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Given a vehicle fleet and a stochastic process characterizing the load arrivals in a transportation
network, the primary objective of fleet management models is to make the vehicle repositioning and
vehicle-to-load assignment decisions so that some performance measure (profit, cost, deadhead miles,
number of served loads, etc.) is optimized. However, besides making these vehicle repositioning and
assignment decisions, an important question that is commonly overlooked by many fleet management
models is how the performance measures would change in response to a change in certain model
parameters. For example, freight carriers are interested in how much their profits would increase
if they introduced an additional vehicle into the system or if they served an additional load on a
certain traffic lane. Railroad companies want to estimate the minimum number of railcars that is
necessary to cover the random shipper demands. The Airlift Mobility Command is interested in the
impact of limited airbase capacities on the delayed shipments. Answering such questions, in one way
or another, requires sensitivity analysis of the underlying fleet management model responsible for

making the vehicle allocation decisions.

In this paper, we develop efficient sensitivity analysis methods for a stochastic fleet management
model previously developed in Godfrey & Powell (2002a) and Godfrey & Powell (2002b). This
model formulates the problem as a dynamic program, decomposing it into time-staged subproblems,
and replaces the value functions with specially-structured approximations that are obtained through
an iterative improvement scheme. Two aspects of this model are crucial to our work. 1) Due to
the special structure of the value function approximations, the subproblem that needs to be solved
for each time period is a min-cost network flow problem. This enables us to use the well-known
relationships between the sensitivity analyses of min-cost network flow problems and min-cost flow
augmenting trees. In particular, we can use the fact that the change in the optimal solution of a
min-cost network flow problem in response to a unit change in the supply of a node or a unit change
in the upper bound of an arc is characterized by a min-cost flow augmenting path. 2) Letting 7 be
the set of time periods in the planning horizon, just as the value functions {V;(:) : t € 7'} describe an
optimal vehicle allocation policy through the so-called optimality equation (see Puterman (1994)),
a set of value function approximations {V;"(:) : t € T} describe a (possibly suboptimal) vehicle
allocation policy 7. Thus, given a trajectory of load realizations {d; : ¢ € 7}, one can think of the
trajectory of vehicle allocation decisions {27 : t € 7} induced by policy 7 under load realization
trajectory d = {d; : t € T'}. In this paper, we exploit the aforementioned sensitivity relationships to
compute the change in the decision trajectory {xfd :t € T} in response to a change in a problem
parameter and to assess how changes in the current decisions affect the future time periods. In
particular, we develop methods to compute how much the profits would change if an additional

vehicle or an additional load were introduced into the system.



Our work is motivated by the fact that the freight transportation industry is interested in “what-
if” scenarios, and this conventionally refers to changing certain parameters of the model and re-
running it. However, there are obvious advantages associated with being able to extract sensitivity
information from a single model run. For example, there can be many parameters whose impact
on the model performance is of interest, and making one (or more) run for each parameter may be
impossible. Furthermore, the decision-maker may simply not have an idea about the critical para-
meters, and it is important to point out where “the biggest bang for the buck” lies. Also, sensitivity

information is useful in determining the optimal fleet size and mix, or making pricing decisions.

A well-known class of models, from which one can quickly obtain sensitivity information, formu-
lates the problem over a “state-time network” where the nodes represent the supply of vehicles in
different states at different time periods and the arcs represent the vehicle movements. Examples of
such models from three different industries are Dantzig & Fulkerson (1954), Hane, Barnhart, John-
son, Marsten, Nemhauser & Sigismondi (1995) and Holmberg, Joborn & Lundgren (1998), and we
refer the reader to Dejax & Crainic (1987) and Powell, Jaillet & Odoni (1995) for detailed surveys.
For these types of models, sensitivity information is readily obtained by using the dual solution.
However, these models are inherently deterministic and can incorporate the random future load

arrivals only through the expected values.

The model that we analyze in this paper falls into the category of stochastic models, which
decompose the problem with respect to time periods and assess the impact of the current decisions
on the future through value functions. However, since practical fleet management models involve
large numbers of decision variables and possible load realizations, standard stochastic optimization
methods are not feasible for computing the value functions. Therefore, most of the stochastic fleet
management models revolve around the idea of approximating the value function in a tractable
manner. For stochastic fleet management models other than the one in Godfrey & Powell (2002a) and
Godfrey & Powell (2002b), we refer the reader to Frantzeskakis & Powell (1990), Crainic, Gendreau
& Dejax (1993), Carvalho & Powell (2000) and Topaloglu & Powell (2006).

Given a set of value function approximations, these models behave just like simulation models,
generating different trajectories of vehicle allocation decisions for different trajectories of load realiza-
tions. Therefore, a key question for their sensitivity analysis is to be able to assess how the decision
trajectories change when certain model parameters are perturbed. Our approach has similarities
with infinitesimal perturbation analysis, which refers to computing the gradient of a performance
measure in a discrete-event dynamic system with respect to an input parameter (see Glasserman
(1991) and Ho & Cao (1991)). However, for the systems we consider, the transitions between the

states are more complex than those that are conventionally considered by discrete-event dynamic



systems, since these transitions are governed by the solutions of min-cost network flow problems.

In this paper, we make the following research contributions. We develop efficient sensitivity
analysis methods for a stochastic fleet management model previously developed in Godfrey & Powell
(2002a) and Godfrey & Powell (2002b). In particular, we show how to compute the change in the
objective value of this model in response to an additional vehicle or an additional load introduced into
the system. An accurate, but tedious, sensitivity analysis method is to physically change a parameter
of interest and rerun the model. We compare our methods with this “brute force” approach and

show that they are quite accurate even when theoretical analysis requires certain approximations.

The rest of the paper is organized as follows. In Section 1, we briefly describe the fleet management
model used throughout the paper. Understanding this model is important because we analyze the
sensitivity of the objective value under the policy prescribed by this particular model. In Section 2,
we consider problems with a single vehicle type and show how to compute the change in the objective
value in response to an additional vehicle or an additional load introduced into the system. Section
3 extends these results to problems with multiple vehicle types. The computational experiments

presented in Section 4 show the accuracy of the proposed sensitivity analysis methods.

1 Problem Formulation

We have a fleet of vehicles to serve the loads of different types that arrive over time. At every time
period, a certain number of loads enter the system, and we have to decide which loads to cover and to
which locations we should reposition the empty vehicles. We are interested in maximizing the total
expected profit over a finite horizon, but we formulate our model to minimize cost for compatibility
with the min-cost network flow literature. We assume that advance information about the future
loads is not available and the loads that cannot be covered in a given time period are served by an
emergency subcontractor. These enable us to assume that the uncovered loads immediately leave the
system. For notational brevity, we assume that it takes one time period to move between any pair
of locations. It is straightforward to extend our analysis to the case where there are multi-period

travel times by using the approach described in Topaloglu & Powell (2006). We define the following.

7T = Set of time periods in the planning horizon, 7 = {1,...,T}.
7 = Set of locations in the transportation network.
IC = Set of available vehicle types.

L = Set of movement modes, £ = {0, ..., L}. Movement modes represent different ways

in which a vehicle can move from one location to another. Movement mode 0 always



corresponds to empty repositioning, whereas other modes correspond to carrying

different types of loads.

xfjlt = Number of vehicles of type k dispatched from location i to j at time period ¢ using

movement mode .

ci-"’ﬂt = Cost of dispatching one vehicle of type k from location ¢ to j at time period t using

movement mode .

D;ji; = Random variable representing the number of loads that need to be carried from

location 7 to j at time period t and correspond to movement mode .

As will be clear shortly, the random variable D;;;; serves as an upper bound on the decision variables
{xfﬂt : k € K}. Since the movement mode 0 corresponds to empty repositioning and the empty
repositioning movements are not bounded, we assume that D;;o; = oo for all 4,5 € Z,t € 7. In
practice, the movement modes in £\ {0} may correspond to different types of loads or different
shippers, and we usually have cfﬂt < 0 when [ € £\ {0}. The vehicle type may reflect the size of the
vehicle, the skill level of the driver of the vehicle, the ability of the vehicle to satisfy certain safety
or sanitary requirements, or a combination of these factors, which ultimately determine whether it
is feasible to cover a certain type of load with a certain type of vehicle and what profit is obtained
by doing so. If it is infeasible to cover a load of type [ with a vehicle of type k, then we capture

this by letting cfjlt = oo for all 4,5 € Z, t € 7. Throughout the paper, we use d;;;; to denote a
particular realization of D;;;;. By suppressing some of the indices in the variables above, we denote
a vector composed of the components ranging over the suppressed indices. For example, we have

dt:{diﬂt:i,jel, lEﬁ},d:{dijltti,jEI, ZEE, tGT}.

To capture the state of the system at time period ¢, we define

TZ = Number of vehicles of type k that are available at location ¢ at time period t¢.

The vector 7, = {rf : i € Z, k € K} completely defines the state of the vehicles at time period t.
Given this state vector and the realization of the loads at time period ¢, the set of feasible decision

vectors and the set of state vectors generated by these decisions at the next time period are given by

V(re,di) = {(wt,’rt_l,_l) : szfjlt =7k forallieZ, ke K (1)
JjET leL
SN aly—rf =0 foralljel, kek (2)
i€l lel
>k < diu foralli,j €Z, 1€ L (3)
kel
by €T,y foralli,jeZ, €L, ke/c}. (4)



We are interested in Markovian deterministic policies that minimize the total expected cost over
the planning horizon. A Markovian deterministic policy m can be characterized by a sequence of
decision functions { X[ (-,-) : t € T} such that X7 (-,-) maps the state vector r; and the realization of
the loads d; at time period ¢ to a decision vector x;. One can also define the state transition functions
{R 1(+,-) : t € T} of policy 7 such that R}, (-,-) maps the state vector and the realization of the
loads at time period ¢ to a state vector for the next time period. We note that given X7(-,-), R (")
can easily be defined by noting the state transition constraints in (2). Then, for a given state vector
r¢ and realization of future loads {dy, ..., dr} at time period ¢, the cumulative cost function for policy

7w can be written recursively as
Fl (re,dy,degrs ... dr) = cp - X[ (e, dy) + FJyy (R (7o, dy)  disr, digeas - - -, dr), (5)

with the boundary condition F7f +1( : ) = 0. By repeated application of (5), we obtain

FT(ri,dy,...,dp) = c1- X7 (r1,dy) 4 co - X5 (R (r1,d1),da) + . ...
+ cr - X%(R%( }71(' o 7dT—2)7 dT—1)7 dT)7 (6)

which is the total cost incurred over the whole planning horizon when we use policy 7, the initial

state vector is r; and the realization of the loads is {d,...,dr}.

Assuming that, given r¢, Dy is independent of {Dy : ¢’ = 1,...,¢t — 1}, it can be shown that the
optimal policy 7* is Markovian deterministic, satisfying 7* = argmin, .y IE{F{r (rl, Dq,..., DT) | rl},
where 11 is the set of Markovian deterministic policies. This optimal policy can be found by computing

the value functions through the so-called optimality equation (see Puterman (1994))

V™ (r)) =R min VI e .
o {(fft,rz+1)€y(n,Dt) L t+1( t+1) | t} (7)

In this case, the decision and transition functions for the optimal policy become

(X (), RELs (o)) = arguin o+ V(i) (8)
x,re41)EV(Tt,at

Throughout the paper, to keep the presentation simple, we assume that the cost vector ¢; is perturbed
by small random amounts so that problem (8) has a single optimal solution. Under this assumption,

the decision and state transition functions are properly defined, and our proofs become easier.

Computing the value functions {V;™ () : t € T} through (7) is intractable for almost all problem
instances of practical significance, since it requires enumerating over all possible values of r; and
taking an expectation over the multi-dimensional random variable D; for all ¢ € 7. In this paper,
we follow a class of (suboptimal) policies proposed in Godfrey & Powell (2002a), which are obtained
by replacing {V;""(-) : t € T} in (8) with separable approximations {V,"(-) : t € T} of the form

V() = > Vit (ri) 9)

1€T kek



where each \72?]“() is a one-dimensional piecewise-linear convex function with points of nondifferen-
tiability being a subset of positive integers. In this case, for a policy m characterized by separable
piecewise-linear convex value function approximations {V;*(:) : t € T}, we can define the decision

and state transition functions as

(X7 (), REa(rindy)) = argmin -+ V75, (i), (10)
(ze,re41)€V(re,dr)

We note that although the value function approximations {V;/(-) : t € T} are separable, the cumula-
tive cost functions {FY (-, dy,...,dr) : t € T} for policy 7 are not necessarily separable. Furthermore,
we have V™ (r;) = E{Ff* (r¢, Dy, ..., Dp) | rt} for the optimal policy 7* by the principal of optimal-
ity (see Puterman (1994)), but we do not necessarily have V;™(r;) = E{F[(r,Dt,...,Dr)|r¢} for

the policy 7 characterized by the value function approximations {V;"(-) : t € T'}.

Godfrey & Powell (2002a) give a sampling-based algorithm that can be used to obtain a “good”
set of value function approximations. The question of whether these suboptimal policies yield high-
quality solutions is outside the scope of this paper. We refer the reader to Godfrey & Powell (2002a),
Godfrey & Powell (2002b) and Topaloglu & Powell (2006) where the experimental work indicates
that this class of policies beat standard benchmarks by significant margins. Here, we assume that we
already have a “good” policy 7, and we are interested in computing the change in F (r1,dy, ..., dr)
induced by changing an element of the state vector r; or the load availability vector dy. We make
this question precise in the next two sections. However, before going into the specific details, we
can summarize the contents of the next two sections as follows. 1) We note that if we use a policy
characterized by separable piecewise-linear convex value function approximations, then problem (10)
is a min-cost network flow problem. 2) We use the well-known relationships between the sensitivity
analyses of min-cost network flow problems and min-cost flow augmenting trees to find how the
solution of problem (10) at time period 1 changes in response to an additional vehicle or an additional
load introduced into the system. 3) We find how the state vector at time period 2 changes in response
to the change in the solution of problem (10) at time period 1. 4) Finally, we find how the solution
of problem (10) at time period 2 changes in response to the change in the state vector at time period

2. We repeat the same argument in a recursive fashion for the subsequent time periods.

In Section 2, we start by considering problems with a single vehicle type. We generalize the ideas

to multiple vehicle types in Section 3.

2 Problems with a Single Vehicle Type

In this section, we assume that || = 1 and drop the vehicle type superscript, in which case (9)

becomes V/™(r;) = dieT VT (ri). Letting R be the total number of available vehicles, the relevant

7



domain of f/&r() is {0,1,..., R}. Therefore, assuming that f/;? (0) = 0 without loss of generality, we
can represent V7 (-) by a sequence of numbers {#%(q) : ¢ = 1,..., R} where ©(q) is the slope of
VT (g) over (¢ — 1,q). That is, we have 9% (q) = V7 (q) — V{7 (¢ — 1). In this case, problem (10) can
explicitly be written as

R
min : Z Z Cijit Tijit + Z Z@;tﬂ(Q) 2jt+1(q) (11)

(@t,re41,2041

i,jeEL leL JET g=1
subject to Z injlt = ri forallie” (12)
jET leL
DY @i~ =0 forall j € 7 (13)
i€Z lel
R
Tit+1 — sz,tﬂ(q) =0 forall j€eZ (14)
q=1
Tijit < dijlt foralli,j€Z, le L (15)
Zji+1(q) <1 forall j€Z, g=1,...,R (16)
Tijit, Tjat+1s Zje41(q) € Zy foralli,jeZ, leLl, g=1,...,R, (17)

where we use a standard technique to embed the piecewise-linear convex functions { f/ft n():jel}
into problem above through the decision variables {z;:+1(q) : j € Z, ¢ = 1,...,R}. In particular,
due to the convexity of ‘7j’;+1('), we have 07, (1) <97,,4(2) <... <07, (R). Since the objective
function is minimized, noting constraints (14), (16) and (17), we must have Zqul 07111(q) zj41(q) =
Zgj:’tfl 7(q) = TN/]-’ft_i_l (7j4+1) in the optimal solution. Therefore, the second term in (11) computes
djer ‘N/j$+1(rj7t+1) (see Nemhauser & Wolsey (1988)). Although constraints (13) and (14) can be
combined into Y ;.7 > e p Tijit — Zle Zj1+1(q) = 0, we leave them separate to emphasize that (13)
handles the state transition, whereas (14) handles the computation of the value function approxima-
tion. It is easy to see that problem (11) is the min-cost network flow problem in Figure 1. In this
figure, we assume that Z = {a,b,c} and £ = {n,m}. Constraints (12), (13) and (14) respectively
correspond to the flow balance constraints for the white, gray and black nodes. The sets of decision
variables {w;j; 1 4,5 € Z, 1 € L}, {rje+1:J € T} and {241(q) : j € Z, ¢ = 1,..., R} respectively

correspond to the arcs that leave the white, gray and black nodes.
2.1 Policy gradients with respect to vehicle availabilities

In this section, we develop a method to compute how much the total cost under policy 7 would change
if an additional vehicle were introduced into the system. We let {xfd :t €T} and {rf d:te T} be
the sequences of decisions and states visited by the system under policy m and load realization

d={d;:t €T} Thatis, {79:tc T} and {rJ¢:t € T} are recursively computed by

07 = XTGFL ), o = R (% d), with rf =1, (18)
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Figure 1: Problem (11) is a min-cost network flow problem. The path in bold arcs represents a

possible min-cost flow augmenting path from node a on the left side to the sink node. Such min-cost
flow augmenting paths will be useful in Section 2.1.

Then, noting (5), F, (rt g,y ... ,dT) becomes the total cost incurred at time periods {¢,...,T'}
under policy 7 and load realization d. Letting e; be the |Z|-dimensional unit vector with a 1 in the

element corresponding to ¢ € Z, our objective in this section is to compute
D7 (e, d) = F[ (rf* + es,dy, ..., dr) — FF (rf%, dy, ... dr) (19)

foralli € Z, t € T. Then, E{@’f(ei, D)} tells us how much the total expected cost under policy =
would change by introducing an additional vehicle at location ¢ at the first time period. We note
that ®7(e;,d) can be computed by two simulations of policy 7 under load realization d, one of which
starts with the state vector 77¢ and the other with r7% + e;. However, doing this for alli € Z,t € T
and for multiple load realizations can get time consuming. Our objective is to be able to compute

O7 (e;,d) for all i € 7, t € T from a single simulation.

Using (5) and (18), (19) can be written as

D7 (e5,d) = ¢y - { X7 (r7% + €5, dy) — X7 (r7, dy) }
+ F (RE (7 + ei,dy), e, dr) — F7 (RE (7% dy) deyr, - dr)
=c- {Xf(r?d + e, dy) — :de}

+ t7-ri-1( t+1( —|—ez,dt) dt+1,...,dT) t+1(Tt+1,dt+1,...,dT). (20)

As will be clear shortly, computing X[ (rf? + e;,d;) — 27% and R}, | (rf? + e;, dy) — rT; is key to

computing ®7 (e;,d). Since we have

(7rd 7Td)

i argmin ct - Ty + ‘N/tﬁl(rtﬂ), (21)

(wtvrt-‘rl)ey(rt ’ )



X7 (rfl+ €;,dy) — 27% and RT 4 (rf? + €;,d;) — r7d; are related to how the solution of problem (11)

changes when the right side of constraints (12) is increased from 77 to 7% + e;.

Consider problem (21) and its network representation in Figure 1. Set the flows on the arcs
in this network such that these flows correspond to the optimal solution (2], rffl) Let PJ (e, d)
be the min-cost flow augmenting path from node i € Z on the left side to the sink node in this
figure. One possible flow augmenting path when ¢ = a is shown in bold arcs. We define the vector

{Zr(eh )_{ z]ét(e’m ) Z?]€I7 €€,C} as

+1 if the arc corresponding to variable x,, is a forward arc in P[ (e;, d)
fgﬁ(ei, d) = § —1 if the arc corresponding to variable z,,s is a backward arc in P (e;, d)

0 if the arc corresponding to variable x,, is not in Pf (e;, d).

Similarly, we define the vector 67 (e;,d) = {6}, (ei,d) : g € I} as

+1  if the arc corresponding to variable 7, ;11 is a forward arc in P[ (e;, d)

67441(€i,d) = ¢ =1 if the arc corresponding to variable 7,1 is a backward arc in Pf (e;,d) (22)

0 if the arc corresponding to variable 7,11 is not in P[ (e;, d).
For example, for the flow augmenting path in Figure 1, we have &, .(eq,d) = +1, & .(€qa,d) =
—1, &mi(€a;d) = +1 and 67, (eq,d) = +1. The following result characterizes how the solution of

problem (21) changes when the number of vehicles available at location ¢ is increased by 1.
Lemma 1 The following results hold.

1) We have Xt’r(rzrd +ei,dy) = xfd + & (ei,d) and Rfﬂ(rfd +e5,dy) = rfj_ll + 07 1 (€4, d).

2) One element of the vector 0 (e;,d) is equal to +1 and the other elements are equal to 0.
Proof The first part is a direct result of Theorem 1 in Powell (1989). The second part holds because

any acyclic path from node ¢ € Z on the left side of Figure 1 to the sink node traverses exactly one

of the arcs corresponding to one of the variables {r;y1:j € Z}. O

The second part of the lemma implies that if an additional vehicle is introduced at a certain
location at time period ¢, then exactly one element of the state vector at time period ¢ + 1 will

increase by 1. The following proposition gives an efficient method to compute ®7 (e;, d).

Proposition 2 We have ®7 (e;,d) = c; - £ (€4, d) + @, (67, 1(es,d),d) for alli € T, t € T with the

boundary condition ®%_(-,d) = 0.

Proof Using Lemma 1, (20) can be written as

Q?—(eia d) =Ct - gtﬂ—(ei; d) + tTEl—l (Tzr_f_ll + 6?4_1(67;; d)7 dt+17 cee 7dT) t+1 (rt-f—l) dt+1a ey dT)

=Ct'§f(6z’ad)+‘1>t+1( t+1(€2>d>ad)' 0

10



The first term in ¢; - & (i, d) + P, 1 (67,1 (e, d), d) captures how much the cost incurred at time
period t changes in response to an additional vehicle at location ¢ at time period ¢, whereas the
second term captures how much the cost incurred at time periods {¢+1,...,T} changes in response

to an additional vehicle at location ¢ at time period t.

Thus, the idea is to start with the last time period T and let ®7.(e;,d) = cr - {]-(es, d) for all
i € Z. Then, we move to time period T'— 1. Since 07.(e;, d) is always a positive integer unit vector,
®7._,(es,d) can easily be computed as cp—; - £]_ (s, d) + P1(67(ei, d), d). We continue in a similar

fashion until we reach the first time period.

We note that to evaluate the expected cost impact of an additional vehicle, we need to compute
E{®7 (e;, D)} as opposed to @7 (e;, d) for a particular load realization d. In this case, since computing
this expectation is usually intractable, we can sample N load realizations, say d',...,d", use the
method described in this section to compute @7 (e;,d") for all n = 1,..., N and use the standard
confidence interval methodology to estimate E{@f(ei, D)} By carrying out a “pilot run” that uses
a small number of load realizations, we can assess the number of load realizations that are needed

to estimate E{®7 (e;, D)} with a certain precision (see Law & Kelton (2000)).

Finally, we note that a similar method to compute
D7 (—e;,d) = FJ (rj% — s, dy, ..., dr) — FF (r7% dy, ..., dr) (23)

can be developed by using min-cost flow decreasing trees. This will be useful in the next section.

2.2 Policy gradients with respect to load availabilities

Freight carriers continuously face the problem of evaluating newly arriving loads to decide whether
to accept or reject them. In this section, we develop a method to compute how much the total cost
under policy m would change if an additional load were introduced into the system. This information
can, in turn, be used for load evaluation decisions. The class of policies we consider assume that
there is no advance information about future load realizations. For this reason, we assume that if ¢
is the current time period, then the additional load that is introduced into the system is a load that

needs to be served at time period ¢.

Letting e;;;; and e;;; be the |Z|2|£]|T | and |Z|?|£|-dimensional unit vectors with a 1 in the element

corresponding to i,j € Z,l € L,t € T and i,j € Z,1 € L, we want to compute
7d+ ij
\Iff(eijl,d) = Fgr(,rz" ejlt,dt +eijl;dt+17"' ,dT) — Ftﬂ—(Tsz,dt,dt+1,.. .,dT), (24)

which is the change in the total cost of policy m under load realization d in response to an additional

load of type [ on lane (i, j) at time period ¢. Using an argument similar to the one in (20) and noting

11



sink
node

Figure 2: QF(—eq, €., d) is the min-cost flow augmenting path from node ¢ in the middle section to
node a on the left side.

that T‘Zr’dJre”” is a function of the load realizations up to (but not including) time period ¢, (24) can
be written as
T (egji,d) = FF (r7% dy + eiji, desa, - - . dr) — FF (rf% dy, dig, - .., dr)
= ¢ - { X7 (7% dy + eijy) — 277}
+ Fy (Rf+1("”fd7 di + €i1), degr, - .. dp) — F (rffl, diy1, ..., dr). (25)
To compute ¥ (e;;1, d), we now need to characterize X[ (rf?, dy +e;5) — 27 and RY, | (rf, di +ei1) —
rff_ll. These quantities are related to how the solution of the min-cost network flow problem (11)

changes when the upper bound on the decision variables z; is increased from d; to d; + e;j;.

Consider problem (21) and its network representation in Figure 2. Set the flows on the arcs in
this network such that these flows correspond to the optimal solution (z7¢, rfﬁl). Let QF (—e;, e;,d)
be the min-cost flow augmenting path from node j € Z in the middle section to node ¢ € 7 on the
left side in this figure. Denote the cost of this min-cost flow augmenting path by CJ'(—e;, e;,d). One
possible flow augmenting path when i = a, j = c¢ is shown in dashed arcs. We define the vector
& (—eiyej,d) = {{g&(—ei,ej,d) t,)€Z, L€ L} as

+1 if the arc corresponding to variable x,, is a forward arc in OF (—e;, e;,d)

517;&(—6,-, ej,d) = ¢ —1 if the arc corresponding to variable z,,; is a backward arc in QF (—e;, ¢j, d)

0 if the arc corresponding to variable z,, is not in Of (—e;, e;,d).
We also define the vector 67 ;(—e;, ej,d) similar to (22), but using the flow augmenting path
Q7F (—e;, e5,d). For example, for the flow augmenting path in Figure 2, we have £,,,,(—€q, €, d) = —1,
omt(—€as e, d) = +1, & (—eqec,d) = —1, 07,11 (—€a,ec,d) = —1 and &7, (—eq,€c,d) = +1.
The following result characterizes how the solution of problem (21) changes when the number of

loads of type [ on lane (i,7) is increased by 1.
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Lemma 3 The following results hold.

1 ifa<bd

0 otherwise,

1) Letting 1qpy = { we have

X7 de + eiji) = 277 4 1{or (—ev,e; d)reyu<oy {67 (—€ir €5, d) + eiji}

I wd _.md ™ . P
Rt+1 (Tt ydi + eijl) =T + 1{C?(fei,e]~,d)+cijlt<0} 5t+1(_ez7 €5, d)

2) The vector 67, (—e;,e;,d) can be written as 67, i (—ei,ej,d) = 675 (—ei, e5,d) — 671 (—ei, €5, d)
where one element of each of the vectors 6, (—e;, e;,d) and 6] (—e;,ej,d) is equal to +1 and the

other elements are equal to 0.

Proof See the appendix. O

Therefore, if C['(—e;, ej,d) + cijir > 0, then an additional load of type ! on lane (i,j) does not
change the solution of problem (21). We note that the min-cost flow augmenting path Qf (—e;, e;,d)
may not include any arcs corresponding to one of the variables {711 : j € Z}. In this case, we have
07, 1(—ei,ej,d) = 0 and we can set 5;3:’1(—61, ej,d) = 6{,1(—e;, ej,d) in the second part of Lemma 3.

The following proposition gives an efficient method to compute U7 (e;5, d).

Proposition 4 Letting ([ (e;j;,d) = Licr (—ere; d)+eijin<0} {f{r(—ei, ej,d)—i—eijl} for notational brevity,
we have the following results.

1) If Cl'(—es,ej,d) + cyjig > 0 or 67, (—ei,e5,d) = 0, then we have W] (e1,d) = ¢ - ([ (€41, d).

2) If F (',dt+1, ... ,dT) is a separable function, Cf(—e;, ej,d) + cijie < 0 and 67, (—e;,ej,d) # 0,

then we have
\Ijg(eijlv d) = Ct- Cr,zr(eijh d) + ‘Df+1(5ﬁ1(—€ia €j5 d)v d) + q>?+1(_5zr—:1(_eia €5, d)7 d) (26)

foralli,jeI, lcL,teT, where ®F | (Fe;,d) is as defined in (19) and (23).

Proof Under the conditions stated in the first part, Lemma 3 implies that R}, (r{ d d, +eij) = r?fl
and (25) becomes VT (e;1,d) = ¢; - { X[ (rf¢,dy + e;) — 27%}. Then, the first part follows by the
definition of (f(e;j;,d) and Lemma 3. By using Lemma 3, (25) becomes

Ui (eiji,d) = ¢ - ¢ (et d) + Ff g (rffrll + (5?_:3(—6@', ej,d) — 5;:1(—61-, ej,d),des1, ..., dT)

d
— th_l(r?+l’dt+17 oo ,dT).

13



Since Ff 4 (-, dit1,--- ,dT) is separable, Lemma 8 in the appendix implies that

U (eij1,d) = ¢ - [ (e, d)

+ tTrl (T?—ic-ll + 6?-‘,:’—1(_67;’ €, d)7 dt—‘rla R 7dT) - ;5'_1 (Tzr_f_ll, dt+1, Ce 7dT)
+ F (it = 675 (=€ €5, d) diyr, - dr) — FTy (T dega s dr). m

The first part of the proposition corresponds to the case where an additional load of type [ on
lane (7, ) at time period t either does not change the decisions at time period ¢ or does not change
the state vector at time period ¢ + 1. The second part corresponds to the case where an additional
load of type [ on lane (i, j) at time period ¢ does change the state vector at time period ¢ + 1. Given
the fact that 5;?1(—61-, ej,d) and 6] (—e;, ej,d) are positive integer unit vectors, (26) can easily be

computed once we know @7, ;(Fe;,d) for all i € Z.

As noted in Section 1, F[, (-,dtH, .. .,dT) is not necessarily a separable function. However,
we propose using (26) as an approximation to W7 (e;;,d) even when Ftil(‘,dt_i'_l, .. ,dT) is not
separable. Our computational experiments show that this approximation yields accurate results.
We believe that the accuracy of this approximation is due to the following reason. The expression
in (26) captures the change in the total cost of policy m under load realization d in response to an
additional load of type [ on lane (,j) at time period ¢. Among the three terms on the right side
of (26), the first term accurately captures the change in the cost incurred at time period ¢, whereas
the sum of the second and third terms approximately captures the change in the cost incurred at
time periods {t + 1,...,T}. Therefore, accurately capturing the change in the cost incurred at the
current time period and approximately capturing the change in the cost incurred at the future time

periods appear to be adequate to obtain a good approximation.

Assuming that Cf" (—eq, €, d)+Cacmt < 0 and noting that 67, (—eq, €c, d) = —1, 5,7)F7t+1(—ea, e, d) =
+1 for the min-cost flow augmenting path in Figure 2, the approximation in (26) can be interpreted
as follows. The first term gives the change in the immediate cost due to the change in the decisions
at time period ¢. The second term gives the change in the future cost due to having an additional
vehicle at location b at time period ¢t + 1. The third term gives the change in the future cost due to

having one less vehicle at location a at time period ¢ + 1.

3 Problems with Multiple Vehicle Types

In this section, we extend the ideas in Section 2 to the case where there are multiple vehicle types.
Topaloglu & Powell (2006) note that if there are multiple vehicles types and policy 7 is character-

ized by a set of separable piecewise-linear convex value function approximations, then problem (10)
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becomes a min-cost integer multicommodity network flow problem, and this inhibits exploiting prop-
erties of min-cost flow augmenting and decreasing trees as we did in the previous section. Nonetheless,
they also show that if each V;(-) is a linear function of the form V;™(r;) = Sier Sokexc URF vk then
problem (10) is a min-cost network flow problem. Furthermore, over a limited domain, say [0, 1]
or [0,2], linear functions approximate piecewise-linear functions quite well. Since the sum of the
elements of the |Z||K|-dimensional vector r; is always equal to the number of available vehicles, say
R, if |Z||K] > R, then we expect the elements of the vector r; to be mostly 0’s, 1’s or 2’s. In this
case, using piecewise-linear approximations does not bring too much advantage over linear approxi-
mations. For these reasons, when working on problems with multiple vehicle types, we use policies

characterized by linear value function approximations.

We now extend the results of Section 2.1 to the case of multiple vehicle types. Noting (2), the

objective function of problem (10) under a policy defined by linear value function approximations is

Ct- Ty + ‘7511(7“&1) = Z Z Z ijlt xfﬂt + Z Z 17%11 (Z Z ﬁjlt) :

i,j€T leL ke JET kex €L lel
Then, the decision function for policy m can be written as

X[ (ry,dy) = argmin Z Z Z (ijlt + 27;:lf+1) xfﬂt (27)
Tt

ijeT leL kek
subject to (1), (3), (4),

which is the min-cost network flow problem in Figure 3. In this figure, we assume that Z = {a, b},
L = {n,m} and K = {f,g}. Constraints (1) represent the flow balance constraints for the gray
nodes. Defining the additional decision variables {w;j; : 4,5 € Z, | € L} and splitting constraints
(3) into two sets of constraints ), xfjlt — wijiy = 0 and wyjy < dyjy for all 4,5 € I, 1 € L, the first
set represents the flow balance constraints for the white nodes in the middle section.

We let 7 be a policy characterized by the linear value function approximations {V;(-) : t € T}
with the decision, state transition and cumulative cost functions X7 (-,-), RT i(-,-), F7 (-, ...,).
We also define {z7¢ : ¢t € T} and {rJ¢ : ¢ € T} similar to their counterparts in Section 2.1. Letting ¥
be the |Z|||-dimensional unit vector with a 1 in the element corresponding toi € Z, k € K, we want

to compute @f(ef,d) = Ff(r?d + e?,dt, e ,dT) — Ft”(rfd,dt, .. .,dT) forallieZ, ke, teT.

Consider problem (27) and its network representation in Figure 3. Set the flows on the arcs in
this network such that these flows correspond to the optimal solution z7¢. Let PJ(eF,d) be the
min-cost flow augmenting path from node (i,k) € Z x K on the left side to the sink node in this

figure. One possible flow augmenting path when (i, k) = (a, f) is shown in bold arcs. We define the
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Figure 3: Problem (27) is a min-cost network flow problem.

vector &7 (e¥, d) = {{Z;?t(e d):1,7€Z, LeL, KeK} as

+1 if the arc corresponding to variable 2%, is a forward arc in Pf(e¥, d)

190t
§Uet( d) = < —1 if the arc corresponding to variable Ty i a backward arc in P/ (ek,d)

0 if the arc corresponding to variable 7, is not in Pff (ek.a).
We also define the vector 67 (e, d) = { jf_ﬂ(ef, d):)€Z, keK} as
J7t+1 Z Z gz]ﬁt (28)
1€L Lel

For example, for the flow augmenting path in Figure 3, we have £aam(ea, d) = +1, £aant(ea, d) =

¢ (el d) = +1, 070 (el d) = +1 079, (eh.d) = —1 and &77,,(el,d) = +1. The following

result characterizes how the solution of problem (27) changes when the number of vehicles of type k

available at location ¢ is increased by 1
Lemma 5 The following results hold.

1) We have XT(rfd + eF,dy) = 27% + &7 (e¥, d) and BT (rT4 + eF, dy) = rfd) + 67,1 (b, d).

2) There exist two disjoint subsets of T x K, say ALY (eF,d) and AT (eF,d), such that 67, (eF,d)

can be written as

Zr+1(ef>d) = Z e’ — Z ef.

(9,5 )EAz-H( d) (9,8)EATL (e el ,d)

S 3
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Proof In the first part, the first equality is a direct result of Theorem 1 in Powell (1989) and the
second equality follows from the definition of 67, (¥, d) in (28) and the state transition constraints

(2). We show the second part in the appendix. O

The second part of the lemma shows that an additional vehicle of type k at location i at time
period ¢ may change the state vector at time period ¢+1 in a complicated manner, but each component
of the state vector at time period ¢t 4+ 1 changes by at most 1. The following proposition gives an

efficient method to compute ®7 (eF, d).

Proposition 6 If F] (', dit1,--- ,dT) is a separable function, then we have

f(ef,d) =c- & (ef,d)+ > O(efd) + D OF(—efd) (29)
(3,5)EATH (eF ) (93,5)EAT (b d)

foralli € Z, ke, t €T with the boundary condition ®7_ (-,d) = 0.

Proof Using Lemma 5, we have

O (ef, d) = ¢ - & (ef ,d) + Ffiy (T?fl + Z ey — Z €y, disi, - - ,dT>

(2:K)EAT (ef d) (2,0)EAT (eFd)

d
— FJy (r7 digr, -, dr)

=c - & (ef  d) + Z {Fro (T + €5 desr, . odp) = Ty (r7 degas - dr) }

(Jv“)eAfjl (6? 7d)

+ Z {Fti1(7“ff1 *ef,dtﬂa-u,dT) *Fﬁd(rﬁlhdtﬂa--wdﬂ},
(],H)EA?{l(ef,d)

where the second equality uses the separability assumption and Lemma 8 in the appendix. O
On the right side of (29), the first term captures how much the cost incurred at time period ¢
changes in response to an additional vehicle of type k at location ¢ at time period ¢, whereas the

second and third terms capture how much the cost incurred at time periods {¢t + 1,...,T} changes

in response to an additional vehicle of type k at location ¢ at time period t¢.

Ff (-, dit1,.-. ,dT) is not necessarily a separable function. However, we propose using (29) as

an approximation to ®7 (ef, d) even when ngrl(-, dis1, .- ,dT) is not separable.

4 Computational Experiments

This section focuses on the results of Sections 2.2 and 3, and numerically establishes the accuracy
of the methods proposed to compute W7 (e;;;,d) and @f(ef,d). In particular, we use a variety of

test problems to show that (26) and (29) can approximate W7 (e;j, d) and ®7 (eF,d) accurately even
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when FY 4 (-, dit1y.e s dT) is not a separable function. The method proposed to compute ®7 (e;, d)

in Section 2.1 is exact and does not require numerical validation.

Our test problems involve 40 locations and 41 movement modes (40 load types and one movement
mode for empty repositioning). We label our test problems by (T, D, K, R, e), where T is the length
of the planning horizon, D is the expected number of loads over the planning horizon, K is the
number of vehicle types, R is the number of available vehicles and e is the empty repositioning cost

applied on a “per-mile” basis.

Accuracy of the policy gradients with respect to load availabilities. We start by testing the
accuracy of the method proposed to compute W7 (e;j;,d). Our experimental setup is as follows. For
each test problem, we first obtain a “good” vehicle allocation policy 7 by using the sampling-based
method of Godfrey & Powell (2002a). Having obtained a policy 7, we sample N load realizations, say
d',...,dN. For each load realization d", we approximate UT(eiji,d") for all 4,5 € Z, 1 € L by using
(26). We let {7 (e;,d") :i,j €Z, 1€ L, n=1,..., N} be these approximations. Since the method
given in Section 2.2 requires simulating the behavior of policy m under load realization d", at this
point we can also compute FJ (Tl, T,dy, ..., d%) as ) ,er Ct- 279" . We then physically increase the
number of loads of type [ on lane (i, j) at time period 1 by 1 and compute FJ* (7“1, dy +egj, dy, . .. ,d%)
by simulating the behavior of policy m under load realization d" +e;;;1. In this way, we can accurately
compute U (e;;;,d") in a “brute force” fashion as FJ' (7"1, db+eij,dy, . .. ,d%) —FT (7“1, dr,dy, ..., d%)
Our aim is to compare the approximation ‘iﬂf(eiﬂ, d") that is computed through (26) with W7 (e;;;, d")

that is computed in a “brute force” fashion.

Table 1 summarizes our findings. The first set of columns give the average percent deviation and
the coeficient of correlation between {7 (e;5,d™) :i,j €Z, 1€ L, n=1,..., N} and {U](e;j;,d") :
i,jeZ, le L, n=1,...,N}. The second set of columns give a histogram for the percent deviations
that shows what fraction of the percent deviations is less than 2.5%, 5%, 10% and 25%. The next
column gives the average time to compute {\ilir(e,-jl,d”) 21,7 € Z, 1 € L} for a particular load
realization d”. This time includes the time spent simulating the behavior of policy 7 under load
realization d". The last set of columns give summary statistics for the coefficients of variation of
{¥T(eiji, D) :4,j € I, I € L}. We estimate the coefficient of variation of W (e, D) as pyj1/ 05 where

fij; and afﬂ are the sample mean and sample variance of {U7(e;;;,d") : n =1,...,N}. Using this
estimate of coefficient of variation, one can have an idea of how many load realizations are needed to
estimate E{UT (e;;;, D)} with a certain precision (see Law & Kelton (2000)). Since 151/ depends
oni,j €Z,l € L, we give the mean, and the 20-th and 80-th percentiles of {1, /045 : i, € I, l € L}.
We note that the coefficient of variation estimates are highly problem-specific and one should not

draw general conclusions from them.
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Corr. Avg. Histogram Time Coeff. of variation

Problem coeff. % dev. 25% 5% 10% 25% (sec.) Avg. 20 pr. 80 pr.
(10,1000, 1, 100, 2) 0.99 6.27 45 56 71 100 0.09 0.55 0.20 0.82
(10,1000, 1,100, 4) 0.98 8.91 58 58 61 86 0.08 0.99 0.39 1.56
(10,1000, 1, 100, 8) 0.99 6.95 65 68 70 89 0.08 1.01 0.46 1.47
(10,1000, 1, 200, 2) 0.99 6.31 62 65 72 92 0.08 0.27 0.14 0.36
(10,1000, 1, 200, 4) 0.98 5.73 67 71 74 93 0.08 0.35 0.16 0.45
(10,1000, 1, 200, 8) 0.98 2.85 87 88 89 94 0.08 0.37 0.15 0.52
(30, 3000, 1, 100, 2) 0.98 9.48 54 55 62 81 0.31 0.68 0.19 0.99
(30, 3000, 1,100, 4) 0.99 5.71 72 72 75 90 0.28 1.07 0.45 1.47
(30, 3000, 1, 100, 8) 0.98 5.88 76 76 76 88 0.27 1.52 0.64 2.26
(30, 3000, 1, 200, 2) 0.97 9.64 43 48 59 87 0.31 0.41 0.21 0.57
(30, 3000, 1, 200, 4) 0.96 8.87 49 52 61 90 0.28 0.55 0.28 0.76
(30, 3000, 1, 200, 8) 0.98 4.52 7 7 81 92 0.28 0.81 0.36 1.11

Table 1: Accuracy of the policy gradients with respect to load availabilities. Percent deviation is
100 [T (es51, d™) — T (eiji, d™)|/|WT (eiji, d™)| and we ignore the data points with W (e;;;,d™) = 0.

The high coefficient of correlation and the low average percent deviation figures in Table 1 show
that {U7 (e;;1,d") :i,j €Z, 1€ L, n=1,...,N} and {¥](e;;1,d") :4,j €L, l €L, n=1,...,N}
are in close agreement. The histograms show that, about 90% of the time, our approximations are
within 25% of the true value. If we were working on problems with deterministic load arrivals, then
U7 (ejj1,d) could also be approximated by using the optimal value of the dual variable associated with
the load availability constraint ;51 < d;j1 in the “state-time network” formulation of the problem.
Powell (1989) reports that, 10% of the time, approximating W (e;;;,d) by using the dual solution
brings an error of 50% or more. Therefore, our method can approximate W7 (e;;;, d) noticeably better

than the dual solution of the “state-time network” formulation.

Accuracy of the policy gradients with respect to vehicle availabilities. We now compare
the approximations obtained through (29), say {®7(e¥,d"):i € Z, k€ K ,n=1,..., N}, with the
values of {®7(e¥,d"):i €I, k€ K, n=1,..., N} obtained in a “brute force” fashion by increasing
the number of vehicles of type k at location ¢ by 1 and simulating the behavior of policy m under

load realization d". The results in Table 2 indicate that (29) yields accurate results.

5 Conclusions

We presented efficient methods to assess the sensitivity of a stochastic dynamic fleet management
model to fleet size and load availability. Numerical experiments indicated that these methods are
accurate and computationally tractable. Information about the cost impact of an additional vehicle
or an additional load can, in turn, be used when making fleet sizing, load evaluation and pricing
decisions. Using the method described in Section 2.2 for load pricing is the topic of another paper

(see Topaloglu & Powell (2005)).
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Corr. Avg. Histogram Time Coeff. of variation

Problem coeff. % dev. 25% 5% 10% 25% (sec.) Avg. 20 pr. 80 pr.
(10,1000, 20, 100, 2) 0.97 3.28 88 89 91 92 0.41 0.91 0.56 1.16
(10,1000, 20, 100, 4) 0.99 2.37 88 90 93 96 0.41 0.93 0.56 1.19
(10, 1000, 20, 100, 8) 0.99 3.46 87 89 89 93 0.41 0.93 0.57 1.23
(10, 1000, 20, 200, 2) 0.99 1.63 91 92 94 98 0.31 1.35 0.87 1.78
(10,1000, 20, 200, 4) 0.97 3.28 88 89 91 92 0.41 1.29 0.86 1.71
(10, 1000, 20, 200, 8) 0.99 2.30 88 89 91 97 0.31 1.26 0.77 1.74
(10,1000, 40, 100, 2) 1.00 0.77 94 95 97 99 0.59 1.14 0.67 1.55
(10,1000, 40, 100, 4) 1.00 1.25 95 95 95 98 0.56 0.97 0.62 1.28
(10,1000, 40, 100, 8) 1.00 0.77 94 95 97 99 0.58 1.14 0.67 1.55
(10,1000, 40, 200, 2) 0.99 1.38 93 93 94 99 0.61 1.29 0.80 1.72
(10,1000, 40, 200, 4) 1.00 1.11 93 94 96 99 0.60 1.26 0.75 1.68
(10,1000, 40, 200, 8) 1.00 0.94 96 96 97 98 0.59 1.22 0.68 1.79
(30, 3000, 20, 100, 2) 0.98 6.78 55 61 67 97 0.86 1.42 0.92 1.89
(30, 3000, 20, 100, 4) 0.99 2.43 7 83 92 99 0.86 1.38 0.91 1.84
(30,3000, 20, 100, 8) 0.99 3.74 68 70 82 98 0.85 1.56 1.01 2.06
(30, 3000, 20, 200, 2) 0.99 3.26 78 83 84 99 0.90 1.83 1.30 2.41
(30, 3000, 20, 200, 4) 0.99 4.34 64 73 82 97 0.90 1.86 1.20 2.55
(30,3000, 20, 200, 8) 0.98 2.73 80 82 90 98 0.89 1.75 1.19 2.37
(30, 3000, 40, 100, 2) 0.98 3.90 79 79 83 94 1.66 1.06 0.70 1.32
(30, 3000, 40, 100, 4) 0.99 2.49 82 84 89 98 1.66 0.95 0.63 1.23
(30,3000, 40, 100, 8) 0.99 3.22 7 78 85 98 1.65 0.87 0.61 1.04
(30, 3000, 40, 200, 2) 0.99 2.38 82 88 89 99 1.70 1.25 0.84 1.60
(30, 3000, 40, 200, 4) 0.99 2.40 82 84 89 99 1.71 1.37 0.92 1.84
(30,3000, 40, 200, 8) 0.99 2.02 85 88 90 100 1.71 1.26 0.83 1.63

Table 2: Accuracy of the policy gradients with respect to vehicle availabilities.

6 Appendix

This section presents the omitted proofs. The following result is useful when proving Lemma 3.
Lemma 7 If C[(—e;, ej,d) + cijit > 0, then we have X[ (%, dy + e;5) = 7.

Proof of Lemma 7 Consider problem (21) and its network representation in Figure 2. In this
problem, d;j;; acts as an upper bound on the decision variable z;j; and a min-cost network flow
problem with upper bounds can be converted to an equivalent problem without upper bounds by the
transformation shown in Figure 4 (see Vanderbei (1997)). Therefore, if d;j;; is increased by 1, then
the change in the optimal solution of problem (21) is given by a min-cost flow augmenting path from
node j to node (i, 7,1) in Figure 4.b. We denote this min-cost flow augmenting path by Q'. Since
node (i, j,1) has exactly two inbound arcs, there are two possible cases to consider for Q'. 1) Either
Q' includes only the bold arc that connects node j to node (7, j,1). In this case, the cost of Q' is 0.
2) Or Q' connects node j to node 4, and then, node i to node (i, j,1). We let CJ(—e;,ej,d) be the
cost of the min-cost flow augmenting path from node j to node i in Figure 4.a. Then, the cost of the
min-cost flow augmenting path from node j to node i in Figure 4.b is also C['(—e;, e;,d). Hence, for

the second case, the cost of Q" is C['(—e;, e;,d) + cijit.
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Figure 4: a. The cost and the upper bound for the bold arc that connects node 7 to node j are c;;;;
and d;j;;. b. The min-cost network flow problem in Figure 4.a can be converted to one without the
aforementioned upper bound by a simple transformation. We introduce an extra node (i, j,1) with
supply —d;;i; and set the supply of node j to +d;ji;.

Since Q' is the min-cost flow augmenting path, if C['(—e;,ej,d) + ¢ > 0, then the first case
must hold for @'. Thus, we have X7 (r74,d; + e;5) = X[ (r7¢,d;). We conclude by noting that the
possibility of having C(—e;, €5, d) 4 ¢;j1: = 0 is ruled out by the random perturbation of the costs so

that problem (21) does not have alternative optima. 0

Proof of Lemma 3 To show the first part, we consider two cases depending on the sign of
Cl(—es,€j,d) + cijiy. 1) If CT(—e4,€5,d) + cijir > 0, then by Lemma 7, an additional load of type I
on lane (i, ) does not change the solution of problem (21). Therefore, X7 (rf?, d; + e;5) = 27 and

T (rF dy + ;1) = r7d) hold. 2) Following an argument similar to the proof of Lemma 7, if we
introduce an additional load of type [ on lane (i, 7), then the change in the solution of problem (21)
is given by the min-cost flow augmenting path from node j to (i,j,1) in Figure 4.b. Let this flow
augmenting path be Q'. If C](—e;, ej,d) + ¢;ju < 0, then the second case in the proof of Lemma 7
holds. Therefore, Q' first connects node j to node i, and then, node i to node (7, j,1). This means that

Q' is equal to the min-cost flow augmenting path QF (—e;, e;,d) appended by the arc that connects
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node i to node (i,7,1). Then, the result follows.

The second part holds because any acyclic path from node j € Z in the middle section of Figure
4.a (or Figure 4.b) to node i € Z on the left side traverses either zero or two of the arcs corresponding
to the variables {r;:11 : j € Z}. If a path traverses two of these arcs, then one of these arcs is a

forward arc and the other is a backward arc in the path. O

Proof of Lemma 5 We now show the second part. We first note that any acyclic path from node

(i,k) € T x K on the left side of Figure 3 to the sink node can only visit the nodes {(i, k) : &’ € K}.

Assume that the result does not hold. This means that 07, (¥, d) cannot be written as a vector

whose elements are +1, —1 or 0, and hence, there exist j' € Z, ¥’ € K such that [0 ,d)| > 2.

’t+1<
Assume that § ,t+1( e¥ d) > 2. Since we have

oFia(ef, d) =D Erbulef
€T LeL
there exist 7/,7” € Z and I',1” € L such that £ ,l,t( e¥,d) = +1 and fz?f,kjl,l,,t(ef, d) = +1. Because of our
initial observation, we must have i’ = ¢ = i. But, having er’fl/,t(ef,d) = +1 and Sfj]fl/ut(ef,d) =+1
implies that, on the min-cost flow augmenting path from node (i, k) to the sink node, there are two
forward arcs that leave node (i,k’). This contradicts the fact that the min-cost flow augmenting

path is acyclic. One can also reach a contradiction by assuming that 5 (ef, d) < =2 O

j’ t+1

Proofs of Propositions 4 and 6 use the following result.

Lemma 8 For a separable function G(-) : R — R, we have

G (:U + ;aiez) - G(z) = Z; {G (z + ae;) — G(z)}

where a; € R for all 1 =1,...,n and e; is the n-dimensional unit vector with a 1 in the i-th element.

Proof of Lemma 8 Letting G(z) =Y ;" gi(z;) where g;(-) : R - R for all i = 1,...,n, we have

G (:r +)° oziei> —Gw) =) {gi (@i + ai) — gilwi)}
=1 =1

n i—1 n
:Z Zgj(xj)+9i(xi+04i) + Z 9;(x;) Zg] () ¢ - -
=1 7j=1 Jj=i+1
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