±0.001 ±0.002 ±0.002 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD PA FD PA FD

S0 = 40 JT 2.34 2.34 0.08 0.08 0.00 0.00
± 0.02 ± 0.02 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.479 -0.476 -0.048 -0.047 0.000 0.000
±0.003 ±0.003 ±0.001 ±0.001 ±0.000 ±0.000

∂JT /∂S0 0.576 0.567 0.063 0.064 0.000 0.000
±0.003 ±0.018 ±0.002 ±0.002 ±0.000 ±0.000

∂JT /∂r 4.88 4.04 0.60 0.60 0.00 0.00
± 0.03 ± 0.31 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂σ 5.08 4.20 1.19 1.20 0.00 0.00
± 0.04 ± 0.45 ± 0.03 ± 0.03 ± 0.00 ± 0.00

∂JT /∂τ1 6.75 5.86 1.21 1.21 0.00 0.00
± 0.05 ± 0.67 ± 0.03 ± 0.03 ± 0.00 ± 0.00

∂JT /∂τ2 4.93 4.93 1.59 1.59 0.00 0.00
± 0.07 ± 0.07 ± 0.04 ± 0.04 ± 0.00 ± 0.00

∂JT /∂D -0.516 -0.511 -0.062 -0.062 0.000 0.000
±0.003 ±0.003 ±0.002 ±0.002 ±0.000 ±0.000

S0 = 50 JT 10.38 10.38 2.99 2.99 0.29 0.29
± 0.03 ± 0.03 ± 0.02 ± 0.02 ± 0.01 ± 0.01

∂JT /∂K -0.913 -0.912 -0.485 -0.482 -0.101 -0.100
±0.001 ±0.001 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂S0 0.962 0.956 0.550 0.553 0.128 0.130
±0.002 ±0.014 ±0.003 ±0.003 ±0.002 ±0.002

∂JT /∂r 7.17 6.88 6.03 6.03 1.50 1.51
± 0.02 ± 0.42 ± 0.04 ± 0.03 ± 0.02 ± 0.02

∂JT /∂σ 1.70 0.66 5.88 5.88 2.72 2.72
± 0.05 ± 0.49 ± 0.05 ± 0.05 ± 0.04 ± 0.04

∂JT /∂τ1 3.47 2.59 7.64 7.64 2.81 2.82
± 0.09 ± 0.52 ± 0.06 ± 0.06 ± 0.05 ± 0.04

∂JT /∂τ2 2.61 2.61 6.26 6.26 3.56 3.56
± 0.06 ± 0.06 ± 0.10 ± 0.10 ± 0.06 ± 0.06

∂JT /∂D -0.315 -0.316 -0.546 -0.546 -0.127 -0.127
±0.002 ±0.002 ±0.003 ±0.003 ±0.002 ±0.002

S0 = 60 JT 20.35 20.35 10.65 10.65 3.64 3.64
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.03 ± 0.03

∂JT /∂K -0.992 -0.992 -0.865 -0.863 -0.489 -0.487
±0.000 ±0.000 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 0.919 0.913 0.554 0.556
±0.001 ±0.001 ±0.002 ±0.019 ±0.003 ±0.003

∂JT /∂r 6.52 6.52 8.95 8.44 7.27 7.28
± 0.03 ± 0.00 ± 0.03 ± 0.59 ± 0.04 ± 0.04

∂JT /∂σ 0.04 0.04 3.20 3.02 7.06 7.06
± 0.07 ± 0.07 ± 0.06 ± 0.31 ± 0.06 ± 0.06

∂JT /∂τ1 2.05 2.05 5.42 5.08 9.20 9.19
± 0.11 ± 0.11 ± 0.10 ± 0.51 ± 0.07 ± 0.07

∂JT /∂τ2 0.00 0.00 4.35 4.35 7.51 7.51
± 0.01 ± 0.00 ± 0.09 ± 0.09 ± 0.12 ± 0.11

∂JT /∂D -0.000 -0.000 -0.427 -0.427 -0.549 -0.549
±0.001 ±0.001 ±0.002 ±0.002 ±0.003 ±0.003



Table

K = 40 K = 50 K = 40
PA FD PA FD PA FD

S0 = 40 JT 1.50 1.50 0.00 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.505 -0.504 0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.603 0.611 0.000 0.000 0.000 0.000
±0.003 ±0.006 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 3.90 4.11 0.00 0.00 0.00 0.00
± 0.02 ± 0.15 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 4.26 4.28 0.00 0.00 0.00 0.00
± 0.03 ± 0.06 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ1 5.76 5.90 0.00 0.00 0.00 0.00
± 0.03 ± 0.14 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ2 1.01 1.01 0.00 0.00 0.00 0.00
± 0.02 ± 0.02 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.087 -0.087 0.000 0.000 0.000 0.000
±0.001 ±0.001 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.66 10.66 1.91 1.91 0.00 0.00
± 0.02 ± 0.02 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.984 -0.984 -0.503 -0.500 0.000 0.000
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

∂JT /∂S0 1.000 1.000 0.602 0.617 0.000 0.000
±0.000 ±0.000 ±0.003 ±0.008 ±0.000 ±0.000

∂JT /∂r 6.47 6.47 5.02 5.02 0.00 0.00
± 0.02 ± 0.00 ± 0.03 ± 0.23 ± 0.00 ± 0.00

∂JT /∂σ 0.03 0.03 5.62 5.58 0.00 0.00
± 0.06 ± 0.06 ± 0.03 ± 0.18 ± 0.00 ± 0.00

∂JT /∂τ1 3.96 3.96 7.20 7.21 0.00 0.00
± 0.06 ± 0.05 ± 0.04 ± 0.23 ± 0.00 ± 0.00

∂JT /∂τ2 -0.00 0.00 1.96 1.97 0.00 0.00
± 0.01 ± 0.00 ± 0.03 ± 0.03 ± 0.00 ± 0.00

∂JT /∂D -0.000 -0.000 -0.128 -0.126 0.000 0.000
±0.000 ±0.000 ±0.002 ±0.002 ±0.000 ±0.000

S0 = 60 JT 20.66 20.66 10.83 10.83 2.32 2.32
± 0.02 ± 0.02 ± 0.02 ± 0.02 ± 0.01 ± 0.01

∂JT /∂K -0.984 -0.984 -0.984 -0.984 -0.502 -0.500
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 1.000 0.603 0.597
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.010

∂JT /∂r 6.47 6.47 8.09 8.08 6.19 6.28
± 0.03 ± 0.00 ± 0.02 ± 0.00 ± 0.03 ± 0.27

∂JT /∂σ 0.04 0.04 0.04 0.04 7.00 7.19
± 0.07 ± 0.07 ± 0.07 ± 0.07 ± 0.04 ± 0.20

∂JT /∂τ1 3.97 3.97 4.95 4.95 8.63 8.71
± 0.07 ± 0.07 ± 0.07 ± 0.07 ± 0.05 ± 0.28

∂JT /∂τ2 0.00 0.00 -0.00 0.00 3.05 3.05
± 0.01 ± 0.00 ± 0.01 ± 0.00 ± 0.04 ± 0.04

∂JT /∂D -0.000 -0.000 -0.000 -0.000 -0.165 -0.163
±0.000 ±0.000 ±0.000 ±0.000 ±0.002 ±0.002



Table

K = 40 K = 50 K = 40
PA FD PA FD PA FD

S0 = 40 JT 1.32 1.32 0.00 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.477 -0.475 0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.569 0.574 0.000 0.000 0.000 0.000
±0.003 ±0.006 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 3.67 3.61 0.00 0.00 0.00 0.00
± 0.02 ± 0.13 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 4.27 4.24 0.00 0.00 0.00 0.00
± 0.03 ± 0.08 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ1 4.62 4.57 0.00 0.00 0.00 0.00
± 0.03 ± 0.09 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ2 0.78 0.78 0.00 0.00 0.00 0.00
± 0.02 ± 0.02 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.079 -0.078 0.000 0.000 0.000 0.000
±0.001 ±0.001 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.34 10.34 1.67 1.67 0.00 0.00
± 0.02 ± 0.02 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂K -0.992 -0.992 -0.474 -0.472 0.000 0.000
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

∂JT /∂S0 1.000 1.000 0.568 0.559 0.000 0.000
±0.000 ±0.000 ±0.003 ±0.007 ±0.000 ±0.000

∂JT /∂r 6.52 6.52 4.71 4.54 0.00 0.00
± 0.01 ± 0.00 ± 0.03 ± 0.17 ± 0.00 ± 0.00

∂JT /∂σ 0.03 0.03 5.61 5.53 0.00 0.00
± 0.06 ± 0.06 ± 0.03 ± 0.09 ± 0.00 ± 0.00

∂JT /∂τ1 2.01 2.01 5.80 5.61 0.00 0.00
± 0.06 ± 0.05 ± 0.04 ± 0.15 ± 0.00 ± 0.00

∂JT /∂τ2 -0.00 0.00 1.52 1.52 0.00 0.00
± 0.00 ± 0.00 ± 0.03 ± 0.03 ± 0.00 ± 0.00

∂JT /∂D -0.000 -0.000 -0.113 -0.125 0.000 0.000
±0.000 ±0.000 ±0.002 ±0.013 ±0.000 ±0.000

S0 = 60 JT 20.34 20.34 10.42 10.42 2.04 2.04
± 0.02 ± 0.02 ± 0.02 ± 0.02 ± 0.01 ± 0.01

∂JT /∂K -0.992 -0.992 -0.992 -0.992 -0.473 -0.471
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 1.000 0.568 0.570
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.010

∂JT /∂r 6.52 6.52 8.15 8.15 5.81 5.93
± 0.03 ± 0.00 ± 0.02 ± 0.00 ± 0.03 ± 0.33

∂JT /∂σ 0.04 0.04 0.04 0.04 6.99 7.02
± 0.07 ± 0.07 ± 0.07 ± 0.07 ± 0.04 ± 0.22

∂JT /∂τ1 2.02 2.02 2.52 2.52 6.95 7.15
± 0.07 ± 0.07 ± 0.07 ± 0.07 ± 0.04 ± 0.31

∂JT /∂τ2 -0.00 0.00 0.00 0.00 2.39 2.39
± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.04 ± 0.04

∂JT /∂D -0.000 -0.000 -0.000 -0.000 -0.146 -0.144
±0.000 ±0.000 ±0.000 ±0.000 ±0.002 ±0.002



Table

K = 40 K = 50 K = 40
PA FD PA FD PA FD

S0 = 40 JT 0.78 0.78 0.00 0.00 0.00 0.00
± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.690 -0.690 0.000 0.000 0.000 0.000
±0.002 ±0.002 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.721 0.736 0.000 0.000 0.000 0.000
±0.002 ±0.002 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 4.61 4.62 0.00 0.00 0.00 0.00
± 0.02 ± 0.02 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 3.19 3.20 0.00 0.00 0.00 0.00
± 0.03 ± 0.03 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ1 3.77 3.77 0.00 0.00 0.00 0.00
± 0.02 ± 0.02 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ2 0.00 0.00 0.00 0.00 0.00 0.00
± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.008 -0.008 0.000 0.000 0.000 0.000
±0.000 ±0.000 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.66 10.66 0.98 0.98 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.984 -0.984 -0.673 -0.673 0.000 0.000
±0.000 ±0.000 ±0.002 ±0.002 ±0.000 ±0.000

∂JT /∂S0 1.000 1.000 0.719 0.731 0.000 0.000
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

∂JT /∂r 6.47 6.47 5.75 5.78 0.00 0.00
± 0.01 ± 0.00 ± 0.02 ± 0.03 ± 0.00 ± 0.00

∂JT /∂σ 0.03 0.03 4.05 4.08 0.00 0.00
± 0.06 ± 0.06 ± 0.04 ± 0.04 ± 0.00 ± 0.00

∂JT /∂τ1 3.94 3.94 4.73 4.75 0.00 0.00
± 0.02 ± 0.02 ± 0.02 ± 0.03 ± 0.00 ± 0.00

∂JT /∂τ2 -0.00 0.00 -0.00 0.00 0.00 0.00
± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.000 -0.000 -0.008 -0.009 0.000 0.000
±0.000 ±0.000 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 60 JT 20.66 20.66 10.82 10.82 1.18 1.18
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01

∂JT /∂K -0.984 -0.984 -0.984 -0.984 -0.658 -0.657
±0.000 ±0.000 ±0.000 ±0.000 ±0.002 ±0.002

∂JT /∂S0 1.000 1.000 1.000 1.000 0.718 0.728
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂r 6.47 6.47 8.09 8.08 6.91 6.86
± 0.03 ± 0.00 ± 0.02 ± 0.00 ± 0.03 ± 0.05

∂JT /∂σ 0.04 0.04 0.04 0.04 5.00 4.90
± 0.07 ± 0.07 ± 0.07 ± 0.07 ± 0.04 ± 0.07

∂JT /∂τ1 3.95 3.95 4.93 4.93 5.69 5.66
± 0.03 ± 0.02 ± 0.02 ± 0.02 ± 0.02 ± 0.04

∂JT /∂τ2 -0.00 0.00 -0.00 0.00 0.07 0.07
± 0.01 ± 0.00 ± 0.01 ± 0.00 ± 0.01 ± 0.01

∂JT /∂D -0.000 -0.000 -0.000 -0.000 -0.013 -0.014
±0.000 ±0.000 ±0.000 ±0.000 ±0.000 ±0.000



Table

K = 40 K = 50 K = 40
PA FD PA FD PA FD

S0 = 40 JT 0.57 0.57 0.00 0.00 0.00 0.00
± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.594 -0.594 0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂S0 0.617 0.632 0.000 0.000 0.000 0.000
±0.003 ±0.003 ±0.000 ±0.000 ±0.000 ±0.000

∂JT /∂r 3.96 3.97 0.00 0.00 0.00 0.00
± 0.02 ± 0.02 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂σ 3.70 3.71 0.00 0.00 0.00 0.00
± 0.03 ± 0.03 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ1 2.33 2.33 0.00 0.00 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂τ2 0.00 0.00 0.00 0.00 0.00 0.00
± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.010 -0.009 0.000 0.000 0.000 0.000
±0.000 ±0.001 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 50 JT 10.33 10.33 0.71 0.71 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.992 -0.992 -0.582 -0.582 0.000 0.000
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

∂JT /∂S0 1.000 1.000 0.616 0.628 0.000 0.000
±0.000 ±0.000 ±0.003 ±0.003 ±0.000 ±0.000

∂JT /∂r 6.52 6.52 4.94 4.97 0.00 0.00
± 0.01 ± 0.00 ± 0.02 ± 0.03 ± 0.00 ± 0.00

∂JT /∂σ 0.03 0.03 4.69 4.69 0.00 0.00
± 0.06 ± 0.06 ± 0.03 ± 0.04 ± 0.00 ± 0.00

∂JT /∂τ1 1.99 1.99 2.93 2.94 0.00 0.00
± 0.02 ± 0.02 ± 0.02 ± 0.02 ± 0.00 ± 0.00

∂JT /∂τ2 0.00 0.00 0.00 0.00 0.00 0.00
± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.000 -0.000 -0.010 -0.010 0.000 0.000
±0.000 ±0.000 ±0.000 ±0.000 ±0.000 ±0.000

S0 = 60 JT 20.33 20.33 10.41 10.41 0.86 0.86
± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01 ± 0.01

∂JT /∂K -0.992 -0.992 -0.992 -0.992 -0.568 -0.568
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 1.000 1.000 0.615 0.625
±0.000 ±0.000 ±0.000 ±0.000 ±0.003 ±0.003

∂JT /∂r 6.52 6.52 8.15 8.15 5.93 5.89
± 0.03 ± 0.00 ± 0.01 ± 0.00 ± 0.03 ± 0.04

∂JT /∂σ 0.04 0.04 0.04 0.04 5.68 5.68
± 0.07 ± 0.07 ± 0.07 ± 0.07 ± 0.04 ± 0.05

∂JT /∂τ1 2.00 2.00 2.49 2.49 3.53 3.52
± 0.02 ± 0.02 ± 0.02 ± 0.02 ± 0.02 ± 0.02

∂JT /∂τ2 -0.00 0.00 -0.00 0.00 0.00 0.00
± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂D -0.000 -0.000 -0.000 -0.000 -0.010 -0.010
±0.000 ±0.000 ±0.000 ±0.000 ±0.000 ±0.000



Table

K = 40 K = 50 K = 40
PA FD PA FD PA FD

S0 = 40 JT 2.30 2.30 0.03 0.03 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.472 -0.470 -0.026 -0.026 0.000 0.000
±0.003 ±0.003 ±0.001 ±0.001 ±0.000 ±0.000

∂JT /∂S0 0.598 0.573 0.035 0.037 0.000 0.000
±0.003 ±0.010 ±0.001 ±0.001 ±0.000 ±0.000

∂JT /∂r 3.98 3.89 0.34 0.34 0.00 0.00
± 0.02 ± 0.30 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂σ 4.66 4.36 0.69 0.69 0.00 0.00
± 0.03 ± 0.24 ± 0.02 ± 0.02 ± 0.00 ± 0.00

∂JT /∂τ1 8.00 7.65 0.75 0.76 0.00 0.00
± 0.05 ± 0.37 ± 0.02 ± 0.02 ± 0.00 ± 0.00

∂JT /∂τ2 3.03 3.03 0.99 1.00 0.00 0.00
± 0.04 ± 0.04 ± 0.03 ± 0.03 ± 0.00 ± 0.00

∂JT /∂D -0.191 -0.188 -0.035 -0.035 0.000 0.000
±0.002 ±0.002 ±0.001 ±0.001 ±0.000 ±0.000

S0 = 50 JT 10.63 10.63 2.93 2.93 0.19 0.19
± 0.03 ± 0.03 ± 0.02 ± 0.02 ± 0.00 ± 0.00

∂JT /∂K -0.933 -0.933 -0.472 -0.471 -0.075 -0.074
±0.001 ±0.001 ±0.003 ±0.003 ±0.001 ±0.001

∂JT /∂S0 0.999 1.022 0.598 0.590 0.098 0.100
±0.001 ±0.009 ±0.003 ±0.015 ±0.002 ±0.002

∂JT /∂r 6.65 6.54 5.16 5.44 1.15 1.15
± 0.02 ± 0.24 ± 0.03 ± 0.49 ± 0.02 ± 0.02

∂JT /∂σ 0.49 0.89 6.06 6.48 2.12 2.13
± 0.05 ± 0.40 ± 0.04 ± 0.48 ± 0.04 ± 0.04

∂JT /∂τ1 4.21 4.63 9.99 9.46 2.41 2.42
± 0.09 ± 0.45 ± 0.07 ± 0.58 ± 0.04 ± 0.04

∂JT /∂τ2 1.16 1.16 4.72 4.71 3.02 3.03
± 0.03 ± 0.03 ± 0.06 ± 0.06 ± 0.06 ± 0.06

∂JT /∂D -0.062 -0.069 -0.240 -0.236 -0.097 -0.097
±0.001 ±0.001 ±0.002 ±0.002 ±0.002 ±0.002

S0 = 60 JT 20.67 20.67 10.88 10.88 3.58 3.58
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.02 ± 0.02

∂JT /∂K -0.984 -0.984 -0.870 -0.869 -0.474 -0.473
±0.000 ±0.000 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 0.950 0.940 0.599 0.610
±0.001 ±0.001 ±0.002 ±0.011 ±0.003 ±0.019

∂JT /∂r 6.47 6.47 8.10 7.70 6.41 6.77
± 0.03 ± 0.00 ± 0.03 ± 0.40 ± 0.04 ± 0.58

∂JT /∂σ 0.04 0.04 2.32 2.93 7.47 7.80
± 0.07 ± 0.07 ± 0.06 ± 0.30 ± 0.04 ± 0.58

∂JT /∂τ1 4.00 3.99 6.88 7.42 11.99 12.45
± 0.11 ± 0.11 ± 0.10 ± 0.34 ± 0.08 ± 0.94

∂JT /∂τ2 0.00 0.00 3.14 3.13 6.54 6.54
± 0.01 ± 0.00 ± 0.05 ± 0.05 ± 0.08 ± 0.08

∂JT /∂D -0.000 -0.000 -0.146 -0.151 -0.285 -0.280
±0.001 ±0.001 ±0.002 ±0.002 ±0.002 ±0.002



Table

K = 40 K = 50 K = 40
PA FD PA FD PA FD

S0 = 40 JT 2.11 2.11 0.02 0.02 0.00 0.00
± 0.01 ± 0.01 ± 0.00 ± 0.00 ± 0.00 ± 0.00

∂JT /∂K -0.456 -0.454 -0.018 -0.017 0.000 0.000
±0.003 ±0.003 ±0.001 ±0.001 ±0.000 ±0.000

∂JT /∂S0 0.576 0.569 0.024 0.025 0.000 0.000
±0.003 ±0.011 ±0.001 ±0.001 ±0.000 ±0.000

∂JT /∂r 3.83 3.78 0.23 0.23 0.00 0.00
± 0.02 ± 0.27 ± 0.01 ± 0.01 ± 0.00 ± 0.00

∂JT /∂σ 4.64 4.68 0.47 0.48 0.00 0.00
± 0.03 ± 0.25 ± 0.02 ± 0.02 ± 0.00 ± 0.00

∂JT /∂τ1 6.92 6.89 0.47 0.47 0.00 0.00
± 0.05 ± 0.31 ± 0.02 ± 0.02 ± 0.00 ± 0.00

∂JT /∂τ2 2.61 2.61 0.64 0.65 0.00 0.00
± 0.04 ± 0.04 ± 0.03 ± 0.03 ± 0.00 ± 0.00

∂JT /∂D -0.180 -0.176 -0.024 -0.024 0.000 0.000
±0.002 ±0.002 ±0.001 ±0.001 ±0.000 ±0.000

S0 = 50 JT 10.31 10.31 2.70 2.70 0.14 0.14
± 0.03 ± 0.03 ± 0.02 ± 0.02 ± 0.00 ± 0.00

∂JT /∂K -0.935 -0.934 -0.456 -0.454 -0.061 -0.060
±0.001 ±0.001 ±0.003 ±0.003 ±0.001 ±0.001

∂JT /∂S0 0.993 0.972 0.576 0.569 0.079 0.080
±0.001 ±0.008 ±0.003 ±0.014 ±0.002 ±0.002

∂JT /∂r 6.65 6.01 4.95 5.03 0.92 0.93
± 0.02 ± 0.28 ± 0.03 ± 0.41 ± 0.02 ± 0.02

∂JT /∂σ 0.63 0.69 6.02 6.12 1.76 1.77
± 0.05 ± 0.33 ± 0.04 ± 0.39 ± 0.04 ± 0.04

∂JT /∂τ1 2.43 2.41 8.65 8.85 1.79 1.79
± 0.09 ± 0.39 ± 0.06 ± 0.50 ± 0.04 ± 0.04

∂JT /∂τ2 1.11 1.10 4.04 4.04 2.34 2.34
± 0.03 ± 0.03 ± 0.06 ± 0.06 ± 0.05 ± 0.05

∂JT /∂D -0.063 -0.070 -0.223 -0.219 -0.078 -0.078
±0.001 ±0.001 ±0.002 ±0.002 ±0.002 ±0.002

S0 = 60 JT 20.35 20.35 10.49 10.49 3.30 3.30
± 0.04 ± 0.04 ± 0.04 ± 0.04 ± 0.02 ± 0.02

∂JT /∂K -0.992 -0.992 -0.866 -0.865 -0.457 -0.456
±0.000 ±0.000 ±0.002 ±0.002 ±0.003 ±0.003

∂JT /∂S0 1.000 1.000 0.941 0.925 0.576 0.562
±0.001 ±0.001 ±0.002 ±0.010 ±0.003 ±0.017

∂JT /∂r 6.52 6.52 8.03 7.92 6.11 6.43
± 0.03 ± 0.00 ± 0.03 ± 0.30 ± 0.04 ± 0.52

∂JT /∂σ 0.04 0.04 2.53 2.85 7.42 7.83
± 0.07 ± 0.07 ± 0.06 ± 0.36 ± 0.04 ± 0.53

∂JT /∂τ1 2.04 2.04 4.88 5.08 10.37 10.88
± 0.11 ± 0.11 ± 0.10 ± 0.44 ± 0.07 ± 0.69

∂JT /∂τ2 0.00 0.00 2.82 2.81 5.57 5.56
± 0.01 ± 0.00 ± 0.05 ± 0.05 ± 0.07 ± 0.07

∂JT /∂D -0.000 -0.000 -0.140 -0.144 -0.261 -0.256
±0.001 ±0.001 ±0.002 ±0.002 ±0.002 ±0.002


