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ON THE SENSITIVITY OF COMPLEX, INTERNALLY COUPLED SYSTEMS 

Ja ros l  aw Sobieszczanski -Sobi esk i *  
NASA Langley Research Center, Hampton, V i r g i n i a  

Abs t rac t  

A method i s  presented. f o r  computing s e n s i t i v -  
i ty d e r i v a t i v e s  w i t h  respect  t o  independent ( i n p u t )  
v a r i a b l e s  f o r  complex, i n t e r n a l l y  coupled systems, 
w h i l e  avo id ing  the  c o s t  and inaccuracy o f  f i n i t e  
d i f f e r e n c i n g  performed on the  e n t i r e  system anal- 
y s i s .  The method e n t a i l s  two a l t e r n a t i v e  algo- 
r i thms:  the  f i r s t  i s  based on the c l a s s i c a l  i m -  
p l  i c i t  f u n c t i o n  theorem formulated on res idua ls  o f  
governing equations, and the  second develops t h e  
system s e n s i t i v i t y  equations i n  a new form us ing  
the p a r t i a l  ( l o c a l  1 s e n s i t i v i t y  d e r i v a t i v e s  o f  t h e  
o u t p u t  w i t h  respect  t o  the i n p u t  f o r  each p a r t  o f  
t h e  system. A few a p p l i c a t i o n  examples are pre-  
sented t o  i l l u s t r a t e  t h e  discussion. The method 
has a p o t e n t i a l  t o  answer the  "what i f "  questions 
by p resen t i  ng engineers w i  t h  s e n s i t i v i t y  i nforma- 
t i o n  on design t r a d e - o f f s  t o  guide human judgment 
and formal op t im iza t i on .  I n  add i t i on ,  t h e  nethod 
i s  compatible w i t h  the modern technology o f  d i s -  
t r i b u t e d  computing as vrell as t r a d i t i o n a l  d i v i s i o n  
of design tasks among groups o f  s p e c i a l i s t s  i n  the  
des ign process. 
e f fects  o f  proposed design changes may p rov ide  the  
b a s i s  f o r  a mathematical model o f  design. 

The c a p a b i l i t y  t o  q u a n t i f y  t he  
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Nomenclature 

the  i - t h  CA 
c o n t r i b u t i n g  analys is ,  a "black box'' 
t ransforming i n p u t  i n t o  ou tpu t  data used i n  
ana lys i s  o f  a system; u s u a l l y  associated w i t h  
an engineer ing d i s c i p l i n e ,  o r  a phys i ca l  p a r t  
o f  t he  system 
CPU t ime f o r  computing system s e n s i t i v i t y  
d e r i v a t i v e s  by a one-step f i n i t e  d i f f e r e n c e  
procedure i n v o l v i n g  repeated ana lys i s  o f  t he  
e n t i r e  system 
CPU t ime f o r  computing system s e n s i t i v i t y  
d e r i v a t i v e s  us ing  GSEl 
CPU t ime  f o r  computing system s e n s i t i v i t y  
d e r i v a t i v e s  us ing GSE2 
vec to r  o f  f unc t i ons  forming the equations 
governing a phys ica l  phenomenon 
f u n c t i o n a l  r e l a t i o n s h i p  
Global S e n s i t i v i t y  Equations based on p a r t i a l  
d e r i v a t i v e s  o f  res idua ls  
Global S e n s i t i v i t y  Equations based on t h e  
p a r t i a l  d e r i v a t i v e s  o f  ou tpu t  w i t h  respect  t o  
i n p u t  o f  each CA 
number o f  i n p u t  i tems received by a CA from 
o the r  CA's 
i d e n t i t y  m a t r i x  
number o f  independent va r iab les  i n  a CA 
number o f  unknown v a r i a b l e s  i n  a CA 
number o f  t he  CA's i n  a system analys is .  

System Analys is  

X vec to r  o f  independent v a r i a b l e s  
Y vec to r  o f  dependent va r iab les  
Z number o f  unknown va r iab les  i n  a CA 

*Deputy Head I n t e r d i s c i p l i n a r y  Research Of f ice,  

one s o l u t i o n  o f  Eq. 1 f o r  a l l  t h e  
ou tpu t  unknowns Y 

AF AIAA.  

a,$,y i d e n t i f i e r s  f o r  CAls i n  a small system o f  
t h ree  CAls, equ iva len t  o f  AI, A*, A3 

Subscripts, superscr ip ts ,  speci a1 markings: 

i ,j,k subsc r ip t s  i d e n t i f y i n g  CA's, elements o f  
vectors, and elements o f  matr ices 

o s u p e r s c r i p t  or  subsc r ip t  i d e n t i f y i n g  an i n i -  
t i a l  value, o r  a no rma l i za t i on  denominator 

overbar l i n e a r i z e d  f u n c t i o n  
ti l de normalized, nondimensional q u a n t i t y  
arrow above character  designates a vec to r  

Other symbols used l o c a l l y  are i d e n t i f i e d  where 
introduced. 

I n t r o d u c t i o n  

"What i f "  i s  the  a l l  impor tant  quest ion t h a t  
a r i s e s  again and again i n  desigq. Indeed, i t  may 
be argued t h a t  t he  design process i s  n o t  complete 
u n t i l  a l l  such p e r t i n e n t  questions have been asked, 
s a t i s f a c t o r i l y  answered, and the  answers t r a n s l a t e d  
i n t o  design changes toward a product  as good as i t  
can be made under a s e t  o f  g iven r e s t r i c t i o n s .  I f  
the  o b j e c t  be ing designed i s  a complex, coupled 
system, the  "what i f "  questions are d i f f i c u l t  t o  
answer because, t o  borrow a phrase from (Ref. 11, 
" i f  you make any change t o  i t  the re  a re  l i k e l y  t o  
be many sub t le  consequences". 
from aerospace i s  t h e  forebody shape i n  hypersonic 
a i r c r a f t  whose change in f luences s t ruc tu res ,  aero- 
dynamics, propuls ion,  and, u l t i m a t e l y ,  t he  
performance. 

and engineer ing judgment i s  ind ispensable t o  answer 
them. However, i n  aerospace veh ic le  design a g r e a t  
deal o f  "what i f "  questions can be q u a n t i f i e d  e i -  
t h e r  by assessing t h e  e f f e c t s  o f  r e l a t i v e l y  l a r g e  
v a r i a t i o n s  o f  the v a r i a h l e s  i nvo l ved  (a parametr ic  
study) o r  by consider ing very small ,  t h e o r e t i c a l l y  
i n f i n i t e s i m a l  v a r i a t i o n s  t o  c a l c u l a t e  s e n s i t i v i t y  
de r i va t i ves .  

A recent  example 

Many "what i f "  quest ions cannot be q u a n t i f i e d  

The focus o f  t h i s  paper i s  on s e n s i t i v i t y  
analys is .  While recent  developments i n  numerical 
methods prov ided engi neers w i t h  many use fu l  tech- 
niques f o r  d i s c i p l i n a r y ,  o r  subsystem, s e n s i t i v i t y  
analys is ,  e.g., (Refs. 2, 3, 4 ) ,  examination o f  
l i t e r a t u r e ,  e.g., (Refs. 1, 5, 6) shows a v o i d  as 
f a r  as the comparable methods app l i cab le  t o  e n t i r e  
systems a re  concerned. Th is  paper's purpose i s  t o  
address t h a t  v o i d  and t o  o f f e r  a system s e n s i t i v i t y  
t n a l y s i s  capable o f  answering the  q u a n t i t a t i v e  
what i f "  design questions. To t h a t  end, the paper 

presents  a method f o r  computing s e n s i t i v i t y  der iva-  
t i v e s  w i t h  respec t  t o  independent ( i n p u t )  v a r i a b l e s  
f o r  complex, i n t e r n a l l y  coupled systems, w h i l e  
avo id ing  the  c o s t  and inaccuracy o f  f i n i t e  d i f f e r -  
encing performed on the e n t i r e  system ana lys i s .  
The method e n t a i  1 s two a1 t e r n a t i  ve a1 g o r i  thms: the  
f i r s t  i s  based on the  c l a s s i c a l  i m p l i c i t  f u n c t i o n  
theorem formulated on res idua ls  o f  governing equa- 
t i ons ,  and t h e  second develops the  system s e n s i t i v -  
I t y  equations i n  a new form us ing  t h e  p a r t i a l  

1 



( loca l )  s ens i t i v i ty  derivatives of the output w i t h  
respect t o  the i n p u t  fo r  each part  of the system. 
A few application examples are presented to  i l l u s -  
t r a t e  the discussion. 

Statement of the Problem 

system i s  defined a s  physical object whose behavior 
i s  described by a vector Y ,obtainable as a solution 
of a s e t  of simultaneous (coupled) equations which 
can be parti t ioned in to  subsets such as 

In t h i s  paper, a complex, internally coupled 

; ( ( x , Y O , Y a ) , Y  Y 1 = 0 

Each of the system subsets represents a d i s t i nc t ,  
separate analysis t ha t  will be referred to  as con- 
t r i b u t i n g  analysis ( C A I ,  usually associated with a 
par t icu lar  engineering d isc ip l ine ,  or a d i s t i n c t  
physical p a r t  (a subsystem) of the system, or both. 
Partitioning of the system analysis in to  separate 
b u t  coupled CA's amounts to a system decomposition. 
The Operations Research 1 i te ra ture  c a l l s  such par- 
t i t ion ing  an aspect decomposition i f  the C A ' s  cor- 
respond to disciplines,  and an object decomposition 
i f  they correspond to  physical subsystems (Ref. 7). 
In most engi neeri ng problems both types of decompo- 
s i t i on  are used simultaneously to  break the large 
task into smaller ones. Mathematics developed in 
t h i s  paper applies equally t o  both types. 
mathematical discussion herein i s  based on three 
par t i t ions  because t h a t  i s  a number vhich i s  con- 
veniently small, and ye t  su f f i c i en t  t o  es tab l i sh  
patterns tha t  can easily be generalized to  arbi- 
t r a r i l y  large number of par t i t ions .  Solving the 
e n t i r e  s e t  of equations will be referred to  as 
the system analysis which can be written as 
F ( Y , X )  = 0. 

Each C A  yields a solution i n  form of J vector 
Y *  (where subscript  * stands fo r  a, 3 or y ,  and 
iden t i f i e s  a subset of Y )  l i s t e d  l a s t  in the paren- 
theses, given the input l i s t e d  in the inner paren- 
theses. 
the input t o  one CA includes outputs from the other 
CAS - as  shown by the arrows in Figs. 1. The cou- 
pled system i s  depicted in F i g .  2 by a directed 
graph representation (e.g., (Ref. 1)). 

t ions  i n  which a t  l e a s t  some CA's are nonlinear and  
complex, so t ha t  the system analysis can only be 
done i te ra t ive ly .  
by a group of spec ia l i s t s ,  maybe a t  a separate sub-  
contractor organization. 
by an example of a i r c ra f t  wing design incorporating 
nonlinear aerodynamics, s t ruc tures ,  and active con- 
t ro l  (aspect decomposition), o r  substructuring (ob-  
j e c t  decomposition). 

The system solution Y i s  sensit ive to  the 
independent variables X present in the C A  inputs. 
I t  i s  important t o  emphasize tha t  the independent 
variables X may include not only the designer- 
decided inputs (design variables) b u t  also other 
inputs external t o  the system, fo r  example, 1 oads , 

All the 

The system i s  internally coupled because 

This paper's focus i s  on large scale applica- 

Typically, a C A  is carried o u t  

T h i s  may be i l l u s t r a t ed  

heat flux, etc. In the most general case, a l l  
variables X may occur in the i n p u t  t o  each C A P  b u t  
i n  most practical applications only a subset of the 
vector X will enter the i n p u t  of a par t icu lar  C A .  

One way to  compute sens i t iv i ty  derivatives of 
the solution Y with respect t o  the independent 
variables X i s  a f i n i t e  difference technique de- 
picted by a flowchart i n  F i g .  3 i n  i t s  simplest, 
one-step-forward, version. I t  requires repeti t ion 
of the system analysis for  every perturbed X. 
may be prohibitively costly,  particularly i f  the 
system analysis i s nonl  i near and/or i t e r a t ive .  

T h i s  

Eien more importantly, i t  may be inaccurate t o  the 
oi n t  o f  produci ng meaning1 ess resul ts as the  

{ffect of small perturbations in X may drown in the 
noise of the i t e r a t ive  solution of the system 
(e.g., Ref. 9 ) .  
by increasing the perturbation magnitude may i ntro- 

Attempting t o  remedy this e f f ec t  

duce s igni f icant  e r ror  due to the analysis nonlin- 
ear i ty .  
which accuracy of f i n i t e  differencing i s  acceptable 
becomes problem dependent and may n o t  even ex is t .  

sens i t iv i ty  derivatives of the system s o l u t i o n  Y 
with respect t o  the independent variables X without 
resorting t o  a f i n i t e  di f ference operation i nvol v- 
ing the en t i r e  system analysis as in F i g .  3. 

Consequently, the perturbation range i n  

Thus, the problem i s  how t o  calculate the  

So 1 u t i  on 

As mentioned in the Introduction, there a re  a t  
l ea s t  two ways of solving the systein sens i t i v i ty  
problem. A residual-based solution w i l l  be intro- 
duced f i r s t ,  and  a n  a l te rna t ive  using local o u t p u t  
sens i t iv i ty  will follow. 

Residual-Based Solution 

The imp1 i c i t  function theorem of functional 
analysis, e.g., Ref. 9 s t a t e s  t h a t  a s e t  of 
governing equations 

has the following sens i t iv i ty  equations 

( 3 )  

The sens i t iv i ty  equations are always siinul taneous, 
l inear ,  and  algebraic, regardless of the mathemati- 
cal nature ( n o n l  i near, transcendental , etc.  1 of the 
governing equations of the system. In Eq. 3, the  
ma t r ix  of  coef f ic ien ts ,  m x m y  i s  a Jacobian matrix 
of the partial  derivatives with respect t o  depen- 
dent variables, and the right-hand-side vector con- 
ta ins  the partial  derivatives with respect t o  a 
par t icu lar  independent variable. These partial  
derivatives a re  evaluated using the X and Y values 
which sa t i s fy  E q .  2. In other words, solution of 
the governing equations, Eq. 2, i s  a prerequisite 
t o  forming and sol vi ng  the sensi t i v i  ty equations, 
E q .  3. 

derivatives of the dependent variables with respect 
t o  a par t icu lar  independent variable. I t  will be 
useful in further discussion to  have noted a t  t h i s  
point t h a t  Eq. 3 i s  based on residuals of E q .  2, 

The solution vector of Eq. 3 comprises the 
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i.e., a pe r tu rba t i on  o f  one element i n  X a lone 
would generate a vec to r  o f  res idua ls  o f  F r e p l a c i n g  
zero on t h e  r i g h t  hand s ide  o f  the equation. S i m i -  
l a r l y ,  a pe r tu rba t i on  o f  one element i n  Y a lone 
would a l s o  generate a res idua l  vector. Conse- 
quently, t o  ma in ta in  the  r i g h t  hand s ide  a t  zero 
desp i te  the  p e r t u r b a t i o n  o f  X, t he re  must be a 
change o f  i n  Y subordinated t o  the  change o f  X t o  
make the  res idua l  vectors  due t o  Y and X o f f s e t  
each other .  
e r a t e  compensating res idua ls  t h e  r a t e s  o f  change o f  
the res idua ls  w i t h  respect  t o  the  dependent and 
independent va r iab les  must balance each other, tak-  
i n g  i n t o  account the  i m p l i c i t  dependence o f  Y on X. 
I n  o the r  words, t he  t o t a l  d e r i v a t i v e  w i t h  respect  
t o  X o f  t he  res idua ls  o f  Eq. 2 must vanish. 

The method f o r  computing the  terms g iven i n  
Eq. 3 i s  problem-dependent. Obviously, an a n a l y t i -  
c a l  d i f f e r e n t i a t i o n  i s  p r e f e r r e d  but ,  i f  t h a t  i s  
n o t  poss ib le ,  a f i n i t e  d i f f e r e n c e  technique may be 
appl ied.  Since the  f i n i t e  d i f f e r e n c e  technique i n  
t h i s  a p p l i c a t i o n  i s  used t o  c a l c u l a t e  the p a r t i a l  
d e r i v a t i v e s  o f  res idua ls ,  i t  requ i res  only  an eval- 
u a t i o n  o f  F(Y,X) f o r  pe r tu rba t i ons  o f  i t s  arguments 
i ns tead  o f  a s o l u t i o n  o f  F(Y,X) = 0 f o r  each per- 
t u rba t i on .  Thus, t h e  f i n i t e  d i f f e r e n c e  opera t i on  
performed on the  e n t i r e  system ana lys i s  as i n  
F ig .  3 i s  e l iminated.  

When app l i ed  t o  the  p a r t i t i o n e d  system i n  
Eq. 1, t h e  s e n s i t i v i t y  equations 3 take on t h i s  
form 

Equation 3 merely s ta tes  t h a t  t o  gen- 

- 
- - - -  - - - -  

s t r u c t u r a l  ana lys i s  where t h e  r e s i d u a l s  a re  unequ- 
i l i b r a t e d  loads) .  These reasons mot ivated der iva-  
t i o n  o f  a new form f o r  t h e  system s e n s i t i v i t y  equa- 
i ons  n o t  predicated on the  res idua ls .  

Formulat ion Based on S e n s i t i v i t i e s  o f  I n d i v i d u a l  
.€A'S - 

Residual-independent s e n s i t i v i t y  equations may 
be de r i ved  i n  more than one way. 
shown below i s  based on l i n e a r i z a t i o n  o f  t he  
governing equations 1, an a1 t e r n a t i v e  d e r i v a t i o n  i s  
shown i n  Appendix A. 

Equation 1 r e l a t e  each p a r t i t i o n  o f  Y t o  the  X 
and t h e  o the r  p a r t i t i o n s  o f  Y so t h a t  from each 
equa ti on: 

The d e r i v a t i o n  

Ya = fa(X,Ys,Yy) 

y 8 = f&X,Ya,Yy) (5) 

Y = f (X,Y Y 
Y Y B ' a  

These func t i ons  may be l i n e a r i z e d  i n  the  neighbor- 
hood o f  t he  s o l u t i o n  o f  Eq. 1 denoted Yao, Yea, Yyo 
us ing  a c u r t a i l e d  Tay lo r  ser ies.  
example: 

Using Ya as an 

Ya = Yao + (afa/aX)Ax + (afa/aYe)AY 6 

+ (afa/aYy)AYY ; (6) 

By moving a l l  terms t o  the  l e f t  hand side, Eq. 6 
a re  transformed i n t o  a l i n e a r i z e d  ve rs ion  o f  Eq. 1 

r e f e r r e d  t o  as the  Global S e n s i t i v i t y  Equations 1 
(GSE1). These equations con ta in  as unknowns the 
s e n s i t i v i t y  d e r i v a t i v e s  o f  t he  system s o l u t i o n  Y 
( p a r t i t i o n e d )  w i t h  respect  t o  an independent v a r i -  
ab le  X (one a t  a t ime). The i r  m a t r i x  o f  c o e f f i -  
c i e n t s  i s  populated by t h e  p a r t i a l  d e r i v a t i v e s  o f  
t he  res idua ls  o f  each CA w i t h  respect  t o  t h e  i n p u t  
t h a t  CA receives from the o the r  CA's, and the  
r ight -hand-s ide vec to r  i s  formed from the  p a r t i a l  
d e r i v a t i v e s  o f  t he  CA res idua ls  w i t h  respect  t o  t h e  
independent v a r i a b l e  d i r e c t l y  a f f e c t i n g  t h a t  CA. 
For a general case o f  N CA's, t he  equations acqu i re  
a format shown i n  Appendix A. 

Despi te  t h e i r  p o t e n t i a l  c o s t  and accuracy 
advantages, t h e  use o f  t he  s e n s i t i v i t y  equations 4 
based on r e s i d u a l s  may n o t  be s t r a i g h t f o r w a r d  i n  
engineer ing p r a c t i c e  because e x i s t i n g  d i s c i p l i n a r y  
codes have u s u a l l y  no p rov i s ions  t o  compute the 
res idua ls ,  and the  res idua ls  usua l l y  have no obvi -  
ous phys i ca l  meaning t h a t  would a l l o w  the  user  t o  
judge v a l i d i t y  o f  t he  numbers (An except ion i s  

- (afa/aYS)(Ys - ys0) 

- 
Y = yy - Yyo - (afy /ax)(x  - xo) 

- (afy/aYa)(Ya - yaoI  

+ - (afy /aY6)(~,  - ys0) = o 

Under some cond i t i ons  discussed i n  Appendix A, 
Eq. 7 may have no s o l u t i o n  because o f  s i n g u l a r i t y  
o f  t h e i r  m a t r i x  o f  c o e f f i c i e n t s .  
s i n g u l a r i t y  c o n d i t i o n s  examined i n  the  Appendix A 
do n o t  occur, i t  i s  ax iomat ic  t h a t  Eq. 7 and 1 have 
the  same so lu t i ons  Y and t h a t  these s o l u t i o n s  have 
t h e  same d e r i v a t i v e s  w i t h  respect  t o  X, consequent- 
l y ,  we may t r e a t  Eq. 7 as surrogate governing equa- 
t i ons .  

Assuming t h a t  

The i m p l i c i t  f u n c t i o n  theorem may now be 
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app l i ed  t o  these equations j u s t  as i t  was app l i ed  
t o  Eq. 1 by performing the  d i f f e r e n t i a t i o n  shorn i n  
Eq. 3. This y i e l d s  s e n s i t i v i t y  equations i n  the  
form: 

I I - a f a / a Y s  - a f a / a Y y  

I -af,/aY 
Y 

- a f g / a Y a  ; I 

- a f y / a Y a  - a f y / a Y s  I 
- - 

termed Global S e n s i t i v i t y  Equations 2. For a 
general case o f  N CA's, t h e  equations acqui re a 
format  shown i n  Appendix A. 

Equation 8, con ta ins  no res idua ls  o f  t he  CA's. 
Instead, i t s  m a t r i x  of c o e f f i c i e n t s  i s  populated by 
t h e  s e n s i t i v i t y  d e r i v a t i v e s  o f  each CA ou tpu t  w i t h  
respect  t o  t h a t  C A ' s  i npu t ,  and i t s  r i g h t  hand s ide  
vec to r  represents s e n s i t i v i t y  o f  a CA's ou tpu t  w i t h  
respect  t o  the  independent v a r i a b l e  (one a t  a t i lne) 
d i r e c t l y  a f f e c t i n g  t h a t  CA. As f a r  as the  complete 
system i s  concerned, these d e r i v a t i v e s  are p a r t i a l  
( l o c a l )  de r i va t i ves ,  w h i l e  t h e  s o l u t i o n  o f  Eq. 8 
y i e l d s  the d e r i v a t i v e s  o f  the s o l u t i o n  Y 
( p a r t i t i o n e d )  w i t h  respect  t o  an independent 
v a r i a b l e  (one a t  a t ime). By d e f i n i t i o n ,  t h e  
p a r t i a l  d e r i v a t i v e s  represent  s e n s i t i v i t y  o f  each 
i s o l a t e d  CA, and the d e r i v a t i v e s  o f  Y represent  the  
system s e n s i t i v i t y  w i t h  a l l  t he  coupl ings (e.g., 
F igs.  1 and 2)  f u l l y  accounted f o r .  

30 th  G S E l  and GSEZ, Eqs. 4 and 8, produce t h e  
same s o l u t i o n  vec to r  and both are equa l l y  exac t  
because they are de r i ved  from a mathematical theo- 
rem w i thou t  any simp1 i f y i n g  assumptions o r  approx i -  
mations. S i m i l a r i t y  o f  mathematical cha rac te r i s -  
t i c s  and p o t e n t i a l  usage among the two se ts  o f  
equat ions a l lows t o  l i m i t  the ensuing d iscuss ion t o  
GSEZ, occas iona l l y  us ing  the  n o t a t i o n  GSEx t o  
address both G S E l  and GSEZ. 
does n o t  imply  an u n q u a l i f i e d  recomnendation o f  
GSE2 over G S E l .  The choice i s  up t o  t h e  user  and 
i t  depends on the  f a c t o r s  a l ready s ta ted  i n  the  
foregoing as mo t i va t i ons  f o r  t he  GSE2 development, 
and on the considerat ions o f  c o s t  and b e n e f i t s  
discussed 1 a t e r  (supported by Appendix €3). 

F igure 4 i l l u s t r a t e s  d e t a i l s  o f  the GSE2 
s t r u c t u r e  f o r  t h ree  CA's. The general p a t t e r n  i s  
e a s i l y  ex t rapo la ted  t o  l a r g e r  number o f  CA's. The 
m a t r i x  o f  c o e f f i c i e n t s  has i d e n t i t y  submatrices on 
the diagonal. Each o f f -d iagona l  submatrix i s  a 
Jacobian m a t r i x  corresponding t o  a CA. For ex- 
ample, the Jacobian a t  t he  upper r i g h t  cormer i n  
F ig .  4 conta ins p a r t i a l  s e n s i t i v i t y  d e r i v a t i v e s  o f  
every i t em o f  ou tpu t  from t h e  a CA, a column m 
long, w i t h  respect  t o  every one of m i n p u t  i tgms 

Y t h e  a CA receives from t h e  y CA, hence the m 

Th is  emphasis on GSEZ 

Y 

columns i n  t h e  Jacobian. 
Jacobian a t  the lower  l e f t  corner comprises t h e  
p a r t i a l  d e r i v a t i v e s  o f  the ou tpu t  from t h e  y CA 
w i t h  respect  t o  the i n p u t  t h e  y CA rece ives  from 
t h e  a CA. I n  general case t h e  two Jacobians are 
n o t  symnetric. 
Jacobian matr ices might  be drawn from a case o f  an 
a c t i v e l y  c o n t r o l l e d  f l e x i b l e  wing. Then, assuming 
the  CA's a, B ,  and y t o  be aerodynamics, s t ruc -  
tures,  and a c t i v e  con t ro l s ,  respec t i ve l y ,  t he  upper 
r i g h t  Jacobian would i nc lude  the  p a r t i a l  s e n s i t i v -  
i t y  d e r i v a t i v e s  the aerodynamic pressure a t  s e l e c t -  
ed l o c a t i o n s  on the  wing t o  the  c o n t r o l  sur face 
de f l ec t i ons .  Correspondingly, the lower  l e f t  
Jacobian might  comprise o f  t he  p a r t i a l  d e r i v a t i v e s  
o f  t he  c o n t r o l  sur face d e f l e c t i o n s  t o  t h e  aerodyna- 
mic pressure c o e f f i c i e n t s .  
r i v e  from the  c o n t r o l  law t h a t  es tab l i shes  a func- 
t i o n a l  r e l a t i o n s h i p  between the  c o n t r o l  sur face 
d e f l e c t i o n s  and the aerodynamic pressure on t h e  
wing (sensed d i r e c t l y  o r  i n d i r e c t l y ) .  

t h e  p a r t i a l  s e n s i t i v i t y  d e r i v a t i v e s  o f  t h e  CA 
ou tpu t  w i t h  respect  t o  a p a r t i c u l a r  independent 
v a r i a b l e  X. These p a r t i a l  d e r i v a t i v e s  a re  nonzero 
f o r  those CA's t h a t  a re  d i r e c t l y  i n f l uenced  by t h a t  
p a r t i c u l a r  independent va r iab le .  Re fe r r i ng  again 
t o  the  above example o f  a f l e x i b l e  wing, i f  t h e  
v a r i a b l e  X were, say, t he  p lanform aspect r a t i o ,  
the nonzero elements of t he  r ight -hand-s ide vec to r  
would occur a t  the l o c a t i o n s  corresponding t o  the 6 
and y p a r t i t i o n s ,  s ince on ly  the  aerodynamics and 
s t r u c t u r e s  would be d i r e c t l y  in f luenced.  

The GSEZ m a t r i x  o f  c o e f f i c i e n t s  depends on ly  
on t h e  coupl i n g  among t h e  CA's and n o t  a t  a1 1 on 
the s e n s i t i v i t y  t o  the  design va r iab les .  The 
opposi te  i s  t r u e  for, the r ight -hand-s ide vectors .  
Thus, t he  m a t r i x  can be formed and fac to red  once, 
and the  s o l u t i o n s  f o r  many design va r iab les  can be 
obta ined by repeated back -subs t i t u t i ons  o f  each 
r ight -hand-s ide vector .  The coupl i n g  among t h e  
CA's i s  r e f l e c t e d  i n  t h e  topology o f  the GSE2 
m a t r i x  as shown i n  a few examples i n  Fig. 5 and 6. 
I f  the re  are no coupl ings (# l ) ,  t he  m a t r i x  i s  an 
i d e n t i t y  m a t r i x  and the  d e r i v a t i v e s  o f  Y are equal 
d i r e c t l y  t o  the  p a r t i a l  d e r i v a t i v e s  on t h e  r i g h t -  
hand-side. Each coup l i ng  l i n k  generates an o f f -  
diagonal Jacobian u n t i l  the m a t r i x  becomes f u l l y  
populated f o r  a f u l l y  coupled system ( # 7 ) .  
c o e f f i c i e n t  m a t r i x  i n  the GSEZ e x h i b i t s  a the  same 
pa t te rn .  

There i s  a coincidence o f  form between t h e  
m a t r i x  o f  c o e f f i c i e n t s  i n  GSEx and the so-ca l led 
equat ion precedence m a t r i x  ( o r  N-Square M a t r i x )  
used i n  Operations Research l i t e r a t u r e  (e.g., 
(Ref. 1, p. 87)) t o  analyze i n t e r n a l  coupl ings i n  
systems. Namely, each non-zero, o f f -d iagona l  
Jacobian i n  the GSEx m a t r i x  o f  c o e f f i c i e n t s  
corresponds t o  a non-zero element i n  the N-Square 
m a t r i x  f o r  t he  same system. 

s t r u c t u r a l  engineer, one may observe t h a t  i f  F i n  
Eq. 2 represents s t r u c t u r a l  l o a d - d e f l e c t i o n  equa- 
t i o n s ,  then the Jacobians i n  Eq. 8 correspond t o  
subst ructures or ,  u l t i m a t e l y ,  i n d i v i d u a l  f i n i t e  
e l  ement s . 

The corresponding 

An example o f  t he  above two 

These d e r i v a t i v e s  de- 

On the  r i g h t  hand side, t he re  i s  a vec to r  of 

The 

As a ma t te r  o f  a p a r t i c u l a r  i n t e r e s t  t o  a 

I n  some a p p l i c a t i o n s  i t  may be convenient ( f o r  
instance, when the X va r iab les  are measured i n  
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d i f f e r e n t  u n i t s )  t o  have a l l  terms i n  GSE2 dimen- 
s ion less.  A nondimensional ve rs ion  o f  the GSEZ i s  
g i ven  i n  Appendix A. 

Examples 

Since both the G S E l  and GSE2 (Eqs. 4 and 8, 
r e s p e c t i v e l y )  a re  r i g o r o u s l y  de r i ved  from a fun- 
damental theorem they do n o t  need numerical v e r i f i -  
ca t i on .  However, a few examples are prov ided f o r  
the usage o f  CSE2 t o  support t he  d iscuss ion o f  
cos ts  and b e n e f i t s  t h a t  w i l l  f o l l ow .  

A simple example o f  a 2D a i r f o i l  i n  a i r f l o w  i s  
shown i n  Fig. 7. The a i r f o i l  i s  supported by two 
l i n e a r  spr ings attached t o  a ramp whose angle o f  
i n c l i n a t i o n  J, i s  an independent var iab le.  The 
e l a s t i c  degrees o f  freedom al lowed are on ly  the  
p i t c h  and t h e  plunge. The l i f t  c o e f f i c i e n t  i s  
assumed t o  be a non l i nea r  f u n c t i o n  of the angle 
o f  a t tack  i l l u s t r a t e d  i n  Fig. 8 and def ined i n  
Table 1 - Aerodynamics. The f u n c t i o n  i s  se t  up 
d e l i b e r a t e l y  as a transcendental f u n c t i o n  t o  admit 
on l y  an i t e r a t i v e  system analys is .  The angle o f  
a t t a c k  e depends on the  ramp angle (des ign v a r i a b l e  
J, and the  a i r f o i l  e l a s t i c  support p i t c h  angle $. 

The a i r f o i l  on spr ings i s  an aerodynamic- 
s t r u c t u r e  system abst racted as a d i r e c t e d  graph i n  
F i3 .  9. A l l  t he  equations t h a t  c o n s t i t u t e  the 
Aerodynamic and Structures CA's i n  the  graph a re  
1 i sted  i n  Table 1 which a1 so shows the  problem 
n o t a t i o n  and i t s  correspondence t o  the gener ic  
n o t a t i o n  used i n  the  paper, and t h e  numerical data 
f o r  t h e  example. The purpose o f  the example i s  t o  
show computation o f  t he  d e r i v a t i v e s  o f  t he  system 
s o l u t i o n  ou tpu t  - the  l i f t  L and the  e l a s t i c  p i t c h  
angle 9 - by means o f  t h e  GSE2 and t o  compare the  
r e s u l t s  w i t h  those from a f i n i t e  d i f f e r e n c e  
technique. 

The system s o l u t i o n  was found i t e r a t i v e l y  and 
i s  l i s t e d  i n  Table 2 f o r  a r b i t r a r y  J, value o f  .05 
rad. Next, t he  s e n s i t i v i t y  d e r i v a t i v e s  o f  L and J, 
with respec t  t o  the  angle J, were obta ined by t h e  
f i n i t e  d i f f e rences  procedure a t  t he  system l e v e l  
i l l u s t r a t e d  i n  F ig .  3 which requ i red  r e p e t i t i o n  o f  
t he  i t e r a t i v e  s o l u t i o n  f o r  t he  angle J, incremented 
by .0025 r a d  t o  .0525 rad. These d e r i v a t i v e s  a re  
shown i n  Table 2 and p rov ide  reference f o r  compari- 
son w i t h  the same d e r i v a t i v e s  computed us ing t h e  
GSE2. I n c i d e n t a l l y ,  t he  d e r i v a t i v e  o f  L i s  g rea te r  
than the p a r t i a l  d e r i v a t i v e  due t o  the e l a s t i c  
e f f e c t .  The GSEZ and t h e  numerical values o f  t he  
p a r t i a l  d e r i v a t i v e s  t h a t  en te r  these equations a re  
a l so  g iven i n  Table 2 ( these equations are a l so  
shown i n  a dimensionless format i n  Appendix A). 
The p a r t i a l  d e r i v a t i v e s  were obta ined by the  same, 
simple, one-step-forward, f i n i t e  d i f f e r e n c e  pro-  
cedure r e f e r r e d  t o  above b u t  app l i ed  separate ly  t o  
Aerodynamics and S t ruc tu res  CA's. 
presents the GSE2 s o l u t i o n  t h a t  agrees with t h e  
f i n i t e  d i f f e r e n c e  r e s u l t s  obta ined a t  t h e  system 
l e v e l .  

The second example shows how the GSE2 equa- 
t i o n s  f o r  a system are made up o f  the p a r t i a l  
d e r i v a t i v e s  f o r  t he  system CA's. 
f l e x i b l e  wing w i t h  an a c t i v e  c o n t r o l  in tended t o  
reduce t h e  r o o t  bending moment. 
rec ted  graph and the coup l i ng  i n fo rma t ion  are shown 
i n  F ig .  10 - upper pa r t .  
f i g u r e  i l l u s t r a t e s  the  make-up o f  the GSEZ. 

t i n a l l y ,  Table 2 

The system i s  a 

The system d i -  

The bottom p a r t  o f  t he  

Dimensions o f  t he  a r rays  e n t e r i n g  the  GSE2 
depend on the number o f  the i n d i v i d u a l  pieces o f  
data (coup1 i n g  channel bandwidth, r e f e r r e d  t o  
as bandwidth, f o r  s h o r t )  communicated from one C A  
t o  another. These dimensions have a s t rong impact 
on the computational c o s t  o f  t he  method as shown i n  
t h e  next  sec t i on  and i n  Appendix B, therefore,  i t  
i s  impor tant  t o  keep the  bandwidths as small as 
poss ib le .  I n  t h i s  example, t he  S t ruc tu res -Ac t i ve  
Control channel does n o t  need t o  t ransmi t  more than 
a few s t r a i n  gage readings. S i m i l a r l y ,  t he  
Aerodynamics-Active Control channel t ransmi t s  o n l y  
a few dynamic pressure sensor i n d i c a t i o n s  ( o r  on l y  
the Mach number and the angle o f  a t tack  va lue from 
which the  pressures may be i n f e r r e d )  and one, o r  
two, c o n t r o l  sur face d e f l e c t i o n  angles. I n  con- 
t r a s t ,  t he  i n fo rma t ion  moving along the 
Aerodynamic-Structures channel may inc lude  hundreds 
o f  t he  dynamic pressure values f o r  d i s c r e t e  loca-  
t i o n s  on the wing, i f  a panel-based CFD code i s  
used, and thousands o f  t he  nodal p o i n t  d isp lace-  
ments ou tpu t  from a f i n i t e  element code. It i s  
ev ident ,  t h a t  t h i s  channel w i l l  r e q u i r e  a t t e n t i o n  
t o  reduce i t s  bandwidth. Such reduc t i on  may be 
achieved by rep resen t ing  deformations and loads by 
a re1 a t i v e l y  small number o f  genera l ized coord i  - 
nates and corresponding genera l ized fo rces  based on 
modal analys is ,  f o l l o w i n g  the  p r a c t i c e  we l l  estab- 
l i s h e d  i n  a e r o e l a s t i c i t y  analys is .  

system w i t h  a c t i v e  c o n t r o l  i s  described i n  
(Ref. 8). 

Another example o f  t he  use of the GSE2 f o r  a 

Costs and Bene f i t s  

By us ing GSEx (Eqs. 4 o r  81, t h e  c o s t  o f  
r e p e t i t i v e  system ana lys i s  requ i red  by f i n i t e  
d i f f e r e n c e  procedure (F ig .  3)  i s  e l iminated,  b u t  
t he  c o s t  o f  generat ing t h e  i n p u t  i n t o  these equa- 
t i o n s  and s o l v i n g  them i s  added. 
t ime as a s i m p l i f i e d  measure o f  t h e  computational 
cost ,  Appendix S shows, under a s e t  o f  assumptions, 
t h a t  the c o s t  f o r  the f i n i t e  d i f f e r e n c e  procedure 
o f  F ig .  3 increases w i t h  the square o f  t he  number 
o f  CA's i n  the  system. On the  o the r  hand, the c o s t  
o f  generat ing the  i n p u t  i n t o  GSEx under the same 
se t  o f  assumptions i s  p ropor t i ona l  t o  the  product  
o f  the number o f  C A ' s  and the bandwidth. These 
r e l a t i o n s  suggest t h a t  t he re  i s  a l i m i t  on t h e  
f i n i t e  d i f f e r e n c e  procedure's appl i c a b i l  i t y  t o  
l a r g e  systems, and show the  importance o f  t he  band- 
w i d t h  t o  the  c o s t  o f  t he  CSEx. As f a r  as the  
accuracy o f  GSEx i s  concerned, i t  depends on t h e  
c o n d i t i o n i n g  o f  i t s  m a t r i x  o f  c o e f f i c i e n t s  (see 
Appendix A) b u t  i s  n o t  a f f e c t e d  by the system 
d imensional i ty .  

s e n s i t i v i t y  ana lys i s  based on the GSE2 i s  t h a t  i t  
a l l ows  t o  t r e a t  t he  system as decomposed i n t o  a s e t  
o f  "black boxes" coupled by a we l l -de f i ned  sets  o f  
data. Each b lack box may, then, be subjected t o  
i t s  own s e n s i t i v i t y  ana lys i s  performed by spec ia l -  
i s t s  i n t i m a t e l y  f a m i l i a r  w i t h  the  s p e c i f i c s .  
s p e c i a l i s t s  may use any means f o r  the p a r t i a l  sen- 
s i t i v i t y  ana lys i s  a v a i l a b l e  such as: 
ference procedures, h i s t o r i c a l  s t a t i s t i c a l  data, 
approximate methods, o r  even judgmental assessment. 
It should a l so  be s t ressed t h a t  they may a l so  draw 
on the  d i s c i p l i n a r y ,  quas i -ana ly t i ca l  s e n s i t i v i t y  
ana lys i s  a1 g o r i  thms t h a t  are now undergoing an i n -  
tens i ve  development (Ref. 6) .  They may even o b t a i n  

Using the  CPU 

The p r i n c i p a l  q u a l i t a t i v e  advantage of t h e  

The 

f i n i t e  d i f -  
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t he  s e n s i t i v i t y  data exper imenta l ly .  I n  general, 
the approach d i v ides  the  l a b o r  and thus creates 
oppor tun i t y  f o r  concurrent  data processing i n  the 
contemporary d i s t r i b u t e d  computing environment, and 
supports a broad Nookfront i n  t h e  engineer ing 
organi z a t i  on. 

Another b e n e f i t  from the "black box" approach 
i s  t h a t  the GSEx are i n h e r e n t l y  recurs ive,  i n  the 
sense t h a t  each o f  the system's "black boxes" ( t h e  
CA's) may be a complex system w i t h i n  i t s e l f .  I f  
so, i t s  s e n s i t i v i t y  ana lys i s  may be c a r r i e d  o u t  as 
described here in,  t o  produce the s e n s i t i v i t y  d e r i  v- 
a t i v e s  t h a t  w i l l  be t r e a t e d  as the  s e n s i t i v i t y  par- 
t i a l  d e r i v a t i v e s  i n  the GSEx o f  the parent  system. 

Regarding o f  t he  choice o f  GSE2 vs. GSE1, i f  
the computational c o s t  was the on ly  f a c t o r  (see 
Appendix B )  G S E l  would be r.ecommended over GSE2. 
However, the n o n a v a i l a b i l i t y  o f  the res idua ls  i n  
e x i s t i n g  d i s c i p l i n a r y  codes, and d i f f i c u l t i e s  w i t h  
phys ica l  i n t e r p r e t a t i o n  o f  t he  res idua ls  c l e a r l y  
favo r  the  CSE2 format. Furthermore, t he  d i s c i p l  i n -  
ary  s e n s i t i v i t y  analyses are formulated t o  y i e l d  
data co i rpat ib le  w i t h  i n p u t  t o  GSE2 b u t  no t  CSE1. 
These considerat ions may be overr idden i n  the  f u -  
t u r e  by new d i s c i p l i n a r y  code developments ( a v a i l -  
a b i l i t y  o f  t he  res idua l  op t i ons )  encouraged by t h e  
s t rong c o s t  advantage o f  the GSE1. For  now. the  
choice i s  judgmental. 

Usage i n  Design 

Systematic procedure f o r  generat ing the  system 
s e n s i t i v i t y  data i n  a design process us ing the GSE2 
may be organized i n  a way shown by a Chapin-format 
(Ref. 10) f l owchar t  i n  F ig .  11. I t  begins w i t h  the  
system ana lys i s  f o r  a g iven X. The p a r t i a l  sensi- 
t i v i t y  d e r i v a t i v e  computations f o l l o w  i n  each CA 
independently f o r  t he  g iven X and g iven Y ( t h e  
l a t t e r  obta ined from the  system ana lys i s ) .  
p a r t i a l  d e r i v a t i v e  c a l c u l a t i o n s  may be c a r r i e d  o u t  
concu r ren t l y .  The f i n a l  ope ra t i on  i s  an assembly 
dnd s o l u t i o n  o f  t he  GSE2. The usage o f  GSEl  i s  
s i m i l a r .  The r e s u l t s  o f  a sys ten , , sens i t i v i t y  anal- 
y s i s  may be used t o  i d e n t i f y  t he  
and t o  determine design m o d i f i c a t i o n s  toward i m -  
provement, o r  they can be i n p u t  i n t o  a formal o p t i -  
m iza t i on  procedure. Since, i n  general case, t h e  
system s o l u t i o n  and i t s  s e n s i t i v i t y  ana lys i s  have 
t o  be updated af ter .  moving away from the p rev ious l y  
so lved design, t he  f l owchar t  procedure has t o  be 
i t e r a t e d  as the  design process advances. 

The GSEx may a l so  be used t o  assess the coup- 
l i n g  s t reng th  between any two CA's. 
done by computing d e r i v a t i v e s  o f  t h e  GSEx s o l u t i o n  
t o  the  elements o f  the GSEx m a t r i x  i n  a manner 
shown below f o r  t he  CSE2 used as an example. 
The GSE2 may be w r i t t e n  as 

The 

design d r i ve rs " ,  

Th is  can be 

where A and RtiS a re  the  m a t r i x  o f  c o e f f i c i e n t s  and 
the  r i g h t  hand s ide  vector ,  respec t i ve l y ,  de f i ned  
i n  Eq. 8. Since the  equations a re  l i n e a r ,  t he  
d e r i v a t i v e s  o f  t h e i r  s o l u t i o n  w i t h  respect  t o  
the elements o f  the m a t r i x  A may be obta ined by 
s u b s t i t u t i n g  Eq. 9 f o r  F i n  Eq. 2 and, then, 
w r i t i n g  the corresponding s e n s i t i v i t y  equations 
us ing the d i f f e r e n t i a t i o n  p a t t e r n  o f  Eq. 3 

I n  t h i s  s e t  o f  equations the m a t r i x  a A / a A i j  i s  a l l  
empty except u n i t y  a t  the l o c a t i o n  occupied by the  
element Aij i n  the ma t r i x  A. 
p a r t i a l  d e r i v a t i v e s  o f  Y w i t h  respect  t o  xk i s  
a v a i l a b l e  from t h e  s o l u t i o n  o f  Eq. 9, and the  d e r i -  
va t i ves  of the RHS i n  Eq. 9 w i t h  respect  t o  A i j  a r e  
n u l l  so they do n o t  appear i n  Eq. 10. Consequent- 
l y ,  the  unknown d e r i v a t i v e s  a (aY /axk l /aA i j  may be 
obta ined by backsubs t i t u t i on  o f  the new r i g h t  hand 
s ide  vec to r  over the m a t r i x  A decompose4 once i n  
t h e  s o l u t i o n  o f  Eq. 9 and saved. 

p a r t i a l  sensi t i v i  ty  d e r i v a t i v e s  Ai on t h e  sensi- 
t i v i t y  of the system w i t h  respect  t o  X and may be 
adopted as i n d i c a t o r s  o f  the s t reng th  o f  t he  coup- 
l i n g s  among the  p a r t s  o f  t he  system. A f u l l  survey 
o f  the coupl i n g  s t rengths would r e q u i r e  s o l u t i o n  o f  
Eq. 9 and 10 f o r  each combination o f  A . .  and xk. 
I n  case o f  Y and X expressed i n  nonhomogeneous 
phys i ca l  u n i t s ,  a dimensionless form shown i n  
Appendix A f o r  Eq. 8 would have t o  be used t o  ob- 
t a i n  the coup l i ng  s t reng th  i n d i c a t o r s  t h a t  cou ld  be 
compared w i t h  each other .  The comparison would be 
useful t o  i d e n t i f y  r e l a t i v e l y  weak coupl ings t h a t  
might  be dropped from the  system's mathematical 
model. Thus, the coup l i ng  s t reng th  i n d i c a t o r s  may 
augment the system a n a l y s t ' s  judgment i n  searching 
f o r  a compromise between the  system model s i m p l i c -  
i ty  and i t s  pvedi c ti ve accur'acy . 

The vec to r  o f  t h e  

These d e r i v a t i v e s  measure the  i n f l u e n c e  o f  t h e  

1.l 

Conclusions 

The paper addresses problem o f  a s e n s i t i v i t y  
o f  a complex, i n t e r n a l  l y  coupl ed system behavior  
(response) t o  changes i n  independent va r iab les .  I t  
i s  assumed t h a t  the system ana lys i s  i s  made up o f  
se l f - con ta ined  analyses, corresponding t o  d i s c i -  
p l  i nes  and/or phys ica l  subsystems, which exchange 
inpu t /ou tpu t  data w i t h  each other .  The problem i s  
solved by fo rmu la t i ng  r i go rous  s e n s i t i v i t y  equa- 
t i o n s  - the  g lobal  s e n s i t i v i t y  equations - de r i ved  
i n  a form based on the r e s i d u a l s  o f  t he  governing 
equations, and i n  a new form t h a t  does n o t  r e l y  on 
t h e  res idua ls .  The l a t t e r  i s  judged t o  be more 
use fu l  t o  engineers than the  foriner. It a l l ows  
eva lua t i on  o f  system s e n s i t i v i t y  t o  independent 
va r iab les  on the  bas i s  o f  the p a r t i a l  d e r i v a t i v e  
i n fo rma t ion  obta ined l o c a l l y  w i t h i n  each c o n t r i -  
b u t i n g  engineer ing d i s c i p l i n e ,  o r  w i t h i n  each 
phys i ca l  subsystem analys is ,  cons i s ten t  w i t h  the 
decomposition of t he  design process among t h e  
s p e c i a l t y  oroups, and compatible w i t h  the tech- 
nology o f  d i s t r i b u t e d  computing. The equations 
e l i m i n a t e  the  need f o r  c o s t l y  and p o t e n t i a l l y  
inaccurate f i n i t e  d i f f e r e n c i n g  performed on the 
e n t i r e  system analys is ,  and a r e  capable o f  accept- 
i n g  exper imenta l ly  obta ined s e n s i t i v i t y  data. 
The i r  computational cos t  advantage over the 
reference f i n i t e  d i f f e r e n c e  procedure increases 
w i t h  the  number o f  se l f - con ta ined  analyses i n t o  
which the  system ana lys i s  can be p a r t i t i o n e d ,  and 
i s  reduced p r o p o r t i o n a l l y  t o  the  volume o f  the 
coupl i ng i nformation. 

equations w i t h  respect  t o  t h e i r  own c o e f f i c i e n t s  
may be usefu l  as i n d i c a t o r s  o f  t he  s t reng th  o f  the 

Der i va t i ves  o f  t he  s o l u t i o n  o f  the s e n s i t i v i t y  
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coupl ings among the  p a r t s  o f  the system. Ranking 
these i n d i c a t o r s  by t h e i r  magnitudes may i d e n t i f y  
weak coupl ings t h a t  might  be e l im ina ted  from t h e  
system's model t o  make i t  s impler  w i thou t  s i g -  
n i f i c a n t  l o s s  o f  i t s  p r e d i c t i v e  accuracy. 

form a re  o f f e r e d  as a t o o l  t o  support t he  design 
process by c o n t r i b u t i n g  the  system s e n s i t i v i t y  i n -  
format ion as an a i d  f o r  human judgment and/or f o r  
use i n  formal op t im iza t i on .  Inasmuch as the  g loba l  
s e n s i t i v i t y  equations q u a n t i t a t i v e l y  answer, # i t h  
the f i r s t  order  o f  t h e  accuracy, t he  "what i f "  
quest ions under l y ing  t h e  design process, they may 
be regarded as a f i r s t  order  mathematical model o f  
t h a t  process. 

The g lobal  s e n s i t i v i t y  equations i n  e i t h e r  
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Appendix A 

A1 t e r n a t i v e  Der i va t i on ,  Genera l izat ion t o  a 
Case o f  N CA's ,  and a Dimensionless Format f o r  t he  
Global S e n s i t i v i t y  Equations 2. 

A l t e r n a t i v e  D e r i v a t i o n  

An a l t e r n a t i v e  d e r i v a t i o n  begins w i t h  Eq. 5, 
d i f f e r e n t i a t e d  w i t h  respect  t o  one p a r t i c u l a r  
independent va r iab le ,  say, xk' 
r u l e ,  t he  d e r i v a t i v e s  o f  Y a re  

Using the  chain 

(a Ya/a Xk 1 

C o l l e c t i n g  the  g iven and unknown terms, and re-  
arranging, y i e l d s  the GSE2 i n  the format o f  Eq. 8. 

Poss ib le  S i n g u l a r i t y  o f  the F lat r ix  o f  C o e f f i c i e n t s  
i n  Eq. 7 and GSE X. 

When a s o l u t i o n  o f  a se t  o f  non l i nea r  equa- 
t i ons ,  corresponding t o  Eq. 2, e x i s t s  by v i r t u e  o f  
i n t e r s e c t i o n  as i l l u s t r a t e d  f o r  an example o f  two 
func t i ons  i n  a two-var iab le space i n  F ig .  12(a), 
then, t h e  same s o l u t i o n  coord inates are de f i ned  by 
a s e t  o f  corresponding 1 i n c a r i  zed equations , 
corresponding t o  Eq. 7, and represented by t h e  
dashed tangents i n  the  f i g u r e .  However, i n  case o f  
t h e  s o l u t i o n  e x i s t i n g  by v i r t u e  o f  tangency, as i n  

F ig .  12(b) , the  corresponding tangents overlap. 
Hence, t h e i r  equations, Eq. 7, become s i n g u l a r  and 
have no so lu t i on .  Therefore, they no l onger  can be 
used as a s u b s t i t u t e  f o r  t he  o r i g i n a l ,  non l i nea r  
equations, o r  as a bas i s  f o r  d e r i v i n g  l i n e a r  sensi- 
t i v i t y  equations, s ince t h e  m a t r i x  o f  c o e f f i c i e n t s  
i n  these equations w i l l  a l s o  be s ingular .  It w i l l  
be so because Eq. 7 may be w r i t t e n  as 

and the  corresponding s e n s i t i v i t y  equations ob- 
t a i n e d  e i t h e r  from Eq. 4 o r  Eq. 8 a re  

Since EQ. A2 and A3 share the  same m a t r i x  o f  coef -  
f i c i e n t s ,  i t s  s i n g u l a r i t y  a f f e c t s  both se ts  o f  
equations. 

One may add t h a t  t he  tangency-type s o l u t i o n  t o  
E l .  2 depic ted i n  F ig .  12b has a l so  a drawback o f  
render ing the  coord inates o f  t he  s o l u t i o n  p o i n t  S 
i l l - d e f i n e d .  As shown i n  Fig. 13, due t o  e r r o r  i n  
numerical d e f i n i t i o n  o f  t he  tangent funct ions,  t he  
coord inates o f  t he  p o i n t  o f  tangency f a l l  i n t o  
broad i n t e r v a l s  o f  unce r ta in t y .  Th is  may a l so  
occur f o r  t he  i n t e r s e c t i o n  type-type so lu t i on ,  i f  
the  i n t e r s e c t i o n  angle i s  small ,  then the  m a t r i x  o f  
c o e f f i c i e n t s  A(X) may be i l l - c o n d i t i o n e d ,  although 
non-singular. Occurrence o f  these cases i n  design 
usua l l y  i n d i c a t e s  t h a t  t he  design ana lys i s  i s  ill- 
posed and shoul d be reformul ated. 

s ingu la r ,  i f  the  system i s  p h y s i c a l l y  unstable, 
e.g., a wing divergence. However, such i n s t a b i l i t y  
would normally man i fes t  i t s e l f  a t  t he  p r e r e q u i s i t e  
stage o f  the system ana lys i s  ( s o l u t i o n  o f  Eq. l ) ,  
so i t  i s  n o t  expected t o  become a problem i n  the  
s e n s i t i v i t y  analys is .  

G S E l  and GSEZ General ized t o  a Case o f  F1 CA's. 

case o f  t h ree  CA's discussed i n  con junc t i on  wi th 
E l .  1, 4, and 8, leads t o  Eq. 1, GSE1, and G S E P ,  
respec t i ve l y ,  t a k i n g  on the form o f  Eq. A4, A5, A6: 

The GSEx m a t r i x  o f  c o e f f i c i e n t s  may a l s o  be 

A simple e x t r a p o l a t i o n  o f  t h e  p a t t e r n  f rom the  

Bij = a A i / a Y j  
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D i  mens i on1 e ss Fo rm 

To t ransform the  GSEZ from t h e  form o f  Eq. 8 
t o  a dimensionless form, we normalize the  v a r i a b l e s  
Y and X i n  Eq. 1 t o  u n i t y  by d i v i d i n g  them by t h e i r  
i n i t i a l  values ( i f  any o f  them i s  zero, a s u i t a b l e  
nonzero value i s  used ins tead ) .  The normal izat ion '  
y i  e l  ds , showi ng two p a r t i  a1 d e r i v a t i v e s  as exampl es 

Th is  no rma l i za t i on  in t roduced i n t o  Eqs. 5, 6, and 7 
leads t o  a dimensionless form f o r  Eq. 8. For in -  
stance, t he  p a r t i t i o n  6 o f  Eq. 8 becomes 

where: 

lSaij = Y0. /Yej ;  a1 lSyij = Yvoi/Yej; lgxk = X i / Y , O j  

Re fe r r i ng  t o  the example de f i ned  i n  Tables 1 and 2, 
the GSEZ shown i n  Table 2 t ransform t o  the f o l l o w -  
i n g  dimensionless form: 

Y I L; Y s 4 ;  L = 502.2995 N; 
a B 

6 = ,0175805 r d  

Xk = y ;  Y = .05 r d  

i n  which the  g r e a t  numerical d i s p a r i t y  o f  t h e  terms 
v i s i b l e  i n  the  dimensional form o f  the equations i n  
Table 2 i s  avoided which i s  one b e n e f i t  from t h e  
dimensionless form. 

Appendix B 

t i v i t y  ana lys i s  and the reference f i n i t e  d i f f e r e n c e  
procedure measured by t h e  CPU t imes are i n f l uenced  
by a very l a r g e  number o f  t h e  problem-dependent and 
computer type-dependent (hardware and software) 
var iab les,  b u t  a reasonable est imates can be made 
if a number o f  simp1 i f y i n g  assumptions a r e  i n t r o -  
duced. The assumptions used here are: 

1. the re  a re  N CA's, each hav ing t h e  same CPU 
t ime c1 f o r  one so lu t i on .  

2. complete s o l u t i o n  o f  t he  system i s  i t e r a -  
t i v e ;  i t  requ i res  p 
t ime i n  each i t e r a t t o n .  

Computational cos ts  o f  t he  GSEx-based sensi- 

i t e r a t i o n s ,  and Ncl CPU 

3. repeated s o l u t i o n  o f  the system f o r  a small 
p e r t u r b a t i o n  o f  a design v a r i a b l e  requ i res  
p2 < p1 i t e r a t i o n s .  

independent va r iab les  so t h a t  t he  t o t a l  
number o f  independent v a r i a b l e s  i s  MN. 

5. t he re  a re  Z unknown va r iab les  Y i n  each CA. 

6. each CA receives H i n p u t  v a r i a b l e s  from t h e  
remainder o f  t he  system. 

7. p a r t i a l  s e n s i t i v i t y  d e r i v a t i v e s  o f  a CA a re  
computed by f i n i t e  d i f ferences,  and each CA 
s o l u t i o n  repeated f o r  a small p e r t u r b a t i o n  
o f  i n p u t  requ i res  c2 < c1 o f  CPU time. 

8. computation o f  res idua ls  f o r  a CA requ i res  
c4  CPU time. 

9. s o l u t i o n  o f  t h e  GSEZ and G S E l  w i t h  m u l t i p l e  
r i g h t  hand s ides takes c3 and c5  CPU times, 
respec t i ve l y .  These t imes a re  expected t o  
be r e l a t i v e l y  small, due t o  the use o f  t h e  
para1 1 e l  and vec to r  processing techno1 ogy . 

4. each CA i s  d i r e c t l y  i n f l uenced  by M 

Under t h i s  assumption, t he  c o s t  o f  t he  f i n i t e  
d i f f e r e n c e  procedure i s  a sum o f  tvJo terms: 
re ference system analys is ,  and the  system a n a l y s i s  
repeated f o r  small p e r t u r b a t i o n  o f  each o f  t h e  i n -  
dependent va r iab les .  The two terms form, respec- 
t i v e l y ,  t h e  f o l l o w i n g  expression: 

a 

F o r  the  GSE2-based s e n s i t i v i t y  ana lys i s  the  c o s t  i s  
a sum o f  t he  c o s t  o f  one system ana lys i s ,  t he  c o s t  
o f  s o l u t i o n  o f  each o f  the N CA's repeated f o r  a 
small p e r t u r b a t i o n  o f  i t s  (tl + M) i n p u t s  t o  compute 
t h e  p a r t i a l  d e r i v a t i v e s ,  and t h e  c o s t  o f  s o l v i n g  
the  GSEZ. These th ree  c o s t  c o n t r i b u t i o n s  a re  re -  
presented by the respec t i ve  terms i n  the f o l l o w i n g  
expression: 

c '1 = Nclpl + c2N (H + t l )  + c 3  (B2)  

F i n a l l y ,  f o r  t he  GSEl-based s e n s i t i v i t y  ana lys i s  
t h e  c o s t  i s  a sum o f  t he  c o s t  o f  one system anal- 
y s i s ,  t he  c o s t  o f  computing the res idua ls  o f  each 
CA f o r  small pe r tu rba t i ons  o f  each o f :  i t s  unknown 
Y va r iab les ,  each o f  the coup l i ng  Y va r iab les ,  and 
each o f  t h e  X va r iab les  i n f l u e n c i n g  t h a t  CA. The 
t o t a l  c o s t  i nc ludes  a l s o  the c o s t  o f  s o l v i n g  the  
GSE1. These th ree  c o s t  c o n t r i b u t i o n s  a re  repre-  
sented by the  respec t i ve  terms i n  the  expression: 

The above equations reveal  t h a t  the f i n i t e  d i f f e r -  
ence procedure c o s t  may be tending toward over- 
whelming values f o r  l a r g e  number o f  CA's because of 
t he  presence o f  the N term i n  Eq. B1. 
o the r  hand, t h e  c o s t  o f  t he  GSEx-based s e n s i t i v i t y  
ana lys i s  does n o t  depend on N h u t  i s  p ropor t i ona l  
t o  H and the  c o s t  o f  s o l u t i o n  o f  t he  GSEx. Th is  

2 On the 

2 

8 



suggests t h a t  i t s  c o s t  advantage over the  f i n i t e  
d i f f e r e n c e  procedure w i l l  increase wi th t h e  s i z e  o f  
t h e  system measured by N, provided t h a t  magnitude 
o f  t h e  coup l ing  bandwidth H i s  j u d i c i o u s l y  k e p t  
under c o n t r o l ,  and the  f u l l  advantage i s  taken o f  
the  progress i n  computing technology t o  keep c3 and 
c 5  a s  low as possible.  

It i s  apparent fvom iq. 82 and B3 t h a t  t h e  
G S E l  c o s t  has a p o t e n t i a l  o f  being much smaller. 
than t h a t  o f  GSE2 because eva lua t ion  o f  the 
r e s i d u a l s  f o r  a CA takes much l e s s  t ime than 
computation o f  the  p a r t i a l  d e r i v a t i v e s  o f  i t s  
ou tpu t  w i t h  respect t o  i t s  i n p u t .  Therefore, one 
may expect c4 < <  c2 - a reasonable est i l i ia te  would 
be a one, or' two, orders o f  magnitude d i f f e r e n c e  
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TABLE 1. DEFINITION OF EXAMPLE 1 

IOTATION AND DATA 
~~ 

B Notat ion:  h - span 

C - chord 

Z ,  5 z l /c ;  Z2 I z2/C; i = a/C 

5 = a - i l ; l i  = Z  - 
1 -  2 -  2 - a  
p e t i / f i  1 2  
S = R . C  

Y, = { ~ , c , i )  X, = {S,u,r,eo,c,i,~) 

L = f,(ry,g); g = f&L ) ;  

y g  = { + I  '8 = 

D Data: R = in0 cm, c = IO cm, i1 = .2; i2 = .7 ;  

kl = 4000 N/cm; k2 = 2000 N/cm 

a = .25; (1 = IN/cn?; 

COUPLING 71 C0U;LpING 
IATA MOVING AERODYNAMIC CA. DATA MOVING 

DOWN 

( L  = (1 s - CL 

L STRUCTURAL CA.  + 
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TABLE 2. SENSITIVITY ANALYSIS OF EXAMPLE 1. 

SYSTEM SOLUTION 

L = 502.3 N; 0 = .0176 r d  

I DERIVATIVES WITH RESPECT TO '# BY FINITE 
DIFFERENCES 

AY = .0025 

?= = 14925.16 M/rd; 
ay 

= .5221287 r d / r d  

I GSE2 

Symbol ica l ly :  [I - a f a / a + ]  ("L/ai) = {f;/ai) 

-afS/aL/ I a+/alu 

Numerical ly: -9805.105 aL/aly 9805.105 * 
[.3510-4 l] {+/a.) = { 0 } 

I DERIVATIVES WITH RESPECT TO 'Y FROM GSEZ 

aL = 14928.12 N/rd; 2 = .5224841 r d / r d  

~~ 

*Numerical values o f  af,/a+ and af,/aY a r e  r equal because o f  r e l a t i o n  marked # i n  Table 1 

Fig.  3 F i n i t e  d i f f e r e n c e  procedure i nvo  
system ana lys i s .  

v i  nq the  

F ig.  1 Funct ion vectors  (a )  forming a s e t  of 
coupled equations (b) .  

ya 

Fig.  2 Di rec ted  graph rep resen ta t i on  of 
system shown i n  F ig .  1. 

the  

3 

P 
4 

Fig.  5 System coupl ings r e f l e c t e d  i n  the  GSE2 
ma t r i x .  

&;Fl 
v v . . .  v v .  

Fig.  6 More examples o f  system coupl ings and t h e i r  
r e f l e c t i o n  i n  the  GSE2 ma t r i x .  
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Fig.  7 Example 1: a simple aerodynarnic- 
s t r u c t u r e s  system 

l,'l I 

61 redesign toward improvement 
9 Repeat 

Fiq. 11 S e n s i t i v i t y  procedure i n  design process. 

f , = O  Y Z I  

c L  

Oo 0 

Fig.  8 Nonlinear r e l a t i o n s h i p  CL vs. angle o f  

y 2  I a t tack  i n  Example 1. 

I Loads L 

F ig .  9 The system from F iq .  7 abst racted as a 
"black box" w i t h  a d i r e c t e d  graph showi nq 
i n t e r n a l  coup1 i ng. 

Y ,  Y ,  
a)  b) 

Figure 12.- Constrained minimum def ined by 
i n t e r s e c t i o n  (a )  and tangency (b) .  

f ,=o 

--- 

Wing system=aerodynamics + s t ruc tu res  + a c t i v e  con t ro l s  
Y l  

Figure 13.- I l l - d e f i n e d  const ra ined minimum. 

H L 

b M 
S ? 

e tc .  . . 
S e n s i t i v i t y  o f  l oads  to s t ruc t .  d e f o r m ,  

To ta l  sens i t .  of l o a d s  t o  s t ruc t .  
s i z ing  

sens i t i v i t y  o f  

d e f l e c t i o n s  t o  con t ro l  
Tota l  sens i t i v i t v  of l aw  pa ramete rs .  
de fo rma t ion  t o  
s t ruc t .  s i z ing .  [Par t ia l  sens i t i v i t y  o f  

de fo rma t ion  t o  s t r u c t .  s i z ing  

L i f t  L=Js l o a d s  dS :dL /d (s t r .  siz.)=Js d ( l o a d s ) l d ( s t r .  s iz . )dS:  

F ig .  10 Example o f  a f l e x i b l e  wing: a system 
compr is ing aerodynamics, s t ruc tu res ,  and 
a c t i v e  c o n t r o l .  
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